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Abstract

union of shrinking closed intervals.

Let X be a compact metric space and My be the set of isometry classes of compact metric spaces Y such that the
Lipschitz distance d; (X, Y) is finite. We show that (M, d,) is not separable when X is a closed interval, or an infinite

Keywords: Lipschitz convergence; compact metric spaces; separability

1 Introduction

For compact metric spaces (X,dx) and (Y,dy), the
Lipschitz distance dy(X,Y) is defined to be the infimum
of € > 0 such that an e-isometry f : X — Y exists. Here
a bi-Lipschitz homeomorphism f : X — Y is called an
€-isometry if

|log dil(f)| + | logdil (f ') | <¢,

where dil(f) denotes the smallest Lipschitz constant of f,
called the dilation of f:

dil(f) = sup dy (f (%), f 0’)).
xyex  dx(x,y)
xEy

Let M be the set of isometry classes of compact metric
spaces. It is well-known that (M, dy) is a complete met-
ric space. See, e.g., ([4] Appendix A) for the proof of the
completeness and see, e.g., [1,2] for details of the Lipschitz
distance.

Then the following question arises:

(Q): Is the metric space (M, dy) separable?

The answer is no, which can be seen easily by the
following facts:

(a) ifd;(X,Y) < oo, the Hausdorff dimensions of X and
Y must coincide;

(b) for any non-negative real number d, there is a com-
pact metric space X whose Hausdorff dimension is
equal tod.

See, e.g., ([1] Proposition 1.7.19) for (a) and [3] for (b).
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The fact (b) indicates that (M, dy) is too big to be sep-
arable. Then we change the question (Q) to the following
more reasonable one (Q’): For a compact metric space X,
let Mx be the set of isometry classes of compact met-
ric spaces Y such that d7(X,Y) < oo. Any elements of
M have a common Hausdorff dimension by (a). Then
the following question arises:

(Q’): 1Is the metric space (M, d) separable?
The main results of this paper give the negative answer
for this question for several X. To be more precise, we give

two examples for X such that (My, dr) is not separable:

(i) Infinite unions of shrinking closed intervals with
Zero

o0
11 1
o |:2n’2n + 2n+1:|;
n=1

(ii) Closed interval [0, 1].

We would like to stress that (My,d;) becomes non-
separable even when X are the above elementary cases.
We note that the non-separability of the first example
follows from the non-separability of the second exam-
ple. The first example, however, is easier to show the
non-separability than the second example.

The present paper is organized as follows: In the first
section, we show that the set of isometry classes of the
infinite unions of shrinking closed intervals with zero
is not separable. In the second section, we show that
the set of isometry classes of the closed interval is not
separable.
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2 Thefirst example

Let Z-g = {n € Z~o : n > 0} denote the set of positive
integers. For n,m € Z-y, let I(n, m) be an interval in R
defined as follows:

[1 1 1 }
I(n,m) = + .

on’gn T gntm

For each u = (un)pez., € {1, 2}2>0, we define the
following subset in R:

Xu = {0} U | 1(n, u). (1)

n=1

We equip X, with the usual Euclidean metric in R:

dx,y)=lx—y, xyeX,

Then it is easy to check that (X, d) is a compact metric
space.

Let 1 = (1,1,1,...) € {1,2}%>0 denote the element
in {1,2}%>0 such that all components are equal to one.
Let X7 be the set defined in (1) for the element 1. Let
My, denote the set of isometry classes of compact met-
ric spaces X whose Lipschitz distances from X; are finite,
thatis, dr (X, X1) < oo. Then we have the following result:

Theorem 1. (Myx,,dy) is not separable.

Proof 1. It is enough to find a certain discrete subset X C
M, with the continuous cardinality. We introduce a sub-
set X C M, which is the set of isometry classes of all X,, for
u e Z>0:

X= {(Xu,d) cu el 2}Z>°} /isometry.

It is clear that the cardinality of X is continuum. We
show that X C My, and X is discrete (i.e., every point in
X is isolated).

We first show that X C My,. For u = (Up)uez., €
{1,2}Z>O and v = (Vpuez., € {1,2}Z>0, let fy, be a
function from X,, to X, defined by

0 (x=0),
Q4n 1 1
wm P ) T

Then f,,, is a bi-Lipschitz continuous function from X, to
Xy and for x,y € Xy,

fu,v(x) = (x € Il(n, un))

1
§|x =1 = fup®) = fu D] < 2 — 9.

Therefore the Lipschitz distance between X, and X, is
bounded by

dr(X,, X,) <2log?2 foranyu,v € Zy.
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Thus we have that X C My,.
Second we show that X is discrete:

Lemma 1. Let X, X, € X Ifdp(Xy, Xy) < log2, then
u=v.

Proof 2. Let u = (Uppez., € {1, 220 gnd v =
Vinez., € {1, 2}2>0, We show that u, = v, foralln €
Z~o. By the assumption d;(X,, X,) < log2, there exists a
bi-Lipschitz function f : X,, — X, such that

|log dil(f)| + |logdil (f ') | < log2. (2)

Since f is homeomorphic, any intervals must be mapped
to intervals by f. That is, there exists a bijection P : Z~o —
Zi~q as n — P(n) such that

S, un)) =1(P(n),vp) -
To show uy, = vy, for all n € Z~o, we have two steps:

(i) n+u, =P+ vpuy
(ii) P(n) =n.

We start to show (i) by contradiction. Assume there exists
ny € Zso such that ny + u,, # P(no) + Vp@y). Since
f |10,ng) 88 homeomorphic, the endpoints of 1(no, ttn,)
must be mapped to the endpoints of 1(P(no),Vp(ny)) by
Sino,uny)- Therefore

1 1 1 1
‘f (2;1()) _f (2;10 + 2n0+un0>| = 2P(Vlo)+v1)(no) .

Thus the dilation of f is at least bigger than

If(1/2"0) — f(1/2"0 + 1/2"0%F )|
|1/27%0 — (1/27%0 + 1/2"0F"n0)|
1
= 2P(no)+vp(no)*(no+un0) :

dil(f) >

By the assumption of no + uy, # P(ng) + Vp(uy), we have
that dil(f) > 2 or dil (f‘l) > 2. This implies

|logdil(f)| > log2 or |logdil(f™')| > log2.

This contradicts the inequality (2). Hence we have n +
Uy = P(n) + vp) forall n € Z~.

We start to show (ii) by contradiction. Assume there
exists ny € Z~q such that P(ng) # no. Let us define

ne = min {n € Z-o|P(n) # n}.

Then P(ny) > ny by definition. Since we know that n +
up = P(n) + vp(y) by the first step (i), and that u, and vp,
are in {1,2}, thus the possibility of values of P(n) is that
P(n) = n—1, norn+ 1. This implies that P(n,) = ny,+1,
P(ny+1) = ny and P(ny +2) = ny+2, or nye + 3. Since the
endpoints of intervals must be mapped to the endpoints of
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intervals by f, the possibility of values of f (1/2"*+1) and
f(1/2mF2)is

1 1 1 1
f ol ) = om0 on + AV, ?

and

1 _ 1 1 1 1
f A2 | T omed2’ oni2 + 2n*+2+v(n*+2)’ on+3’
1 1
or o3 +

2}’1*+3+V(n*+3) :

Thus, by noting vpu,+2) € {1,2}, we have the following
estimate:

/() 4 ()

1 1 1
— | 21« - onx+2 + M52+ VP(ny42)
5 1
>

T 22mt2

This shows |logdil(f)| > log(5/2) and contradicts the
inequality (2). Hence we have P(n) = n foralln € Z-o.

By the above two steps, we have that u,, = v, forall n €
70, and we have completed the proof of Lemma 1.

We resume the proof of Theorem 1.

Proof of Theorem 1. By using Lemma 1, we know that
(X, dp) is discrete. Since the cardinality of X is continuum
and X C My,, we have that (Myx,,dL) is not separable.
We have completed the proof. O

3 The second example
In this section, we show the non-separability of Mg 1):

Theorem 2. The metric space (Mo 1), dL) is not separable.

Proof. It is enough to find a certain discrete subset Y C
M o,1] with the continuous cardinality.

Define two subsets, flat parts J(n,0), and pulse parts
J(n,1) in R?:

e Flat part: for n € Z,

1 1
](ﬂ, 0) = |:2n’ 2n—1:| X {O}r
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e Dulse part: for n € Z-o,

3 1

See the Figure 1.

For each u = (uy) ez, € {0, 1}%2>0, let Yy, be a subset in
R? as an infinite union of flat parts and pulse parts with
the origin:

o0
Yy ={©0,00} U | JJ0nu,) C R
n=1
See the Figure 2.
We equip Y;, with the usual Euclidean distance in R%:

1/2
d((x1,%2), 1,52)) = ((xl —y1)? + (22 —yz)z) . (3)

It is easy to check that (Y}, d) is a compact metric space.
Let Y be the set of isometry classes of Y, for all u €
{0,1}2>0;

Y = {Yu :u € {0, 1}Z>°} /isometry.

Now we show that Y C Mjg). For u € {0,1}%>,
let f,, be the projection from Y, to [0,1] such that x =
(x1,%2) > x1. Then it is easy to see that f;, is bi-Lipschitz
continuous and, for x,y € Yy,

1
V2

Therefore the Lipschitz distance between [0,1] and Y},

is bounded by

dx,y) < |fulx) = fu)| < d(x, ). (4)

1
d(101],Y,) < S log2 Vue {0, 1}%>0,

Thus we have Y € Mg ;.
Now we show that Y is discrete:

Lemma 2. Let Y, Y, € Y. If

log (ﬁ—l— 1) — log«/g
2

dir(Y,, Yy) <

’

then u = v.

1 1
on 2n—1
Figure 1 The left is J(n, 0) and the rightis J(n, 1).

(273—2 ) 2n3+1 - 273—2)
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0 1

Figure 2 A picture of Y,,.

Proof 3. Let u = (Un)pez., € (1,2} and v =
Vnez., € (1,2)%>0. We show that u, = v, for all n €
Z~. By the assumption, there exists a bi-Lipschitz function
ffromY, toY, such that

log (v2+1) — log/
. .

|log dil(f)| + |logdil (f 1) | <
(5)

Let us define a subset in Z-.q as follows:
P,={neZ-y:u,=1}

Without loss of generality, we may assume that P, is not
empty. That is, Y,, has at least one pulse. The pulse part
J(n,uy) of Yy, for n € Py is called n-pulse of Y,,. We note
that, by the definition of the pulse parts, the peak of the
n-pulse is attained at 5/2"? in x-axis.

It is enough for the desired result to show that P, = P,.
We show that there is a bijection F : P, — P, such that
F(n) = n. To show this, we have the following three steps:

(i) Thefirst step: for n € P,

_ 5 5
ﬂofofu1(2n+2>€ 2m+2:m62>0}

3
om+1

:WIEZ>0}

1
@) ZWIZWZEZ>O}.

(ii) The second step: for n € Py,

5 3
fvofofu*1 (2n+2> ¢ {2m+1:m62>0}
U{;ﬂ:mezw}.

(iii) The third step: forn € Py,

and v, =1.

5 5
-1
fof ot (302) = o
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In fact, if we show the above three statements, each
maximizers 5/2"+2 of n-pulses of Y, are mapped to the
maximizers 5/2"%2 of n-pulses of Y, by f, o f o f; L. This
correspondence of n-pulses defines the map F : P, — P,
such that F(n) = n.

The proof of the all three steps (i)-(iii) are governed by the
same scheme:

(A) Assume that the statements do not hold (proof by
contradiction);

(B) Estimate lower bounds of the dilations of f and f~;

(C) The lower bounds obtained in (B) contradict the
inequality (5).

We start to show the first step (i). Since f is homeomor-
phic, the maximizer 5/2"+2 of the pulse cannot be mapped
to the endpoints of [0,1] by f, o f o f;7 1. Assume that, for
somen € Py,

5 5
fl/ofofu_l <2n+2) ¢ W tme Z>O}

3
om+1

@] :m€Z>o}

1
U 2m:m€Z>0},

and prove (i) by contradiction. By the continuity of f, there
exists 0 < 8 < 1/2"%3 such that, for any x €[5/2"? —
8,5/2"2 1 8], we have

_ 5
fvofoful(x)¢ W:meZ>0}
3
0] 2m+1:m€Z>0}
1
0] ZMIWIGZ>0}.

Therefore we have

d <f ofy! <2n5+z - 5) Soli! <25+2 +8))
=d(ron (g 0) s (57)
varor (%) s (35 +9))

Here we use the fact that the three points f of, 1 (5/2" 2 —
8), f o f71(5/2"F2) and f o f£71(5/2"*2 + 8) are on the
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same line. By using the inequality (4), the dilation of f is  and
estimated as follows:

a(fofit (3 —0)fofit (Fa +0)) el ok (G o 7)) € (3~ 35032

dil(f) >
-1(_5 -1(_5 5 5 1
d(fi (52 —8) fit (35 +9)) U <2H+2, o + wg).
(f ofu (2n+2 - )fofu <2n+2))
25 Noti?g tlfie definition of (Y,,,d), forx € [ g7 — 8, 37 ) and
— € (5, 7 + 68|, we have
<f Ofu <2n+2> fofu ! <2n5+2 +8>> y (2 12 ]
28 ) 1
—1 -1 -1 2,
- d(fu (2n+2 - ) fu (2n+2)) d(f{/ (x),f;/ (y)) = <|x—y| ’y_znl ) s
- 28dil(f~1) .
(i () i (5 +9)) A (1wt (%)):‘x_zm ,
28dil(f—1)
J2 (fv . <2n1>) \/—)y_Z”l.
T il
) ) ) Since |x — y| = |x — 27| 4+ |y — 27|, we have the
In the above last line, we just calculated the distance following inequality:

following the Euclidean distance (3) in the n-pulse J(n, 1).

This implies that dil(f) > 2%, or dil(f~!) > 2%, Thus we
have <fv ). f, (2n1)> +d(fv WMy (2n1)>

log2
dr(Yu, Yv) > i . = <|x—2*”1|2+2\/§|x—2*”1||y—2*”1|
This contradicts the inequality (5). Therefore we have, for +2]y—27" |2)1/2 @)
€ Py,
anyn € P, < (ﬁpc—z—”w2 +2V20 — 27 ||y — 27|
5 5
-1 . 1/2
fvofofu (2n+2) € 2m+2'm€z>0} +2\/§|y_27n1|2> /
3 1, -1
ol em eZ>0} =24 (170, 0)).
1
U om tm e Z>o} On the other hand, there exist xy € [2%1 -4, 2%1) and
Yo € (2%1, 2%1 + 8] such that
We start to show the second step (ii) by contradiction.
Assume that, for some n € P, 5
s ) d (fl ofy (o), £t (2n+2>>
Joof ol (2”+2) {2m e Z>0} —1_ 1 15
=d (f of, (o) fy <2n+2)) :
Then there exists n1 € Zq such that
-1 - us tne triangle determine tne tnree vertices f o
foofof; 52 1 6)  Thus the triangle determined by the th j
2+ 2m £ o), f o f Y (o) and £ (5/2””) is an isosceles right
By the same argument as the first step (i), we can obtain triangle, and we can calculate
Vi, = 1, that is, the n1-pulse exists in Y,. By the continuity
of f, there exists 0 < 8 < 1/2" %3 such that d (f_1 of;  (xo), f! Ofv_l()’o)) (8)

1 ([ 1 5 1 5 _ L (1 1.5
fuof 1Ofy 1([271 -4, 271)) C <2n+2 — i3 2n+2> = «/id (f fv (xO)’fu (2n+2>)

5 5 1 1 -1 1 i 5
Y <2n+2’ gz + 2n+3>’ + Ed <f of, " 00t ont+2 ) )
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By (6), (7) and (8), we have a bound for the dilation of f: ~ Without loss of generality, we may assume ps(l) > 1. We

1 3 d (f_l o f L (xo), f ! Ofv_l()/o)) first show that
dil(f) = 4 (£ (o) £ o) o1 1 5 5 3
(ﬁ/ 0 ﬁ/ (J/O) fuof Of;/ 2[9f(1) € ?’ﬁ 0] ﬁ’ﬁ .
d(fof @t (7)) (10)
v2d (ﬁ,_l(xo),ﬁ,_ O’o)) To show this, it suffices to show that
o ) -
AU en o0 (7)) Pa(rer ()i ()
V2d (17 0. fi 00)) ©) 4
dil (f~ Ly where the above inequality means that the point f~! o
(f ) (fv ( O)fv (2"1 ))
V2d (7 o) ) £ <2p (1)) belongs to one of two edges in the l-pulse cross-
N dil (1) d (f, o). f; ! (T)) ing at the right angle. By py-1 o pr(l) =p; opf(l) =1 we
, , h
V2d (fv (*0), fv 0’0)) ave
1 V2dil ) _ g (r-1 -1 5
< ?dil (r1). oz =l s zpfa) S P02
4
_ _ 5
Here we used the equality (8) in the second and third >d (f Loft (217/(1)) Shof ! (W))
lines, the equality (6) and the definition of the dilation 5
in the fourth and fifth lines, and the inequality (7) in the =d (f71 ofy ! (2pf(l)) St <W>) .
last line. The inequality (9) implies that dil(f) > 2% or 5
dil(f~1) > 28. Thus we have =d (f I <2pf(;)) Ji! (ﬁ))
log2 1
d (Y, Yy) = g Since we have dil (f’l) < 2% (by the inequality (5)) and
This contradicts the inequality (5). Therefore we have, for pr(D) = L+ 1, it holds
anyn € Py, «/5 «/idil(f’l) . 5
1 Sz et VALY ,fuﬁ-
fvofofu (2 +2>¢{2m m€Z>0} 20+ orr )+ orr (D) 26+
n
Thus we have shown (10).
By the same argument as above, we have, for any n € P, By the continuity of f and (10), there exists § > 0 such
(5 3 that§ < —-— and
ﬁ/ofofu1<2n+2>¢{2m+1:mez>0}' . <2pf(l)+3 an
Now we start to show the third step (iii). By the abovetwo £ o f=1¢ f~1 (|: 1 = =4, 1 =+ 5])
steps (i) and (ii), we have that, for any n € Py, there exists 20D 221
pr(n) € Lo such that . (1’ 5) U (5’ 3)‘
207 9l+2 20+27 9l+1

5 5
ﬁ’ Of of” ! <2n+2) = 2pf(n)+2'
Since the three points f~1 o f1 <ﬁ - 6) St
By the same argument as the first step (i), we can check . . 27 ‘
that py(n) € Py, that is, vp.(ny = 1. Also for the inverse 1 ( pf<z>) andf~1of, ( 70 + 5) are on the same line,
function f ~1 we have that, for any n € P, there exists Weé have
pr-1(n) € Py such that

1 1
o _ -1 _ -1
foof Toft (22) = —— ! (f o (2pf<l> 8) S <2Pf<l> " 5))
u v ont2 | T oPy-1 (n)+2"° 1 1

=d — =3, —

Since f is a bijection, the map py is a bijection from P, to (f °Jy <2Pf(l) ) S ok (2Pf(1) ))
Pyandp;' = pr. _ _ 1
s f d 1 1

Now it suffices to show that pf(n) = n for all n € P, A\ ek 2Pf(l) S oA o 0

We assume that there exists | € Py such that pg(l) # . (11)
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Thus the inclusion (10) and the equality (11) imply the
following bound of the dilation of f:

dil(f =)
o (gl —9)s o (gt +9))
T A (G 9) s (G )
(7o (e —9).s o ()
/58

(f fv <2pf(l)> 7f_1 ofv_l <2p}(l) + 5))
V58

)4 (gim))

+

d (fv_l (2pf(l> -

= V/58dil(f)
N d(fv (zpf“)) S (2‘7“) + 5))
V/58dil(f)
V241
VBl

Here we used the following equality in the third and
Sfourth lines:

1
(5 () (5 +9))
1/2
= L ) L 32 52/
“\[zo 2@ t?) P

= /58.

Thus dil(f) > (%)1/2 or dil(f~1) > (%)1/2

This contradicts the inequality (5). Therefore we have
pr(n) = nforanyn € Py

We have completed all of the three steps. Setting F(n) =
pr(n), we have that the map F : P, — P, is a bijection
such that F(n) = n and this implies P, = P,. We have
completed the proof.

We resume the proof of Theorem 2.

Proof of Theorem 2. By using Lemma 2, we know that
(Y, dy) is discrete. Since the cardinality of Y is continuum
andY C M|g,1), we have that (M|g,1), dr) is not separable.
We have completed the proof. O

Remark 1. Theorem 2 says that M1 = {X € M :
d([0,1],X) < oo} is not separable. By the proof of
Theorem 2, moreover we know the following stronger result:

Let By, ([0,1],8) denote the ball in M) centered at
[0,1] with radius § > 0 with respect to the Lipschitz
distance dy, that is,

By, ([0,1],8) = {X € M) : dr([0,1],X) < 8}.
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Then, for any § > 0, B([0, 1], 8) is not separable.
In fact, let

J€(n,1) =[3/2"11,1/2"71] x {0}
U{(xe3/2" 1 —x) 1 5/2"% < x < 3/2"11)
Ul e —1/2"):1/2" <x < 5/2"2},
J¢(n,0) = J(n,0),

Ye= {0,000} U | JJ (n un), u= (unlnez_,(0, 17>
n=1

Then, by the similar proof to that of Theorem 2, we obtain
(i) Foreverye > 0, the set
Y€ = {Y; cu e {0,1)%>0 } /isometry

is discrete with cardinality of the continuum.
(ii) For every § > 0, there exists € > 0 such that Y¢ C
BdL([ 01 1] b 8)'

The statement (ii) implies that By, ([0, 1], 8) is not sepa-
rable for any § > 0.
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