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Introduction and statement of results

Several years ago, Zagier introduced quantum modular forms [30]. These are functions
defined for z € Q (or equivalently, for ¢ a root of unity, where g := ¢>"%) which behave
like modular forms. For g(z) to be quantum modular means that instead of requiring that

g(2) — x(y) (cz+ d)’kg (?zZiS) =0fory = (‘C’ Z) € SLy(Z) as with classical modular

az+b
cz+d

continuity or analyticity. The word quantum refers to the fact that these functions have
‘the ‘feel’ of the objects in perturbative quantum field theory’ (p. 659 of [30]). A celebrated
example is the Kontsevich-Zagier series [29]

forms, we only ask that g(z) — x(y) (cz + d)_kg< ) have ‘nice’ properties such as

F(q) =Y (@n (1.1)

n=0

where we use the standard notation,
@p=0Q—a)l—aq)--- (1 — aq”fl) . (1.2)

Note that F(q) does not converge on any open subset of C, but it is well-defined at any
root of unity.

Bryson et al. [9] recently established a relationship between F(g) and the generating
function for strongly unimodal sequences,

U q) =Y (—xqu (—+"q), 4" (1.3)

n=0
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Precisely, U(—1; q) is dual to F(g) at any root of unity {y = e2mi/N

F(oy ) = U-Licw. (14)

Note that, contrary to the Kontsevich-Zagier series F(q), the function U (x; q) converges
for generic |g| < 1. It should be remarked that the function U(—1; g) also plays a crucial
role in studying a radial limit of a mock theta function of Ramanujan [11].

For other recent studies and interesting examples of quantum modular forms in number
theory, combinatorics, knot theory, and Lie algebras, see e.g., [6-8,10,11,17,19,26,30].

This article is based on the observation that the identity (1.4) can be interpreted in terms
of quantum topology as follows. We use the N-colored Jones polynomial /y(K;¢g) for a
knot K, which is based on the N-dimensional representation of U,(sf>) (see e.g., [21]).
Throughout this article, we use a normalization Jy (unknot; g) = 1. It is known that

In (K;q7') = In(K*; ), (1.5)

where K* is a mirror image of K. The colored Jones polynomial for the right-handed trefoil
T(2,3) and the left-handed trefoil T(*z,z) may be, respectively, written as (see e.g., [12,20,24])

INTepip =a Ny a™ (@), (1.6)
n=0
]N(T(*z,g)ﬂ) = an (ql_N)n (ql+N)n. (1.7)
n=0

(Note that the series defining Jx (T (2,3); ¢) and ]N(T(*z’g) ; q) are in fact finite sums, ter-
minating at # = N). Letting ¢ = ¢y in (1.7) and g = ;If[l in (1.6) and appealing to (1.5),
one finds the duality in (1.4).

Based on the colored Jones polynomial for the torus knot T(22:41) at roots of unity, the
first author [14] introduced a family of quantum modular forms generalizing F(g) (1.1),

[e%s) t—1
e k;
F@=q Y (@] |qkl(kl+1){ Zl} . (1.8)
kez =k >0 i=1 ' dq

Here |:Zi| is the usual g-binomial coefficient,
q

n — (q)n . (1 9)
k), @aiax '

Note that when ¢t = 1, we recover the Kontsevich-Zagier series, Fi1(q) = g F(q). Our
purpose in this article is to use the perspective of quantum invariants to generalize U (x; q)
and (1.4). As a dual to F;(q), we make the following definition.

Definition 1.1. The generalized U-function U:(x; q) is defined by

t—1 . i—1
_ _ 2| kip1+ki—i+2> 1k
U =q" Y (s a(—x"Py14"[]d" [ o ,’QH B k,:' ! ’} :

q

k= =k =1 i=1

(1.10)
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This function is well-defined for |g| < 1. When x = —1, it is also defined when ¢ is a
root of unity. Our first main result is the following generalization of (1.4).

Theorem 1.2.
Ft(CNil) = U (—15¢n). (1.11)

Our second main result is a Hecke-type expansion for Uy (x;q). (The case t = 1 and
x = —1 appears in [9].)

Theorem 1.3. We have

Ut (—x;9)
_ _qft/271/8(96q)21% (1.12)
o
(1) S b St 2
X Z - Z r+s+1
78>0 r,s<0 l_xq >
r#s (mod2) r#s (mod2)
_ _q—t/z—l/gw@% (1.13)
o
o T S o e s e s s o

7,8,u>0 7,8,u<0
r#s (mod2) r#s (mod2)

The paper is constructed as follows. In the section ‘Bailey pairs and the colored Jones
polynomial’, we review Bailey pairs and their relation to the colored Jones polynomial.
In the section ‘The colored Jones polynomial for torus knots’, we study the colored Jones
polynomial for the torus knot T3 2:+1). In particular, we use the Bailey pair machinery to
compute the coefficients of the cyclotomic expansion of ]N<T(*2,2t 41y q), which leads to
Theorem 1.2. In the section ‘Hecke-type formulae’, we prove Theorem 1.3, again by using
the Bailey machinery. In the section ‘The vector-valued case’, we extend Theorems 1.2
and 1.3 to the vector-valued setting. We close with some suggestions for future research

and an appendix containing some examples.

Bailey pairs and the colored Jones polynomial
In this section, we review facts about Bailey pairs and their relation to the colored Jones
polynomial.

First recall [2] that two sequences (o, B,;) form a Bailey pair relative to a if

n

o= —— 1)

= @ (a@n+j’
or equivalently,

_1—ag” (@)
" l1-a (Q)n

=D"q"" V2N " (g")i(aq")iq’ B;- (2.2)
j=0
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The Bailey lemma [2] states that if (o, B5,) is a Bailey pair relative to 4 then so is (a;,, ﬂ;,),

where
, _ (0(©n(ag/bo" 03
(aq/b)n(aq/c)n
and
- (OO (aq/be) i (aq/be)*
= . 2.4
& EO @a/bn(ad/On@ns ' * .
In particular, if b, c — oo then we have
O[}/{1 _ anqnzan (2.5)
and
aqu2
Bi=> Br. (2.6)
=0 (D n—k
Inserting (2.3) and (2.4) back in Definition (2.1) and letting n — oo, we have
(aq/b)oc(aq/c) o B)n(©nlag/bc)"
b),(C)n bo)" B, = " 2.7
2O (Onaa /b0 B = e o 2 (aa/Dtaaion 27

Next, recall the cyclotomic expansion of the colored Jones polynomial due to
Habiro [13]

o0
INK; ) =Y CalKsq) (64), (), (2.8)
n=0
where we have

Cu(K;q) € Z[q,q7']. (2.9)

The colored Jones polynomial /x(K;g) and the coefficients C,(K;g) defined in (2.8)
can be regarded as a Bailey pair (a, 8,,) relative to g>. Namely, comparing Equations (2.8)
and (2.2) we have (see also [13,16])

(1 anrl) (1 q2n+2) " ln(n H
= -1 q:2 }n—i- K;q ’
(1 )(1 2) ( ) 1( ) ( 1 )

Bn=q " Cu(K; q).

Equation (2.1) gives the inverse transform

n+1

CulKiq) = ="y
(=1

(1—g% (1 —q*)
@Dnt1—¢ (@Dnt1+¢

(—1)f g4 1, (K ). (2.11)

The colored Jones polynomial for torus knots

For some knots K, explicit forms of /5 (K; q) and/or Cy (K; q) are known in the literature.
For instance, when K is the right-handed torus knot T, where s and ¢ are coprime
positive integers, the colored Jones polynomial is given by [25,27]

g 2 1 1
NI = v >, 47 (q‘(” Dits —q‘(s“”‘f). (3.1)
q? —q %2 ._ N-1

=gt
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Using difference equations, the first author [14] constructed a g-hypergeometric
expression for ]N(T(S,t) ; q) when s = 2,

00 t—1
1 k;
In(Teoe1q) = ¢4 Z (‘II_N)/Q g N l_[qk’(k’H 2N) |: :1i| . (32
q

ke>-->k1 >0 i=1 i

(See [18] for similar expressions for some other torus knots.) Comparing this with the
generalized Kontsevich-Zagier series (1.8), we find that ]N(T(2,2t+1); q) and F¢(q) agree at

roots of unity,

In(T2e41) en) = Fr(Cn)- (3:3)

With (1.5) and (2.8) in mind, we see that to discover Definition 1.1 and prove
Theorem 1.2, we need to compute the cyclotomic expansion of the colored Jones polyno-
mial of the left-handed torus knot T(*2,2t +1)- Recalling that the colored Jones polynomial
for the mirror image K™ is given from that for K (1.5), we find from (3.1) that

-1

_ 2t+1 2 7@
(1-4Y) ]N(T(*z,zm)' )_( PN gt IN+EEN Z (kg "FREADH (34
k=—N

Then, the coefficients C, in the cyclotomic expansion (2.8) are given from the inverse
transform (2.11) as

Cn-1 (T(*2,2t+1); q)

-1
2_ _ V2 _ (1
— g tZ gtrve-t (1 _q2e> Z (—1)k g~ (E+2)k (t=3)k

(3.5)

In the following proposition, we give a g-hypergeometric expression for the coefficients
Cn( (2,2641) q) We use the usual characteristic function

1, when X is true,

X) =
xX) { 0, when X is false.

Proposition 3.1. We have
4" Cu (T(*2,2t+1)§ Q)

- ¥

n>ny—1>-->n1>0

q~i= 1”‘t+z+(nt) Yz 1”l”l+1 Yz 1”!( l)nz( qn X(E>2)np— 1)

(q)n—nztfl (q)VIZt—l_nzth e (q)nz—m (q)nl
(3.6)

Proof. In light of Equations (3.5) and (2.1), we need to find g, such that (oz;l, ﬂ;l) form a
Bailey pair relative to 1, where

n—1
o = q(H—l)n "1 — g?") Z (-1Yq (Qe+1)*+2=1))/2 (3.7)

j==n
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We require a result of the second author. Namely, in part (ii) of Theorem 1.1 of [23], let
k=K=t¢=t—1,and m = 0. Then, (o, B,) form a Bailey pair relative to 1, where

-1 +1 -1 -1
qzlt‘:l n? A (D= min =Y M(—1)n

.Bn = (3~8)
VIZVIZt,lZZ-"ZVI]ZO (q)nfnzt_l (('I)sz,_lfngt_z e (q)rlzfnl (Q)nl
and
2 " . 2 .
o, = q(t+1)n +n Z (_l)jq—((ZH—l)] +(2t—=1)j)/2
j=—n
n—1
— x(n 7éo)q(t+1)n2—n Z (_l)jq—((2t+l)j2+(2t—1)j)/2
j=—n+1
2 ! 2
— _q(t+1)n —n(l . an) Z (_1)/q—((2t+1)] +2t—-1)j)/2 (3.9)
j=—n
1, if n =0, (3.10)
) . ) _ .
(—1yg T T 4 (—1yg T i > 1,

Letoy, = —a), + o) = (3.9) + (3.10). To find ]/, we start with Equations (3.9) and (3.10)
of [23], which state that

i 1, ifn=0,
o, = (—1)n <q(—(2/<—1)n2—(2z+1>n)/2 + q(—(Zk—I)n2+(22+1)n)/2>, ifn>0, (3.11)
and
(M F l) T TR ST
q =1 " i=1"
B = Bu = (—1)%q (3 > , (312)
Mg 1 >>n1>0 (Q)nkfnk,l e (q)}’lzfnl (Q)nl
form a Bailey pair relative to 1. Using this Bailey pair with k = ¢ and
_]o fort =1,
|t-2, fore>2,
we iterate Equations (2.5) and (2.6) ¢ times. Then, o becomes o, and
P Z qu;l i () =iy minis =i mi 1y 513)
= . 1
" Wty > > >0 (q)nfnyfl (Q)nzz,rm[q e (q)nzfnl (q)Vll
Taking B, — B, gives the expression for —q"7"Cy1 (T(*2,2t+1))‘ O

While the above proposition does furnish an attractive g-hypergeometric expression for
Cy (T(*2,2t 41y q), it is not apparent that these coefficients are Laurent polynomials in ¢, as
guaranteed by (2.9). This is made clear with the next proposition.

Page 6 of 15
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Proposition 3.2. We have

1 <q17¢z+27’=1 2k,~)
C"(T(*2,2t +1);q) — gt Z qkﬂ
1

ntl=k>ki—1>>k1>21 a=

kaizhka (3 14)
Dy —ka

ntl=ki=ki_1 ==k =1 i=1 ki1 —ki

t—1 ) . ,:_1 )
=g > [14% [k’“*kl i+23 o k/} . (3.15)
q

Proof. We recall the classical g-binomial identity,
N
m | N
> 2% [ ] = @ (3.16)
n
n=0 q
Letting z = —zq%, N = b — a, and shifting n to n — a, we have the identity

b () (—p)n a
Z (=" @ 24 317
@D b—n Dn-a (—2"q @D p—a ' (3.17)

n=a

Using this identity, we also have, for arbitrary c,

(3.18)

i (D" 1—g"9gD " [(~1)q D -g), ifa=b
— (Do—n (@Dn-a (1ot g~ G otherwise.

We may use the two identities (3.17) and (3.18) to transform (3.6) into (3.14) as follows.
First, if n,11 = n;—1 then the sum in (3.6) vanishes, so we may assume 7,41 > #;—1. The

sum over #; is

ne41 (_l)ntq(n;)—nt,ﬂ’lt(l _ qnt*”tfl)

’

(q)nH_l—}’lz (q)}’ll—}’lz_l

ng=ng—1

and the second part of identity (3.18) then enables us to evaluate this sum, giving

t—n—1 * .
—q C”<T(2,2t+1)’ q)
- 3 (— 1)1+ X m = Yy mimi = Y0
n+1>ngp 1> =N 2 >N 1 >N 1 202> =11 20
qi(ntz_l)
X .
(q)n—o—l—nzt,] T (Q)nHz—nHl (Q)ntq—nt,z s (q)nz—m (q)nl

(3.19)

We then set n,41 = ny—1 + k1, with k1 > 1. The sum over n;_; is

nya—ky (—1)m-1 q("tz’l) —ng—png—1+2kine—1

’

(q)nt+27k17n[71 (q)ntq —H_o

ne_1=Hg—2
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and (3.17) allows us to evaluate this sum, resulting in

t—n—1 * .
¢ Co(The1159)
t—1 2 t—3 t—2
— 2 (—1)”‘*2q2i:2 M= D imt M =)o M
n+1>nop—1> 200>tk >np—p>-->n1>0

(612/“ Yneyo—ni_o—ki q e

(q)nz+2_nt—2_k1 (Q)n+1—n2L,1 o (q)”t+3—ﬂt+2 (Q)nzfz—nz% e (q)ﬂz—nl(@nl .

We continue in the same manner, next setting n;15 = n;_p + ko, with ky > k;, and we
may then take the sum over n;_» using (3.17). Iterating this process (taking the sum over
ny—g after setting ny4 4 = ni—q + kg), we arrive at (3.14). The expression in Equation (3.15)
follows from the fact that

{”} = %. (3.20)

k (q)n—k
q
O
We are now prepared to prove the duality in Theorem 1.2.
Proof of Theorem 1.2. Comparing Equations (3.14) and (1.10), we see that
o0
U(x:q) = Z Cn<T(*2,2t+1);q> (—xq@n (_x_l q)n . (3.21)

n=0

Therefore, by (2.8), U:(x;q) gives the colored Jones polynomial for T(*Z,Zt +1) when

x=q",
IN (T(*z,zm);q) = U(~q"34q). (3.22)

Combining (3.22) with (3.3) and (1.5) gives the statement of the theorem. O

Hecke-type formulae
In this section, we prove Theorem 1.3 as well as a simpler formula when ¢ = 1.

Proof of Theorem 1.3. In Equations (2.5) and (2.6), weleta = 1, b = 1/c = x and apply
), and B, = —q" 7" C,—1 from the proof of Proposition 3.1. Recalling (3.21), we obtain

( 1)kg(t+n 2 (t+3)k2— (t——)k(l —

_,t

@% e 1 —xq") 1 = q"/%)
T @D oo (@)W e (= DUV ()R ()
B @% 2 Z 1 — xq"

n>1k=—n

— (oo (@/F)o0 o (DD gk
M 3PS *(1— /)

n>1k=—n

_ —4 " 6Do(@/%)o0 3 ni (1) gD (e (- )k
@3 ==,

_ —q " (%) 00 (q/%) 0 ! (—1)kq(t+1)"2—(t+%)k2—(t_%)k
@% 2. )

n<l k=n

1 —xq"

1—xq"
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Lettingn = (r + s+ 1)/2 and k = (r — s — 1)/2 in each of the two final sums leads
to the expression in (1.12). The expression in (1.13) follows upon expanding the term
1/ (1 — xg"*st1/2) in (1.12) as a geometric series. O

When ¢ = 1, we have the following Hecke-type double sum.

Theorem 4.1.

1
(1 _ x) Ul(_x; q) — W Z _ Z (_1)n+rx—rqn(3n+5)/2+2nr+r(r+3)/2' (4'1)
o0

rn>0 rn<0

Proof. To see this, we use the Bailey pair relative to g (Lemma 6 of [3]),
ay = (_x)fnq(n-é—l) (1 _ x2n+l)

and
@ nt1(q/X)n
By = A/
(q )Zn
together with the fact that if (o, 8,) is a Bailey pair relative to a, then by Corollary 1.3 of
[22] we have

1
Z(ﬂQ)annﬂn - Z (_a)nq3}’l(}’l+1)/2+(2n+l)r'ar. (42)
n>0 (q)oo r,n>0
This gives
1 _
Z(x)”+1 (q/x)nqn - Z (_1)n+rx rqn(3n+5)/2+2nr+r(r+3)/2 (1 _ x2r+1) . (4.3)
n>0 (q)oo r,n>0

Using (1 — X2 +1) to split the right-hand side into two sums and then replacing (r, n) by

(=7 — 1, —n — 1) in the second sum yields the result. O

The vector-valued case
The first author [15] introduced and studied the modular properties of a family of g-series
Ft(m) (q), defined for 1 < m < t by

ad 2 2 =l ki1 +6
j+1 jm—1
@) =q Y. (@rqt ettt T [ L S } : (5.1)
> k;
k1,...,ke=0 i=1 q
The case m = 1 corresponds to (1.8), Fi(q) = Ft(l)(q).
He showed [15] that at the N-th root of unity we have
gy Ctr1-2m? ) 4Q2t+DN ) K2 k
8(2t+1) m _ m 8(2t+1)
In F"(n) = Qe+ DN kz_; Xsrra (k) &0 By (W) ,
(5.2)

where the Bernoulli polynomial is By (x) = x? — x + %, and the periodic function is

1, when k = +£(2t +1—2m) mod 8¢ + 4,
Xarly(k) == { —1, whenk = £(2t +1+2m) mod 8¢+ 4, (5.3)
0, otherwise.

Page 9 of 15
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This is a limiting value of the Eichler integral of a vector-valued modular form @gm) (7)
with weight 1/2,

(D(m) (1) = Z X8t+4(n) q8(2t+l)n
n=0 (54)

Qt+1-2m)2
_ m  2t+1—m  2t+1, 2t+1
=q 3250 (¢",q Y G sk

oo’

where as usual ¢ = €*™1" and (4,0, -+ ;@)oo = (@)oo(b)oo - - - . Note that these g-series
appeared in the Andrews-Gordon identities [1], the £ = 2 case of which corresponds to

the Rogers-Ramanujan identities. The quantum modularity of Ft(m) (g) is given by

¢(Wl)(z) + 1 Z 2 (_1)t+1+m+m/ sin (2}’}’1}’}’1/ 7T> ¢(Wl,) (—I/Z)
t (i) o2 V2F1 w17 )" 5
«/(2t+ Di /m <1>"”>(w)
T
(2t+1 2m
where z € Q and ¢>t(m)(t) =q —t+ F(m) (g). See [15] for details.

In this section, we define g-series L[t(m) (g) so that Ft(m) (CN ) = L[t(m)(—l; In) (see

Theorem 5.5) and we find the Hecke-type formulae for L[t(m) (9) (see Theorem 5.6). We
begin by defining an analogue of the colored Jones polynomial,

(1 qzv) ](””)(q) = (=N q7t+%+2t—2+11v2 Af (=1 qfﬁk(kﬂwmk. (5.6)
k=—N
When m = 1, this coincides with the colored Jones polynomial ]I(\f’l) (@ =
]N< (22t+1)’q>
Proposition 5.1.
(tm)(é. ) = (m)<§N ) (5.7)

Proof. The function ]](\f’m) (g) is also written by use of the periodic function (5.3) as

2t+1 2 2@HDN K2 —(2t41—2m)2
(1= g¥) N7 (@) = (~DN g NN N g e
k=1
At g — ¢y, we have
i Qt+1-2m)2 2(2t+1)N
{N 82D ](tm)G )= — 111’? 1 N Z Xé;’f4(k)q 8(2t+1)
v 1 —
1 22t+1)N e
-_ - Z K2 Xé:n) k) ¢ 8(2‘t+1)'
+4 N
8Q2t+ 1N  —

Using (5.3), the sum ZZWH)N may be replaced with Zifggﬁlw Then the right-

hand side is written as
4(2t+HN (L=202t+1DN)?

Z € —-202t+ 1)N)2 Xéﬁz}(z — 202t + 1N) §N_ 3(2+1)
£=0

1
C16(2¢t + )N
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Since X8t+4(k 22t + 1)) = )(8H_4(k), we obtain

(o Qut1-2m)? ) 4@+ DN - _ & k
SQE+]) m — (2t + 1IN m K 5eAD g
In N @) = e+ 1) ; Xsr2a (k) Oy 2\ 2o N
(5.8)
Recalling (5.2), the statement follows. O

Next, we study a cyclotomic expansion for J g,m) (@),

N @)=Y (@) (@) (- (5.9)
n=0

Equation (2.11) shows that we have

n -1

c m)(q) Z 1 q(r+1)z2—£ a- q2z) Z (_1)kq—2‘—;1k(k+1)+mk'
o (@D n—e(Dn+e )

(5.10)

1
We note that Cf,t )(q) (T(2 2+1) q)
The next two propositions are generalizations of Propositions 3.1 and 3.2, respectively.

Proposition 5.2. We have

tt LA E) > 1"l"l+1_25;;n71"f(_1)”t(l_qnt—X(t>m)"t—m)
(q)n—n2t71 e (q)nz—}’ll (Q)nl '

t (t,m) __
"G = >

n>ng—1>-+->n1>0

(5.11)

Proof. In light of Equation (5.10) and the definition of a Bailey pair (2.1), we need to find
B,, such that

n—1

t+1)n%—n (1 . an) Z (_1)kq—(2t+1)k2/2—(2t—(2m—1))l</2. (5.12)

k=—n

/
@, =4q

The proof of this Bailey pair is exactly as in the proof of Proposition 3.1 but with £ =
t —minstead of £t — 1. O

Proposition 5.3. We have

1 <q1—a+z?:1(2kf+x<m>i))>
_ 2 Kar1—kq
C}gt’WI) (@) = qn+1 ‘ Z 1_[ qk,, Q) = (5.13)
n+l=k;=ki—1>-->k;>0a=1 Dkar1—ka
kn>1

i
t—1 . ,
_ o | kiv1—ki—i+ (2kj+x(m >]))
=gt > g~ ; . (5.14)
n+1:ktz]l<<;_2112---zk130 i=1 ki+1 _ ki
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Proof. The proof is similar to that of Proposition 3.2. We begin by treating the sum over
n¢, which is

Ayl (_l)ntq("{)fm_m[(l _ qnz—x(t>m)nt,m)

2

ng=nt—1

5.15
(q)erl —ng (q)i’l[*”t—l ( )

Assuming for the moment that n;; > 7,1, the second part of identity (3.18) enables
us to evaluate this sum, giving

_ qt—n—l C,St’m) (q)
- Z (1)1 g X md =Xt mimia =Y
n+1=np 1> 202 >N 1 >N 12 Mg 2> 21120
P

X .
(q)n+1—n2z,1 ce (Q)nHz—ntH (q)nt,l—m,z ce (Q)nz—nl (q)m

(5.16)

The rest of the proof is the same as the proof of Proposition 3.2. The only difference
between Equations (3.19) and (5.16) is that the latter contains the term g~ =" instead
of the term g~ i i which results in (5.13) instead of (3.14).

Now, suppose that n;+1 = n;—1. The sum (5.15) on #; is trivial and reduces to

(_l)ntflq—(nt}lﬂ) (1 _ qntfl_)((t>m)nt—m) . (5.17)
This corresponds to k1 = 0, and the sum on #;_; is then

ne+2 (—1)n-1 q(ntzfl)—mfznz—l (1 — g1 X (t>m)nt7m)

(5.18)
(q>nt+2—m,1 (Q)m,l —HNt—2

Hg—1=Hnt-2

If ny_o = ngyo then we collapse the sum again and obtain k> = 0, continuing in this way
until ny4, > n;—,, and then applying (3.17) and arguing as usual. Note that if nyy,, = 1y
then the sum vanishes, so we have k;,, > 1. O

C}E]t,m)

Using the expression for (g), we are now prepared to generalize Definition 1.1.

Definition 5.4. The generalized U-function L[t(m) (x; q) is defined by

oo
U™ @ q) =Y C™ (@) (—x @) (—6 ' q)n (5.19)
n=0
=g Y (—x@k (—x ' Pr14"
ktZ]'{"zkIZO
m>1

i
-1 ) .
kiv1—ki—i+ E (2k; + x (m > )))
k.2 i+1 i \j
x l_[q ' =1
= ki1 — ki

By construction, th(m) (—1;¢) is dual to Ft(m) (g) as follows.
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Theorem 5.5.

F" (o) = U™ 1w, (5.20)

Proof. We have ](t " (g) = L[t(m) (—¢N; q) from (5.9); thus, we get

JE ey = U™ (=15¢n). (5.21)
With the help of (5.7), we get (5.20). O

We end this section with the Hecke-type formula for L[t(m) (x; g). These follow just as
those for U;(x; q) in Theorem 1.3, using the Bailey pair in Proposition 5.2 in place of the
Bailey pair in Proposition 3.1.

Theorem 5.6.

U (xyq) = —q 53+ Wﬁ# (5.22)

r—s—1 1.2, 443 1.2, 1+m+t 1-m+t
q8r+4rs+ss+ 5 rt——m s

(=1)
x Z - Z rtstl
7,5>0 r,s<0 1—xq
r#s (mod 2) r#s (mod 2)

= —q7%7%+% M
@%

(5.23)

« Z I Z (_l)r—; L q8 r2+wrs+ s24 1+r2n+z' +1—r£l+ta+”r+§+l'
r,s,u>0 r,s,u<0
r#s (mod2) r#s (mod 2)

Concluding remarks

In this paper, we have studied a family of quantum modular forms U;(—1;¢) based on
the colored Jones polynomial for the torus knot T2 941). We have extended the duality
between Uj(—1;9) and Fi(q) to general ¢ and determined a Hecke-type expansion for
U (x; q). We have further generalized these results to the vector-valued setting.

We close with two remarks.

First, in [4,9] the modular transformation formula was given for U;(—1; g) for a generic
g, based on an expression for Uj(x;q) in terms of the Appell-Lerch series in [4]. The
expression in terms of the Appell-Lerch series also shows that U; (x; ¢) is a mixed mock-
modular form for generic roots of unity ¥ # —1 and a mock theta function when x = +i.
Similar results may hold in the general case, and it is to be hoped that the Hecke series
expansions established in this paper will turn out to be useful for determining modular
transformation formulae for Ut(m) (x; q) for a generic g and for x a root of unity. For now,
we only know that by Theorem 5.5, th(m) (—1; g) fulfills (5.5) when g is a root of unity.

Second, both U (x;9) and Fi(q) are interesting combinatorial generating functions.
The two-variable function Uj(x;q) can be interpreted in terms of strongly unimodal
sequences and their ranks [7,9], while F; (1 — g) is the generating function for certain lin-
earized chord diagrams [29] (as well as a number of other objects - see A022493 of [28] for
an overview with references.) Moreover, there are many nice congruences for the coeffi-
cients of F1(1 — ¢) [5] and U;1(1;¢9) [9]. The generalized th(m) (x;9) and Ft(m)(l — q) may
have interesting combinatorial interpretations and congruence properties as well.
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Appendix
A Examples:t =2and3
Here, we record the set of generalized Kontsevich-Zagier series Ft(m) (¢) and generalized
U-functions Ut(m) (x;q) for t = 2 and 3.
When t = 2, the set of generalized Kontsevich-Zagier series is

EV@ =Y (@ny_ g m : (A1)
n=0 k=0 q

@ =Y @1y d° [:} : (A2)
n=1 k=0 q

The dual U-functions, satisfying Fz(m) ({N_l) = L[;m) (—1; Zn), are given by

W 00 n+1 ) n+k
U ) =Y (—xq)n (—x'q), "> 4" [ }
n=0 ! k=1 k=1 q (A3)
=1+4q+ (x+2+x") g + (2643427 ) > + (Bx+6+3x" ") g" + - -
00 n+1
k+1
UP ) =3 (—an (—xq), @ Y | T
2 y; n ( )n k2=(3) 2k . (A4)

=q '+ 2+ (xr2+x ) g+ (20+4+2071) ¢ + (4 +6+40 ) ¢+

When t = 3, the set of generalized Kontsevich-Zagier series is

FY (q) —q32(q) qu(k“{ ] DN [k} : (A.5)
n=0 q

q j=0 /

00 n+1 k
F(2>(q) _qsz(q) qu(k 1)[ n } Zq/ [ } (A.6)
q

n=0 q j=0

o0 n k
F (g) =q32<q>n_12qk2[ } >d H (A7)
n=1 k=0 q

q =0

The dual I/-functions, satisfying Fém) ({N_l) = L[B('m) (—1; Zn), are given by

00 n+1 k .
_ _ 2 | n+k—1 2 | n+-k+2j—1
ULPg) = (—xq)y (—x '), 4" 2 ¢ [ et } g [ " +2].’_ ) ] (A8)
n=0 k=1 q

q /=1
= 1+q+(x+2+a7") P+ (20 +4+207 1) P+ (4474 47 ) g+ -

> n+k ko n+k—|—2'-
UP@wq) =Y (—xq) (—x7'q), 4" Zqu[ > q" okt 2 ’1 (A.9)
n=0 qJj=0 T -q

k=1

=q 2+ (x+3+x7") q+(3x+5+3x*1) 7+ (5x+104+5x71) g+ - -

o0 k ]
+k 2 | ntk+2j+1
UPq) = > (~xqu (—'q), 4" ZZz/ [" k] > q [" et | &0
n=0 + ] dq

qJ=0

=g 2 4+2q - (x+3 47" )+(2x+5+2x_1) g+ (5x+845x71) g2+ - --
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