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Abstract In this paper, we study the recursive stochastic optimal control problems.
The control domain does not need to be convex, and the generator of the backward
stochastic differential equation can contain z. We obtain the variational equations for
backward stochastic differential equations, and then obtain the maximum principle
which solves completely Peng’s open problem.
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Introduction

Let (2, F, P) be a complete probability space and let W be a d-dimensional

Brownian motion. The filtration {F; : ¢ > 0} is generated by W, i.e.,
Fii=0{W(s):s <t}VN,

where N is all P-null sets. Let U be a set in R€ and 7 > 0 be a given terminal time.
Set

U0, TT : = {(u(s))sefo,7] : uis progressively measurable, u(s) € U, and

T
E [/ |u(s)|’3dsj| < oofor all B > 0},
0
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where U is called the control domain and /[0, T'] is called the set of all admissible
controls. In fact, we only need E [ foT |u(s)|ﬁ0ds] < oo for some By > 0. For sim-

plicity, we do not explicitly give this By in this paper. We consider the following state
equation:

{ dx() =b(t,x(t), u(t))dt + o (t,x(t), u(t))dwW(), )

x(0) = xg € R",

where b : [0,T] x R" x R¥ > R" o : [0,T] x R" x RE — R"*4_ The cost
functional is defined by

T
J()=E [¢(X(T)) +/0 J, x(@), M(t))dt} ; 2

where ¢ : R" - R, g : [0,T] x R" x RF — R. The classical stochastic optimal
control problem is to minimize J(u(-)) over U[0, T]. If there exists a u € U[0, T']
such that

J@() = inf J(u()),
ueld[0,T1

The process u is called an optimal control. The process x(-), which is the solution
of state Eq. (1) corresponding to i, is called an optimal trajectory. The maximum
principle is to find a necessary condition for the optimality of the control u.

A method for deriving the maximum principle is the variational principle. When
U is not convex, we use the spike variation method. More precisely, let ¢ > 0 and
E. C [0, T] be a Borel set with Borel measure |E,| = ¢, define

ut (1) = u() e (t) + u(®) g, (1),

where u € U[0, T]. This u® is called a spike variation of the optimal control i. For
deriving the maximum principle, we only need touse E, = [s, s+¢] fors € [0, T —¢]
and ¢ > 0. The difficulty in the classical stochastic optimal control problem is the
variational equation for x(-), which is completely different from that in the determin-
istic optimal control problem. Peng (1990) was the first to consider the second-order
term in the Taylor expansion of the variation and to obtain the maximum principle
for the classical stochastic optimal control problem.

Consider the following backward stochastic differential equation (BSDE for
short):

T T
y(®) =¢(x(T))+f f(s,X(S),y(S),z(S),u(S))ds—j z2(s)dW(s), ()
t t

where g : R" - R, f: [0, T] x R" xR x RY x R¥ — R. Pardoux and Peng (1990)
were the first to obtain that the BSDE (3) has a unique solution (y(-), z(+)) if f is
measurable of linear growth and satisfies a Lipschitz condition in (y, z). Duffie and
Epstein (1992) introduced the notion of recursive utilities in continuous time, which
is a type of BSDE where f is independent of z. In (El Karoui et al. 1997, 2001), the
authors extended the recursive utility to the case where f contains z. The term z can
be interpreted as an ambiguity aversion term in the market (see (Chen and Epstein
2002)).
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When f is independent of (y, z), it is easy to check that y(0) = E[¢(x(T)) +
fOT f(t, x(t), u(t))dt]. So it is natural to extend the classical stochastic optimal con-
trol problem to the recursive case. we consider the control system which formed by
Egs. (1) and (3), and we define the cost functional

J () = y(0). “

The recursive stochastic optimal control problem is to minimize J(u(-)) in (4)
over U[0, T]. When the control domain U is convex, the local maximum princi-
ple for this problem was studied in (Dokuchaev and Zhou 1999, Ji and Zhou 2006,
Peng 1993, Shi and Wu 2006, Wu 1998, Xu 1995) see also the references therein. In
this paper, the control domain U is not necessarily convex, and we shall obtain our
global maximum principle using the spike variation method.

A direct method for treating this problem would be to consider the second-order
terms in the Taylor expansion of the variation for the BSDE (3) as in (Peng 1990).
When f depends nonlinearly on z, there are two major difficulties (see (Yong 2010))
one meets: (i) What is the second-order variational equation for the BSDE (3)? it is
not similar to the one in (Peng 1990). (ii) How to obtain the second-order adjoint
equation which seems to be unexpectedly complicate due to the quadratic form with
respect to the variation of z?

Facing on these difficulties, Peng (1998) proposed the following open problem on
page 269:

“The corresponding ‘global maximum principle’ for the case where f depends
nonlinearly on z is open.”

Recently, a new method for treating this problem is to see z(-) as a control pro-
cess and the terminal condition y(7) = ¢(x(T)) as a constraint, and then use
the Ekeland variational principle to obtain the maximum principle. This idea was
used in (Kohlmann and Zhou 2000, Lim and Zhou 2001) for studying the back-
ward linear-quadratic optimal control problem, and then in (Wu 2013, Yong 2010)
for studying the recursive stochastic optimal control problem. But the maximum
principle obtained by these method contains unknown parameters.

In this paper, we overcome these both major difficulties one meets in the above
direct method by introducing two new adjoint equations in Peng’s open problem. The
second-order variational equation for the BSDE (3) and the maximum principle are
obtained. The main difference of our variational equations with those in (Peng 1990)
consists in the term (p(¢), 60 (¢))IE, (t) (see equation (15) in Variational equation for
BSDEs and maximum principle for the definition of p(¢)) in the variation of z, which
is O(¢) for any order expansion of f. So it is not helpful to use the second-order
Taylor expansion for treating this term. Moreover, we also obtain the structure of the
variation for (y, z) and the variation for x. Based on this, we can get the second-
order adjoint equation. Due to the term (p(¢), 60 (¢))IE, (¢) in the variation of z, our
global maximum principle is novel and different from that in (Wu 2013, Yong 2010),
which solves completely Peng’s open problem. Furthermore, our maximum principle
is stronger than the one in (Wu 2013, Yong 2010) (see Example 1).

The paper is organized as follows. In Preliminaries, we give some basic results
and the idea for the variation of BSDEs. The variational equations for BSDEs and the
maximum principle are deduced in Variational equation for BSDEs and maximum
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principle. In Problem with state constraint, we obtain the maximum principle for the
control system with state constraint.

Preliminaries

The results of this section can be found in (Peng 1990, Yong and Zhou 1999). For
simplicity of presentation, we suppose d = 1. We need the following assumption:

(A1) The functions b = b(t, x,u), 0 = o(t, x, u) are twice continuously differ-
entiable with respect to x; b, by, by, 0, 0y, Oy, are continous in (x, u); by,
byx, Ox, Oxx are bounded; b, o are bounded by C (1 + |x| + |u]).

Let u(-) be the optimal control for the cost function defined in (2) and let x(-) be
the corresponding solution of equation (1). Similarly, we define (x°(-), u®(-)). Set
b() =GO, " 0 () = (01O, 0" DT
b(r) = b(t, x(1), u(t)), 8b(r) = b(z, x(1), u(r)) — b(1),
and define similarly by (¢), bl (1), 8by (1), 8b%, (1), 0 (1), 0x (1), 0L, (1), 80 (1), S0 (1)
and §o!,(¢), i < n, where b, = (b;j),-,j, oy = (ch,-)i,j- Let x;(-),i = 1, 2, be the
solution of the following stochastic differential equation (SDE for short):

dx1(1) = by ()x1(1)dt + {ox (1)x1(t) + 80 () I, ()}dW (1), 6)
x1(0) =0,

)

and
dxo(t) = [bea) + 35N 11, (1) + $ber (D1 (D21 (1)}
+{ar 020 + 80 (N O 15, () + Jo O Ox O} dW o),

x2(0) = 0,

(7
respectively, where by, (£)x1(t)x1(t) = (t[bl (O)x1()x1 (T, ..., te[b" ()x1(t)x
OTDT and similarly for o (£)x1(£)x1 (2).

Lemma 1 Suppose (Al) holds. Then, for any 8 > 1,
E [ sup |x“ (1) —mnﬂ =0 ("), ®)
t€[0,T]
E[ sup |x1<r)|2f‘} =0 (¢f), ©)
tel0,7T]
E [ sup |xz(t)|2ﬂ:| -0 (52/3), (10)
te[0,T]
E [ sup [x®(t) — x () _xl(t)|2ﬂ:| =0 (825)’ (an
t€[0,7T]
E [ sup [x°(1) — X () — x1(£) — X2(t)|2ﬁ} =0 (82ﬁ> : (12)
1€[0,7)
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Moreover, for all ¢ € C2(R") such that Gxx 1S bounded, we have the following
expansion:

E[¢(x*(T)] — Elp(x(T)] = E[¢x(x(T)), x1(T) + x2(T))]

+E [ 3@ G0, 51(T) | + 0(e). (13)

From this result, we can simply write x1(¢) = O(/¢), x2(t) = O(¢), and
x5() = x(t) +x1(2) + x2(t) + 0(8). (14)
In the following we recall standard estimates of BSDEs (see (Briand et al. 2003) and

the references therein).

Lemma 2 Let (Y;, Z;), i = 1, 2, be the solution of the following BSDE

T T
Yi(t) =§; +f fiGs, Yi(S),Zi(S))ds—/ Z;i(s)dW (s),
t t

where E [|$i|/3] <00, fi = fi(s,w,y,2) : [0, TIx2xRxR? — R is progressively

measurable for each fixed (y, z), Lipschitz in (y, z), and E[(fOT | fi (5,0, 0)|ds)P] <
0o for some B > 1. Then there exists a constant Cg > 0 depending on B, T and the
Lipschitz constant such that

T B/2
E[ sup |Yi(r) — Ya(0)|f + (/0 1Z1(s5) —Zz(s)|2ds> }

1e[0,T]

T B
< CpE [Iél — & + (/0 [f1(s, Y1(s), Z1(s)) — fa(s, Yi(s), Zl(S))IdS) :

In particular, taking &1 = 0 and fi = 0, we have
.

T B/2 T
E[ sup IYz(t)|’3+</ |zz<s>|2ds> }scﬂE[wM(/ Ifz(s,0,0)lds)
te[0,7T] 0 0 |

Variational equation for BSDEs and maximum principle

Peng’s open problem

Suppose n = 1 and d = 1 for simplicity of presentation. The results for the multi-
dimensional case will be given in the next subsection.

We consider the control system composed of SDE (1) and BSDE (3). The cost
function J(u(-)) is defined in (4). The control problem is to minimize J (u(-)) over
Uulo, 1.

We need the following assumption:

(A2) The functions f = f(t,x,y,2), » = ¢(x) are twice continuously differ-
entiable with respect to (x, y, z); f, Df, D> f are continuous in (x, y, z, u);
Df, D2f, ¢ are bounded; f is bounded by C(1 + |x| + |y| + |z| + |u]).
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Here Df is the gradient of f with respect to (x, y, z), D> f is the Hessian matrix
of f with respect to (x, y, 2).

Let u(-) be the optimal control and let (x(-), y(-), z(-)) be the corresponding
solution of the equations (1) and (3). Similarly, we define (x®(-), y(-), z°(-), u®(-)).

In order to obtain the variational equation for BSDE (3), we consider the following
two adjoint equations:

{ —dp(t) = F(t)dt — q(t)dW (1), 15)

p(T) = ¢ (X(T)),

{ —dP(t) = G@t)dt — Q(t)dW (1), (16)
P(T) = ¢xx(¥(T)),

where F(t) and G(t) are adapted processes with suitable properties, the will be
chosen later.

Applying It&’s formula to p(¢) (x1(¢) + x2(¢)) + %P(t)(xl (1))2, we get
1 1
p(T)(x1(T) + x2(T)) + 5P(T><x1<T)>2 = p(O)(x1(1) + x2()) + EP(z)<x1<r))2
r 1
+ / {Al e, (5) + A2(5)(x1(5) +x02(5)) + 5 A3(5)(x1 () + As($)x1(5)IE, (s)} ds
t

r 1
+/ {I’(S)‘SU(S)IEE (8) + As(s)(x1(s) + x2(s)) + iAe(s)(m (N2 + A7()x1 () I, (s)} dW (s),

(17)
where
A1(s) = p(s)3b(s) + q(s)do(s) + %P(S)(SO’(S))Z,
Az(s) = bx(s)p(s) + ox(s)q(s) — F(s),
A3(8) = by () p(5) + 0xx ()G (5) + 2P (8)by (5) + 20(s5)0x (5) + P(s)(0x(5))* — G(s),
A4(s) = q(s)d0x(s) + Q(s)d0 (s) + P(s)ox(s)do0 (s),
As(s) = ox(s)p(s) +q(s),
Ag(s) = 0xx (5)p(s) + 2P (s)ox(s) + Q(s),
A7(s) = p(s)dox(s) + P(s)d0 (s).
(18)

Remark 1 From the above computation, we can see that F(s) and G(s) do not
appear in the dW (s)-term.

By Lemma 1, for any 8 > 2, we have

1
E Uqﬁ (x*(1)) = ¢ (R(T) — p(T) (x1(T) +x2(T)) — F P (x1(T))?

T B
E [(/o |A4(S)x1(S)IEE(S)|dS) :| =o(ef).

For simplicity of presentation, we write

| =oe

and

1
¢ (x*(T)) = ¢(x(T)) + p(T)(x1(T) + x2(T)) + EP(T)(XI (T))* + o(e),
Ag($)x1(s) g, (s) = o(e).
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In the following, the meaning for o(¢) is in the above sense, similarly for O (e). If
we replace ¢ (x*(T)) by ¢ (X(T)) + p(T) (x1(T) + x2(T)) + 5 P(T) (x1(T))* + o(e)
and note (17), then BSDE (3) corresponding to (y*(-), z°(-), u®(-)) can be rewritten as

T
¥ = ¢(f(T))+0(8)+f {f(s,xg(S),ye(S),zE(S),MS(S))+A1(S)IEH(S)
t

1 T
+ Aa(s)(x1(s) + x2(s)) + 2A3(S)(x1(5))2} ds —/ 5 ()dW (s), 19)

where .
¥E@) =y (1) — [P(t)(m(t) +x2(1)) + EP(t)(m(t))z] ,

FO =1 - {P(l)lSU(Z)IES () + As (@) (x1 (1) + x2(2)) (20)

1
+5A6(t)(x1<z>)2 + A7(Dx1 (1) g, <z>} :

Remark 2 By Lemma 1, for any B > 2, we have E [|¢(x8(T)) — ¢()?(T))|’3] =
0 (eP/?). So the purpose of this transformation is to simplify the complex terminal
condition ¢ (x¢(T)).

Set
V@) =y (1) — (1), 2°(t) = 2°(t) — z(v), (21
then we obtain

T
¥(1) = o(e) +/ {f(s, x5(), 7 (), 2°(9), ut () — f(s,%(s), ¥(s), 2(s), i (s))
’ (22)

1 T
+A1()E, (5) + Aa(s)(x1(s) + x2(5)) + §A3(S)(X1(S))2} ds — / 25 ()dW (s).
t

Note that
s, x5(s), ¥°(5), 2°(s), u® () — f(s,X(s), y(5), 2(s), u(s))
= [f (s, X(s), y(5), 2(s) + p(s)d0 (s), u(s)) — f(s,x(s), ¥(s), 2(s), u(s)N] IE, (5)
+ (s, x5(s), y9(s5), 2°(s), u®(s)) — f (s, X(s), y(s), 2(s) + p(s)d0 (s)IE,(s), u®(s))
= [f (s, X(5), y(s), 2(s) + p(s)d0 (s), u(s)) — f (s, x(s), y(s), 2(s), u(s))E, (s)
+f (s, X(s) + x1(5) + x2(5), Y(s) + °(s) + Ag(s), 2(s) + 2°(s) + Ag(s), u(s))

—f (s, X(s), y(5), 2(s), u(s)) + o(e),
(23)

where
As(s) = p)(x1(8) + 12()) + FP(G) 1 ()2, o4
Ag(s) = As(s)(x1(5) + x2(5)) + 5A6(8)(x1(s))* + A7()x1 ()1 E, (5).
then ($°(-), z°(-)) can almost be seen as a linear BSDE if F(r) and G(¢) are chosen
to satisfy the following conditions:

(1) F() and G(¢t) are determined by (x(-), y(-), z(-), u(-)) ;
(2) fls,x(s) + x1(s) + x205), () + Asg(s),2(s) + Aog(s), u(s)) —

F(s.%(s), 3(), 2(5), @(5))+A2(s) (x1 () +x2(5))+3 A3(s) (x1 (5)) = O(e)
and the O (¢) part does not contain x1(s) and x> (s).

) Springer Open
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For this reason, applying Taylor’s expansion to f (s, x(s) + x1(s) 4+ x2(s), y(s) +
Ag(s), z(s) + Ag(s), u(s)) — f(s,x(s), y(s), 2(s), u(s)), F(¢) and G(r) must have
been chosen as follows:

F) = [£0) + 000 +b0] pO) + [£.0) + 00 a(0) + (o),
G() = [0 +2£.(00x(0) +26:1) + @) PO) + [0 +20:(0)] Q1)

+b.x (D) p() + 02 () [ fo (D) p() + q()] + [1, p(1), 05 (1) p(2)
+qOID*F@1) [1, p(), o () p(t) + g1, (25)

where f,(t) = fx(t, x(t), y(t), z(¢), u(¢)) and similarly for fy(¢), f;(¢) and sz(t).

Remark 3 If f is independent of (y, z), then the adjoint Egs. (15) and (16) are
the same as those in (Peng 1990).

By the assumptions (A1) and (A2), we get that the adjoint equations (15) and (16)
have unique solutions (p(-), g(-)) and (P(-), Q(-)), respectively, and for any g > 2,

T B/2
E[ sup (|p<t)|ﬁ+|P<t)|ﬂ)+</O (Iq(S)|2+|Q(S)|2)ds) }<oo. (26)

te[0,T]

Consider the following BSDE:
T 1
o) = / {fy(S)ﬁ(S) + f2()2(s) + [P(S)t?b(s) +q(s)8o(s) + 51"(5)(50(5))2
t
+ f(s,x(s), ¥(s), 2(s) + p(s)do (s), u(s)) — f (s, x(s), ¥(s), 2(s), ﬁ(S))] Ig, (s)} ds
T
—/ Z2(s)dW (s). 27
t

In the following theorem, we will prove that y°(¢) — $(¢) = o(e).

Theorem 1 Suppose (Al) and (A2) hold. Then, for any > 2,

T
E[ sup [35(0)1* + / |28(r>|2dt} = 0(&?), (28)
t€[0,T] 0
T B/2
E[ sup |§€(t>|ﬂ+( / |9€<r)|2dr) }o(eﬁ”), (29)
t€[0,T] 0
T
E[ sup [9(1)|° + / |2<t>|2dt} = 0(e?), (30)
te[0,T] 0
T
E[ sup [35(1) — (01> + f |28<t)—2(r)|2dt] = o(e?). 31)
t€l0,T] 0

) Springer Open
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Proof We first prove (28) and (29). Set

Bi(s) = f(s,x%(s), y°(5), 2°(5), u®(s)) — f(s, X(s) + x1(s) + x2(s), Y*(s)
+Ag(s), 2°(s) + Ao(s), i(s)),

By(s) = f(s,X(s) + x1(5) + x2(5), Y°(5) + Ag(s), 2°(s) + Ag(s), u(s))
—f (s, %(s) + x1(s) + x2(5), Y(5) + Ag(s), 2(s) + Ag(s), u(s)), (32)

B3(s) = f(s,x(s) + x1(5) + x2(5), ¥(5) + Ag(s), 2(s) + Ag(s), u(s))
—f(s,%(s), y(s), 2(s), u(s))

By(s) = f.(s)[p(s)dox(s) + P(s)8c(s)],

Bs(s) = [1, p(s), ox(s)p(s) + q(s)],

then
£, x5(5), (), 2°(s), 4 () — £ (5. X(5), 3(5), 2(5), (5)) = B1(9+B2(9+B3(9),
Ba(s) = fy($)5°(s) + fo(9)2°(9).
and
B3(s) = fx(s)(x1(s) +x2(5)) + fy(s)Ag(s) + fz(s)Ag(s)
+ % [X1(5) + x2(s), Ag(s), Ag(s)] D* f(s)[x1(s) + x2(s), Ag(s), Ag(s)]",
where
fis) = /01 fy(s, %) + x1(5) + x2(5), F(5) + Ag(s) + u3* (5),
2(5) + Ag(s) + " (s). i) d,
fols) = / fo(s. % (8) + x1(5) + x2(5), () + Ag(s) + uF* (s),
z(s) + A9(S) + uzt(s), u(s))du,
D*f(s) =2 /0 /0 AD? f (5, %(s) + Apu(x1(s) + x2(5)), F(s) + ApAg(s),
Z(s) + ApAg(s), u(s))drdu.
Thus

T
() = o(e) + / (A1) E, (5) + Bi(s) + fy(8)F°(s) + f2(5)2°(s)
t
1 .
+§[x1 (5) 4 x2(5), Ag(s), Ag(s)1D? f(s)[x1(s) + x2(s), Ag(s), Ag(s)]”
1
+ By (5)x1 () I, (5) — 535<s)1)2f<s>357 (s)(x1(s))?)ds

T
- / 25 ()W (s),
’ (33)

By the Lemmas 1 and 2, and the Eqs. (26) and (33), we can easily obtain (28) and
(29). By Lemma 2, Eq. (30) is obvious. We now prove (31). Set

() = x5(t) — x(1) —x1(t) —x2(2), 55 (1) = 3° (1) — (), 2°(1) = 2°(t) — 2(v).
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By Egs. (33) and (27), we get

T ~ ~ ~ ~
¥ (1) = o(e) +/ {fy©)F () + f2()Z°(s) + (fy(5) — (NI () + (fz(s) — f2(s)Z(s)
t
+1191(S) — Lf (s, X(5), ¥(5), 2(s) + p(s)d0 (5), u(s)) — f($)E,(s)
+5 () + xa(s), Agls), Ag()1D* f($)[x1(5) + x2(5), Ag(s), Ag(5)]"

1
+Ba(s)x1(s) g, (s) — EBS(S)DZf(S)BST (5)(x1(5))*}ds

T
—/ Z8(s)dW ().
’ (34)

By the Lemmas 1 and 2, one can easily check that we only need to show that
I ) )

E ( [ 156 - £6)56)+ (7.6~ £6) 2<s)|ds> } = o(e),
| \Jo

T 2
E (/0 |Bs(s)(D*f(s) — D* f(5))BY <s)<x1(s)>2|ds) }=o<sz),

T 2
E (/0 [Bi(s) — Lf (s, X(s), ¥(8), 2(s) + p(s)d0(s), u(s)) — f ()] IE, (S)IdS> } = o(e?).

Note that

F5(8) = Fo() |1 Fls) = f$)] < CUxi(s) +x2() |+ Ag(s) |+ Ao(s) | +]55(5) | +125(5)]),

and

2
[(/ Iq(S)Xl(S)Z(S)IdS) } |:Sup:e[0 )P (/ Iq(S)IzdS) (/ 12()] dS)]

/2

< (E [( /OT|2(S)|2ds) D (E [sptom i)
x <E [(/OT )as) D

=o(e?),

(35)

then we can easily obtain E[(f; |(fy(s) = fy()F () + (fo(s) — f2(s))2(9)|ds)?] =
0(g2). Since D? f is bounded, we get that for each g > 2,

T B
E [(/ | (sz(s) — sz(s)) ||q(s)|2ds) } — Oas & — 0.
0

Thus we easily deduce E[( fOT |Bs(s)(D*f(s) — D f(s)) BT (s)(x1(5))?|ds)?] =
o(g?). It is easy to verify that

|B1(s) — [f (s, X(5), y(5), 2(s) + p(s)d0 (), u(s)) — f ()] £, (s)]
< C{FE G+ [Ix¥1(5) + 220 + 13 + [2°()] + 1A5()] +1A0()I] IE, ()] -
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Since

T 2
E[([ |q<s>x1(s)|155(s>ds”sE{ sup |x1(s)| f |q(s)|2ds}s
0 s€[0,T] E,
1/2 o\ 172
< (E[ sup |x|<s)|4D (E[(/ |q(s>|2ds) D e
s€[0,T] E.
=0(82

)s

we can easily obtain E[(fOT |B1(s) — [f(s,x(s), ¥(s),z(s) + p(s)do(s), u(s)) —
F($)E, (s)|ds)?] = o(e?). The proof is complete. O

Thus, from (18), (20), (21) and the above theorem, we obtain the following
variational equation for BSDE (3):

YE() = §(1) + p(O)(x1 (1) + x2(1) + FP(O) (x1 (1) + 3(1) + o(e),

() = 2(t) + p1)3o () g, (1) + (o (D) p(t) + g (1) (x1(t) + x2(1))
+3 (0 (O p@) + 2P )0 (1) + Q1)) (x1(1))?
+(p(®)8ox(t) + P(t)80 (1) x1()IE, () +2(t) + o(e).

(36)

Remark 4 We also give the variational equations for BSDE (3) as in (Peng 1990).
Set

i) = pO)xi1(@), z1(1) = p()do () 1g, (1) + [ox () p(1) +q@O)]x1(r),  (B7)
it is easy to check that (y1, z1) satisfies the following BSDE:

—dy1 (1) = {fx@Ox1() + fyOy1 (1) + f2()z1 (1)
—[f2(0p®)da (1) + q(1)do (D, (D}dt — 21 (AW (1), (38)
yiT) = ¢ (xX(T)x1(T).

Set

»2(t) = p)x2(t) + PO (x1(1))* + 5(1),
22(t) = [ox (1) p(t) + g (1)1x2(t) + [80x (1) p(t) + P (1) ()1x1 () g, (1) (39)
+ 1o (O p(@) + 2P ()0, (1) + O(D1(x1 (1)) + 2(1),

it is easy to verify that

—dy(t) = {fx@®)x2() + fy@O)y2(t) + f2(D)za2(F)
+3001 (1), Y10, 21 OID? F (O [x1 (1), y1 (1), 71 (D17
+lg(®)do (2) — %fzz(l)(p(t)&f(t))2 + f @, x@), y(1),z(t) + p(t)do (1), u(t))
—ft,x@®),y@),z@), u®) g, () + L(O)x1 () g, (t)}dt — z2(0)dW (2),
y2(T) = ¢ (x(T))x2(T) + %(Pxx(f(T))(XI(T))Z,
(40)

where L(t)x1(t)1g.(t) = o(e), so we do not give the explicit formula for L(t). Note

the Egs. (37) and (39), then the adjoint equations for (z1(1))? and other terms are
essential for x1(t), x2(t) and x1(t)(x1 ()T, which is solved in (Peng 1990). In order
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to further explain the difference between the expansions for SDEs and BSDEs, we
consider the following equations:

{ 4510 = (£Ox10) + HOFO+ LOROU =50V, )
Vi(T) = o (X(T)x1(T),
—dy:(t) = {fx®x2(t) + fy@©)y2(0) + f2()22(0)
510, 510, Z1OID? f (O)[x1 (1), 1(1), Z21(D)]T
+f @, x(@), y(1),2(t) + p()do (1), u(®)) — f(t, x(), y(1), 2(1), u (1))
— L0 p®)8c (1) = 5 fo: () (p()80 (1)1, (D}dt — Za()dW (1),
52(T) = ¢ R(T)x2(T) + 56x (E(T)) (x1(T))*.
(42)
By Lemma 2, it is easy to show that

T
E [ e IV1(0) + y2(8) — 51(6) — (0> + /0 |21(1) + z2(t) — 21 () — b(z)ﬁdz} = o(e?).
tel0,

Thus, by Eq. (36), we get

Ye@) = y() + y1(2) + 32(2) + o(e),
() =z2(t) + Z21(1) + 22(1) + o(e).

The main difference with the variation equation for SDEs is equation (42) which
is due to the term p(t)d0o (t)IE, (t) in the variation of z. If f is independent of z, the
variational equations for (y, z) are the same as in (Peng 1990), which is pointed out

in (Peng 1998).

Now we consider the maximum principle. From Eq. (36), we get
JW () = J @) = y*(0) — 3(0) = $(0) + o(e).
Define the following adjoint equation for BSDE (27):

{ dy (1) = fy(®)y®)dt + f(0)y ()dW (1),
y(0) =1.

Applying It6’s formula to y (¢)$(¢), we can obtain

50) = ELfy y()[p(s)8b(s) +q(5)60(s) + 3 P(5)(80 (5))2
+f (s, %), y(5), 2(s) + p(s)80 (), u(s)) — f(s, X(s), y(s), 2(s), u(s)E, (s)ds].
(43)

Note that y (s) > 0, we then define the following function:

H, x,y,z,u, p,q, P) = pb(t,x,u) +qo(t,x,u) + %P(U(l‘, x,u) —o(t,x,i)?
+f@, x,y, 2+ plo(t,x,u) —o(t,x,u),u),
(44)

where (p, g, P) is defined by the Egs. (15) and (16). Thus we obtain the following
maximum principle.
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Theorem 2 Suppose (Al) and (A2) hold. Let u(-) be an optimal control and
x(-), ¥(-), Z(-)) be the corresponding solution. Then

H(t, x(1), y(1), 2(1), u, p(1), q(1), P(2)) = H(t, x(t), y(©), (1), u(?), p(1), q(1), P(1)),
Yu e U,a.e, a.s.,

(45)
where H(-) is defined in (44).

Remark 5 If f is independent of (y, z), the above theorem is called Peng’s
maximum principle, which was first obtained by Peng in (1990).

If the control domain U is convex, we can get the following corollary which was
obtained by Peng in (1993).

Corollary 1 Let the assumptions as in Theorem 2 hold. If U is convex and b, o,
are continuously differentiable with respect to u, then

wropoy+ol q@)+ f.(0al (O)p@) + fu @), u—i(t)) = 0,Yu € U, a.e.,a.s..

Now we give an example to compare our result with the result in (Wu 2013, Yong
2010).

Example 1 Suppose n = d = k = 1. U is a given subset in R. Consider the
following control system:

dx(t) =u(@®)dW(t),x(0) =0,

T T
() = x(T) + / Fa(s))ds — / 2(5)dW (s).
t t

In this case, our maximum principle is
f@O +u—ua®)— fEZE) >0,VueU,ae.,a.s.. (46)

Note that

t T T
y(t) — fo u(s)dw(s) = / f(z(s) —uls) +u(s))ds — / (z(s) — u(s))dW(s),
t t

then by the comparison theorem of BSDEs, it is easy to check that inequality (46) is
a sufficient condition. For the case U = {0, 1}, f(0) = 0, f'(0) < 0, f(1) > 0,
f(—=1) <O, itis easy to verify that (x, y, z, u) = (0, 0, 0, 0) satisfies (46), thus u = 0
is an optimal control. But f,(z(¢))(1 — u(t)) < O, which implies that u = 0 is not
an optimal control for the case U = [0, 1]. The maximum principle in (Yong 2010)
is f(z()(u —u(t)) > 0,Vu € U, a.e., a.s., which only covers the case when U is
convex. The maximum principle in (Wu 2013) contains two unknown parameters.
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Remark 6 In (Wu 2013, Yong 2010), the authors consider the control system
which consists of SDE (1) and the following state equation:

t t
y(®) = Yo —/0 f(s,x(s), y(s), v(s), u(s))ds +/O v(s)dW(s), (47)

where the set of all admissible controls
U0, T1 = {(u, o, v) €U0, T x R x M*(0, T) : y(T) = ¢ (x(T))}.

The optimal control problem is to minimize J(u(-), yo, v(-)) = yo over Z;l[O, T].
Obviously, this problem is equivalent to Peng’s problem, i.e., the control system com-
posed of SDE (1) and BSDE (3), the control problem is to minimize J(u(-)) over
U0, T]. Thus our maximum principle also solves completely this control problem.

Multi-dimensional case

In this subsection, we extend Peng’s problem to the multi-dimensional case,
i.e., the functions in BSDE (3) are m-dimensional, ¢ : R" — R™,
f @ [0,T] x R* x R" x R"™4 x RF — R”™ The cost functional is
defined by

J((-)) = h(y(0)), (48)
where i : R — R. For deriving the variational equation for BSDE (3), we use the
following notations:

W) =W, ..., Wian", ¢(x) = @' (x), ..., ¢" ()T,
it x,u) = @Y, x,u), ..ot x,u)T, j=1,....d,
[y, zou) = (@, y 2w, 70Xy, z,w)T
YO = N0,y 20 = @), i <m, j <d,
d)y=GY@). .. e, j=1,....d.
We keep Assumptions (Al) and (A2) extended in obvious way to the multi-
dimensional case n > 1, m > 1,d > 1, and introduce the following adjoint
equations: fori =1, ..., m,

—dpi(t) = Fi(dt — Y5 g/ ()dW/ (1), (50)
pi(T) = $L(X(T)),

(49)

—dP;(1) = Gi(dt = Y7, 0] W (1), 51
Pi(T) = ¢L,(X(T)),
where, using the notations

PO = [P1O). o PO’ ) = [q] O oqin D]

. . o nxom
P = (0. pp0) 0 = (g7 0...q 0)

. . . . i T
bL.(Opi(t) = Y1) plOBL )T, (a;x<r>>fpl<t> =3, p;(o(o;&(t)) :
(0Tl ) =11 q¢/ O@ienT, 1=1,....m,j=1,....d,

(52)
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F;(t) and G;(t) are defined as follows:

Fi(t) = bIOpi ) + fi0) + X0y fL0Opi®) + X5, (0l )] @)
+ Y50 X0 F OLed ) pi0) + ¢ 01, o
Gi(t) = Pi(0bx(t) + (bx ()T Pi(6) + L1y fL, (0 PI®) + X5_410] o ()
(0t ) 0] (1) + (0 (1)) gf (1) + (0 )T Pi(1)ail (1]
+ 29 YL O P@el () + 0! )T P + £, 0] (@)
+ £ O )T PO+ BT pi(®) + asn, P@), (@1 )T p(6)

+¢' (@), ..., (@ )T p() + ¢ OID* f1 (O nxn, p(0), (0 )T p(t)
+4' (@0, ., @ )T p) + ¢t 01,
(53)
where D? f* is the Hessian matrix of f? with respectto (x, y,z', ..., ). Let (1) =

G, ..., 3™ ()T, 2(t) = (£ (1)) be the solution of the following BSDE:

5O = [T + X9, £i6)2 () + (pT (5)8b(s) + X4 1(q7 () 80 (5)
L PT(5)807 ()80 ()] + [ (5. T(5), 5(5). Z(5) + pT (5)86 (s), )

— [ (5. %(5), 5(), 2s), W) HE, ()]ds — Y9_; [T 27 ()dW (s),
(54

where
P(t) =[P (D),..., P, (D], PT(s)807 ()80 (5)
= ((Pi(5)807 (5), 807 (5)), ..., (P ()80 (s), 807 ()T .

Similar to the analysis in Theorem 1, we get the following variational principle:

V() = F1(0) + (pi(0), x1(0) + x2(0)) + L Ox1(0). x1(0)) + (1) + 0(e).,
25 (1) = Z9(0) + (pi(1), 80T () IE, (1) + (o ()T pi(1) + ] (1), x1(1) + x2(1))
+H(Bal 1) pi(1) + 3 P30T (1) + 5 PT (1)807 (1), x1 (1)) I, (1)
+3 ([0 () pi(1) + Pi()oi (1) + (i )T Pi(1) + Qf ()]x1(1), x1 (1))
+3i () +ole)i=1,....,m j=1,....d.

(55)
Let h € C'(R™). Then we obtain
J@® () = J @) = (hy(3(0)), $(0)) + o(e).
We introduce the following adjoint equation for BSDE (54).

{ dy(®) = f] @y Wdt + Ty £y 0w @), 56)
7 (0) = hy(5(0)).

Applying I1t6’s formula to (y(z), y(¢)), we obtain the following maximum
principle.
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Theorem 3 Suppose (Al) and (A2) hold. Let u(-) be an optimal control and

(x(-), ¥(), 2(+)) be the corresponding solution. The cost functional is defined in (48)
and h € CY(R™). Then

(v (). pT08b(1) + Y 9_, (g7 1) T 807 (1) + 3 PT (1)807 (1)50 (1)]
(R, 50, 20) + pT (080 (1), u) — f(s,X(5), (5), 2(). ii(s)) (57
>0, VueU,a.e, a.s.,

where p, g/, P and y are given in Egs. (50), (51), (53) and (56).

Problem with state constraint

For simplicity of presentation, suppose d = m = 1, the multi-dimensional case can
be treated with the same method.
We consider the control system: SDE (1) and BSDE (3). The cost function J (u(-))
is defined in (4). In addition, we consider the following state constraint:
Ele(x(T), y(0))] =0, (58)
where ¢ : R” x R — R. We need the following assumption:

(A3) The function ¢ = @(x, y) is twice continuously differentiable with respect to
(x, y); D*¢ is bounded.

Define all admissible controls as follows:
Uaal0, T]1 = {u(-) e U[0, T]: E[p(x(T), y(0))] = 0}.

The control problem is to minimize J (u(-)) over U,q[0, T].

Letit(-) € Uyq[0, T] be an optimal control and (x(-), ¥(-), z(-)) be the correspond-
ing solution of Eqgs. (1) and (3). Similarly, we define (x(-), ¥(-), z(-), u(-)) for any
u(-) € U[0, T]. For any p > 0, define the following cost functional on U[0, T]:

To() = {[(y(0) — 5(0)) + p]* + |E[p(x(T), y(0)]1*}!/. (59)
It is easy to check that
{ Jpu()) > 0,Vu() € U[0, T],
Jo(-)) = p < inf,eq0,71 Jp () + p.

In order to use the well-known Ekeland variational principle, we define the
following metric on U[0, T]:

T
d (), v() = E [ fo Ty 1, w)dt] .

Suppose that (U[0, T'], d) is a complete space and J,(-) is continuous, otherwise we
can use the technique in (Tang and Li 1994, Wu 2013) and obtain the same result.
Thus, by Ekeland’s variational principle, there exists a u,(-) € [0, T'] such that

Joup()) = p,du,p(), u)) = /p, (60)
Jou()) = Jp(up()) + /pd(up(-), u()) = 0,Vu() e U[0, T].
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For any ¢ > 0, let E. C [0, T] be a Borel subset with Borel measure |E.| = &,
and define

uf)(t) =up () g (1) +u() g, (), foru(-) e U[0, T].

Itis easy to check that d (u,(-), uf)(~)) <e&.Let (x,(-), ¥p(-), zp(+)) be the solution
corresponding to u, (). Similarly, (x5 (), y5(-), 25 (-), u5,(+)) is associated with uf ().
Thus, with (60), we get

0 < Jp(u,() = Jpup() + /pe
< p [50) = 3o (O] + 1y {E [p(x5(T), y5(0))] (61)
—Elpp(T), yp (O]} + /pe + o(e),

where

Ap = T p() G 0) = F(0)) + pl, wp = Jp () Elp(x,(T), y,(0)].

Let (p?(-), q¢”(-)) and (PP(-), Q”(-)) be, respectively, the solution of Eq. (15)
and (16) with (x(-), y(-), z(-), u(-)) replaced by (x,(-), yo(), 2p(-), u,(-)), and all
the coefficients endowed with the superscript p. Then, the same computation as for
Theorem 1 leads to:

¥5(0) = ¥,(0) = $,(0) + o(e), (62)

where

T
Yolt) = / {fY $)Ip(s) + fL()Zp(s) + [{p?(5), D" (5)) + (g (5), 85" (s))

t
+3(PP(5)80"(5), 8P (5)) + (5, Xp(5), ¥p(5), 2p(5) + (PP (5), 8P (s)), u)

T
—f(S,xp(S),yp(S),Zp(S),up(S))]IES(S)}dS—/ Zp()dW (s).
t

(63)
Similar to Variational equation for BSDEs and maximum principle, we consider
the BSDEs:

{ —dpf (1) = (L) pf 1) + (0f )T gy ()1dt — gl ()W (1),

PO(T) = 11,05 (o (T), 7, (0)). ©4)

—dPg (1) = (b)) Py (1) + P )by (1) + (0 1) Py (1)a (1) + (0 (1) 0 (1)
+00 ()L (1) + BL ()T pf (1) + (@l ()) qf (D]1dt — QF (1)AW (1),
Po(T) = pp@xx(x(T), yp(0)).
(65)

Then, using (62)-(65), we can deduce
ol Elp(xg(T), y; (O)] — Ele(x,(T), yp (0N}
= E[foT{<Pg(S), 8bP () + (g (). 867 (s)) + 5 (P ()80 (5). 80° ()}, (5)ds]

+ o Elpy (xp(T), y5(0))13,(0) + o(e).

(66)
Let us now introduce the following adjoint equation for BSDE (63):
{ dy?(t) = f{ Oy ()dt + f£(O)y? (AW (1),
Y?0) = Ap + pEl@y (x,(T), y,(0))].
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Then we get

{Ap + /LpE[(/)» (xp(T), y5,(0)1}3,(0)
= E[fo YP){(PP(5), 8b2(5)) + (g (5), 8P (5)) + 5 (PP(5)85P (5), 80P (s))
+ f(5,x5(5), yp(5), 2p(s) + (p”(s), 80 (s)), u) — f(? Xp(8), Yp(8), 2p(8), up($)}HE, (s)ds],

(67)
and for the Hamiltonian
H(t’x’ Y, z,u,x/,u/, Po, 40, PO, p.q, P, J/)
= (po+yp,b(t,x,u)) +{q0 +vq,o(t, x,u)) 68)

+ %((Po +yP)o(t,x,u) —o(t,x',u),o(, x,u) —o(t,x',u'))
+yOf,x,y, 24+ (p,o(t,x,u) —o(t,x",u)),u),

it follows from (61), (62), (66) and (67) that

T
0< E[/0 {H(t, xp (1), yo (1), 2p (1), u, X (), up (1), (1), g (), P§ (1), p° (1), q° (1),

PP(1), yP (1) = H(t, xp(1), yp (1), 2p (), o (), X, (), u,p (), ph (1), gf (D),
Pl @), p (1), q” (1), PP (1), y* (1)), (1)dt] + /pe + o(e).

Thus, from the arbitrariness of ¢ > 0 and E, C [0, T] with |E.| = &, we obtain

Ht, x5 (1), yp (1), 2p (1), 1, X (1), 1, (1), PG (1), g (1), P (1), p? (1), ¢° (1), PP (1), y" (1))
= Ht, xp(1), yp (1), 2o (1), up (1), Xp (), 1, (1), P (1), gf (1), P (1), pP (1), qP (1), PP (1), y” (1))
— /P forallu e U,ae,as..

Recall (59) and the definition of A, and 1), we have |A, 12+ [o |2 = 1. Thus there
exists a subsequence of (A,, i) which converges to (A, u) with A2+ u)2 =1, as
p—> 0. Asd(upy(-), u(-)) < ./p, we can choose a sub-subsequence satisfying

() ¥ ()5 2p()s up (), PO ()5 g5 )y PYC)s PP (), g7 (), PPC), P () —
(x(), y(),2(), u(), po(-), qo (), Po(), p(), (), P(), y (), ae., as.

Here (po(-), go(+)) and (Po(-), Qo(+)) is, respectively, the solution of Eqs. (15) and
(16),

{ —dpo(t) = [(bx )T po(t) + (02 1) qo(t)1dt — go(H)dW (1),

po(T) = pex(X(T), y(0)), (69)

+Q0(1)ox (1) + (bxx ()T po(t) + (o (1)) qo(1)1dt — Qo(1)dW (),

[ —dPy(t) = [(bx ()T Po(t) + Po(t)bx(t) + (o ()T Po(t)oy(t) + (o (1)) Qo(t)
Po(T) = pexx (x(T), y(0)),

(70)
and

{dy(t) = fy(y (0)dt + f:(0)y (AW (©), 1)

v (0) = A+ nE[py(x(T), y(0))].

Thus we obtain the following theorem.
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Theorem 4 Suppose (Al), (A2) and (A3) hold. Let u(-) be an optimal control with
state constraint (58) and (x(-), y(-), z(-)) be the corresponding solution. Then there
exist two contants A and p with |1|* + |i|? = 1 such that

Ht, x(0), y(©), 2(t), u, x(1), u(t), po(t), qo(t), Po(t), p(t), q(1), P(t), y (t))
> H(@, x(2), y(1), 2(t), u, x(1), u(t), po(t), go(t), Po(t), p(t), q), P(), y (1)),
forallu € U, a.e., a.s.,

where H(:), (p(),q()), (P(), (), (po(), qo()), (Po(), Qo(-)) and y () are
defined in (68), (15), (16), (69), (70) and (71).
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