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1 Background
The partial differential equations on manifolds arise in a wide variety of applications.
In many problems, including material science [10,20], fluid flow [22,25], biology and
biophysics [2,3,21,37], people need to study the physical process, for instance diffusion
and convection, in curved surfaces which introduce different kinds of PDEs in surfaces.
It has been several decades to develop numerical methods for solving PDEs in surfaces.
Many methods have been developed, such as surface finite element method [19], level set
method [9,48], grid-based particle method [31,32] and closest point method [35,43].
Recently, manifold model attracts more and more attentions in data analysis and image
processing [4,11,13,23,26,29,30,36,40—42,47]. In the manifold model, data or images are
represented as a point cloud, which is defined as a collection of points that are embedded in
a high-dimensional Euclidean space. One fundamental assumption in the manifold model
is that the point cloud samples a smooth manifold. Thus, the information of the manifold
is very useful to understand the data or images. PDEs on the manifold, particularly the
Laplace—Beltrami equation, encode several intrinsic information of the manifold, thus
helping reveal the underlying structures in the data or images. To get the information
encoded in PDEs, we need to solve them in the unstructured point cloud. Given that the
point cloud is embedded in a high-dimensional space, the traditional methods for PDEs
on 2D surfaces do not work.
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In the past few years, efforts have been devoted to develop alternative numerical meth-
ods to discretize differential operators on point cloud. Liang and Zhao [34] proposed to
discretize differential operators on point cloud via local least square approximations of
the manifold. Their method achieves high-order accuracy and flexibility because no mesh
is required. In principle, their method can be applied to manifolds with arbitrary dimen-
sions and co-dimensions with or without boundaries. However, if the dimension of the
manifold is high, then this method may be unstable because a high-order polynomial is
used to fit the data. Lai et al. [28] later proposed the local mesh method to approximate
differential operators on point cloud. The principle of the proposed method involves the
use of K nearest neighbors to construct local mesh around each points, which is easier
to construct than global mesh. Based on the local mesh, discretizing differential oper-
ators and computing integrals is then facilitated. When the dimension of the manifold
is high, even the construction of local mesh is difficult. Although lacking proof, moving
least square or local mesh-based methods achieve high-order accuracy. In principle, the
accuracy of the moving least square is arbitrarily high. The accuracy of the local mesh
method is second order because the local mesh approximation to the manifold has at
most second-order accuracy.

In [33], we proposed the point integral method (PIM), a novel numerical method, for
solving the Poisson equation on point cloud. The main idea of the point integral method
is to approximate the Poisson equation via the following integral equation:

- / Apatey) e y)dy ~ — / Relo y) () — 1a(y)) iy
M tJm

_ ou
-2 /a/\/t Ri(x, y)a(y)dry, (1)

where n is the out normal of 9. M, M is a smooth k-dimensional manifold embedded in
R%, 9 M is the boundary of M. R;(x, y) and R;(x, y) are kernel functions given as follows

2 ] ] o2
Ri(x,y) = CiR (|x 4tY| ), Ri(x,y) = CiR (|x 4tY| ); (2)

where C; = m is the normalizing factor. R € C*(R*) be a positive function that is

integrable over [0, +-00),
- +OO
R(r) :f R(s)ds.
r

Apm = div(V) is the Laplace—Beltrami operator (LBO) on M. Let @ : 2 C RE —
M c R? be a local parametrization of M and # € 2. For any differentiable function
f : M — R, define the gradient on the manifold

af (2(9))

%, ®), 3)

“ I
VF(@(0)) = 9(6)— (0
£(@O) =g 0)5-0)
hj=1
and for vector field F : M — TxM on M, where TxM is the tangent space of M at
x € M, the divergence is defined as

m

d k
d iy 0D
— >y (vdet Gg’/Pk@(e»a—gj), @
k=11

j=1

div(F) =
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where (gij)i,j=1,,.‘,k = G~1, det G is the determinant of matrix G and G(8) = (gz‘j)i,j=1,‘.‘,k
is the first fundamental form which is defined by
d

0Dy, 3Py .
0=y X0 =K@, ij=1...,m 5
i(6) k;aei()ae,() ij m (5)

and (F1(x), ..., F%(x))! is the representation of F in the embedding coordinates.

Using the integral approximation, we transfer the LBO to an integral operator. The
integral operator is easily discretized on point clouds with proper quadrature rule, because
differential operators are nonexistent inside. This is the essential component of PIM.
Similar integral approximation is also used in nonlocal diffusion and peridynamic models
[1,15-17,49].

PIM is also related with graph Laplacian, a discrete object that is associated with a
graph and reveals many properties of graphs [12]. As observed in [5,24,27,44], the graph
Laplacian with the Gaussian weights well approximates the LBO when the vertices of
the graph are assumed to be a sample of the underlying manifold. When no boundary is
present, Belkin and Niyogi [6] showed that the spectra of the graph Laplacian with Gaus-
sian weights converge to that of A 4. Dealing with the boundary remains an unresolved
issue. In fact, near the boundary, graph Laplacian is dominated by the first-order deriva-
tive and thus fails to be a true Laplacian [7,27]. Recently, Singer and Wu [45] showed the
spectral convergence of the graph Laplacian in the presence of the Neumann boundary.
the convergence analysis in both [6] and [45] is based on the connection between the
graph Laplacian and the heat operator. Therefore, Gaussian weights are essential.

The main contribution of this paper is that, for Poisson equation with Neumann bound-
ary condition, we prove that the numerical solution computed by the PIM converges to
the exact solution in H! norm as the density of the sample points tends to infinity. Unlike
the methods used in graph Laplacian, we do not relate the integral operator to heat kernel.
Instead, we use a strategy that is standard in numerical analysis to prove convergence.

It is well known that the convergence is an easy consequence of consistency and sta-
bility. We imply that PIM is stable by proving that PIM preserves the coercivity of the
original Laplace—Beltrami operator. Together with the truncation error estimate, we get
the convergence of PIM.

The rest of this paper is organized as follows. In Sect. 2, we describe the point integral
method for Poisson equation with Neumann boundary condition. The convergence result
is stated in Sect. 3. The structure of the proof is shown in Sect. 4. The main body of the
proof is presented in Sects. 5, 6 and 7. Finally, the conclusions and discussion of future
work are provided in Sec. 8.

2 Point integral method
In this paper, we consider Poisson equation on a smooth, compact k-dimensional sub-
manifold M in R%, d > k with the Neumann boundary

—Apmulx) =f(x), xeM,

9 (x) = b(x), X € IM. ©

The manifold M is sampled with a set of sample points P and a subset S C P sampling
the boundary of M. The points are listed in a fixed order P = (py, ..., p,) where p; €
R% 1 < i < nand without loss of generality, let S = (py, ..., p,,) C P withm < n.



Shi and Sun Res Math Sci(2017)4:22 Page 4 of 39

In addition, assuming that we are given two vectors, V = (V, ..., V},)!, where V; is an
volume weight of p; in M, and A = (A3, ..., Anm)", where A; is an area weight of p; in M,
thus, for any f € C!(M) and g € C1(M),

n

m
S @i~ [ oo Yewiai [ g
i=1 M i=1 IM
Here dux and dty are the volume form of M and d.M, respectively.

Using the integral approximation (1), the Poisson equation is approximated with an

integral equation,

1 . .
- /M Ri(x, y)(u(x) — u(y))duy — 2 fa o Ry(x, y)b(y)dzy = /Mf (V)R (x, y)dpy. (7)

No differential operators exist in the integral equation. Therefore, it is easy to discretize
on the point cloud with the weight vectors, V and A,

% D Ripy (i — Vi — 2 Ri(py pb(R)A; = Y Ri(ps p)f (b)) V- 8)
j=1 j=1 j=1

The solution u = (u1, ..., u,)" to the above linear system provides an approximation of
the solution to problem (6).

3 Main results

The main contribution of this paper is the establishment of the convergence results for
the point integral method for solving problem (6). To simplify the notation and make
the proof concise, in the analysis, we consider the homogeneous Neumann boundary

conditions, i.e.,

—Apux) =f(x), xeM,

g—z(x) =0, x € IM. ©)
The analysis can be easily generalized to nonhomogeneous boundary conditions.
The corresponding numerical scheme is
1 ¢ .
2 D Rpo )i — 1)V = 3 Re(py BV (10)

j=1 j=1

where f; =f(pj).

Before proving the convergence of the point integral method, we need to clarify the
meaning of the convergence between the point cloud (2, V) and the manifold M. In this
paper, we consider the convergence in the sense that 4(P, V, M) — 0 where 4(P, V, M)
is the integral accuracy index defined as following,

Definition 1 (Integral accuracy index) For the point cloud (P, V) that samples the mani-
fold M, the integral accuracy index (P, V, M) is defined as

| f Wiy = 301 f () Vil

h(P,V, M) =
FeCl(M) |SuPP(f)||[f||C1(M)

where [fllc1(am) = If lloo + IV lloo and [supp(f)] is the volume of the support of f.
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Using the definition of integrable index, the point cloud (P, V) converges to the manifold
M if h(P,V, M) — 0. In the convergence analysis, we assume that 4(P, V, M) is small
enough.

Remark 1 In some sense, h(P, V, M) is a measure of the point cloud density.

1. If the volume weight V comes from a mesh, one can obtain the integral accuracy
index h(P, V, M) = O(p) where p is the size of the elements in the mesh and the
angle between the normal space of an element and the normal space of M at the
vertices of the element is of order p1/2 [46].

2. If the point cloud is sampled from some distribution, from central limit theorem,
h(P, V, M) ~ O(1/+/n) where n is the number of point in P.

Remark 2 To consider the nonhomogeneous Neumann boundary condition or Dirichlet
boundary condition, we also have to also assume that 4(S, A, dM) — 0, where S is the
point set that samples the boundary 9 M and A is the corresponding volume weight on
the boundary o M.

To obtain the convergence, we also need some assumptions on the regularity of the
submanifold M and the integral kernel function R.

Assumption1 1. Smoothness of the manifold: M, 9 M are both compact and C*
smooth k-dimensional submanifolds isometrically embedded in a Euclidean space
R,
2. Assumptions on the kernel function R(r):

(a) Smoothness: ;—;R(r) is bounded, i.e., there exists a constant C such that
&R = vrzo

(b) Nonnegativity: R(r) > 0 for any r > 0;

(c) Compact support: R(r) = 0 for Vr > 1;

(d) Nondegeneracy: 35p > 0so that R(r) > §p for 0 <r < %

Remark 3 The assumption on the kernel function is very mild. Almost all the smoothed
delta functions in the literatures satisfy these condition. One frequently used choice is
given by cos function:

R = %(1+cosnr), 0<r<l,
0, r> 1

The compact support assumption can be relaxed to exponentially decay, like Gaussian
kernel. In the nondegeneracy assumption, 1/2 may be replaced by a positive number 6
with 0 < 6y < 1. Similar assumptions on the kernel function is also used in analysis the
nonlocal diffusion problem [18].

Remark 4 For simplicity, R is assumed to be compactly supported. After some mild mod-
ifications of the proof, the same convergence results also hold for any kernel function
that decays exponentially, like the Gaussian kernel G¢(x,y) = C; exp (—%). In fact,
for any s > 1 and any € > 0, the H® mass of the Gaussian kernel over the domain
2 ={y € M||x —y|? > !¢} decays faster than any polynomial in ¢ as ¢ goes to 0, i.e.,
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lim; o

“Gt(x’gw = 0 for any «. In this way, we can bound any influence of the integral

outside a compact support.

All the analysis in this paper is conducted under the assumptions in Assumption 1 and
h(P,V, M), t are small enough. One upper bound of ¢, Ty, is given by 15,/2Ty = § with
8 = po /20, p = 0.1 and o is the minimum of the reaches defined in Proposition 1. In the
theorems and the proof, we omit the statement of the assumptions without introducing
any confusion.

The solution of the point integral method is a vector u, while the solution of problem (9)
is a function defined on M. To make these two solutions comparable, for any solution

u = (uy, ..., uy)" to the problem (10), we construct a function on M

Z;I:I Re(x puV; —t 27:1 Re(x, PV
Z;lzl Rt(xl P;) ‘/]

If(n)(x) = (11)

It is easy to verify that I¢(u) interpolates u at the sample points P, i.e., Ir(u) (pl-) = uj for any
p; € P. The following theorem guarantees the convergence of the point integral method.

Theorem 1 Let u be the solution to Problem (9) with f € C'(M) and the vector u be the
solution to the problem (10). Then, there exists constants C and Ty only depend on M,
such that forany t < T

h(P, V, M)
llu — Il gy < € (tl/z + T) I llct vy (12)

where h(P, V, M) is the integral accuracy index.

4 Structure of the proof

To simplify the notation, we introduce an integral operator,

Lou=1 / Re(ox, y)(ux) — uly))dy. (13)
M

Roughly speaking, the proof the convergence includes an estimate of the truncation error
Li(u — Ig(u)) and the stability of the integral operator L;. Here u(x) is the solution of the
problem (9) and u is the solution of the problem (10).

First, we have following theorem regarding the stability of the operator L;.

Theorem 2 Let u(x) solve the integral equation
Liu = r(x),

wherer € HY (M) with f/vl r(x)dux = 0. There exist constants C > 0, Top > 0 independent
on t, such that

Il zrag < C (17l 2ovy + L1Vl 2(0))

provided that t < T.
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To apply the stability result, we need Ly estimate of L;(u — If(w)) and VL:(u — Ix(u)).
These truncation errors are analyzed in following two theorems by splitting the truncation
error Ly (u — Ig(u))

Li(u — Ir(w)) = Ls(u — us)) + L (u; — Ig(w)),

where u; is the solution of the integral equation

! f Reloo y) () — u(y))dpty = f FOR y)duy. (14)
M M

For the second term, we have

Theorem 3 Let u(x) be the solution of the problem (14) and u be the solution of the
problem (10). Iff € C1(M), then there exists constants C, Ty depending only on M, so that

Ch(P, V, M)

ILe (It — uz) 2 ag) < Tllfllcl(/vt)» (15)
Ch(P, V, M)

IVL: (I — ue) Nl 20y < t—ZHfHCl(M)' (16)

aslongast < To and ML\EM) < To, h(P, V, M) is the integral difference index in Defini-
tion 1.

In the analysis, we found that the error term L;(z — u;) has boundary layer structure. In
the interior region, it is O(+/t) and in a layer adjacent to the boundary with width O(/1),
the error is O(1).

Theorem 4 Let u(x) be the solution of the problem (9) and u;(x) be the solution of the
corresponding integral equation (14). Let

d
IEDD /8 Ny W (Y)(x —y) - V(Vuly)R: (%, y)p(y)dy, (17)
j=1

and
Li(u — uy) = Ly + Ipg.

wheren(y) = (n'(y), . . ., n(y)) is the out normal vector of ) M aty, V/ is the jth component
of gradient V.
Ifu € H3(M), then there exists constants C, Ty depending only on M and p(x), so that,

Zinll2ng) < CEPlullpangy N VIl < Cllall gz (18)

aslongast < Ty.

To utilize the boundary layer structure, we need a stability result specifically for the
boundary term.

Theorem 5 Let u(x) solve the integral equation

Liu = /8/\/1 b(y) - (x — y)R:(x, y)dzy — b
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where |IM| = [, dux and

- 1 R
b=, ([ o0 = ax

Then, there exist constant C > 0, Ty > 0 independent on t, such that
aslongast < Ty.

Theorem 1 is an easy corollary from Theorems 2, 3, 4 and 5. Theorems 2 and 3 imply
that
h(P, V, M)
e — Ig(@)ll riag) = O (T)
and Theorems 2, 4 and 5 imply
lu — uell gy = O (£7%),

which prove Theorem 1.
In the rest of the paper, we prove Theorems 2, 3, 4 and 5, respectively.

5 Error analysis of the integral approximation (Theorem 4)

In this section, we need to introduce a special parametrization of the manifold M. This
parametrization is based on following proposition. First, we define the reaches of a mani-
fold following the definition in [38]. Consider a compact Riemannian submanifold M of
a Euclidean space R?. We can define the set

G(M) = {x € R? : there exist distinct p, g € M
such that d(x, M) = |x — p| = |x — q|}

where d(x, M) = infyepq |x — y|. The closure of G(M), denoted as G(M), is called the
medial axis of M. For any p € M, the reach at p is defined as the distance of p to the

medial axis, i.e.,

t(p M) = inf |p—yl
yeG(M)

Proposition 1 Assume both M and 3 M are compact and C* smooth. o is the minimum
of the reaches of M and M, i.e.,

0 = min {pienj\f/1 (p, M)’pgalfvt (p, 8/\/1)}.

For any pointx € M, there is a neighborhood U C M of x, so that there is a parametriza-
tion @ : 2 C RK — U satisfying the following conditions. For any p < 0.1,

(i) 2 is convex and contains at least half of the ball Bd)—l(x)(go—), ie, vol(£2 N
Bgp-1()(50)) > %(%a)kwk where wy is the volume of unit ball in R¥;
(ii) Bx({5o)NM cC U.
(iii) The determinant the Jacobian of ® is bounded: (1 — 2p)¥ < |D®| < (1 + 2p)* over
£2.
v—

(iv) For any pointsy,z € U, 1 —2p < Wl(i’—

) <1+3p.

z|
o] =
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This proposition basically says there exists a local parametrization of small distortion if
(M, 3 M) satisfies certain smoothness, and moreover, the parameter domain is convex
and big enough. The proof of this proposition can be found in “Appendix A.” Next, we
introduce a special parametrization of the manifold M.

Let p = 0.1, o be the minimum of the reaches of M and dM and § = po /20. For any
x € M, denote

Bi=lyeM:|x—yl <8}, Mi=lyeM:|x—y<at) (19)

and we assume ¢ is small enough such that 2+/¢ < 8.
Since the manifold M is compact, there exists a §-net, N5 = {q; ¢ M, i =1,...,N},
such that

N
Mc| B,
i=1
and there exists a partition of M, {O;, i =1,...,N},such that O; N O; =, i # j and

N
M=|Jo, OicB), i=1..,N
i=1

Using Proposition 1, there exist a parametrization @; : §2; C RK — ucM, i=
1,..., N, such that

1. (Convexity) B?l‘? C U; and £2; is convex;
2. (Smoothness) ®; € C3(£2;);
3. (Locally small deformation) For any points 01, 6, € £2;,

1
5 01 — 62| < || @i(61) — Di(62)| <2161 — 6al.

Using the partition, {O;, i = 1,...,N}, for any y € M, there exists unique J(y) €
{1,..., N}, such that

)
y € O](y) C Bq/<y). (20)

Moreover, using the condition, 2v/¢ < §, we have Mi, - B(Zlf( C Uj(y). Then, QD]_(YI)(X)
and q)]*(;) (y) are both well defined for any x € M;

Now, we define an auxiliary function, n(x, y) foranyy € M, x € Mi, Let

Y)

Exy) = @, (0) - @0 (n) €RY, n(xy) = E(xy) - 00 @ixy) €RY, (21)

where a(x,y) = @ ]7(;) (y) and 9 is the gradient operator in the parameter space, i.e.,

0%,
90,

dD;
" 96y

0

9) “’E

30;(0) = ( ©), . (9)), 6 € 2; cRK.

Now, we state the proof of Theorem 4.
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Proof Let r(x) = —(Lyu — Lyuy) be the residual, then we have

rx) = —% fM Reo y)(u(x) — u(y))dpay
12 / Relx y)g(y)dry — / R y)f(y)diny
oM M
1 _
S / Reo y)(u(x) — u(y)dpay + / Re(o y) Apcaely)dpsy
t M M
+ / (x — y) - Vuly)R: (x y)ddlity
M

M

+ / R y) Anque(y)dpsy.
M

Here, we use that fact that

/ Re(oy)f (Pdiay = / Re(oy) Apqaa(y)dpsy,
M M

and

_ / R0 y) Apcaa(y)dpsy + / VyRi(xy) - Valy)duy
M M

_ / R, y) A pquly)dyzy
M
+% (x —y) - Vuly)R(x, y)dpey,
M

where the last equality comes from:

/ Vu(y) - VyR(x, y)dpiy
M

1 2l 2! Y . . .
| (0 @'e 7 dyuty)) (0 @'e" " 0,00 = YIRe(xy)) dity

- 2t Jm
=51 |, (w2 ) (2 =R y) dny
= & — Y )Vuly)Ry(x, y)dpuy
M
1

=5 (x =) - Vu(y)Ry(x, y)dpy.
M

Here, @/, i = 1,...,d, is the ith component of the parameterization function @

(22)

and

the parameterization function @ = @), J(y) is the index function given in (20). In the

rest of the proof, without introducing any confusion, we always drop the subscript of the

parameterization function.

First, we split the residual r(x) to four terms
r(x) = r1(x) + ra(x) + r3(x) — ra(x),

where

1

60 =4 [ (60 = uty) = 6= y)- Vuty) = S/ 7ty ) Rt iy,

Page 10 of 39
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) = o [ w VIR Yty — [ V) VR )y,
) = [ Aty VR iy + [ div (19 Vuty)) Rels iy,

i) = [ div (1(VV) R ity + [ Anisty)Rete iy

where Vi, i = 1,...,d, is the ith component of the gradient V, r]i, i=1,...,dis theith
component of 7(x, y) defined in (21). To simplify the notation, we drop the variable (x, y)
in the function n(x, y).

Next, we will prove the theorem by estimating above four terms one by one. First, we
consider r;. Let

Al y) = u(x) = uly) = (=) Visty) = 512/ (V' V),

we have

2 _
/M I 2die = fM ‘ fM Relx y)dtx y)diy

< (max) /M ( /M Ri(x, y)duy) ( /M Ry y)ld(x y)|2duy> diix

<c / f Re(o y)ldGo y)Pd ity
M JIM

2
dpx

and

N
[ [ Ryt y) Py = > [, L Reeydce i

N
Z/ </ Re(x, )Id(x,y)lzdux> dty.

d(x,y) = u(x) — uly) — (x —y) - Vuly) — %nin’(ViV’u(y))

Using Newton—Leibniz formula, we get

Y d . .
= El%'l / / / S1— <3i¢](a + S3$1$)8y®] (o + 535251%')
o Jo Jo ds3

<V Vu(®(a + S3szs1§))> dssdsods;

1 1 1
=g'EE! / / / $2520; D (ot 4 5351890y D
0 0 0

X (o + 53szslé)V/ V(P (o + s35051€))dszdsadsy

o 1 1 1 )
eigel / / / 20,0,0)

x (o + $351€)0y <D/ (a + S3sz31§)V1 V(P (o + s3s051€))dszdsadsy

gl gl / / / 25000/

x (@ + 5352518)8; D (@ + 5352518)3y P (@ + 5352518)
<V Vu(®(a + s35051))dssdsadsy
Here, o = a(x,y) = ](y (y) E=£&kxy) = QD]_(I)( X) — 45]_(;)()'). In above derivation, we

need the convexity property of the parameterization function to make sure all the integrals
are well defined.

Page 11 of 39
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Using above equality and the smoothness of the parameterization functions, it is easy
to show that

/ ( / Rt<x,y)|d(x,y)|2dux) diy
O; Mg,

1,1 gl
2
§Ct3f / / // Re(x,Y) [D*3u(®)(y) (o + s352518))|” dpaxdtydssdsadsy
o Jo Jo Jo;Jamy

0=s<1 Jo

= Ct? max / / , Re(xy) D> u(@y(e + 5£))|” dpaxdity,
i J My

where we use the fact that J(y) =i, y € O; and

d d
|D2’3u(x)‘2 = Z |V1'”V1"V/‘u(x)|2 + Z IVj/Vju(x)lz.
Jihi"=1 Jj'=1

Letz; = (¢ +s&), 0 <s <1,thenforanyy € O; C Bfli and x € Mi,,
zi —y| < 2sl&| <4dslx —y| <8Vt |zi—ql <lzi—yl+]y —q| <6+8svE
We can assume that ¢ is small enough such that 8/t < §, then we have
25
€ qu
After changing of variable, we obtain

/ / Rt(x,y)|D2’3u(a>i(a+ss>>}2duxduy
0; I M,

|z; — 23
/ /325 sk < 128s 2t |D M(Zz)| dpgdiy

C 1 (lz; —y? / 23 2
= — —R d D~ D dug,
50 o Sk ( 128 2t /’Ly B%lé ’ u(zl)’ MZ;

C/ \Dz’su(x)|2dux‘
325

9q;

IA

This estimate would give us that

1)l 2ng < CE Pl s g (23)

Now, we turn to estimate the gradient of r;.
2

/ Var (0Pdpux < C / ’ / VeR: (% y)d(x y)duy| dux
M M M

2

+C / ‘ / Ri(x,y)Vxd(x, y)dity| ditx,
M IJIM

where Vy is the gradient in M with respect to x.

Using the same techniques in the calculation of ||r1(x) |12 (), We get that the first term
of right-hand side can bounded as follows
2

'f VxRt(x: Y)d(x, y)d/'Ly d:“«x = C”u”H?’(M)
M IJIM

The estimation of second term is a little involved. First, we have

2
dus=c [ ( | RbeyIvide y)lzduy> djix
M M

CZf (/ Ry(x, y)|Vxd(x, )Izdux) duy.

‘ f Re(o y)Vxd(x y)diay
M
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Also using Newton-Leibniz formula, we have
1 1
doy) =55 [ [ 51 (00t 51800 @+ s29)
o Jo
XV/V"u(cD(a + szslé))) dsyds;
.o 1 1 . . . .
_gigl f / s (a,-qy(a)a,-,qbf (@ V/ vlu(q>(a))) dsyds
o Jo
Then, the gradient of d(x, y) has following representation,
1 pl
Vxd(x,y) = £'&" Vi (/ / S1 (3,‘(15](01 +518)0; D (o0 + $951€)
o Jo

X Vj/Vju(q§(a + szslé))> d52d51)

- I el pl d , y
+Vx (SZEZ ) / / / Sld— <3iq)](05 + 53518)0; D (o + $382818)
o Jo Jo S3
X Vj/Vju(é(oz + 5352s1“§))) dssdsodsy

=di(x,y) +da(x, y).

For di, we have

/ (/ Rt(x,y)|d1<x,y)|2dux) dity
O; M{,

< C* max / ( / Rex ) ID¥u(d( +ss)>|2dux> day,
O; Mg,

0<s<1

which means that

/ / R y)ldy (o y)Pdjax | dity < C f D% ()2 (24)
o \Jvg e
For d», we have

. d . .y
dar(x,y) = Vx (Elfl ) f s1— <3i¢’(01 + 53518)0;y D (a + s352518)
[0,1]3 dS3
X Vj/Vju(é(a + 5352315))) dszdsydsy
= Vx (Eifi/) g / §3520;P/ (o + 53518)3;7 07 D/ (o + 5352518)
[01]3
ij/Vju((D((x ~+ s35251&))ds3dsadsy
+Vx <§i€i/> 3 f $30p 9P (o + 53516)0r P (@ + 5352518)
013
<V V(P (o + s35051€))dssdsadsy
+Vy <§i€i/) 5i”/ 519200/ (e + 5916) 0
[0,1]

XD (o + 5352518) 0 D (@ + 5352518)
NV V(P (o + s35051€))dssdsadsy

This formula tells us that

/ ( / Rt<x,y)|d2<x,y)|2dux) ity

O; M{,
< Ct> max/ (/
0<s<1 O; M

Ri(x, Y)ID>u(®(a + s& ))|2dﬂx> duy.

t
y

Page 13 of 39
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Using the same arguments as that in the calculation of ||r1[[;2(r4), we have

/ ( / Rt(x,yndz(x,y)ﬁdux) duy = C / IDPu(x) Pdjix (25)
O; ¢ Bczlzlﬁ

My

Combining (24) and (25), we have

IVri 2y < Clisll sy (26)
For ry, first, notice that
. 1 , ' , , ,
VIR (%) = O @ ()" " 0y (@) = y)Re(x ),
nj 1 j m'n i i i
ZRt(x, y) = Zam/fbl(a)g 0y D ()E" 0y PR (X, y).
Then, we have
iz U
ViR y) — LR )
2t
1 .y , , , . ,
= S0 @' 0,0 () —y — 75,0 ) Rix )
1 ! ! ; S : 1 1 .
= Zgl & 0,y D'gm" 3,y D (/0 /(; 50y 0y D (a + ts“;‘)drds) Ri(x,y)

Thus, we get

. f C
V’Rt(x,y)—%Rt(x,y)‘S ; Ri(x,y)

- j Clg| ClgP?
Vx (Vth(x, y) — %Rt(x, y))‘ < TERt(x, y)+ ti IR, (x, Y)|-

Then, we have following bound for 7,
/ 120 *djax
M

2
e /M ( /M Relx, y)|D2u(y>|duy) dix
<t fM ( /M Rl y)duy) /M Re(x YD u(y)Pditydyas

< Ct max ( / Ri(x, Y)dux> / ID?u(y)[*dpy
Y M M

< Ctllul3apyy (27)

Similarly, we have

[ 19ra60Pdns
M
< Ct / ( / VxRt(x:Y)dﬂy> / VxR (%, 7)|D*u(y)[*dpaydrix
M M M

< C+/t max ( f vat(x,y)dux) / \D*u(y) >y
Y M M

< ClullFo ppy (28)

Page 14 of 39
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r3 is relatively easy to estimate by using the well known Gauss formula.
r3(x) = / W' (V' u(y)Ry(x, y)dty = Ipg, (29)
oM

where Iy = Iy Wit (ViViu(y))Rs(x, y)dzy.
Now, we turn to bound the last term r4. Notice that
v (Vuty)) = @ @8 o1 (0 @)™ (0,m)
= @ @G (0 O @) " O
+ (ak’ &N (0 @i (g ’”’"’(an/u))

(80 /et G)g™™ (B0 14) + D (’"’”’(an/u))

x/det
= ——— O (VAetGg"" (9yw) = Anquy), (30)

det G

where det G is the determinant of G and G = (gjj); j—1,..,x- Here, we use the fact that
(@ D" (0 0 7)) = @1 D)X (9 (09
= O (9 @))g"" (9 @)
1 1y
= igkl O (1)

(8,0 ~/det G).

1
T VdetG
Moreover, we have
g7 (87 @) (06" (3, 0") (V' V uly))
= —¢"7 (3 @)@y @) (V' V uly))
= —g"7 (3 D)0y D) B @ )g"™ " B (vfu(y))
= —¢"7 (0 0)0; (Vuty))

= -V (Vu(y)), (31)
where the first equalities are due to that 9§ L= —85,, Then we have

div (ni(ViVju(Y))) + Apnuly)

- («/detGg” (3 @))& (alqbf)(viv/u(y)))

det G
— g7 (3 @)(3:")(3,2T) (VI V/ uly))
I
_ \/dST Vet G g (@ @), 0)(V P uty)).

Here, we use the equalities (30), (31), ' = £/9;®" and the definition of div,

1 R
divX = mag(x/det Gg'l gy ok x*), (32)

Page 15 of 39
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where X is a smooth tangent vector field on M and (X%, ..., X?) is its representation in
embedding coordinates.
Hence,

gl i'j j i ivj >
ra(x) = /M T (VdetG g7 3 @)@, 0)(V Vuly) Re(x, y)diy.

Then, it is easy to get that
IraGl 2y < CEVull g3 pnys (33)
IVra) 2200y < Cllullgsagy- (34)
By combining (23), (26), (27), (28), (29), (33), (34), we know that
I = Tpall 2y < CEY? 1l 3y (35)
IV = L)z < Cllll s (36)

Using the definition of 1,7 and I,;, we obtain

ha=Tha = | # )=y =0 y) - (VI u)Rex )y
Using the definition of 7(x, y), it is easy to check that

X —y—nxy)=0(x—yl») |Vxx—y—nxy)l =O0(x -y,

which implies that

pa — Ipall 2y < CE* Nl 2 pnys (37)

IV Upa — Tea) 20y < CE*llutll g3 0g)- (38)

The theorem is proved by putting (35), (36), (37), (38) together.

6 Error analysis of the discretization (Theorem 3)

In this section, we estimate the discretization error introduced by approximating the
integrals in (14) that is to prove Theorem 3. To simplify the notation, we introduce an
intermediate operator defined as follows,

Lops) = 7 3 Ri(x B)(utx) — u(p,) V). (39)
j=1

If u, ), = If(u) with u satisfying equation (10), one can verify that the following equation
is satisfied,

Lopugn(x) = > Ri(x, p))f (p))V;. (40)
j=1

Weintroduce a discrete operator £ : R” — R” wheren = |P|.Foranyu = (uy, ..., u,)’,
denote

(L), = 1 Y Relpy p)as — 1)V (41)
j=1

For this operator, we have the following important theorem.
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Theorem 6 Under the assumptions in Assumption 1, there exist constants C > 0, Cy > 0,
Ty independent on t so that for any u = (uy, . .., u,)* € R? with Y uVi=0t<T
h(BV,M)

and sufficient small —7

(42)

(u, Eu)v > C (1 - w) (u: u)V)

NG
where (u, v)y = Y iy uiviViforanyu = (u1, ..., un), v = Vi, ..., V).

The proof of the above theorem is deferred to “Appendix D.”
It has an easy corollary which gives a priori estimate of w = (uy, ..., u,)" solving the
discrete problem (10).

Lemma 1l Suppose w = (u1,...,u,)" with Y ;u;V; = 0 solves the problem (10) and
f: (f(pl): .- ~1f(pn))tforf € C(M):

there exists a constant C > 0 such that

" 1/2
(Z u%w) = Cllf oo (43)
i=1

provided t and W are small enough.

Proof From Theorem 6, we have

n

n
Z Zjet(l)i: P,')ﬁV}‘ u; Vi

n
IS
i=1 i=1 \j=1
n 12y 2 2
< (Z u?w) Y oWl Y RepsppVi | Vi
i=1 i=1 pjeP
" 1/2
<C (Z u?%) If oo
i=1
This proves the lemma.
We are now ready to prove Theorem 3.
Proof of Theorem 3 Denote
1 n n
e 0) = e | 2R B Vi — £ SR Y] | (44)
2 . .
4 j=1 j=1

where u = (uy,...,u,)" with }°i; u;V; = 0 solves the problem (10), fj = f(p) and
wep(x) = Z;’Zl Ri(x, pj)Vj. For convenience, we set

n
agp(x) = Ri(x, pi)ui Vi,
o Wy (x) P t (% p;)u; Vi
t n
con(x) = e I;Rt(x, P (p)V),

and thus u,), = az) + ¢y,
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In the proof, to simplify the notation, we denote & = h(P, V, M) and n = |P|.
First we upper bound [|L(24,,) — Ly n (s 1)l 12 r1)- FOT €41, we have

|(Lecsn — Lonern) )]

1 n
= - ‘/M R (%, y)(cpn(x) — cen(y))dpy — ZRt(x, ) (coi(x) — con(®)V;

j=1

IA

1
et / R iy — 3 Rix )V,

j=1

Rt X, Y)Cyn(y dl/Ly Rt X, P;)csn(p; ) Vi
] ]
j=1

Ch
37 |eon(0)] + Wﬂct,h”cl(/m

Ch Ch s Ch
< tmtllflloo + m(tuf”oo + 2| lloo) < T”f”oo

For a;j, we have

2

/M (“t,h(X))z ‘/M Re(x, y)dpuy — ZRt(X» P)Vi| dux

j=1

=< —/ ay x) d/Lx 5 —_— ZRt(x, p])u]\/} dux

M Wth(x)
Ch2 n
— ZRt(xt P; ‘/} ZR,:(X, p/)‘// d/j,x
j=1
Ch? [ <& cn?
<Xy [ rosppan] < 53wy, (45)
j=1 j=1

Let

1 _vI2 —)
A:th R(Ix Yl )R<Ip, yl )dﬂy
M Wen(Y) at At

n

-t jo
— wyn(p;) 4t 4t /

j=1

We have |A| < 75 /2 for some constant C independent of ¢. In addition, notice that only
when |x — pl-|2 < 16t is A # 0, which implies

1 —p;/?
Al < Ljar (X=PilTY,
8o 32t
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Then, we have
2

/ / R Ya ity — 3 Reo pasn®) V| dix
M st

/ (ZCMVA) dpx < —/ <th|ul|v, < 32tl ))2%

Ch2 (Zn:ct ( i ) 2v> Y R ( )v ditx

p,eP

Ch* & Ix — p;|? Ch? [ &

ey (-/M CiR (Ttl) dpx (M,2Vz)) < - Z uiVi ). (46)
i=1 i=1

Combining Egs. (45), (46) and Lemma 1,

ILearn — Lenasnll 2

) 12
= ([]\4|(Lt(ﬂt,h)—Lt,h(ﬂt,h)) x)| dux)

5 1/2
1
=- f (ath /Rt Xy d/’Ly ZRt(x:P/V dux
t M i
) 12
n
f ‘ [ Rt viacatyiduy — 3" Rilx pas(e)V;| s
Mm|Im e

1/2
Ch

Assembling the parts together, we have the following upper bound.

Leweh — Lentienll 2o

IA

ILearn — Lenagnllizamy + ILecon — Lenconll 2o

Ch Ch Ch
= 57 loe + = Wlloo = 2575 f e (47)

At the same time, since u; respectively i, solves equation (14) respectively equation (40),

we have

1 Ls(uar) — Lt,h(ut,h)”LZ(M)

) 172
= (/ ((Ltut - Lt,hut)h) (x)) dlfo)
M
2 1/2

- /M /Miexx,y)f(y)—jzzliet(x,p,y(p,wj djix

Ch
Vel I ety (48)

The complete L? estimate follows from Eqs. (47) and (48).
The estimate of the gradient, ||V (L () — Ly n(s1)) || 12(A1), can be obtained similarly.
The details can be found in “Appendix E.”
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7 Stability analysis (Theorems 2 and 5)
To prove Theorem 2 and 5, we need following two theorems regarding the coercivity of
the operator L;.

Theorem 7 For any function u € L*>(M), there exists a constant C > 0 independent on t

and u, such that
(L ag = C [ 19vPdns (49)
M

where (f,g) \, = [\ f X)g(X)dux for any f, g € Lay(M), and

C R |x —Y|2
wi(X) 4¢

and wi(x) = C; [\, R (Ix yl? >d,uy

v(x) =

) u(y)dity, (50)

Theorem 8 Assume both M and d M are C*. There exists a constant C > 0 independent
ont so that for any function u € Ly(M) with [, u(x)dux = 0and for any sufficient small t

(t, L) g = CllullZ, g (51)
Theorem 2 is a direct corollary of following two lemmas.

Lemma 2 For any function u € L*>(M), there exists a constant C > 0 independent on t

and u, such that

c x —yP?
“f R( Y )(u(x)—u(y))zduxduyzc [ v,

where v is the same as defined in (50).

Lemma 3 Ift is small enough, then for any function u € L*>(M), there exists a constant

C > 0 independent on t and u, such that

)
[ R(PSEE ) ) = ) Panscn
2
<c[ | ( Y )(u(x)—u(y))zduxduy.

The proofs of the above two lemmas are put in “Appendix B” and “C.” Once we have

Lemmas 2 and 3, Theorem 7 becomes obvious by noticing that:

o2
/ f ("‘ Yl )u(x)(u(x)—u(y))duydux
/ / ‘/I2
u(y)(u(x) — u(y))duydux
—)
] ("‘ "' )(u(x)—u(y))zduydux.

Now, we turn to prove Theorem 51.

(M, Lt”),/\/l
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Proof of Theorem 51 By Theorem 7 and the Poincaré inequality, there exists a constant
C > 0, such that

CC, —v|?
/ (v(x) — PPy < S& / / ("‘ Y )(u(x)—u(y))zduxduy,

where 7 = ﬁ S v(x)dpux and

2
( Yl ) u(y)dpuy.

At the same time, we have

vx) = wt(x)

Mo = ’ /M V(x)d i

C _ vl2
t |x Y| X))y dji
M Jam we(x)

- o
S( C, R(Ix—Y|2) de>1/2
MW X
-y 12
( / / ( )<u<y)—u(x))2duydux)
MWt(X)
<C|M|1/2( / / <

where the second equality comes from [ v 4(x)dpx = 0. This enables us to upper bound

1/2
)(u(y) — u(x)) duydux> ,

the Ly norm of v as follows. For ¢ sufficiently small,

2 o2 2
/M(v(x» dux <2 / (v(x) — )2dx + 2 /M Pdji
2
<& / f ( Yl >(u(x) u(y))?dpxdpy.

Let§ = Zwm’:;% where wiin = minyg w;(x) and Wmax = maxy we(x). If # is smooth and

close to its smoothed version v, in particular,

f Iv(0) P = 62 / (02 d i (52)
M M

then the theorem is proved.

Now, consider the case where (52) does not hold. Note that we now have

e — vl = el — Vi) > (1= 8)llullzym)

-6
> IVl =

2Wmax
IVIly ()
'min

Then, we have

o2
f / ("‘ Yl )(u(x)—u(y))Zduxduy

2Ct u(x )/ ( ) (u(x) — u(y))dpydpx

-2 ( /M 2w — fM u(x)v(x)w(x)dux)
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% (/M(M(x) = V() wx)dpx + /M(”(X) - V(x))V(x)w(x)de>

v

2]t = vy

1/2 >
_% (,/M Vz(x)w(x)d“x) (/M (u(x) — v(x))zw(x)de>

2nin /M () — v(x))*dpix

12 1/2
) (g

- Wmin _ 2 Wmin _ 52 2
> /M(”(’" V() dpa = 0 (1 _g) /Mu(x)dux.

v

t

This completes the proof for the theorem.

7.1 Proof of Theorem 2
With Theorem 7 and 51, the proof of Theorem 2 is straightforward.

Proof of Theorem 2 Using Theorem 51, we have
lullZ2pg) < C (4, Lent) = C / u(x)(r(x) — 7)dpux
M
< Cllull 2o 17l 22 pny- (53)
To show the last inequality, we use the fact that

1
1 .
=T ’/M readu

This inequality (53) implies that

=< Clirliz2(a)-

lull2 oy < Clirllzomy-

Now, we turn to estimate || V[ 2(r4). Notice that we have the following expression for u,
since u satisfies the integral equation (14).

u(x) = v(x) + Wf(x) (r(x) — 7)
where
1
v = s /M Re(oyuly)diy,  wix) = [M R y)dpy.

By Theorem 7, we have

2
Vel Fo gy < 209172 ) + 287

<r(x) — i")

\Y%

w(x) L2(M)

< C (, Lu) + Ctllrll3a ) + CENVP 72 0

< Clull2apllrllzzouy + CEIFI G2 g + CEIVTIIT2 0y
< ClIrla gy + CEIVTIT 0

2
< C(IFl 2y + LIVPIl200) -

This completes the proof.
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7.2 Proof of Theorem 5
The proof of Theorem 5 is more involved.

Proof First, we denote

r(x) = / by) - (x — Y)Re(x, y)dzy,

= I/\/ll / (/ — y)Rt(x, y)dry> dx,

where M| = [, duy.
The key point of the proof is to show that

‘/ x) — 7) djux

First, notice that

< CVE Bl gy el 1 o (54)

7] < CVE Ibllg2pn < CVEIDlu

Then, it is sufficient to show that

’/ u(x) </ b(y) - (x — Y)R(x, Y)dfy) dux| < CVt bl gy el vy (55)
M oM

Direct calculation gives that
26 VR,(x,y) — (x — YR (% Y)| < Clx — y*Ri(xY),

where I:?t(x, y) = C:R (%) andR f R(s)ds. This implies that

‘ / u(X) b(y) ((x —YR(xy) + 2t VR (x, y)) drydux

<C/ lu(x |/ y)lIx — |2R,(x,y)drydux

172
=< Ct”b”Lz(é)M) </8M (/M Rt(xf Y)dﬂx) (/M |u(x)|21_€t(x, Y)dlu-x> dfy)
) 12
< Celbllyinn ( fM (P2 ( | R y)dry) dux)

< CEMHbl g g Il 2 0g)- (56)

On the other hand, using the Gauss integral formula, we have

[ w0 [ by VRO )i

M M

- f / U Ty(b(y)) - VR (x, y)diuxdry
oM
f / ) - T (b(y)u(x)R; (x, y)drydy
oM JIM

- f / divy 1) T (Y )IR: (%, y)dpixdlzy. (57)
oM

Here, T is the projection operator to the tangent space on x. To get the first equahty, we
use the fact that VR;(x, y) belongs to the tangent space on x, such that b(y) - VRt(x, y) =
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Tx(b(y)) - Vlzet(x, y) and n(x) - Tx(b(y)) = n(x) - b(y) where n(x) is the out normal of d M
atx € oM.
For the first term, we have

/ / n(x) - Ty (b(y))u(x)R;(x, y)dzxdzy
IM JoM

/ / n(x) ~b(y)u(x)lzet(x,y)dr,(dty
am Jom

_ 2
< C||b||L2(BM) («/;M (/[;M |u(x)|1'2t(x, Y)dtx> dry)
. i 172
< ClIblzn ( fa . ( /3 L y)drx) ( /a | u0PR(x y)drx) dry>

< Ct2 bl g Il 2oy < CET2

1/2

D1 1 g 1221 71 A (58)

We can also bound the second term on the right-hand side of (57). By using the assumption
that M € C*, we have

| divy [2£(x) Tx (b(Y))]|
< [Vu)|| Tx(by)I] + () ||divx [Tx (bY)]I|] + [V ]|u(x) Tx (b(y))|
< C(IVu(x)| + |ux)])|b(y)|

where the constant C depends on the curvature of the manifold M.

Then, we have

/ / divy [1(0) T (bly))R: (x y)dpixdlry
oM JM

e / b(y) / (V0] + [#0DR: (% y)dixdy
oM M

. 172
< ClIbllznn ( fM(IVu(X)I2 o) ( fd R y)dry) dux)

< CE Y bl g oy el gy (59)

Then, the inequality (55) is obtained from (56), (57), (58) and (59). Now, using Theorem 51,

we have
”””22(/\/1) = C/M u(x)Lou(x)dpx < CvV/t B e 12l 1 agy- (60)
Note r(x) = [, am(X—y)- b(y)R;(x, y)dzy. Direct calculation gives us that

)l 220y < CEY* Bl g1(0q) and
IVr)l 2y < CE 4Bl pg)-

The integral equation L;u = r — 7 gives that

u(x) = v(x) +

where

1

0= s /M Reboy)uly)duy  wix) = /M Re(o y)dpay.
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By Theorem 7, we have

IVl 7 g
2

< 20| VVlIZapy + 267

r(x) —r
v ( we () )

< C [ 0Lt + Celgyy + IV
M

L2(M)

< CVE bl lull vy + CEIFI G gy + CEIVTI T 0
= CIBlsn oy (VeI 10 + CE2) (61
Using (60) and (61), we have
2 3/2
0410y = €Il ag) (VNI oy + CE2).

which proves the theorem.

8 Discussion and future work

We have proven the convergence of the point integral method for Poisson equations on
submanifolds that are isometrically embedded in Euclidean spaces. Our analysis shows
that the convergence rate of PIM is 41/% in H! norm. However, our experimental results
in [33] show that the empirical convergence rate is approximately linear. In some parts in
our analysis, we believe that the error bounds could be improved.

Nevertheless, the quadrature rule we used in the point integral method is of low accuracy.
If we have more information, such as the local mesh or local hypersurface, we could use
high-order quadrature rule to improve the accuracy of the point integral method.

Based on the convergence result in this paper, we can show that the spectra of the
graph Laplacian with proper normalization converge to the spectra of A o4 with the Neu-
mann boundary condition. Moreover, we can obtain an estimate of the rate of spectral
convergence. The point integral method also applies to Poisson equation with Dirichlet
boundary. Moreover, we can also show the convergence of the point integral method for
the Dirichlet boundary. These results will be reported in the subsequent papers.

Another interesting problem is generalizing PIM to solve other type of PDEs. PIM
can handle elliptic equations with anisotropic or discontinuous coefficients. The gener-
alization to the diffusion equation seems to be natural. If the equation is dominated by
convection term, it may need more careful study.

Proof of Proposition 1

To prove the proposition, we first cite a few results from Riemannian geometry on iso-
metric embeddings. For a submanifold M embedded in R?, let d : M x M — R be
the geodesic distance on M, and Tx /M and Nx.M be the tangent space and the normal
space of M at point x € M, respectively.

Lemma4 (e.g., [14]) Assume M is a submanifold isometrically embedded in RY with
reach o > 0. For any two X,y on M with |x —y| < 0/2,

2x —yP
X~y < dulxy) < Ix -yl (1+Ty>.
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Lemma 5 (e.g., [8]) Assume M is a submanifold isometrically embedded in R with reach
o > 0. For any two X,y on M with |x —y| <oc/2,

2lx —y|?

cos LTy M, TyM <1 — 5

o

Lemma 6 (e.g, [39]) Assume M is a submanifold isometrically embedded in R with

reach o > 0. Let N be any local normal vector field around a point x € M. Then, for any
tangent vector Y € Ty M
(Y, DyN) _ l,
YY) ~o

where D and (-, -) are the standard connection and the standard inner product in R4,

In what follows, assume the hypotheses on M and 9 M in Proposition 1 hold. We prove
the following two lemmas which bound the distortion of certain parametrization, which
are used to build the parametrization stated in Proposition 1.

For a point x € M,, let U, = Bx(po) N M with p < 0.2. We define the following
projection map ¥ : U, - TyM = RX as the restriction to U, of the projection of R4
onto TxM. It is easy to verify that ¥ is one-to-one. Then, ® = ¥~ : ¥(U,) - U,
is a parametrization of U, (see Fig. 1). We have the following lemma which bounds the
distortion of this parametrization.

Lemma 7 For any pointy € ¥(U,) and any Y € Ty(TxM) for any p < 0.2,

Y| = [Dy®(y)| < |Yl.

1
1—2p2
Proof We have @(y) = y — Ir(y)Nr(y) where Nr(y) L TxM for any y and I7(y) =
ly — @(y)l. So DyNr(y) L TxM for any y and any ¥ € Ty(TxM). Since Dy® =
Y — Nt (Dyl7) — 7 (Dy NT), the projection of Dy @ to Tx M is Y. At the same time, Dy &
is on Tp(y) M. Since |x — @(y)| < po, from Lemma 5, cos LTy M, TpqM < 1 — 202,
This proves the lemma.

To ensure the convexity of the parameter domain §2 in Proposition 1, we need a different
parametrization for the points near the boundary. For a pointx € dM,let U, = Bx(po)N
M with p < 0.1. We construct a map 1788 Uy > TxoM xR = RX as follows. For any
pointz € U, let Z be the closest point on d M to z. Such z is unique. Let n be the outward
normal of M at z. The projection P of R onto T3 M maps z to a point on the line £
passing through z with the direction n. In fact, P projects N;d. M onto the line £. If let
Vo, = NzdM N B;(p10) N M with p1 < 0.2, P maps V), to the line £ in the one-to-one

manner. Let y§ = —(P(z) — z) - n. Think of M as a submanifold. It is isometrically
Togy)M
D(y)
y It ()Nt (y)
M X y
Fig. 1 Parametrization for a neighborhood of a point on M
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embedded in R? as is M. As |z — x| < 2|x — z| < 2pa, we apply Lemma 7 by replacing
M with M and obtain the map ¥ that maps z onto Txd M. Define ¥ (z) = (¥ (z), y*).
Since both P|y, and ¥ are one-to-one, so is ¥. Then @ = ¥~ : ¥(U,) — U, is
a parametrization of U,. See Fig. 2. We have the following lemma which bounds the
distortion of this parametrization ®.

Lemma 8 For any point (y, y*) € & (U,) with p < 0.1 and any tangent vector Y at (y, ),
(1-20)IY| < IDy®(y,y) < (1 +20)IY]

Proof Let y = ®(y) — y*n. We have &(y, y*) = &(y) — y*n(®(y)) — I7(¥)N7(§) where
N7(¥) L Te(y)M. See Fig. 2. We have

Dy®(y,y) = Dy® — y*Dyn — nDyy* — NyDyly — IrDyN;.

Using the similar strategy of proving Lemma 7, we consider the projection of Dy ® (y, y*)
to the space T¢(y)M to which it is almost parallel. Denote P this projection map. We
bound P(Dy®(y, yX)). Let Y = (YL, ..., Y5, vi = (YL,..,Y*L0)and Y5 = (0,...,
0, Y*). We have Dy ®(y, yk) = Dy, ®(y, yk) + DYZ@(y,yk). First consider each term
involved in Dy, ®(y, 7).

(i) Dy, @(y) is a vector in Tg(y)d M, thus P(Dy, @(y)) = Dy, @(y). In addition, from
Lemma 7, |Y1| < |Dy, @(y)| < ﬁw.

(i) Dy,n(y, yk) = Dpy, on(®P(y)). First note that n - Dpy en = 0. Second, from
Lemma 6, we have that the projection of Dpy, on to the space T¢(y)0 M is upper
bounded by 1 |Dy, @|. Since [y| < po, [P(y*Dy,n)| < l_gpz |Y1].

(iii) Consider Dy, Nt(y, yk ). We have Ny L T¢>(y)/\/l. Letey, ..., e be the orthonormal
basis of T¢(Y)M so that D, N1 - ¢j = 0 for i # j. Locally extend ey, .. ., ex to be an

orthonormal basis of T.M in a neighborhood of @ (y). We have for any e;

‘DYlNT(Y» ¥ - ei’ = ’DDY1 oNT(¥) - €

= ’D(Dyld,_ei)eiNT(y) - e

= ’D(Dyl ®.¢)eNT(Y) - €i

1
< —|Dy, P - e,
o

T,8M X N WE) = (o <k T) oM XNy = =)

J O

Fig.2 Parametrization for a neighborhood of a point on 9. M
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where the last inequality is due to Lemma 6. Moreover, one can verify that [7(y) <
2

252, which leads to

02

D < — |11
Byl

2
P
|P(I7Dy,Ny)| < — 1Pvi

(iv) It is obvious that nDy,y* = P(NTDy,lr) = 0.
Next, consider each term involved in Dy, ®(y, yk ).

(i) nDyzyk = Y*n, which lies on T¢(y)M. Moreover, n L Dy, @(y).
(i) AsNr(y, y) remains perpendicular to T (y)M if we only vary ¥, we have

P(Dy,Ni(y, y)) = 0.
(iii)  For the remaining terms, we have Dy, @(y) = ykDYZn = P(N1Dy,lr) = 0.

On the other hand, we hand Dy ®(y, yX) lie in the tangent space Ty k)./\/l and

cos /T k)./\/l, TopyM <1 - 2p2.

vy

Putting everything together, we have
2 2
pe+2p Sk 1 p°+2p
—|Y1| < Dy®P(y, < Y il
2(1—2,02)' 1l =Dy®(y,y) < (1—2,02)2| |+2(1—2p2)2| 1]

This proves the lemma.

Y] —

Now, we are ready to prove Proposition 1
Proof of Proposition 1 First consider the case where d(x, I M) > %o, Set U’ = Bx(go) N
M, and parametrize U’ using map @ : ¥(U') — U’. Since for any y € U/, |x —
yl = 5o, from Lemma 7, we have that B@—l(x)(ﬁa) is contained in ¥ (U’). Set 2 =
B¢—1(x)( (1+p)) and U = &(£2). This shows the parametrization @ : £2 — U satisfies the
condition (i). By Lemma 7 and Lemma 4, it is easy to verify that @ satisfies the other three
conditions.

Next, consider the case where d(x, M) < £o. Let X be the closest point on M to x.
Set U' = Bx(po) N M and parametrize U’ using map & : ¥(U') — U’. By Lemma 8,
¥ (U') contains half of the ball Bg 1(x)(1+2p) Let £2 be that half ball and U = &(£2).
It is easy to verify that the parametrization @ : 2 — U satisfies the condition (iii) and
(iv). To see (i), note that | —¥x)| <
(142p)(142p2)|x —x|. We have that £2 contains at least half of the ball centered at @ ~1(x)
with radius (1f2p - p(1+2p)2(1+2p2))0 > £0. This shows that @ satisfies the condition (i).

Similarly, the condition (ii) follows from (i) as @ has bounded distortion (Lemma 8) and

geodesic distance is bounded by Euclidean distance (Lemma 4).

Proof of Lemma 2

Proof We start with the evaluation of the x component of Vv.

; |x—y|2> <|x—y’|2) /
Vi 2twt2(x)/ / Vi ( 4t R 4t w(y)dpydiy
z o (K=Y (X =yl ,
mt = / f Vixi (o f)R( ) ( N )u(y)duyduy

/ / K'(x,y, y'5 0)(uly) — uly’))dp) dpy,

4twt
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where we set

, , L. N |x—y|2 |x—y/|2
i . — ! J
K'xyY;t) = VAW —y)R < P )R( P

_Vixj(xj _y//)R/ <|X - Y’lz) R <|X - Y|2> )

4t 4t

Think of Vix/ as the i, j entry of the matrix [Vx/] and we have
ViR Vixl = (95a)g" (32 By x)g"t (3pa’)
= gg"” (3 )g* (ag!)
= 8yu (3 )g"" (dy")
= (372)g" (8yx")
= Vid.

This shows that the matrix [Vix/] is idempotent. At the same time, [Vix/] is symmetric,
which implies that the eigenvalues of Vx are either 1 or 0. Then, we have the following
upper bounds. There exists a constant C depending only on the maximum of R and R’ so
that

d
Y Kixyy;t)?
i=1

_ 2 —vI2\\>
sz(ze/('x 4:" )R(lx 4,:Y| )) IV ](x — y)II
(=Y (x =Y\ 2
—I—Z(R( m )R( y” )) 1V ](x =yl
L 1x =y Ix —y'? 2
SCR< ” >R< p” )IIX—YII

Ix —y'? Ix —yl|?
+CR’( 4:' R 4;/ Ix —y'|I2

There exists a constant C independent of ¢ so that

d 1 2
=1 K%y, ¥'51)
CtZ/ / Zl 1 dﬂyd,u;
M IM ¢
—v|? —vI|2 o2
SC/ C,R Ix =yl [Ix—vyl duy/ CR Ix—y'l|
M 4¢ t M 4t

Ix —

/
duy
Y w2 2
+C/ C.R x—=y =\ Ix =y dﬂ,/ C.R yl duy
M 4t t Y I am 4t

<C

Since R has a compact support, only when |y — y'|> < 16t and |x — %‘”2 < 4t is
Ki(x,y,y';t) # 0. Thus from the assumption on R, we have

. 1 . ) x_ﬂZ
K,(x;y,y,;t)zs5_21<l(x,y,y,;t)2R<|y Y| )R(I P\
0

32t 8t
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We can upper bound the norm of Vv as follows:

C4 2
IVv(x)]* = —— (/ / K'(xy, Y5 )(uly) — u(y)dy’ dY)

16t2wt

= 16t2wf(x) Z/ / K*(x,y,y;t)
()0 (25EE)) e
/ / ( s |2) 2 <|y ;2;//'2) (uly) — uly')*duyduy
B 16t82 / / X (x'y’y’t)Q
/ / ( -y |2) R (Iy 3—2;/|2) (uy) — u(y')*dp,dpay

Y+Y 2 2
( X~ 2 ) r(T ) (1u(y) — uly )Pl dpy.

cc2

Finally, we have

/M V()| dpax
2 _ o
_cc ( / / ( | ) (Iy3 Yl ) (uly) — sty )2, dm,) d
CC2 |x — Y+Y |2 |y v |2 /
/ / (/ ( 8t )d”"> ( 307 )(u(y) u(y)*duy dpny

_cc -v)? ) /
= ("/3;' )(u(w—u(y))zduyduy.

This proves the lemma.

Proof of Lemma 3

Based on the partition and the parametrization of the manifold M introduced in Sect. 5,

we have

vl2
/M /./\/l R <|x3221| ) (u(x) — M(Y))zduxd,u,y
N 2
_ |X — y| - )
= ;/M /o,-R ( o ) (u(x) — u(y))*dpxdpey
3 x —yI? ,
= Z /1;25 fo R( o )(u(x) — u(y))*duxdpy. 62
i=1 q; i

Foranyx € O;andy € Bi‘?, let

zj = & <<1]6) ;71 (x) + (1 - 1]—6> qﬁi_l(y)), j=0,...,16. (63)
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Apparently, zg = X, z16 = y. Since £2; is convex, we have q§i_1(zj) €2, i=0,...,16.
Then utilizing locally small deformation property of the parametrization, we obtain

lzj — zj1ll < 2197 (z)) — &zl

IA

HERISEERI]

IA

1|| I
— || X — .
4 Yy

Now, we are ready to estimate the integrals in (62).

Ix —y?
/Bg@ /o, K ( xszz ) (u(x) — (y))*d iy

15 2
Ix —yl 2
< 161;‘: /B , /O iR( - )(u(zj) — (1) dpixdpty

15 )
= 16;; /a [/M; R (|X322’| > (u(zy) — u(ZJ+1))2duy] dpax.

Foranyy € M¢,

2 _ 1 2 .
Iz —zall” < Tlx—yI> <26 j=0,...,15 (64)
which implies that
2
Z — z;
R(%) >80, j=0,...,15 (65)

Now, we have

w2
/oi UM; 2 <|x32;/ | ) (1) = ”(zfﬂ))zdﬂv} djux
:/ / R<|X_Y|2> R |Zj—zj+1|2 -1

R 2
x R (%) (u(z) — u(z,-+1))2duy] duix

1 |Z‘ — 7 1|2
L[ o
0JO; | ML 4t

1 [ |z — 211 2
=— R —L—— ) (u(z)) — u(zj+1))* | VP (6y)| dby
b0 Jo o) [ S m) 4t

x |V ()| dbx

4 | 1z — 71l )
=% R ~L—L"— ) (u(z) — ulzj+1))*déy | do
8o o;71(0) _-/‘Pil(/\/l,i) ( 4t j j+1 'y x

where 0y = <Pl-_1(X), Oy = ‘Di_l()’)-

Let
-1 J J .

0y = @; (z’):E9x+(1_E) 6y, j=0,...,16. (66)
It is easy to show that @;(0;) = z; € B‘zlf, j = 0,...,16 by using the facts that for any
y € M§

J .
J ,
Iz —xll =D llz =zl < 2k =yl < 15v26 j=1,...,15 (67)

=1
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and x € B‘Sqi and 154/2¢ < §. Then we have
6, €0 (BY), j=0...16 (68)

By changing variable, we obtain

R 2
Lo R (P20 ) e — atagias, | as
o710 | Jo My 4t
k |Zj — Zj41] 2
=8 /—1(325) / -1 st ( At >(u(zj) — u(zj41))"d0y, b,

k |zj — zj41] Nl W2
<4.8 f s f ) ( 2 )(u(z;) u(zj11)

)
x |zj — 211 2
—4-8 R (=) (uley) — ey Py
5 I ‘

E=YPY o — wiy)?
=¢ /M /B%? R ( 4t > (u(x) — u(y))"duxduy

Finally, we can prove the lemma as follows.

o2
/ / R<|x32ty| )(u(X)—u(y))zdudey

—
< CZ/ ,/323 <|X Yl ) (u(x) — u(Y))Zd,U«dey

o2
<oN / / ("‘ vl )(M(X)—u(y))zduxdﬂy-

Proof of Theorem 6

x ‘qu(ez}.

d6,,d0y,.,

First, we introduce a smooth function u; that approximates u at the samples P.

th(x> Z ( ) Vi (69)

where w;,(x) = C; Y7 R ( Ix—pi| ) Vi. We have the following lemma about the function

Wl,h'

u(x) =

Lemma 9 Assume the submanifold M and d M are C? smooth and t, h(P;};’ZM) are suffi-

ciently small. There exists a constant Cy, Cy and C, so that

Cr Swip(x) < Co, and  |Vw(x)| <

an
Proof Using the definition of h(P, V, M),
x —yI? Ch(P,V, M)
Wt)h(x) — Cz /MR ( 4z d,bLy < T)
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which shows the bounds on w,;,(x). Next, we show the bound on the gradient.

d 2 d (= 2\ &' —pt
AWy, Ix — p;l x p;
v 2 _ AN C.R ! a7
|V (x)|* < Z( Py ) Z Z t ( 4t 2
i=1 i=1 \j=1
" 2 2 2
x—p; %\ Ix—p,l '
; / / : / .
- ;;CtR( 4t ol ZQR K
C
< —.
Tt

Now, we are ready to give the proof of Theorem 6.

Proof In the definition of u#; and w;, in (69), replace ¢ with ¢’ = £/18. We have

f / Ry (x,y) (e (x) — M:(Y))2 dpxdpy
MIM
1 n
B /M /M Re(oy) (Wt’,h(x) iZZIR" (x, p)ui Vi
2

Z Ry (P]: )M, V/) dﬂxdﬂy

Wt’ h Y)

2
/’/ Re(x,y) ! §jR( YRe(py Y)ViVi(ui — ) | duxd
= (X, - (X, , U — uj
I Xy Wt’h(x)wt/h(Y) t Pi)Ke\Pp Y) ViVl i MUx Ay
1 E 2
= /M fM Rexy) wy () wyr 1 (y) = Ry (%6 PRy (pp Y)ViVj(uti — ) dpaxcdpay

1
= Z (/ /M m[@ (%, PRy (Pj YRy (X, )dedMy) ViVi(ui — M;)

hj=1

Denote

1
= / / —R[/(x; Pl)Rt/(P]J y)Rt/ (x, y)d’u/xduy
M Jm we n(X)we j(y)

and then notice only when |p; — pj|2 <36t is A # 0. For |p; — pj|2 < 36t’, we have

As | [ Reep)RR YR Y
MJIM

i —p;*\ " [Ip;—p;
R[—") R{—=)duxd
x ( 720 ) ( 721 HxCity
CCt lp; — p; |2
= Rt (xl P;)Rt’(P],Y)R T dﬂxd/,l,y

Ip; — pjl
CCt/ / Ry (x, p)Ry (P, Y)R (T) duxdpy
MIM

Ip: — I’
- CCR (u _
4t

Combining the above two inequalities and using Lemma 51, we obtain

n . . 2
C% Z R (%) (i — w))*ViVj = /M(”‘t(x) — i) dpux (70)

ij=1

IA
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We now lower bound the RHS of the above equation.

- C, Ix — p;I?
=12 (“’V’/M wﬂ,h(x>R( w )9

j=1

Mlae| = ' /M 1 ()i

Let g(x) = LR (x Ll ) There exists a constant C so that |g(x)| < CC; and

Wy, (%) 4t
2 2

G |yp (=2, < !wﬂ,h(x)!R x-pl"\ _cC

Wy () 4t w2, (x) at’ ~ 12

Then, using the definition of the integral accuracy index, there exists a constant C

c x — pjI? “C Ip; — pjI? Ch
[N e G LR S i Cvs I
M Wy, p X i— Weh\Pi

Thus, we have

| M|

IVg(x)| <

n

n 2
o/ Ip; — pjl Ch
<y )R< | ViVil+ | 2wV

w. .
ij=1 h (P j=1

Ch [
< P)Vi| + a7z (;Wi‘/”)
=
1/2
1 " Cé |pl | Ch - 2
o UZI ) ( yo (wj —w)ViVi\ + 55 ;”z i
1/2 1/2
12 [ n 2 “
_¢cc Ix — p;l Ch 2
= ZR(T: =l Vivi |+ (Lavi) o Y
ij=1 =

where the first equality is due to ) 7 #;V; = 0. Denote

C —p2 —p2
A:/ : : R(IX }Jll )R<|x l/’zl )dux
th,h(x) 4t 4t

B —pil?\ [ Ip;— Pl
—Z (p’4t,‘" R(FP),
t’h(Pl)

and then |A| < 1—/2 At the same time, notice that only when |p; — p;|> < 16t is A # 0.

Thus, we have

1 - —p?
A < ~jar (PZPT)
8o 32t

and

/M )i — 12V

j=1
n
< D G ViVillA|
=1
lpi —pil*\ Vv
= tl/zz e Uiy Vivi
il=1
Ip; — pil? Ch <
stl/zz ( ‘32,1 A AT (72)

il=1 i=1
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Now combining Egs. (70), (71) and (72), we have for small ¢
n n
Ch
Y up)Vi= / u;()dpx + 75 )i Vi
i=1 M e

2[ (e (x) — i) dpix + 207 M| + 5 1/2 Z” Vi
M

CC, Ip; — pjl Ch
il ZR(’ZL—/) (u,—u])z\/,\/,—i-—Zu Vi.

ij=1 i=1

IA

Here, we use the fact that £ = 18¢’ hence

. —_— ,2 . —_— ,2
R Ip; — Pyl giR Ip; — pjl ‘
4¢! do 4¢

Let$ = M‘% with wmin = ming wyj(x) and wmax = maxyx wyj(x). If

n n
> urp)Vi= 82wtV
i=1 i=1

we have completed the proof Otherwise, we have

Z(ut_ut(pz ZM V+Zut pz) V_Zzutut pz
> (1- a)ZZu?w
i=1

This enables us to prove the theorem as follows.

" (Ip; —p? ) " (Ip; —p?
Co Y R = | i —w)?ViV; = 2G, 3 R\ = | wilws — u) ViV

ij=1 ij=1

- 22 — Uy Pl ) Wth(Pl V + Zzut Pl u(pl))wt,h(pl)‘/l
i=1

>2 Z(ui — ur(p)*win(py) Vi
i=1

n 172 s 1/2
—2 (Z M?(Pi)Wt,h(Pi)Vi> (Z(uz - Mt(Pi))ZWt,h(Pi)Vi)

i=1 i=1

n n 1/2 n 1/2
> 2Wmnin Z(ut - Mt(Pi))ZVi — 2Wmax (Z u%(P;)W) (Z(ML - ut(Pi))Z Vt)

i=1 i=1 i=1
n n
2(Wmin(1 — 5)2 — Wmax8(1 — §)) Z MLZVL > Wmin(1 — 8)2 Z ulZV,

i=1 i=1

Estimation of ||V L¢(u; — ugn)ll12(a4)

In this section, we upper bound VL;(#; — usp)llf2(rq)- Remember that u; satisfies the
integral equation (14) and

(%) = Zkt(x, PV — tZRt(x, PV |

j=1



Shi and Sun Res Math Sci(2017)4:22 Page 36 of 39

where u = (uy,...,u,)" with 37 u;V; = 0 solves the problem (10), i = f(p;) and

win(x Z] 1 Re(x, p)) V.
VLt(ut — Up) 2 18 splitted to two terms,

VL — ugp) = V(Levy — Lopuign) + V(Lyntign — Letig).
The second term is easy to bound.

v (Lt(ut) - Lt,h(ut,h)) ||L2(M)

9 1/2
-1/ / VeRiGo Y () — 3 Vakeo p)f )V, | i
M
j=1
Ch
= Il (73)
The first term is further splitted by defining
1
agp(x) = Ri(x, pi)ujVj,
’ Wth Z ! 77T
t n
= — R > Pi i V‘.
W) =~ LR B @)
To simplify the notation, we denote # = h(P, V, M) and n = |P|. Consider ||V(L;a.) —
LL’,hat,h)”Lz'
2
/ |Vath ‘/ Ry(x, y)dpy — ZRt X, p] VWil dux
j=1
Ch? 2
<=5 | [Vay ] dix
L Jm
) 2
Ch 1
< VR:(x, Vil d
([ Ssmsapuy o
. 2
Vwgp(x)
+/ —— > Ri(x,p)u;Vj| du
M th(x) ; J/ Y X
2 n 2
Ch
= t_Z/M ;R%(X: Pj)MjVj dpx
Ch? d
== ZMV thx,p, Iix <9 = ZuV (74)
where Ro:(x, pj) = CR (lx 81;’ ) Here, we use the assumption that R(s) > §p for all
0<s<1/2.
2
2
/ |3y (x)| / VR ity — 3 VR p)V| dine
M i
Ch? 2 Ch? &
< 2 v |61t,h(x)| dux < 2 ZMJZV; (75)
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Let

1 _ 2 - 2
B:Ct/ VR<Ix yl )R<|pl yl >duy
M Wen(y) 4t 4t

n 2 2
1 Ix — p;l Ip; — pjl
-Gy VR B\ R( 2D V.
sy Wi (P;) 4t 4¢

We have |B| < S—/hz for some constant C independent of ¢. In addition, notice that only
when |x — x;|> < 16t is B # 0, which implies

1 —pl?
|B| < —|BIR x—pil .
8o 32t

Then, we have
2

n
J 1] R pasduy — 3 VRO pas )V | di
M|Im =

n 2
— [ (X comvie) aus
M .

i=1

Ch2 (th|u,|vze( il ))2dux

Ch2 (Zu v) (76)

Combining Egs. (74), (75) and (76), we have

IV(Leagn — Lynagn) 2 m)

) 1/2
(/];I ‘(Lt(“t,h) - Lt,h(ﬂt,h)) (X)’ dux)

) 12
1 2
=7 | [ (vau) / Rl )ity — 3 Relo )| dix
M
j=1
9 1/2
1 2 “
| [ @t | [ vk = 30 Vekix )V dis
E\Im M j=1
9 1/2
1 n
41 / / ViR (% Vaagp(y)disy — 3 ViRi(x p)agu(®)V;| diix
L\ Im|Im =
1/2
Ch [ Ch
== (Zu%w) = 7 il
i=1
Using a similar argument, we obtain
Ch
IV(Leern — Loncom)lli2omy < W”f”oo;
and thus
Ch
IV(Leugn — Leptiem)lli2(m) < t_ZHf”oo‘ (77)

Then, the estimation is completed by putting (73) and (77) together.
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