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is ?V?”ab'e at the end of the from the set of elliptic curves over Q with complex multiplication by the ring of inte-
article

gers O to the set of supersingular elliptic curves over IF ,». We prove a uniform asymp-
totic formula for the number of CM elliptic curves which reduce to a given supersingu-
lar elliptic curve and use this result to deduce that the reduction map is surjective for
D > q'8¢ This can be viewed as an analog of Linnik’s theorem on the least prime

in an arithmetic progression. We also use related ideas to prove a uniform asymptotic
formula for the average

D L x ©y,1/2)
X

of central values of the Rankin-Selberg L-functions L(f x ©,,s) where fis a fixed
weight 2, level g arithmetically normalized Hecke cusp form and ®, varies over the
weight 1, level D theta series associated to an ideal class group character x of K. We
apply this result to study the arithmetic of Abelian varieties, subconvexity, and L* norms
of autormorphic forms.
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1 Introduction and statement of results
A problem of great importance in number theory concerns the distribution of primes in
primitive residue classes. Given a modulus ¢ and a primitive residue class a(mod g), let

w(x;a,q) =#p <x: p=a(modq)}

be the number of primes p < x in this residue class. Dirichlet’s theorem on primes in
arithmetic progressions shows that 7 (x; 4, ) > 0 for x sufficiently large (in terms of g).
It is then natural to ask how large x must be to ensure the existence of such a prime
p < x. A remarkable theorem of Linnik from 1944 asserts that there exists an absolute
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constant L > 2 such that 7(x; a,q) > 0 for x > ¢*. Here L is the famous Linnik “con-
stant” A great amount of effort has been devoted to producing successively smaller
numerical values of L. For an extensive discussion of Linnik’s theorem, see Chapter 18
of [19]. Analogs of Linnik’s theorem for other arithmetic structures have captured the
attention of many mathematicians.

In this paper we will study an analog of Linnik’s theorem for the reduction of CM
elliptic curves. Let £££(Ok) be the set of isomorphism classes of elliptic curves over Q
with complex multiplication by the ring of integers Ok of an imaginary quadratic field
K = Q(+/—=D). By the theory of complex multiplication, these curves are defined over
the Hilbert class field Hy of K and the Galois group Gx = Gal(Hx /K) acts simply transi-
tively on £££(O). Therefore given a curve E € £££(Ok), we have E€L(Ok) = {E° }oegy
where E? denotes the Galois action on E, and there are |Gg | = h(—D) such curves where
h(—D) is the class number of K. Let g be a prime number and g be a prime above g in
Hg. If q is inert or ramified in K, the curve E has supersingular reduction modulo g.
Let £00% (Fp2) ={E1,..., En} be the set of isomorphism classes of supersingular elliptic
curves defined over I . Then one has a reduction map

rq:ELL(Ok) — 5EESS(Fq2).
There is a probability measure on £€£% (F 2) defined by

wt

ng(E) = ——— (1.1
j=1%)

where w; € {1, 2,3} is the number of units modulo {£1} of the endomorphism ring of

E;. Gross [13, Table 1.3] notes that H?Zl w; divides 6 for g odd, so all but at most two w;

equal 1. Eichler’s mass formula states that
T 12’ (1.2)
j=1

and thus ug(E;) < q L

Results of Gross [13], Iwaniec [18], and Duke [7] imply that for fixed g, the points
rq(£€£(Ok)) become equidistributed among the isomorphism classes £€£% (qu) with
respect to the measure (,; as D — o0. In fact, this equidistribution holds in the follow-
ing strong quantitative form: if g is inert in K; then given a curve E; € £££*(F 2) one has

#30 € G : ro(E°) = E; _
{ Kh(_;)) ) = pg(E) + 04 (D7) (1.3)

for some absolute § > 0, where the implied constant is uniform in E; and ineffective. See
also the work of Elkies et al. [9], which is discussed in more detail below. Michel [30,
Theorem 3] proved a “sparse” equidistribution version of (1.3), where G can be replaced
by any subgroup G < Gx of index < D'/2115, Related equidistribution problems were
studied in [6, 22, 34].
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The equidistribution result (1.3) implies that for D sufficiently large (in terms of g), the
reduction map rq is surjective. In analogy with Linnik’s theorem, it is then natural to ask
how large D must be to ensure the surjectivity. We will answer this question by proving
the following (stronger) result concerning the asymptotic distribution of the integers

Npgr =#{o € Gg : rq(E?) = E;} (1.4)
asq,D — oo.

Theorem 1.1 Let q be an odd prime and —D < 0 be a fundamental discriminant such
that q is inert in K. Then

Nbq; = h(=D)g(Ep) + O (g4 D716+, (1.5)

where the implied constant is uniform in E; and ineffective. Furthermore, we have
1/2+¢

1/4+e¢
Np,gr, < D + o

(1.6)

Assuming the generalized Lindelof hypothesis for quadratic twists of modular L-functions,
we have

Nbq, = h(=D)g(E) + O(q° DY+, (1.7)
The implied constants in (1.6) and (1.7) are effective.

Remark 1.2 Combining (1.5) with Siegel’s (ineffective) bound #(—D) >, D'/2~¢ imme-
diately yields that
Np,g.g; ~ tq(Ei)h(—D) (1.8)

as q,D — oo with the restriction D >, g'8¢. For D smaller, with 4! « D « '8¢,
then (1.5) becomes

ND,q,El << q1/8D7/16+£. (1'9)

In the range D < ¢'°, the bound (1.6) is strongest.
Theorem 1.1 implies the following

Corollary 1.3  The reduction map

i EL6(OK) — £ (F )

is surjective for D >, q'®*¢. Assuming the generalized Lindelof hypothesis for quadratic
twists of modular L-functions, the reduction map is surjective for D >, q*+¢.

Elkies et al. [9] proved that the reduction map is surjective (for g inert or ramified)
for all sufficiently large D by relating the integers Np 4, to Fourier coefficients of a
weight 3/2 theta series of level 4g studied by Gross [13] and employing results of Iwaniec
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[18] and Duke [7] to give a lower bound for these coefficients. Under the assumption
of the generalized Riemann hypothesis, Kane [23, 24] effectivized the results of [9] and

proved that the reduction map is surjective for D >, g'4*¢

. A careful reader may won-
der why, assuming Lindelof, our exponent improves on that of Kane, even though both
approaches use essentially optimal bounds on L-functions. The difference lies in the
first steps of the proof. Kane uses the theta function framework mentioned above. He
decomposes the theta function into a Hecke basis and uses the Kohnen-Zagier [27] for-
mula to bound the Fourier coefficients of the weight 3 / 2 Hecke eigenforms in the basis.
The basis coefficients in this decomposition are then difficult to bound optimally. In con-
trast, we use a period formula of Gross to directly relate the integers Np 4, to central
values of L-functions summed over a weight 2, level ¢ Hecke eigenbasis (see 4.4, 3.1 and
4.7 below). Here the L-values are of degree 4, factoring as the product of two degree 2
L-functions, in contrast to the degree 2 L-function appearing in the Kohnen—Zagier for-
mula. It is straightforward to bound the basis coefficients in this decomposition (see the
sentence following 4.7).

A somewhat complementary question concerning “minimal” CM lifts was studied by
Yang [35].

The problems studied in Theorem 1.1 are closely related to certain Rankin—Selberg
L-functions of arithmetic significance. Let f be an arithmetically normalized Hecke
cusp form of weight 2 and level g. Let ®, be the weight 1 theta series of level D associ-
ated to a character y of the ideal class group CI(K). We will prove the following uniform
asymptotic formula for averages of central values of the Rankin—Selberg L-functions

L(f x ©,,s)as x varies over the ideal class group characters.

Theorem 1.4 Let q # 2 be a prime and —D < 0 be a fundamental discriminant such
that q is inert in K. Then

3 h(-D)*> ¢
1 2
/\EL<fX®x’§) = %2 b q_lL(Symf,l)
x€CI(K)

+0, ((qD)s min (q7/8D7/16, #/4DVA 4 q1/4D1/2)). (1.10)

Theorem 1.4 implies the following quantitative nonvanishing result.

Corollary 1.5 For each ¢ > O there is an ineffective constant ¢ = c(e) > 0 such that
whenever D > cq'**¢, we have L(f x ©,,1/2) # 0 for some x € CI(K).

Remark 1.6 Corollary 1.5 can be used to study the arithmetic of Abelian varie-
ties. For example, if Ay denotes the Abelian variety associated to f by the Eichler—
Shimura construction, a result of Bertolini and Darmon [1, Theorem B] implies that if
L(f x ©y,1/2) # 0, the x-isotypical component As(Hg)* of the Mordell-Weil group
Af (Hg) is finite.
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Since the conductor of L(f x ©,,s) at s =1/2is Q = (gD)?, the convexity bound is

L(f X Oy, %) & QY4*¢ These central values are nonnegative, so dropping all but one
term in Theorem 1.4 implies the following hybrid subconvexity bound.

Corollary 1.7 We have
L(f X Oy, %) < (qD)* (613/4D”4 - q1/4D1/2)~ (1.11)

A short computation shows this bound is subconvex when g < D" for 0 < n < 1.
Michel and Ramakrishnan [31] were the first to study hybrid subconvexity of the L-func-
tions L(f x ®,,s). By establishing an exact formula for the average of L(f x ®,,1/2)
over holomorphic forms f (the opposite average from Theorem 1.4), they also deduced
subconvexity for 0 < n < 1. Hyrbid subconvexity bounds for more general families of
Rankin-Selberg L-functions have been obtained by various methods (see e.g. [10, 16, 17,
33]).

For D > q'**¢, Theorem 1.4 gives

L<f x 0, %) « q7/8p7/6+e (1.12)

which is 0(D/2) in this range of uniformity. For applications to equidistribution and
nonvanishing, it is crucial to have a bound that is subconvex in D alone with g fixed. On
the other hand, the estimate (1.9) (which is clearly of an arithmetical nature) uses much
of the same technology used to prove the hybrid subconvexity bound, so these problems
are closely related. A powerful input into the estimate (1.12) is a uniform subconvexity
bound of Blomer and Harcos [2] for L(f x x_p,1/2),an L-function on GLy x GL;.

We next give a brief outline of the proof of Theorem 1.4 (see Sect. 2 for more details).
In [13, Section 3], Gross used the arithmetic of definite quaternion algebras to define a
certain curve X, which is the disjoint union of # curves Y; of genus 0 over Q. Then the
Picard group of the curve X, is given by

Pic(Xy) = Ze1 @ - - - ® Zey

where e; denotes the class of degree 1 in Pic(X,) corresponding to a point on Y;. Gross
[13, Proposition 11.3] established a formula relating the central value L(f x ®,,1/2) to
a certain height pairing of two divisors in Pic(X,) ®z C. We will use Gross’s formula to
establish an identity of the form

> Hrx o) =c X wie)

xeCI(K) oeGk

where c is an explicit constant (depending on D, g and f), the w, are explicit positive inte-
gers (see the sentence following 2.2 for the definition), ]7 is a certain real-valued func-
tion on Pic(X,) ®z R in Jacquet—Langlands correspondence with f; and {{°}5 g, is the
Gr-orbit of a fixed Gross point & of discriminant —D. After decomposing the sum on the
right hand side into a Hecke basis, we are led to estimating an expression of the form
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S (77.8) s

geFalg)

where F>(q) is an orthogonal basis of arithmetically normalized Hecke cusp forms of
weight 2 and level g, (-, -, -) is a certain trilinear form, and WD,E is the Weyl sum

Wpg = Y weg(§7). (1.13)
oeGyg
A formula of Gross and Kudla [14] formula relates (f ,f, 2)? to the triple product L-func-
tion L(f x f x g,1/2) = L(Sym?f x g,1/2)L(g,1/2), while Gross’s formula relates
|WD,§|2 to L(g,1/2)L(g X x—p,1/2). After an application of Holder’s inequality, we are
led to estimating the averages

2
L(Sym2f X g, %)
L(Sym’g, 1)

L (g X X—D» %)
L(Sym?2g, 1)

>

geFa(q)

1\
y el

2 )
gerag LOMED W7y
We estimate the latter two averages using the large sieve inequality for holomorphic
cusp forms, along with some deep results from the automorphy of Rankin—Selberg con-
volutions. To estimate the average with L(g x x_p, 1/2), if g is very small compared to D
we apply a hybrid subconvexity bound of Blomer and Harcos [2], while if g is somewhat
large we use the following result which is of independent interest.

Theorem 1.8 Let q be an odd prime and D be a fundamental discriminant with
(D,q) = 1. Then

f ; )wa(f X XD» %) =1+ Og((qIDI)Sq‘llDl”z), (1.14)
€ra2lq

where wy = g 1D are the weights occurring in the Petersson trace formula.

Theorem 1.8 is the analog of [29, Theorem1.5] (which considered Maass forms instead
of holomorphic forms). Duke [8] was the first to study first and second moments of this
type, though he did not consider the dependence on D. The case of even weight k, k > 4,
could probably be derived with some more refined estimates from work of Jackson and
Knightly [21] or Kohnen and Sengupta [26], but there are convergence problems in both
of their approaches for k = 2.

Corollary 1.9 Ifq > |D|Y/?213, there exists f € Fy(q) with L(f X XD» %) #0.

The opposite problem of first choosing f and then finding D such that
L(1/2,f x xp) # 0was studied by Hoffstein and Kontorovich [15], who showed that this
holds with some |D| <« ¢'*¢. Such a result can also be derived from Waldspurger’s for-
mula and Riemann—Roch, though this latter method does not give a lower bound on
the central value while the moment method of [15] does (as does Corollary 1.9). In rela-
tion to Corollaries 1.5 and 1.9, Michel and Ramakrishnan [31, Theorem 2] showed that if
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g > DV/?*? then there exists an fsuch that L(f x ©,,1/2) # 0. When x is chosen to be
the trivial class group character, then L(f x ®,,s) = L(f,s)L(f x x—p,s) so Michel and
Ramakrishnan’s result implies simultaneous nonvanishing.

Corollary 1.10 We have
L(f x x0.3) < (a+1D1"2) @DD)". (115)
Remark 1.11  The bound (1.15) is subconvex for ¢3/?*% < |D| < ¢ with fixed 5,4 > 0.

The following result is a bound on the L* norm of the real-valued function f on
Pic(Xy) ®z R in Jacquet-Langlands correspondence with f described above (see Sect. 2
below for a more thorough explanation). This is an analog of [29, Proposition 1.7] which
is a bound on the L* norm of a Maass form in the level aspect.

Proposition 1.12  Suppose ]7 is in Jacquet—Langlands correspondence with f € F2(q),
normalized so (f,f) = 1 (equivalently, >""_, w;|f (e;)|* = 1). Then we have

n
FlG = _wilf(enl* < g V/>*. (1.16)
i=1

The normalization is such that the Lindel6f Hypothesis for triple product L-func-
tions in the level aspect would give O(g~1+¢) as the bound in (1.16). Blomer and Michel
[4] have shown |[};||oo < q*%“, which is the 4 = 0 case in their Theorem 1; see their
Remark 1.1.

We conclude the introduction by discussing how our results relate to some existing
work. Our analysis is influenced by the beautiful paper of Michel and Venkatesh [32],
where they emphasize the “period formula” approach to asymptotics for families of
Rankin-Selberg L-functions. In particular, for fixed g, they give an asymptotic formula
for the average in Theorem 1.4 as D — oo using the equidistribution of Gross points.
They also discuss the possibility of a more refined analysis which would yield some range
of uniformity in g (see [32, Remark 3.1]).

We proved the analog of Theorem 1.4 for Hecke—Maass newforms in [29, Theorem 1.1]
and studied level-aspect versions of equidistribution of Heegner points. Although the
basic idea of using period formulas to pass to averages of families of L-functions is com-
mon to both papers, the methods used here differ in significant ways. For example, we
mentioned that Theorem 1.8 is the holomorphic analog of [29, Theorem 1.5]. We empha-
size that the holomorphic case (with weight 2) has a new analytic difficulty because of
slow convergence of the sum of Kloosterman sums in the Petersson formula.

Lastly, we take this opportunity to make a correction and improvement to [29]. In [29,
Corollary 1.3] the word “effective” should be replaced with “ineffective” Furthermore, in
the same corollary, the range of g can be extended to g < ¢cD/!*~¢, matching the expo-
nent in Corollary 1.5 here. This improved exponent arises from applying [2, Theorem 2]
in place of [2, (1.3)] in [29, (6.9)] (and subsequent bounds relying on 6.9). We thank Jack
Buttcane for this observation.
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2 Aformula of Gross

In this section we review a period formula of Gross [13], following closely the discussion
in [13, Section 3] and [30, Section 6]. Let —D < 0 be a fundamental discriminant and g
be a prime which is inert in K = Q(+/—D). Let CI(K) be the ideal class group, #(—D) be
the class number, C/I(F) be the group of ideal class group characters, and Ok be the ring
of integers of K, respectively. Let B be the quaternion algebra over Q which is ramified
at g and oo. Fix a maximal order R in B, and let {I}, .. ., I} be a set of representatives for
the equivalence classes of left R-ideals in B. To each I;, one associates the maximal right

order
Ri={xeB: Lix CI}.

An optimal embedding of Ok into R; is an embedding & : K <— B for which
£(K) NR; = £(Ok). Two optimal embeddings & and &; are conjugate modulo RiX if there
is a unit # € R/ such that & (x) = u&y(x)u~" for all x € Ok. A Gross point of discrimi-
nant —D is an optimal embedding & of Ok into some R;, modulo conjugation by R*. Let
h(Ok, R;) denote the number of Rix—conjugacy classes of optimal embeddings of Ok into
R;. Then a result of Eichler states that (see [13, eq. (1.12)])

Zh((’)K,Ri) = 2h(=D).
i=1

In particular, if Ap, denotes the set of Gross points of discriminant —D, we have
#Ap,g = 2h(=D).

The set of left R-ideals {I3,...,I,} corresponds to the set of connected components
{Y1,...,Y,} of a curve X, which is the disjoint union of # curves Y; of genus 0 over Q.
The Gross points Ap4 can be described geometrically as certain K-valued points on
X4 (see [13, pp. 131-132]). Let Pic(X,) denote the Picard group of X,, and let PicO(Xq)
denote the subgroup of degree 0 divisors. If e; denotes the class of degree 1 in Pic(X,)
corresponding to a point on Y;, we have

Pic(Xy) = Ze1 @ - - - ® Zey,.

In this way, a Gross point £ determines a class ¢;, in Pic(X,). By abuse of notation, we also
denote this class by &.
There is a height pairing

(, ) : Pic(X,) x Pic(Xy) — Z

defined on generators by (e;, e;) = w;d;;, and extended bi-additively to Pic(X,). Here
w; = |R;|/2, which agrees with the definition of w; given in the introduction since the
set of left R-ideals {I1,...,I,} corresponds to the set of supersingular elliptic curves
{E1,...,E,}in such a way that End(E;) = R; (see e.g. [25, Section 5.3]). We define a prob-

ability measure on the set of divisor classes {e1, . .., e,} by
-1

() = —1
mqle) = —,——-
Zf:l w;
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Let S2(g) be the space of cusp forms of weight 2 and level g, and let F,(g) be an orthog-
onal basis of arithmetically normalized Hecke cusp forms for S2(q). A special case of
the Jacquet—-Langlands correspondence states that for each form f € Fy(q), there is a
unique er € PicO(Xq) ®z R such that (e, er) = 1 and t,ef = Ar(n)er, where £, denotes
the operator on Pic(X,) induced by the nth Hecke correspondence on X, and /¢ (n) is the
nth Hecke eigenvalue of f. We write

n

e = Z vi(f)ei

i=1
withv;(f) e Rfori =1,...,n. Define

n

" 1

e = E —€;.
Wi

i=1
Then an orthonormal basis for Pic(X,) ®z R is given by

e*
{ ) } Uler : f € Falg)}
Note that by Eichler’s mass formula, (e*, e*) = (g — 1)/12.

The geometric description of the Gross points allows one to define a free action of
Cl(K) = Gk = Gal(Hg /K) on Ap 4, where Hy is the Hilbert class field of K (see [13, p.
133]). Given an ideal class group character x € C/(K)and a Gross point§ € Ap g, let

¢y = > x(0)E° € Pic(Xy) ® C.

(TEGK

Given a form f € Fy(q), let L(f x ®y,s) be the Rankin—Selberg L-function of fand the
weight 1 theta series ©, of level D associated to x. Then Gross’s formula states that! (see
[13, Proposition 11.2])

<f ®x’2) V§_| (cxoer)

where u is the number of units in K and

2

, 2.1

—_dad
(f.8)q = / PF(@g@)
Co(@)\H Y

is the Petersson inner product on Sy(g).

We now give an alternative description of Gross’s formula which will be useful for cal-
culations. Let Mg (q) be the vector space of C-valued functions on Pic(X,) ®z C with the
inner product

! Gross’s formula is actually stated as

(f.f)q

L(f X ®X,%) = UZ\/BK){'X'Q{'X

)

where ¢, r := (Cy, er)er is the projection of ¢, onto the f-isotypical component in Pic(Xy) ®z C. With our normalization
of er this is easily seen to be equivalent to (2.1).
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(6, ) == wigp(eD V(e

i=1

Then the map which sends a generator e; to its characteristic function 1, induces an iso-
morphism Pic(X,) ®z C = Mg (q) defined by

n n
e= E cie; — e = E cile,.
i=1 i=1

Moreover, this map is an isometry of inner-product spaces, i.e. (¢,¢') = (e, ¢’) for any
e,e’ € Pic(X,) ®z C. Let f = e denote the image of e; under this isomorphism. Then an
orthonormal basis for M% (q) is given by

& .
{\/TE*)} Ulf: f eFp}

We can now write Gross’s formula as

2

La| N~ 5 oo
L(f x 003) = ff;ﬁl—‘; EGj X@wof €% (22)
oclyg

where by abuse of notation we write w, for w; = |R|/2 where £ is an optimal embed-
ding of O into R;.
By [20, Lemma 2.5 and (3.14)], we have

1
(ff)g = @qL(Symzf, 1), (2.3)

and so we may write (2.2) as

2

1\ _ qLSym*f,1) ——  Fo
L(fx©,}) = S | 2o X@Wef 7)) 2.4)

oeGg

3 Period integral formulas and bounds on L-functions

In this section we evaluate the magnitude of the Weyl sums Wp; (defined in the intro-
duction by 1.13) and the trilinear forms (f,f,g) in terms of L-functions. Applying (2.4)
with x = xo the trivial ideal class group character, we have

) 8n3u2x/EL(g X X-D; %)L(g’ %) 3.1)
,§| = qL(Syng, 1) ' .

|Wp

Using the nonnegativity of L(g x x_p,1/2), L(g, 1 / 2) and L(Sym?g, 1), we deduce the
following
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Lemma 3.1 For g € Fy(q) we have

1/2 1/2
x/SJT_?’uDIM L(g X X~D» %) L(g’ %) (3 2)

Wp; ==
be g\ L(Sym’g, '/?

The key fact here is that subconvexity for the twisted L-function gives a nontrivial
bound on Wp 5. The current best subconvexity bound which is uniform in g and D is the
following result of Blomer and Harcos [2]:

L(g x x-p,1/2) < (ql/‘*Df‘”8 + q”ZD“‘*)(qD)g. 3.3)

The large sieve inequality for holomorphic cusp forms allows one to deduce Lindel6f on
average in the following sense.

Lemma 3.2 [19, Theorem 7.35] We have

<
L(Sym?2g, 1) 1

4
Z ﬂ 1+e (3'4)

geF2(q)

We now review a period formula of Gross and Kudla [14] for triple product L—func-
tions. Write the Fourier expansion for f € F(¢q) in the form

flz) = Z )yf(n)nl/ze(nz),

n=1

where /¢ (n) is the nth Hecke eigenvalue of f. For a prime p # g, write
() = a1 (p) + ara(p)
where Deligne’s bound amounts to e ;(p)| < 1, and the Hecke relation means

ar1(Para(p) = 1.

For p = q,/(q) = £q~ /%

Define the triple product L-function

L(f xg x h,s) = HLp(f X g xh,s),
p

where for p # q,

Lf xgxhs)= [[ (0-a@ag@an@r™)",

ij,ke{1,2}

and for p = ¢,

_ -2
Ly(f x g xh,s) = (1= (@) g(@)n(q)q ™) ! (1 - )»f(q)ﬂ-g(q))»h(q)ql_s) .
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Then the completed triple product L-function is defined by
A(f x g x h,s) = q*?Loo(f x g X I, $)L(f x g X h,s),

where
Loo(f X g X h,s8) = (271)_(3+45)F(s + %)F(s + %)3

This L-function satisfies the functional equation
A(f x g x h,s)=¢epgnA(f xg xh1=53),
where
efgh = sgn(4r (@) Ag (@) An(q)) = £1.

The Gross—Kudla formula for the central value of the triple product L-function of £, g, &
is (see [11, Theorem 3.1] and [14, Corollary 11.3])

1) _ 5 g€ 8)q(m M)y (7~ \2
L(f xgxh 1) =1287 ; (F.ah) (3.5)
where the trilinear form is defined by
(F.@h) =Y whvihvi@vitn. (3.6)
i=1

Note that our Petersson inner product is (872)~! times the Petersson inner product in
[11, Theorem 3.1]. Using (2.3) we may write (3.5) as

~~’]‘4'2_4'7T4 L(fXth,%) (37)
(f,g, ) g% L(Sym?f,1)L(Sym?g, 1)L(Sym?h, 1) '

Using the factorization L(f x f x g,s) = L(Sym?f x g,s)L(g,s), we deduce

Lemma 3.3 We have

. ) 2L(Sym2fxg,l)1/2L<g,l>l/2
(7re) = i% L(Sym?f, 1)L2<Sym2g, 1)21/2

(3.8)

4 Proof of Theorem 1.1
To prove Theorem 1.1 we combine the following result with the argument in the first
paragraph of [30, p. 226].

Theorem 4.1 Let q be an odd prime and —D < 0 be a fundamental discriminant such

that q is inert in K = Q(v/—D). Given a Gross point & € Ap 4 and a class e; € Pic(Xy),
define

Nq,D,e,- =#{oc € G : £§7 =¢;}.



Liu et al. Mathematical Sciences (2015) 2:22

Then

Nype, = h(—D)ug(er) + O(q1/8+sD7/16+s), @.1)

where the implied constant is uniform in e;. We also have

e e, D e
Nygpe; K (Dg)" | D™ + 7 4.2)
Assuming the generalized Lindelof hypothesis for quadratic twists of modular L-functions,
we have
Nb g = h(=D)q(E) + O (q" DY+, 4.3)

Proof We begin by showing

Ny = h(= D)uq<e,>+ > @@ Wpg 4.4)
ge]—‘z(q)

which is equivalent to [30, (6.3)]. We have

WiNgDe, = wit{o € G : £7 =€} = Y woei(€7). 4.5)

oeGg

By decomposing the function ¢; into a Hecke basis in M5 (q), we have

(ei,e*
(e*,€*)

)5 2) + > @22

geFa(q)

ei(z) =

Therefore,

_ (éi»z*> Sk (50 -
WiNgDe, = = Z wee (§7) + Z (e, 8)Wpg.

e*, e*
fer,er) oeGg gEF(Q)

We calculate

> weet €)=Y WUZ—el(s ) = h(=D).

(TEG]( (TEG](

Then using (¢;, ¢*) = 1 for all i and the Eichler mass formula (¢*,e*) = (g — 1)/12, iden-
tity (4.4) follows.
Now we turn to the proof of Theorem 4.1. We may assume g < D'/? as otherwise the

conclusions are trivial. By Cauchy’s inequality we have

112,172
Nq,D,ei - h(_D)Mq(ei)| = ;Ml/ Mz/ ’ 4.6)
1

Page 13 of 23
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where

Y @ M= Y Wl )

gEeF2(q) gE€F2(q)

We recall here that w; = 1,2 or 3. By Bessel’s inequality, M; < (¢;, ¢;) = w;. To finish the
proof of Theorem 4.1, we now show

M21/2 <« q1/8D7/16(qD)s.

This follows from (3.1), the bound of Blomer—Harcos [2, Theorem 2]
L(g X x_p,1/2) <« q"/*D3/8(gD)* (which uses g <« D'/?, as otherwise a different term is
dominant, and also that (g, D) = 1) and the bound

Hed)
Z gf; < q1+8’
¢hrip LOMED
which is implied by Lemma 3.2. This shows (4.1).

To show (4.2), we simply quote a result of Michel and Ramakrishnan [31, Corollary 2],
which in our notation states

L p 3 )L(g %
M= |WD,§|2<<@ > (gxx DZ) (g 2) <<(qD)8<~/5+§>.

2
geFa(q) geF2(q) L(Symg, 1)
4.8)
Finally, the bound (4.3) comes from using M, < D12 (gD)? which follows from Lindel6f.
O

5 Proof of Theorem 1.4
Using the orthogonality relations for the characters CI(K), we obtain from (2.4) the
identity

MyD):= Y L(fx@x,§) LMD L sym?r, 1) Y wifE)™

8 Q3,2 2
XEC/I(F) \/_ oeGg
5.1
We claim that
S W =" S (7w
&) Wpg- (5.2)
0eGy T geFa(q)

Since f = S vi(f)e;, then 2= S vi(f)?%e;, and so

n

ST W ED? =D vil)*WiNg b

oeGyk i=1
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Therefore, from (4.4)

~ - h(—D
S w2 = 3 v [ L2

oGk i=1 I

+ Z (€8 Wpg

geFa(g)

where we used (e*,¢*) = (g — 1)/12.
NOW, Z;lzl Wl'Vi(f)Z - {frf) - L and (éhg) - Wivi(g); SO

S wifET) = h(qf )y > (Z w?w-mzw(g)) Whg»

oeGyk 12 geFr(q) \i=1
which is precisely (5.2).
The first term in (5.2) equals the stated main term in Theorem 1.4. For the sum over g,
we have
Lemma 5.1 We have

(gD)?
— MIn
L(Sym?f,1)

<D7/16 D1/4

. D1/2
Z <f,f,g> Whg € PIERPE + q?’/‘*)' (5.3)

geF2(q)

The error term in Theorem 1.4 is g times larger than the right hand side of (5.3), as

desired.
Proof Combining (3.8) and (3.2) we obtain

D1/4
q3/2L(Sym*f, 1)

Og.f,0
> Temignte o)
geFalq) ym-g,

Z (f,f,g) Wpg =
geFalq)

1
2

L(g, %)L(Symzf X g, %) ’

NI

(5.4)

where 6, r p < 1 uniformly in g, fand D. We apply Hélder’s inequality with exponents
2, 4, 4, respectively, obtaining

D1/4

e 1/2 5 (1/4 5 (1/4
> f,f,g)ng & ey My My, 55
. /2 2 3 4 5 (5.5)
gEfz(q) q L(Sym f’ 1)
where we have used nonnegativity of central values, and where
4
o nd) ((s})
Ms = L(SymZg,1) ’ My = L(SymZg,1)’
gemlg TOET geFrlq) " E
L Sym2f><g,l
Ms = 7( 2> (5.6)

L(SymZ3g,1
geFag LOM™ED

Page 15 of 23
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Lemma 3.2, a consequence of the large sieve inequality for holomorphic cusp forms,
states My < ¢q'¢. With similar technology combined with some deep inputs on the
automorphy of Rankin—Selberg convolutions, we will show in Sect. 6 the following

Proposition 5.2 We have
Ms < q***. (5.7

For M3, we have two different approaches. For g small compared to D we simply apply
the best known progress towards Lindelof for L(g x x—p, 1/2), which is (3.3) due to
Blomer and Harcos, and multiply by the number of forms which is < g. For ¢ larger we
appeal to Theorem 1.8. In all, we obtain

Ms < (gD)" min (¢°/*D¥* + g¥2DY/%, g + D'/2). (5.8)

Notice that if g > D'/, then Theorem 1.8 is an asymptotic formula so the latter term
in the min is the optimal choice, while if ¢ <« D/? then the first term inside the min in
(5.8) may be simplified as O(g>/*D?/%).

Taking these estimates for granted, we then obtain (5.3) after a short calculation.

Now we discuss an alternate arrangement of Holder’s inequality which may be of inter-
est. Applying Holder’s inequality in (5.4) with exponents 4, 4, 2, respectively, we obtain

1/4

f.f.2 ~ D 11/4 5 (1/4 5 /1/2
gegz:(q) <f’f’g) Whg < q3/2L(Sym?f, 1)}\/[3 My M 5.9

where My is given already by (5.6), and in addition

L( 1)?

g X X—D; i) ,

e M=)
L(Sym©g, 1) ceF )

L(Symzf X g, %)
L(Sym’g,1)

My= >

geFa(q)

The large sieve inequality for holomorphic cusp forms (see [19, Theorem 7.24] for exam-
ple) easily shows M} < (g + q"?D)(gD)? and it seems likely that improvements are
possible here using current technology. One may hope to show M, < ¢'*¢ as this is a
family with <« ¢ elements with conductors of size approximately g%; Buttcane and Khan
[5, Theorem 1.2] proved an estimate of this form for Fi(q) with k sufficiently large in
terms of ¢ (smaller weights cause some technical difficulties so it is not straightforward
to remove this condition). Conditional on this bound on M, é, one would obtain

My(D) < (q1/2D1/4 +q°/*DY 2) (gD)*,

which would imply a subconvexity bound for g = D7 for any fixed 0 < n (essentially as
long as neither g nor D is fixed). O

6 Proof of Proposition 5.2
In this section we prove Proposition 5.2. The basic idea is to apply the large sieve ine-
quality for holomorphic cusp forms. We begin by collecting some standard facts.
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Proposition 6.1 Let /s (n) be the nth Hecke eigenvalue of f € F2(q). Then for any com-
plex numbers a,, we have

2

1
Z m Z anlf(n)| <K q°(q+N) Z |an]?. 6.1)

feF (g n<N n<N

By Gelbart and Jacquet [12], the symmetric square lift Sym?f is a self-dual automor-
phic form on GL3 with Fourier coefficients A(m, k) satisfying

Am D =Y i@,

ab’=m

when g 1 m, and

Amb =Y MunA(%;QA(Lg),
d|(m,k)

when g 1 mk. Xiannan Li [28] showed the following uniform bound

|A(m, k)|? .
Z 7 < (QN) (6.2)
mk2<N

as a consequence of his uniform convexity bound. Technically, convexity would show
(6.2) with mk? in the denominator, not mk, but one can use the multiplicativity relations
of the Fourier coefficients to derive (6.2). We have

_ -1
L(Sym?f x g,5) = (1= 2¢()q™°) 1(1 — /Ig(q)q_(sﬂ)) LD (Sym?f x g,5)

_. i )'Symzfxg(n) (6 3)
. 7}15 , .
n=1

where

A(m, k) Ag(m)

LD (Sym’f x g9 = ) iy

(mk,q)=1

The conductor of L(Sym?f x g,1/2) is g% as we now briefly explain. Gross and Kudla
[14] showed that the conductor of L(f x f x g,1/2) is ¢°, while the conductor of
L(g, 1/ 2) is q. Therefore, using the factorization L(f x f x g,s) = L(Sym?f x g,s)L(g,s)
we make this deduction. By an approximate functional equation [19, Theorem 5.3], we
have

2

o 1 00 ;“Symzfxg(n) V( / 2)
5D 3 > 12 n/qe)| 6.4)
Rt LMD "

n=1

Page 17 of 23
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where V(x) is some fixed smooth function with rapid decay for x — oco. Actually, we pre-
fer to sum over z coprime to ¢ in order to work with L@ which has a simpler Dirichlet
series.

Towards this end we write V (x) = ﬁ /, © F(s)x~°ds where F(s) has rapid decay for
|Im(s)| — oo, and is analytic for Re(s) > 0. By inserting this Mellin formula into (6.4)
and factorizing the L-function via (6.3), we have foro > 1/2

2
1 1 2F(s )”S 20, . (1)
Ms < D L(Sym?g, 1) |27i / ;Lg(Z) = 7@ > y,r,,nlfzigs ds| .
geFa(q) Y ’ ©) (1 T F )(1 - qs-H) (ng)=1
(6.5)
Now the sum over # may be truncated at <« g*>*¢ with a small error term (say O(g~1%%))

by shifting the contour far to the right if necessary. Having imposed this truncation on #,
we may then shift the contour to ¢ = ¢ > 0 and apply Cauchy—Schwarz to give

2

2¢e

j‘S 2 (n)
Ms < / E@l Y m S P sl (66)
© gemrip “OTE D 1

n<«< q2+£

By unraveling the definition of Dirichlet series coefficients, and using Cauchy’s inequal-
ity, we obtain foro > 1/2

’ISymzfxg (n) A(m, k)/lg (m)

Z oot | T Z o Fit 2o +2it
(nq) =1 (mk,q) =1
n & gite mk? & g2t

com Y ke Y AmRien

o it
k<qi+e (m,q) =1
m <K q2+£/k2

6.7)

Inserting (6.7) into (6.6), and using Proposition 6.1, we obtain

2 2
Ms <q° > k‘l(q+%) > A OF, (6.8)

k<<q1+g m5q2+8/k2 m
Then using (6.2) completes the proof of Proposition 5.1. O

7 Proof of Proposition 1.12
Next we give the proof of Proposition 1.12. Define F via

F@) =Y w/vi(h)e @), (7.1)

i=1
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so that (F2, F%) = Y"1 wlv()* = |[f||4,and

=Y " whiH*i@ = (... (72)

i=1
By Parseval’s formula, we have

(F2, &%)

F? F?
FLE) = ey

“ 4 S LD

geFa(q)

Note (F2,¢*) = > wivi(f)? = (}7,]7) = 1. Also recall that (¢*,¢*) = (g — 1)/12, s0

(F2e?
GG

By Lemma 3.3 and Cauchy’s inequality, we have

L(g, 5)?

2 -2 1/2 1/2 _ 2

E (ff 9 Kq M, , where Mg= E Li(Syng 1), (7.3)
geFa(q) geFa(q) ’

and with Ms as in (5.6). Then by Proposition 5.1 and the bound Mg < ¢'*¢ (implied by
Lemma 3.2), we obtain the bound O(g~1/2%¢). Assuming Lindelof for triple products, we
would have M5 <« g'*¢, explaining the remark following Proposition 5.1. This completes
the proof. O

8 Proof of Theorem 1.8
Let g be an odd prime and D be a fundamental discriminant with (D, q) = 1 and associ-
ated quadratic character xp. Let wy be the Petersson weights which occur in the Peters-

son trace formula, which for weight 2 reads

Z wplf(m)Ag(n) = Sm=n — 27 Z S(m’c”‘§ C)h (47T«C/mn>.

feF () ¢=0 (mod q)

8.1

The Petersson weights satisfy wy = g 1o,

By say Propositions 14.19 and 14.20 of [19], f X xp is a Hecke newform of level qD?,
so the conductor of L(1/2,f x xp) is also gD*. We use a long one-piece approximate
functional equation for L(1/2,f x xp) (as did Duke [8]), namely

iy
L/ 5 xp) = 30 L )+ 0a (/D) 1), 52)
n=1

where V(x) is a fixed (independent of g and D) smooth function with rapid decay, that is,
V(x) <4 (1+x)~4 for any A > 0. We take X = (qD2)2; surprisingly, the method is not
particularly sensitive to the length of X. Then

S wrL(1/2.f x xp) = V(1/X) — 23S + O((qD)’wO), (8.3)
feF g
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where

> 4
S= Y s, Sc=zn1/25(%1;C)XD(H)V(H/X)h(7T;/E>- (8.4)

¢=0 (mod q) n=1

We will show
S < |D|"2q71(|Dlg)¢. (8.5)

This will suffice to prove Theorem 1.8, since we can choose V to satisfy V(x) = 1 + O(x)
forx — 0T,

Since J1(x) < x, we can use Weil’s bound to estimate the terms with ¢ > C > g, giving

Yool Y X < XgT CTVHE (8.6)
¢ =0(mod q) ¢ =0(mod q)
c>C c>C

If C > X?/|D, then this trivial bound is satisfactory. Although we do not need a strong
bound on the tail, it is vital that we can truncate the sum at some C which is polynomial
ing and |D|.

Next we estimate S, for ¢ not too large by applying Poisson summation to the sum over
n. Note that f(x) = 212V (/X)) (%) is continuous on x > 0 and has rapid decay
for x large, but f(0) # 0 so to simplify the analysis we first apply a dyadic partition of
unity to the sum over . We then write ¢ = > dyadic Sc(N), where

S(N)=> n25(n,1; C)XD(n)WN(n)h< (8.7)

47 \/n >
n=1 ¢
and wy () is a smooth function supported on [N, 2 NJ, say, satisfying ddT;WN (x) K N7.
Now that we have a smooth function, we may easily apply Poisson summation to # mod-
ulo ¢|D|, giving

1
S(N) =) ma(m; ¢, Dyr(m; ¢, D), (8.8)
mez
where
a(m; ¢,D) = Z XD x)S(x, 1; C)e<me>, (8.9)
x (mod c|D|) Cl |
and
r(m;c,D)=/ x_l/ZWN(x)h(Mﬁ)e(—m)dx- (8.10)
0 c c|D|

By Lemma 10.5 of [29], a(0; ¢, D) = 0 for g|c, a condition which always holds here. By a
tiny strengthening of Lemma 10.5 of [29], we have

la(m; ¢, D)| < 2°¢|D|Y*(m, c, D)'/2. 8.11)
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Previously we had the bound 4"*2¢, where ¢ = 2"¢/, (¢/,2) = 1, in place of 2°¢, so this
requires a little explanation. We need to more carefully treat the case p = 2 in the proof
of Lemma 10.5 of [29]. By a factorization argument, it suffices to consider the case where
¢ and +D are both powers of 2. We have, for any p,

. * Ty +7y mx
a(m,p*, +p”) = Y > XipD($)€< pr )€<pC+D)- (8.12)

z (mod pctL)y (mod pc)

When p = 2 we have D = 0,2, or 3. If D = 0 then as in (10.34) of [29] (which does not
require p odd), we have

a(m; p, 1) =pce<;:l>- (8.13)
If D=2 or 3 and ¢ < D then we quote a trivial bound for simplicity (leading to the fac-
tor 2°). Now assume ¢ > D. Changing variables x — x + p° multiplies the entire sum by
e(p%), so the sum vanishes unless pD |m. Accordingly, write m = pD m;. The sum over x
is then periodic modulo p°¢, so it is the same sum repeated pP” times, so

a(m, p°, j:p Z Z Xapp ( (m(y+m1)+§)‘ (8.14)

z (mod p¢) y (mod p°) p

Next write x = x; + pPx, where x; runs modulo p and x; runs modulo p°~P. The sum
over x, vanishes unless y = —m; (mod p~P), in which case it equals p°~P. At this
point, a trivial bound shows |a(m, p¢, £pP)| < p?P*¢. Thus (8.11) holds.

We need to understand the analytic properties of r(m; ¢, D) where this calculation is
different from that of [29]. We claim that for ¢ > +/N, we have

. \m|N —100
r(m;c,D) K¢ N1+ Dl , (8.15)
while for ¢ « +/N we have
—~100
m|vN
r(m; c¢,D) < C( | ||D| ) . (8.16)

The Ji-Bessel function has two distinct types of behavior. For ¢ > Jx = /N, the J; factor
is not oscillatory, as Ji(y) ~ %y for y — 0. Hence, in this region, we have that r(m; ¢, D)
is ¢! times the Fourier transform of a function satisfying the same derivative bounds as
wy (x), so that (8.15) follows.

In the ~complementary range ¢ < VN, we have J;(4my) =y~ 1/2 > e(E2iy)gs (dmry),
where = gi (9) < 1. Thus, in this range we have

o +2 mx
r(m; c,D) = ch/z/ x 3/4hC,N,i(x)e< VE _ D)d (8.17)
n 0 c c|D|
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where
4 /%
hen£(x) = WN(x)g:I:< C\/_> (8.18)
It is easily checked that
& By
@hc,N,:l:(x) <N, (8.19)

We treat the estimation of r(m; ¢, D) using the classical theory of exponential inte-
grals. The basic observation is that unless there is some cancellation in the two phases
+2¢71/x and (c|D|)~lmx for some x < N (which would imply |m| < |D|/+/N), then
repeated integration by parts (as in say Lemma 8.1 of [3]) shows that

2
c c|D| (8.20)

—A
N N
r(m; ¢, D) < c*/>N* <\/_ + ] ) )

which is a stronger estimate than (8.16). On the other hand, if |m| < |D|/~/N (consist-
ent with a stationary point, but we do not need to assume that such a point actually lies
inside the support of wy;), then the van der Corput bound shows r(m; ¢, D) < ¢, which
agrees with (8.16).

Now we finish the proof of (8.5). We have

mIN —100
Z CilSC(N) < N|D|71/2 Z c? Z(m, c,D)l/2 (1 + ||) ,

c|D|
¢ =0(mod q) ¢ =0(mod q) m#0
VN<«c<C VN<c<C 821)
and a short calculation shows
Z C—ISC(N) << |D|1/2+8q_1+8C6.
¢ =0(mod q) (8.22)

VN<«c=C

Pleasantly, this bound is independent of N, and we only need to sum over O(logg|D|)
such values of N, so the same bound holds on >", ¢S, with ¢ running over the same
range. Similarly, we have

| |Jﬁ —100
—1 —-1/2 1/2 m
S s < D) Y. Y (meD) <1+ D] ) ' (8.23)

¢ =0(mod q) ¢ =0(mod q) m#0
c< VN c <N
and an easy calculation gives a bound of the same form as (8.22). O
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