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An approximate travel time calculation i

and a robust GNSS-acoustic positioning method
using an MCMC technique
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Abstract

It is important to consider horizontal heterogeneity in an underwater sound speed structure to accurately estimate
positions of GNSS-acoustic sites. Although large amounts of moving survey data (a sea-surface platform moves
around when acoustic signals are transmitted) are required to accurately detect a sloping sound speed structure,

the actual observational data do not necessarily include sufficient moving survey data due to sea conditions or
observational time. To treat these insufficient data, it was assumed that a shallow sound speed gradient was con-
tinuously present up to a fixed water depth (gradient depth). However, the validity of this assumption has not been
investigated, and the gradient depth has not been optimized. In this study, we developed a new GNSS-acoustic array
positioning method that optimizes the gradient depth using an MCMC technique. To employ this technique, we also
developed an approximate technique for rapidly calculating travel time, because the conventional travel time calcula-
tion requires high computational cost for integration into the MCMC technique. We assessed the performance of the
approximate travel time calculation technique and demonstrated its sufficient accuracy and precision for estimating
array positions. Then, we applied the new GNSS-acoustic array positioning method to the actual observational data
collected by the Japan Coast Guard and Tohoku University. Using enough amounts of the moving survey data, our
method demonstrated the results comparable with the conventional GNSS-acoustic positioning method estimating
a sloping sound speed structure; thus, the assumption of the sound speed gradient with the fixed water depth was
valid. Moreover, due to the physical restriction of this assumption, our method provided robust solutions even when
the observational data contained small quantities of moving survey data with a simple sea-surface track. Although
our method still cannot be used in the scenario, where no moving survey data are available, it can work robustly com-
pared with the conventional methods.
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Introduction

Over the last 10 years, seafloor geodetic observa-
tional techniques, particularly the GNSS-acoustic
(GNSS-A) technique, have provided important geo-
physical results and have been technically improved.
The GNSS-A observational technique was contrived
by Spiess (1985): a set of several (generally 3-6) sea-
floor transponders composes one GNSS-A site as a
transponder array. GNSS-A positioning can be per-
formed as a combination of GNSS positioning at a
sea-surface platform and acoustic ranging between the
sea-surface platform and seafloor transponders; sea-
floor displacement can be obtained as displacement of
the transponder array, assuming that all seafloor tran-
sponders at each site move as a rigid body (referred
to as the array positioning method). A basic GNSS-A

positioning method was established around 2000,
and it has shown geophysical observational results
related to fault slips (e.g., coseismic slips and inter-
plate coupling) in subduction zones (Spiess et al. 1998;
Fujita et al. 2006; Kido et al. 2006; Ikuta et al. 2008).
The importance of seafloor geodetic observations has
been widely recognized since the occurrence of the
2011 Tohoku—Oki earthquake. The GNSS-A observa-
tions detected high coseismic displacements of over
30 m in the 2011 Tohoku-Oki earthquake (Kido et al.
2011; Sato et al. 2011), suggesting that a large coseis-
mic fault slip of over 50 m reached the trench (linuma
et al. 2012). After the 2011 Tohoku—-Oki earthquake,
GNSS-A observational networks around Japan were
reinforced and provided a broad postseismic deforma-
tion pattern in the Tohoku region (Tomita et al. 2017;
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Watanabe et al. 2021) and a spatial heterogeneity pat-
tern of the interplate coupling in the Nankai region
(Yokota et al. 2016). Recently, the GNSS-A position-
ing method has been improved by considering spatial
heterogeneities in underwater sound-speed structures
(Yasuda et al. 2017; Yokota et al. 2018a; Honsho et al.
2019; Watanabe et al. 2020). This accurate position-
ing method has enabled the discussion of various geo-
physical phenomena, such as slow-slip events, in detail
(Honsho et al. 2019; Yokota and Ishikawa 2020).

The GNSS-A positioning methods have been per-
formed by a linearized least squares method, because
unknown parameters for seafloor transponder posi-
tions are non-linear. Most studies have used a clas-
sic iterative nonlinear least-squares (NLLS) method,
such as the Gauss—Newton method, for conventional
kinematic estimation (i.e., positioning for each acous-
tic ping, e.g., Spiess et al. 1998; Kido et al. 2006) and
simple static estimation (i.e., positioning using a batch
of acoustic pings, e.g., Honsho and Kido 2017). Mean-
while, some studies have introduced hyper-parameters
for constraining the temporal fluctuation of the sound
speed structure and optimized them using the Akaike
Bayesian Information criterions (ABIC) (Akaike 1980)
framework or trial-and-error (Ikuta et al. 2008; Watan-
abe et al. 2020). This approach is applicable under the
assumption that each unknown parameter follows a
Gaussian distribution, and it is difficult to consider the
influence of the uncertainty of the hyper-parameters
on the positioning errors.

Considering spatial sound speed heterogenei-
ties, the recent GNSS-A positioning methods often
assume a gradient structure of the sound speed. The
sound speed gradient structure may be expressed by
four parameters, which are often referred to as “shal-
low” and “deep” gradients, and each gradient has two
components in the East—West (EW) and North—South
(NS) directions (Yokota et al. 2018a; Honsho et al.
2019; Watanabe et al. 2020). Shallow gradients can
easily be found as biased travel time residuals follow-
ing the track of a sea-surface platform. The influence
of shallow gradients on the travel time is a trade-off
with temporal fluctuation of the sound speed as long
as a single sea-surface platform is used (Honsho et al.
2019); therefore, their influence on the positions is
not significant. However, the deep gradients cause
biases of up to dozens of centimeters in the position-
ing results. The number of acoustic pings with various
shot angles is critical for the estimation of the deep
gradients (Honsho et al. 2019). Ideally, the deep gradi-
ents can be estimated using a transponder array with
well-arranged over five transponders, even if a sea-
surface platform stays at a fixed point (point survey)

Page 3 of 22

(Kido 2007; Tomita et al. 2019). However, most GNSS-
A sites have only four transponders, and the estima-
tion of the deep gradients using only point survey data
is significantly affected by short-term and small-scale
perturbations of the sound speed structure (Matsui
et al. 2019). Therefore, it is important to use acoustic
data when a sea-surface platform moves around (mov-
ing survey) to estimate deep gradients. Meanwhile,
all GNSS-A campaign data do not necessarily include
enough moving survey data because of sea conditions
or observational objectives. Note that our previous
studies mainly conducted the point survey for parts
of the GNSS-A campaigns, because the point sur-
vey has numerically better positioning precision for
horizontal components than the moving survey (e.g.,
Tomita et al. 2015, 2017). To analyze these data, Hon-
sho et al. (2019) assumed that shallow sound speed
gradient is continuously and constantly present up
to a certain depth; in other words, the deep gradients
are proportional to the shallow gradients with a pro-
portional coefficient using a certain depth (hereafter
referred to as the gradient depth). A similar approach
was adopted by Yasuda et al. (2017) and Kinugasa
et al. (2020). Although the gradient depth was fixed at
approximately 500-1000 m in these studies, this value
was not optimized according to the data. The gradient
depth should be appropriately set, because this value
functions as a type of hyper-parameter. However, since
the gradient depth has a numerical limit (from zero to
seafloor depth), this makes the optimization of gradi-
ent depth with a simple least squares method difficult.

In this study, we implement a Markov Chain Monte
Carlo (MCMC) technique in the GNSS-A array posi-
tioning method (hereafter referred to as the MCMC-
based array positioning method). The MCMC
technique can flexibly provide posterior probability
distributions of the unknown parameters without the
Gaussian distribution assumption and can also esti-
mate the uncertainties of hyper-parameters, simi-
lar to the other unknown parameters. Moreover, the
MCMC technique easily provides the numerical lim-
its of unknown parameters. These characteristics are
expected to work well for the array positioning method
including the gradient depth parameter. However, the
MCMC-based array positioning method has a critical
problem in terms of its computational cost. In GNSS-A
positioning, we must perform travel time calculations
for each acoustic ping. Because a travel time calcu-
lation technique requires an iterative acoustic ray-
tracing technique with numbers of the sound speed
layers, the computational cost of the MCMC technique
is quite high. Thus, in this study, we developed a fast
approximate travel time calculation technique and
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implemented it in the MCMC-based array position-
ing method. We then applied the new method to actual
observational data.

Method: approximate travel time calculation

In this section, we first introduce a conventional travel
time calculation method as a reference for the approxi-
mate travel time calculation in “Introduction of exact
travel time calculation” section. We then introduce two
types of approximate travel time calculation methods
in “Approximate travel time calculation” section. Their
performance and parameter tuning are investigated in
“Parameter optimization of the approximate travel time
calculation” section.

Introduction of exact travel time calculation

In this section, we introduce a conventional travel time cal-
culation method using the shooting method in a horizon-
tally stratified sound-speed structure. This method considers
Snell’s law in a spherical frame. In this method, we approxi-
mate the Earth’s shape around an observational site using a
spherical Earth model with a local radius. This local Earth
radius must naturally consider the acoustic ray azimuth
angle of each acoustic ping to express the curvature of the
ellipsoidal Earth (Chadwell and Sweeney 2010), and con-
tributions of the azimuth angles require complex functions
to our approximation approach. Meanwhile, Chadwell and
Sweeney (2010) reported that approximate ellipsoidal Earth
radii (such as local mean radius and Gaussian mean radius)
generally provided ranging accuracy of<1 mm for a few kil-
ometers of the horizontal distance between the sea-surface
and seafloor points without considering the azimuth angle
contributions. Thus, we adopted the Gaussian mean radius
as the local Earth radius for simplicity. The Gaussian mean
radius is expressed as

RG(9) = V Rin($)Ru(9) (1)

with

R (p) = Ry (¢) =

a(l - ez) a
. /(1 _ ezsinqu)g, V1 — e2sin¢
()
where 4, e, and ¢ are the semi-major axis, eccentricity of
the ellipsoidal earth, and latitude, respectively.

We then formulated the travel time along path A-B, as
shown in Fig. 1. The sound speed structure was given as
N layers, and the sound speed and radius of the nth layer
are denoted as v, and ry, respectively. Point A was located
on the sea surface, whereas point B was located on the
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Fig. 1 Conceptional image of the acoustic path in this study. A
horizontally stratified sound speed structure was assumed. Meanings
of the characters are shown in the main text

seafloor with an angular distance of A from point A. From
Snell’s law, we can obtain the ray parameter p as follows:

ro
p= @smé(r) (3)

where v(r) and £(r) indicate the sound speed and ray
angle at the radius of r. The ray parameter is preserved
throughout the layers. The angular distance and travel
time along path A-B can be calculated as follows:

. N

sin n-1 tan
da) = [ FEa=3 [ @

. =1’ ™
N

1 me ]
T = —_ =
) = [ S ) / e )

where d! is the infinitesimal distance along path A-B;
then, dlcosé = dr. Using Eq. 3 and considering v, as con-
stant in the corresponding layer, Eqs. 4 and 5 were rewrit-
ten using integral formulas as follows:
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Ry q Sh
Tt ~ / dr + (10)

R V(1) v(Rp)

where R, is defined as Ry = Rg(¢) + ha. Thus, once
we calculated the first term on the right-hand side of
Eq. (10), the approximate Tyt could be easily calculated.

T (p) ZA[: 1 /rn—l r d ﬁ[: \/<rn1
= _— —_—ry =
cal ~ Vi) 1, /y2 — V}%pZ Vi

n=1

2 2
) ore) )

Since the positions of A and B were given, the angular
distance could be obtained as follows:

N

A=
R (¢)

where /53 is the geodetic distance between A and B and is
calculated as the horizontal distance in a local Cartesian
coordinate by the transverse Mercator method. Thus, we
could estimate the appropriate p using an iterative non-
linear least-squares method that minimizes A — A,
Note that we assigned the initial value of p using Eq. 3
with the sound speed at the uppermost underwater layer,
and then performed the Gauss—Newton method as the
nonlinear least squares method. Using the appropriate
p estimated by the nonlinear least squares method, we
could obtain the precisely calculated travel time (hereaf-
ter referred to as Texact) using Eq. 7.

(8)

Approximate travel time calculation

Next, we developed a method to obtain an approximate
travel time, Tappy, reproducing TExact. First, we intro-
duced “rough” travel time, Tsphere, in the spherical coor-
dinates without considering Snell’s law. Denoting travel
time in the vertical path (A, B in Fig. 1) as Tyert, it was
calculated as follows:

Ra 1
Tvert = ——dr (9)

Rp V(r)

where R and Rp are the Earth’s radii at points A (sea sur-
face) and B (seafloor), respectively. Assuming the ellipsoi-
dal heights at points A and B to be 2 and /g, respectively,
Rp = Rg(¢p) + hp and Rp = Rg(¢p) + hp are obtained,
respectively. Since /1, fluctuated from a certain height /15
due to sea waves during an observational survey in the
actual data, Tyert should be calculated for each acoustic
ping in nature. However, integral calculation required
significant calculation costs. Thus, we approximately cal-
culate Tyert using 7 which is defined as 64 = hp — Ha:

Then, travel time in the spherical coordinates could be
calculated as follows:

Tyert lSphere
T = = _OPere
Sphere Cos‘é;:Sphere vert ha — hp (11)
with
lSphere = \/Ri + R% — 2RARpcosA (12)

As shown above, Tsphere could be obtained by the sim-
ple calculation.

Then, we estimate the correction terms for Tsphere
to obtain the approximate travel time Tap,,. When the
correction terms are expressed as a function f, Tapp; is
defined as

Tappr = T'sphere +f ~ TExact- (13)

As shown in “Parameter optimization of the approxi-
mate travel time calculation” section, the correction
terms can be obtained as polynomial functions of A and
8h. We investigated two models of the correction terms:
one includes I/th degrees of A (Model-1: fi), and the
other includes Ith degrees of A and 84 (Model-2: f) as in

I
fi=> a (14)
i=0
1 ) 1 )
= ZaiA‘ + Z biA'sh. (15)
i=0 i=0

By assigning various values to I, we investigated the
best pattern for the correction terms. Once the best pat-
tern of the correction terms was determined, we could
estimate the correction coefficients (a;, b;) for each sea-
floor transponder through a numerical test in advance as
follows: (1) numbers of the synthetic observational points
with various A and 8/ were prepared; (2) Texact and Tappy
for each seafloor transponder were calculated using the
synthetic points; (3) the correction coefficients for each
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Fig. 2 Travel-times of the simulation data. a Simulated exact travel times. b Travel-time residuals that rough spherical travel times are subtracted

seafloor transponder were estimated by a simple least
square method using TExact — TAppr as a data vector. After
this optimization, we could calculate Tzpp, that precisely
reproduced TExact for a given A and 84 using Egs. 13-15
and the optimized correction coefficients. Although this
method initially required calculation costs to optimize
the correction coefficients, it could quickly calculate the
approximate travel time after the initial optimization.

Parameter optimization of the approximate travel time
calculation

Here, we investigate the optimal correction terms for
the approximate travel time (Egs. 13-15) and the per-
formance of the approximate travel time calculation.
Figure 2 shows the exact (TExact) and rough (T'sphere)
spherical travel times in a numerical simulation. We
assumed a transponder with a depth of 3000 m and a
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Fig. 3 Travel-time residuals for various travel-time approximation models. Red dots show travel time residuals for Model-1 (without height
correction terms), and blue dots show those for Model-2 (with height correction terms). Each panel shows the travel time residuals for the two
models with fth degrees of polynomial functions.a/=1,b/=2,c/=3,d/=4,e/=5f/=6,g/=7,h/=8

horizontal position of zero (i.e, X =0 m, & = —3000
m). Then, we calculated the exact and rough spherical
travel times for the transponder from 10,000 sea-surface
points randomly provided from a horizontal range of
Om < X < 10000 m and a height of —=5m <% <0m.
The height range imitates shaking of a sea-surface plat-
form. A schematic of the numerical simulation is shown

in Additional file 1: Fig. S2. A sound speed profile at the
G10 site (143.483°E, 38.302°N, depth of 3271 m) pro-
duced from the average temperature and salinity mod-
els of WOA2018 (World Ocean Atlas 2018; Locarnini
et al. 2018; Zweng et al. 2018) was used for the travel
time calculation. The residuals of the travel times
(TExact — T'sphere) significantly increased depending on
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the angular distance A, as shown in Fig. 2b. Considering
this feature, we modeled the residuals using the polyno-
mial functions of A as shown in Eqgs. 13 and 14. The red
dots in Fig. 3 denote the residuals using the I th degrees of
polynomial functions (Model-1: Texact — Tsphere — f1(1))-
The polynomial functions of A largely reduced the
residuals; however, systematic residuals up to 0.2 cm
remained even using higher degrees, such as in Fig. 3h,
assuming / = 9. As indicated by the blue dots in Fig. 3,
these systematic residuals can be reduced by the height
correction terms using 84 shown in Eq. (15) (Model-2:
Texact — Tsphere — f2(I)). The RMS (root mean square) in
Model-2 was approximately 0.01 mm, which was enough
precision for the GNSS-A positioning.

We performed the same numerical simulations assum-
ing different depths. Additional file 1: Table S1 summa-
rizes the polynomial approximation results at depths
of 1500 m, 3000 m, and 5000 m. In all cases, the RMS
was approximately 0.01 mm in Model-2 with 8d poly-
nomial functions. The Bayesian information criterion
(BIC) (Schwarz 1978) did not necessarily show a mini-
mum value in Model-2 with the 8d polynomial function,
suggesting larger degrees. However, the precision was
enough high; we employed Model-2 with 8d polynomial
functions as the optimal model. To attain much higher
ranging accuracy and precision, we need to consider
the azimuth contribution to the travel time (discussed
in “Introduction of exact travel time calculation” sec-
tion) and to include its component to the approximation
function f, shown in Egs. 13-15. However, since the cur-
rently required accuracy is considered to be below 1 mm,
because the other GNSS-A observational errors are fur-
ther evident (e.g., GNSS positioning errors, sound speed
structure bias, and bias of relative distance between a
GNSS antenna and a sea-surface transducer), the perfor-
mance of our current technique has enough accuracy and
precision.

Moreover, to confirm the stability of Model-2 with 8d
polynomial functions, we additionally calculated the
approximate travel times for another set of randomly
generated 10,000 sea-surface points using the coefficients
for the 8d polynomial functions pre-determined above;
then, we compared the approximate travel times with the
exact travel times. This investigation was performed for
the above three types of the depth (1500, 3000, 5000 m).
As a result, the RMSs are almost same with those shown
in Additional file 1: Table S1. Thus, our optimal approach
(Model-2 with the 8d polynomial functions) can be stably
performed without overfitting.

The practical procedure to obtain the approximate
travel time T'ap,, was as follows: (1) calculate i by aver-
aging the height component of the time-series of the
sea surface transducer position; (2) generate numerical
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simulation data for each seafloor transponder, simi-
lar to the above numerical simulation in Fig. 2 (note
that sea-surface points are generated from a horizon-
tal range roughly within the water depth and a height
range of +2.5 m from 1,); (3) estimate coefficients of the
8d polynomial function in Model-2 using a linear least-
square method, (4) calculate the approximate travel time
for the given actual sea-surface transducer position data
using Eqs. 13 and 15 with the determined coefficients; (5)
finally, once the coefficients for the polynomial functions
are determined, calculate the approximate travel time
for the given actual sea-surface transducer position data.
Because /1, is different among the observational cruises,
the coefficients must be recalculated for each cruise and
for each site.

Next, we investigated the performance of the approxi-
mate travel time by applying it to the actual observational
data. The observational data were collected at the G10
site (water depth of ~3270 m) on November 4, 2016. The
sea-surface vessel’s track and initial sound speed profile
are shown in Additional file 1: Fig. S3. Using these data,
we performed a conventional GNSS-A array position-
ing by an NLLS method assuming a horizontally strati-
fied sound speed structure in three types of travel time
calculation methods: exact travel time, approximate
travel time of Model-1 with the 4d polynomial func-
tion, and the approximate travel time of Model-2 with
the 8d polynomial function. Details of the conventional
GNSS-A array positioning method are introduced in
“Introduction of the conventional NLLS-based GNSS-
A positioning methods” section. The approximate travel
time of Model-1 with the 4d polynomial function was
only used for comparison, which is the simplest model
among the investigated models with practical rang-
ing precision (<0.1 cm), as shown in Additional file 1:
Table S1. The estimation results are summarized in
Additional file 1: Table S2. The estimated position using
the approximate travel time of Model-2 demonstrated
almost the same values as those using the exact travel
time. The difference between them was within approxi-
mately 0.01 mm. Therefore, our new travel time calcula-
tion method could be used for actual observational data
with sufficient accuracy. The estimated position using the
approximate travel time of Model-1 with the 4d polyno-
mial function demonstrated about approximately 0.2 mm
in difference in the height component. Although Model-1
with the 4d polynomial function was useful for practical
use, we adopted Model-2 as the optimal model, because
it demonstrated superior precision.

Finally, we confirmed the computational cost of the
approximate travel time calculation technique. The
computational costs vary depending on number of lay-
ers in the initial sound speed profile especially by the
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conventional calculation technique (Exact travel-time
calculation technique in “Introduction of exact travel
time calculation” section). Here, we measured the com-
putational times for our new technique and for the con-
ventional technique using the above actual observational
data at G10 on November 4, 2016. The initial sound
speed profile for this site has 658 layers (5 m width for
each layer). As a result, our new technique successfully
reduced the computation time to 270 times less than the
conventional technique. Note that this comparison did
not consider the initial configuration of the coefficients
for the polynomial functions. Because the initial con-
figuration can be generally conducted for a minute, this
initial configuration does not significantly affect for total
calculation cost when performing the MCMC process.

Method: MCMC-based GNSS-A positioning method
We first introduce conventional GNSS-A array positioning
methods using an NLLS technique assuming a horizontally
stratified sound speed structure and a horizontally slop-
ing sound speed structure in “Introduction of the conven-
tional NLLS-based GNSS-A positioning methods” section,
and we then present the MCMC-based array positioning
method in “MCMC-based GNSS-A positioning method”
section. The NLLS-based array positioning methods are
introduced to validate the proposed method.

Introduction of the conventional NLLS-based GNSS-A
positioning methods

Here, we introduce NLLS-based array positioning methods
before formulating an MCMC-based GNSS-A positioning
method. We first introduce an NLLS-based array position-
ing method assuming a horizontally stratified sound speed
structure, and then introduce the assumption of a horizon-
tally sloping sound speed structure.

Following Honsho and Kido (2017) and Tomita et al.
(2019), the observation equation for the horizontally strati-
fied sound speed structure for the nth shot to the kth sea-
floor transponder is expressed as follows:

1 obs __ 1 cal . .
M(fk,nk) Tk,nk = M(ék,nk) Tk,nk (Pk + 8p; u(tnk)’ VO) +Co (tnk)
(16)
with
1
M (&) = ot (17)
Mk

T,‘(’Eli is the observed round-trip travel time and T,f’ay}k is
the calculated round-trip travel time obtained in “Intro-
duction of exact travel time calculation” and “Approxi-
mate travel time calculation” sections. The initial position
of the kth seafloor transponder is denoted by py, ép
denotes the array displacement, u,, denotes the sea
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surface transducer position, and vy denotes the initial
sound speed profile in the vertical direction. M indicates
a normalizing factor which depends on the shot angles
&k, and corresponds to a mapping function in GNSS
positioning. The nadir total delay (NTD), which is indi-
cated by Cy (tnk ), expresses the temporal fluctuation of
the average sound speed at the time of the nth shot. Simi-
lar to Honsho and Kido (2017), we express the temporal
fluctuation of the NTD by the superposition of cubic
B-spline functions, ®. Thus, using / number of cubic
B-spline functions, Cy(¢) can be expressed as

]
Colt) = ¢®;(t)

j=1

(18)

where ¢; is a coefficient of the jth component of the cubic
B-spline function. Defining T,fanl using Eqs. 16-18 as

J
T, (p) + > 6P (1)

Trcal
Mom) PO = (g, o 0P 2
(19)
the cost function can be written as
K Ni 1 ~
Z Z L\/I(S{Tg’? - T,f,a,} (ép, c)}] — minimize,
k=1 ng=1 k’”)
(20)

where Nj and K indicate the total number of shots for
the kth transponder and total number of seafloor tran-
sponders, respectively. Because the calculation of T,f":}k is
nonlinear against §p, this estimation of the unknown
parameters is performed using the Gauss—Newton
method, which is one of the most popular NLLS meth-
ods, as in Honsho and Kido (2017). To obtain reasonable
solutions, / must have been optimized in advance.
Because the total number of cubic B-spline functions
expresses the roughness of temporal fluctuations of the
average sound speed, the roughness potentially has a
trade-off relationship with data misfits. Thus, we simply
optimized J using BIC. We assumed that the residuals in
Eq. 20 follow the Gaussian distribution and then calcu-
late the likelihood to obtain the BIC.

Following Honsho et al. (2019), the observation equa-
tion in the horizontally sloping sound speed structure for
the nth shot to the kth seafloor transponder is expressed
as

1 1
7T0bs :7Tcal T opult, ): v
M(gk,nk) ki M(Ek,nk) king (Pk p ( ”k) 0)

+ Co(tn) + 85t )0 (£,
+ gd(tnk)hk,nk

(21)
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with

hk,nk = (taHSk,nk singy , » tangk,nk COSP ) (22)

where gs and g4 indicate shallow and deep gradients,
respectively. These terms contain the EW and NS com-
ponents of the gradients, respectively. uh" indicates the
horizontal component of u, and ¢ is the azimuth of the
acoustic path. Here, we assumed that the gradients were
constant during the survey period (i.e., gs(¢) = gs and
84(t) = 84)- Moreover, as long as a single sea surface
platform is used, a trade-off relationship between the
contributions of shallow gradients and the temporal fluc-
tuation of NTD appears (Honsho et al. 2019). Therefore,
we simultaneously expressed the temporal fluctuation of
NTD and the contribution of the shallow gradients by the
superposition of the cubic B-spline functions as follows:

Page 10 of 22

g4 =

SIS

g . (26)
S
Considering Eqgs. 21 and 26, we could obtain the fol-
lowing observation equation:

1 obs 1 cal
= T, +8p; u(ty,); vo) + Colt
M(Ek,nk) kng M(%‘k,nk) kony (pk pP: ( nk) 0) 0(t)

D .
uher (tnk ) + Egshk,nk .

+ &

(27)

As indicated above, a trade-off relationship between
the contributions of the shallow gradient gsu"" and the
temporal fluctuation of NTD Cy(¢) appeared; thus, it was
difficult to directly estimate gs and ¢ when Cp(£) was mod-
eled by cubic B-spline functions (Eq. 18). To cope with this
issue, Honsho et al. (2019) modeled Cy(t) as a combina-
tion of polynomial functions and cubic B-spline functions,

J which express the long-term and short-term fluctuations of
C@) = ch@j(t) ~ Co(t) + gaul (o). (23)  NTD, respectively. They then introduced a hyper-param-
j=1 eter for suppressing the short-term fluctuation of NTD
Defining T,fal using Eqs. 21-23 as and optimized it using the ABIC framework (e.g., Yabuki
o :
1 - ~
M) T, (Gpe ) = ( s M) T, (0p) + Z 6®; (tn) + Bahi (24)

the cost function can be written as

kli’lkl

{T,?"ff T (sp,c, gd)}} — minimize.

(25)

Using the Gauss—Newton method, we could estimate

the array position, temporal fluctuation of NTD, and

deep gradients. The number of cubic B-spline functions

J was set to be the same value, which is determined by

the BIC of the inversion results, assuming a horizontally
stratified sound speed structure.

MCMC-based GNSS-A positioning method

Using the fast travel time calculation technique described
n “Approximate travel time calculation” section, we con-
struct an MCMC-based GNSS-A positioning method.
Following Honsho et al. (2019), we considered a case
in which the deep gradient could not be directly esti-
mated due to the data set quality (i.e., moving survey
data were insufficient to directly solve the deep gradient,
as described in “Introduction” section). In this case, we
assumed that a shallow gradient g5 was present up to the
gradient depth D. According to Honsho et al. (2019), this
model can provide the following relationship between
the shallow and deep gradients:

and Matsu’'ura 1992). This approach successfully extracted
the contributions of a shallow gradient. However, in this
method, it is necessary to introduce a large number of
cubic B-spline functions; then, the variation of their coef-
ficients is optimized by ABIC. In our method, number of
the cubic B-spline functions is optimally reduced by BIC
in advance as noted in “Introduction of the conventional
NLLS-based GNSS-A positioning methods” section. This
optimization is quite useful for fast computation through
the MCMC method. Hence, we cannot directly utilize the
approach of Honsho et al. (2019) to determine the shal-
low gradient. Here, we contrived a new approach similar to
Honsho et al. (2019). To avoid introducing a hyper-param-
eter that constrains the short-term fluctuations of NTD in
their approach, we propose the following two observation
equations:

1 obs cal
M(gk,nk) Tk'nk - M(E ) Tk M ép) + Z C/ t”’k + gshk ny
(28)
1 1 4
qobs _ = el 6p) + Z Yt

M(skv”k) ome M (Ekv”k) otk

m=0

- D.
+ gs‘-‘hor + Egshk,nk'
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Equation 28 models the temporal fluctuation of NTD
Co(t) and the contribution of the shallow gradient gsuhor as
cubic B-spline functions following Eq. 23, whereas Eq. 29
models the temporal fluctuation of NTD Cy(¢) as the long-
term fluctuation of NTD by a quartic polynomial function.
Therefore, Eq. 28 aims to solve the array displacement sim-
ilar to Egs. 24 and 25, and it treats §p and ¢ as unknown
parameters. On the other hand, Eq. 29 aims to extract the
contribution of the shallow gradient, and it treats gs and y
as the unknown parameters.

In the Bayesian approach, information on unknowns
is expressed using a probability density function (PDF).
According to Bayes’ theorem (Bayes 1763), when data vec-
tor d is given, a posterior PDF for the unknown parameter
vector x can be formulated as

p(dx)p(x)
p(d)

where p(d|x) indicates the likelihood for a given x, p(x)
is a priori PDF of x, and p(d) is a priori PDF of d. Since
p(d) indicates evidence and is independent of x, the pos-
terior PDF is propotional to p(d|x)p(x). In this study, we
employed the Metropolis—Hastings algorithm (Metropo-
lis 1953; Hastings 1970). This algorithm samples the pos-
terior PDF from iterative calculations and is one of the
most general algorithms for MCMC (Fukuda and John-
son 2008; Kubo et al. 2016). At each iteration step, we
produced a candidate unknown parameter vector x’ by
adding perturbations to the unknown parameter vector
of the previous step x. In this study, we generated a per-
turbation for each unknown parameter from a uniform
distribution with an individually constant step width. We
then calculated the acceptance probability o as follows:

p(x'|d)g(x|x’) o min |1 p(x'|d)
" p(xld)g(x'|x) " pxid) |
(31)

where g denotes a proposal PDF. Because the proposal
PDFs g (x|x’) and ¢(x'|x) are symmetric in this case, we
could calculate the acceptance probability using the ratio
of posterior PDFs. In our approach, we generated a ran-
dom value # from a uniform distribution with a range of
[0, 1] and then accept the candidate when o (x’ |x) > u.

In this study, we assumed a uniform distribution with
a range of [—00, 0o] for the priori PDF of each unknown
parameter except the gradient depth D. For the gradient
depth, we assumed a uniform distribution with a range
from O (sea-surface) to an observational site water depth.
Thus, when the candidate gradient depth falls within this
range, p(x) = 1; otherwise, p(x) = 0.

We calculated the likelihood p(d|x) by assuming that
the data misfits followed a Gaussian distribution. Here,

rx|d) = o p(dx)p(x) (30)

a(x'|x) = min l1
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the data, residual, and unknown vectors are given as d;,
r;, and x;, respectively. These vectors for Eq. 28 are pro-
vided as [ = 1, whereas those for Eq. 29 are provided as
| = 2. The residual vectors were obtained by subtracting
the right-hand side from the left-hand side of Eqgs. 28 and
29. The likelihood PDF for each equation is written as

1 _
—ErlTCl 11'1)

1
plx)) = p(r;|x;) = (2)N|C|exp<
)¢
(32)

where C; is a covariance matrix for each case and N is
the total number of data given as N = Zf Nk. We intro-
duced a scaling parameter, A, for each covariance matrix
(Tomita et al. 2021) as follows:

10402 0
C = (33)

0 10M02

where oy is the initial observational error, which is given
as o9 = 1.0 x 10~ *[s]. The scaling parameter is given as
a power of 10 to promote efficient sampling (e.g., Kubo
et al. 2016; Tomita et al. 2021). Including these scal-
ing parameters, the unknown vectors are defined as
x1 = Op,¢, D, A1) T and xo = (85,7, AZ)T.

The MCMC procedure used in this study is summa-
rized in Additional file 1: Fig. S1. We first estimated dp
and ¢ by the NLLS-based positioning, assuming a hori-
zontally stratified sound speed structure and also deter-
mined J using BIC, which are treated as initial values
for the MCMC iteration (§p'™, ¢'™). Then, fixing the
obtained 8p™, we calculated the travel times for all data
and obtained the following observation equation:

4
1 1 o
Tobs _ Tcal ((Spml) — )/'tm +g uhor.
M(sk,nk) Ko M(Ek,nk) oy mZ:;) / g

(34)

Because gs and y are linear parameters, this equa-
tion could be easily solved using the linear least-squares
method. The obtained solutions were used as the initial
values for the MCMC iteration (g;"i, ). We set the
scaling parameters’ initial values to zero, Al = AN = 0.
Using these initial values for x; and x3, we ran an MCMC
iteration. If the number of iterations was odd, we pro-
vided perturbation in x; and evaluated it based on the
acceptance ratio. If the number of iterations was even,
we provided perturbation in x5 and evaluate it based on
the acceptance ratio. We performed 5 x 10° iterations
and collected samples when the number of iterations was
even and over the burn-in period (we set it to be 1 x 10°).
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Application of the MCMC-based array positioning
method

In this section, the performance of the MCMC-based
array positioning method using the approximate travel
time of Model-2 with an 8d polynomial function by apply-
ing it to actual observational data. As shown in “MCMC-
based GNSS-A positioning method” section, our method
estimates the gradient depth, and moving survey data
are essential (e.g., Honsho et al. 2019). Therefore, we
employed observational data collected by the Japan Coast
Guard (Watanabe et al. 2021) and investigated the per-
formance of our method. We also applied our method to
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the observational data collected by Tohoku University
(Tomita et al. 2017; Honsho et al. 2019, 2021). The data
from Tohoku University included some campaigns with-
out the moving survey data. We investigated the perfor-
mance of our method on these observational data, which
were considered unsuitable for solving underwater sound
speed gradient structures. The spatial distributions of the
GNSS-A observational sites employed in this study are
shown in Additional file 1: Fig. S4. Moreover, we used
conventional array positioning methods for comparison.
Hereafter, we refer to our method and the conventional
methods as the following: Method-1: the NLLS-based

0
Displacement (EW) [cm]

Easting [m] | L L L L
(a) -2000 1000 0 1000 2000 ( b)
‘ 06
1.2
2000
38'54100" 03 —_
1000 é § 0.9
E 5 E
@ 00 g 1
£ ° % 0 0.6 i~
5 o [
= ) Z
1000 asszas fl o5
) 0.3
-2000 -0.6 T T T T T
4 8 12 16 20
143'20'24" 143°2136" 143'2248" Observation time [hour]
15 15 15
Mean Mean ——Mean
(c) Median (d) Median (e) ——— Median
1.0 1.0 104 ‘[
2 2 > I
3 3 =2 \‘
c c c i
a a & i
f f \
| |
0.0 . 0.0 ‘HMHH HH”H” : 00 . Z ”\
-4 4 8 -4 8 40 44
(

Displacement (UD) [cm]

Mean
Median

0.0

-9 -8 -7
Sound speed gradient (EW) [sec/kmx10°]

represent mean, median, and 95% credible interval

9 10 1 12
Sound speed gradient (NS) [sec/kmx10°]

——Mean
—— Median

Mean
Median

1
Gradient depth [km]

Fig. 4 Estimation results of Method-3 at KAMN on August 1, 2014. a Sea-surface platform positions when the acoustic signals were transmitted. The
colors show NTDs subtracting the long-term fluctuation of NTDs estimated by Model-3. b NTD time-series. Purple plots show temporal fluctuation
of NTD, the green curve shows the NTD modeled by the 3d B-spline functions, the red curve shows the long-term fluctuation of NTD modeled by
the 4d polynomial function, and a black curve shows the NTD modeled by the long-term fluctuation and the shallow sound speed gradient. c-h
posterior PDFs for the major unknown parameters: gray histograms demonstrate the PDFs obtained by Method-3, red curves show the Gaussian
distributions equivalent to the PDFs of Method-3, black curves in c-e show the Gaussian distributions for the parameters estimated by Method-1,
and blue curves in c-e show the Gaussian distributions for the parameters estimated by Method-2. The red, green, and orange vertical lines
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method assuming a horizontally stratified sound speed
structure; Method-2: the NLLS-based method assuming
a horizontally sloping sound speed structure; Method-3:
the MCMC-based method estimating the gradient depth;
Method-4: the MCMC-based method fixing the gradient
depth of 600 m, similar to previous studies (Yasuda et al.
2017; Honsho et al. 2019; Kinugasa et al. 2020).

Application to GNSS-A data collected by Japan Coast
Guard

Figure 4 summarizes the GNSS-A positioning results of
the campaign on August 1, 2014, at KAMN site estimated
by Methods 1-3. Figure 4a shows the entire track of this
campaign, and Fig. 4b shows the travel time residuals in
the nadir direction. In Fig. 4b, purple plots demonstrate

the travel time residuals (* Tobs L el
M (&) P M () M

as shown in Eqgs. 28 and 29); the green curve shows the
temporal fluctuation of NTD fitted by 3d B-spline func-
tions (Z]].ZI cid; (t,,k ), as shown in Eq. 28); the red curve
shows the long-term fluctuation of NTD fitted by the 4d
polynomial function (anzo yYmt™, as shown in Eq. 29),
and the black curve shows a combination of the long-
term fluctuation of NTD and the shallow gradient
(Zizo Yt + gsuhor, as shown in Eq. 29). The shallow
gradient g used in this figure was estimated using
Method-3. As indicated in the “Method: MCMC-based
GNSS-A positioning method” section, the shallow gradi-
ent was temporally constant, and Fig. 4b shows that the
temporally constant shallow gradient can roughly express
the spatial bias of the observed travel times. Since we
employed the simple polynomial functions for modeling
temporal fluctuation in Eq. (29), the fitness is relatively
worse than Eq. (28) (see the black and green curves in
Fig. 4b); however, we successfully extracted the spatial
change depending on the shallow gradient in Eq. (29).
This shallow gradient is also shown in Fig. 4a, where the
color shows the on-the-spot NTDs subtracting the long-
term NTD fluctuation, and the direction of the shallow
gradients is roughly northwest. Although the introduc-
tion of a temporally varying shallow gradient might
improve data fitting, these two factors show a trade-off
relationship (e.g., Honsho et al. 2019). We considered the
current technique to be adequate to stably obtain a tem-
porally constant shallow gradient; however, a more
sophisticated technique must be investigated in the
future.

Figure 4c—h shows histograms of the MCMC sampling
results for the major unknown parameters: the EW, NS,
and UD (up-down) components of the array positions,
the EW and NS components of the shallow gradients,
and the gradient depth. All histograms are expressed as
Gaussian distributions (equivalent Gaussian distributions
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are shown by dashed red curves), because absolute val-
ues of the skewness and kurtosis for these parameters are
below 0.5; therefore, the assumption that an unknown
parameter follows a Gaussian distribution in the con-
ventional NLLS-based array positioning methods is suit-
able. However, note that the gradient depth occasionally
shows a truncated Gaussian distribution when estimated
close to the limits of the a-priori parameter range (i.e.,
depths of sea surface or of seafloor). In Figure 4c—e, we
also describe Gaussian distributions for the array posi-
tions estimated by the NLLS-based array positioning
methods (black and blue distributions show the results
of Method-1 and Method-2, respectively). In this cam-
paign cruise, the large offsets were caused in the both
EW and NS components between Method-1 and Meth-
ods-2-3 (Figure 4c, d), while the UD positions were
almost the same among these three positioning methods
(Figure 4e). This suggests the sound speed gradient struc-
ture potentially affected the horizontal array positions.
Method-2 directly estimated the deep gradient without
any constraints, whereas Method-3 considered contribu-
tions of the gradient assuming that the deep gradient was
linked to the shallow gradient. In spite of the difference
among these methods, PDFs of the estimated positions in
Method-2 and those in Method-3 were similar. Thus, the
assumption that the deep gradient was linked to the shal-
low gradient was appropriate in this campaign.

To investigate the correlation relationship among the
estimated parameters by Method-3, we described pair-
plot of the major unknown parameters in Additional
file 1: Fig. S5. This figure clearly shows strong correlation
between the horizontal array positions and the gradient
depth, whereas the up-down position and the shallow
gradients were determined independently of the other
parameters. This indicates that the direction of the sound
speed gradient (the shallow gradients) is independently
determined and that the intensity of the sound speed gra-
dient is controlled by the gradient depth and affects the
horizontal array positions.

To investigate the performance of our new method,
we applied the above four array positioning methods to
other campaign data collected by the Japan Coast Guard.
Figure 5 shows a summary of the estimation results for all
campaign data at KAMN distributed by Watanabe et al.
(2021), and Additional file 1: Figs. S6—S10 show the esti-
mation results for other sites of the Japan Coast Guard
in the Tohoku region (KAMS, MYGI, MYGW, FUKU,
and CHOS). Additional file 1: Fig. S11 shows a compari-
son of our results with the estimation results considering
the sound speed gradients provided by the Japan Coast
Guard (Yokota et al. 2018b). The estimation errors of the
array positions by Method-1 and Method-2 are summa-
rized in Additional file 1: Table S3, and the estimation
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errors, skewness, and kurtosis of the array positions by
Method-3 and Method-4 are summarized in Additional
file 1: Tables S4 and S5, respectively.

Figure 5a and Additional file 1: Figs. S6a—S10a show
time-series of the array positions estimated by Methods
1-4. We then estimated a fitting function of the array
positions for each component and each method d(¢),
where ¢ is the time after the 2011 Tohoku-Oki earth-
quake, using the following equation:

t
d(t) = ao + art + azlog (1 + T> (35)

where ag, a1, and ay are estimation parameters, and 7 is
the relaxation time (r = 0.787 year, which was obtained
by Fujiwara et al. 2022). The GNSS-A sites used in
this study have showed significant contribution of the
postseismic deformation of the 2011 Tohoku—Oki
earthquake. Fujiwara et al. (2022) demonstrated that

postseismic displacements of the onshore GNSS sites
can be modeled using dual-logarithmic functions, and
Watanabe et al. (2021) demonstrated that those of the
offshore GNSS-A sites can be modeled using the single
logarithmic function. Here, we estimated the fitting func-
tion using the single logarithmic function and assessed
the robustness of the estimated array positions from the
RMSs. The estimated fitting curves are shown in Fig. 5a
and Additional file 1: Figs. S6a—10a, and the RMSs are
summarized in Additional file 1: Table Sé6.

Figure 5a, Additional file 1: Figs. S6a—S10a and Addi-
tional file 1: Table S6 clearly demonstrate that Method-2
and Method-3 provided temporally stable solutions
(the RMSs are ~3 cm) compared to Method-1 (the RMS
is~5 c¢cm) and Method-4 (the RMS is~4 cm) in the hori-
zontal components. Moreover, there is no clear differ-
ence for the up-down component among the estimation
methods. These results suggest that the accuracy of
our new method (Method-3) is compatible with that of



Tomita and Kido Earth, Planets and Space (2022) 74:176

Method-2, suggesting that appropriate consideration
of the sound speed gradients is important for obtaining
robust solutions. Note that Method-3 is also compatible
with Yokota et al. (2018b) (Additional file 1: Fig. S11).
Although the estimation errors in Method-1 (~0.4 cm
in Additional file 1: Table S3) are generally smaller
than those in Method-2 (~0.9 cm in Additional file 1:
Table S3) and Method-3 (~0.6 cm in Additional file 1:
Table S4), Method-1 provided relatively lower accuracy
than the other methods (Additional file 1: Table S6). This
suggests that the solutions of Method-1 contain the sys-
tematic errors due to the horizontal heterogeneity of the
sound speed structure and failed to evaluate them in the
estimation errors shown in Additional file 1: Table S3.
Since Method-2 and Method-3 consider the sound speed
gradients, their estimation errors are generally larger
than Method-1. Although Method-4 considers the sound
speed gradients, the estimation errors of Method-4 are
comparable with Method-1 (~0.4 cm in Additional file 1:
Table S5). This is because the intensity of the sound speed
gradients (i.e., the gradient depth) was fixed.

Here, we examined the assumption of Method-3 that
the deep gradient is linked to the shallow gradient. Fig-
ure 5b shows the relationship between the shallow gra-
dients obtained as the initial values for Method-3 g™
and the deep gradients estimated by Method-2 for all
campaigns at KAMN. Figure 6 shows a compilation of
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Fig. 6 Scatter diagram of the shallow gradients and the deep
gradients for the six sites. The shallow gradients were estimated using
Method-3, and the deep gradients were estimated using Method-2.
Red and blue symbols represent EW and NS components. The solid
line represents the linear regression line. The regression equation and

_30 .

the correlation coefficient are shown
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the shallow and deep gradient scatter plots of for all sites
(Figure 5b and Additional file 1: Figs. S6b—S10b). Note
that the shallow gradients g™ are obtained independently
of the deep gradients. If the assumption was appropri-
ate, these parameters should show positive correlation,
as expressed by Eq. 26 (Honsho et al. 2019). Then, we
calculated correlation coefficients for these scatter plots.
As a result, the positive correlation was found for all sites
(correlation coefficients of ~0.36—0.86). Moreover, we
also calculated a linear regression line for each scatter
plot without including an intercept. Then, we obtained
significant positive proportional relationship between the
shallow and the deep gradients (proportional coefficients
of ~0.11-0.46, which corresponds to the gradient depths
0f ~0.22-0.92 km as derived from Eq. 26). Since the gra-
dient depth is not a constant value among the campaigns,
the scatter plots do not necessarily demonstrate strict
linear relationship. Therefore, each proportional coeffi-
cient might represent an average gradient depth for the
corresponding site. These findings show the positive cor-
relation between the shallow and the deep gradient and
support the validity of the assumption of Method-3 on
actual observational data. Furthermore, we confirmed
that the shallow gradients estimated by Method-3 were
almost same with their initial values g;“i; thus, the shal-
low gradients can be constrained by Eq. (29) indepen-
dently of the assumption.

We then examined the degree of the gradient depth in
the actual ocean from the estimation results. Figure 5¢
and Additional file 1: Figs. S6c—S10c show the gradi-
ent depths estimated by Method-3 and the equivalent
gradient depths calculated from the deep gradients of
Method-2. The equivalent gradient depth can be obtained
by the following process: we first calculated a gradient
depth for each horizontal component using Eq. 26 with
the shallow gradient of Method-3 and the deep gradient
of Method-2; we then calculated the mean of these two
gradient depths weighted by the intensity of the shallow
gradients (i.e., absolute values of the EW and NS shallow
gradients) as the equivalent gradient depth. In these fig-
ures, the equivalent gradient depths generally coincide
with the gradient depths of Method-3, suggesting the
validity of the linear relationship between shallow and
deep gradients. The equivalent gradient depths for most
campaigns fall within the estimation range of the gradient
depth in Method-3 which was introduced as a physical
restriction (i.e., from zero to a water depth). Meanwhile,
the equivalent gradient depths for several campaigns
were outside this physically restricted range. These cam-
paigns are indicated by the cyan and orange vertical
lines in Figure 5a and Additional file 1: Figs. S6a—S10a,
which indicate campaigns with an equivalent gradient
depth lower than zero and larger than the water depth,
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respectively. The equivalent gradient depth presupposes
a simplified sound speed structure (uniform sound speed
gradient from the sea-surface to the gradient depth).
Therefore, it would occasionally demonstrate an unphysi-
cal depth when a complex sound speed structure exists. If
a strong sound speed heterogeneity exists only in a deep
portion, the equivalent gradient depth would exceed the
water depth. If directions of the shallow and deep sound
speed heterogeneities are remarkably different, the equiv-
alent gradient depth would be negative. When the equiv-
alent gradient depth was lower than zero, the absolute
values of the gradient depth of Method-3 and the equiv-
alent gradient depth were generally small, that is, the
deep gradient was estimated to be small. In this case, the
influence of the sound speed gradient on the positions
was small, and the difference between Method-2 and
Method-3 was also small. However, when the equivalent
gradient depth was larger than the water depth, differ-
ences of up to 10 cm between Method-2 and Method-3
were occasionally found. Because the intensity of shal-
low gradients among these campaigns was generally low
(color of Figure 5c and Additional file 1: Figs. S6¢—S10c),
the sound speed structures of these campaigns might be
exceptional, which the deep gradients were much larger
than the shallow gradients. Although such differences
were found between Method-2 and Method-3, it was dif-
ficult to determine whether Method-2 or Method-3 was
more plausible based on the stability of the time series of
the array displacements.

From the above findings, our assumption used in
Method-3 was appropriate; accuracy of Method-3 was
compatible with that of Method-2, which directly esti-
mates the deep gradients. Figure 5a and Additional file 1:
Figs. S6a—S10a show Method-4, which considered the
sound speed gradient with a fixed gradient depth and
corresponds to the methods of some previous studies
(e.g., Yasuda et al. 2017; Honsho et al. 2019; Kinugasa
et al. 2020). Method-4 generally demonstrated better
solutions than Method-1 did; however, these solutions
are much more unstable than the solutions of Method-2
and Method-3. This suggested that the gradient depths
should be optimized for each campaign. However,
Method-4 showed improved solutions as along with
Method-2 and Method-3 at the CHOS site (Additional
file 1: Fig. S10a). As shown in Additional file 1: Figs. S10b
and S10c, the sound speed sloping structure at this site
was almost constant among the campaigns, and the gra-
dient depth was also constantly determined as approxi-
mately 0.5-1 km. Moreover, number of the equivalent
gradient depth under unphysical range is quite smaller
than the other site. Accordingly, the fixed gradient depth
(0.6 km) in Method-4 worked well for this site. This con-
stant sound-speed sloping structure might have been
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caused by the Kuroshio Current, which is constantly pre-
sent over this site, and a complex sound speed structure
might not tend to be caused compared with the other
sites. Therefore, Method-4 was effective for such excep-
tional sites or when a gradient depth could be derived
from other underwater measurements (Kinugasa et al.
2020), but it is plausible to optimize the gradient depth
for diverse cases.

Application to campaign data collected by Tohoku
University

Figure 7 summarizes the GNSS-A positioning results of
the campaign on November 13, 2015, at the G20 site esti-
mated by Methods-1-3. The pair-plots of the posterior
PDFs estimated by Method-3 are shown in Additional
file 1: Fig. S12. Including this campaign survey, a survey
track for each site of Tohoku University was composed of
a short-term moving survey (e.g., during approximately
0-2 h in Fig. 7b) and a long-term point survey (e.g., dur-
ing approximately 2—14 h in Fig. 7b). As shown in Fig-
ure 7a, b, f, g, the shallow gradient was determined from
the short-term moving survey data, with a direction of
northwest. In this campaign, the gradient depth was
roughly determined as a Gaussian distribution (Fig. 7h),
and the differences in the array displacements between
Method-1 and Method-3 reached several centimeters.
Method-2 also provided similar solutions as Method-3;
thus, such small amounts of moving data had the poten-
tial to detect a sound-speed sloping structure.

Figures 8, 9, and 10 show the time series of the array
displacements and sea-surface tracks for campaigns at
G20, G17, and G10, respectively. We conducted mov-
ing surveys for all campaigns at G20 (Fig. 8). Although
the moving survey data were expected to be useful for
estimating a sound-speed sloping structure and verti-
cal motions, the solution of TB12-01 showed a clear
bias in the vertical component using all methods and a
large bias in the horizontal component using Method-2.
These anomalies of TB12-01 at G20 were considered to
have occurred because of the low signal-to-noise ratio
of the acoustic data in this campaign. Aside from these
anomalies, Method-2 demonstrated temporally irregular
motions compared with Method-3 in Figure 8, possibly
meaning that Method-2 failed to provide stable solutions
for most campaign data of Tohoku University. As Honsho
et al. (2019) pointed out, it is difficult to robustly solve
a sound speed structure using Method-2. In contrast,
Method-3 successfully provided robust solutions because
of the following two factors: (1) Method-3 practically
reduced unknown parameters. Although Method-2 esti-
mated two gradient parameters for the sound-speed
sloping structure: the deep gradients for the EW and
NS components, Method-3 estimated a single gradient
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parameter: the gradient depth (note that the shallow gra-
dients were almost independently solved in Method-3).
(2) Method-3 employed a constraint on the range of the
gradient depth, which prevented physically unnatural
solutions. However, it was difficult to estimate the gra-
dient parameters even with Method-3 when a moving
survey was lacking. No moving surveys were conducted
during campaigns of D3K15-01, YK16-02, KS-16-14, and
KS-17-13 at G17 (campaigns with vertical gray lines in
Fig. 9a). Among these campaigns, the solutions assum-
ing a sound-speed sloping structure (Methods-2, -3, and
-4) were temporally violated; thus, these methods were
not appropriate for data application without a moving
survey. For these cases, the conventional positioning
method assuming a horizontally stratified sound speed
structure (Method-1) was appropriate for obtaining sta-
ble positions.

Finally, we presented a special case to detect a sound-
speed sloping structure at a site with multi-angled

transponders, for example, at G10 (Fig. 10). Tohoku
University has adopted multi-angled transponder
geometry at some GNSS-A sites, allowing us to obtain
acoustic data with multiple shot angles even through
a point survey (Tomita et al. 2019). The GNSS-A site
with multi-angled transponders could theoretically
solve vertical motions and gradient parameters with-
out moving survey data (e.g., Kido 2007; Tomita et al.
2019; Matsui et al. 2019). Because of this benefit,
Methods-2 and -3 successfully provided robust solu-
tions, even for campaigns without moving survey data
(campaigns with vertical gray lines in Fig. 10a). More-
over, unlike G17 and G20, Method-2 and Method-3
provided temporally stabilized motions for most cam-
paigns. This also reflected the utility of multi-angled
transponders. Considering that it was naturally impos-
sible to properly estimate shallow gradients without
moving survey data, Methods-3 and -4 did not work
well among these campaigns, even if these methods
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numerically solved the gradient parameters. There-
fore, Method-2 was the most appropriate method for
processing the observation data of multi-angled tran-
sponder sites. However, as claimed by Matsui et al.
(2019), a long observational period is required to
eliminate the contributions of a shallow sound-speed
gradient using only point survey data at a multi-angled
transponder site; therefore, if the observational time
was not sufficiently long, Method-1 was preferred.

Conclusions and discussion

In this study, we developed an approximate calculation
technique for rapidly calculating travel times, and then,
using this technique, we developed a new GNSS-A array
positioning method using an MCMC technique. In the
approximate travel time calculation technique, we first
calculated the approximate travel time by a simple geo-
metric computation and then corrected it using the 8th
degrees of polynomial functions of an angular distance
and the height of a sea-surface platform. The correc-
tion terms must be optimized in advance suing numeri-
cal simulations. Conventional travel time calculation

techniques in a horizontally stratified sound speed struc-
ture which consider Snell’s law were exact but required
too long a calculation time to perform the MCMC tech-
nique. The approximate calculation technique can rap-
idly provide travel times (the new technique reduces the
computation time to~270 times less than the conven-
tional technique) with enough accuracy and precision
in array position estimation. The computational cost of
the MCMC-based array positioning method depends on
the data quantity; however, for example, it took 30 min
to perform our MCMC method with 5 x 10° iterations
for the actual observational data on August 1, 2014 at
KAMN (the results are shown in Fig. 4).

The MCMC-based array positioning method estimated
the gradient depth and array positions, assuming a hori-
zontally sloping sound speed structure. In a horizontally
sloping sound speed structure, shallow and deep gradi-
ents could be defined, and the deep gradient provided a
significant bias in the horizontal array position. In our
method, we assumed that a sound speed gradient was
constantly present from the sea surface to the gradient
depth, that is, the deep gradient was proportional to the
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shallow gradient, and the gradient depth corresponded to
a proportionality coefficient. It was plausible to directly
estimate the deep gradient using the amount of mov-
ing survey data (e.g., Yokota et al. 2018a; Watanabe et al.
2021); however, when the moving survey data were insuf-
ficient, the pseudo deep gradient was obtained from the
shallow gradient through this assumption (e.g., Yasuda
et al. 2017; Honsho et al. 2019; Kinugasa et al. 2020). In
previous studies, the generality of this assumption was
not well-investigated, and optimization of the gradient
depth was not performed.

We applied the MCMC-based array positioning and
the conventional array positioning methods on the actual
observational data collected by the Japan Coast Guard,
which contain sufficient moving survey data. The follow-
ing findings were obtained:

1. Our new method generally demonstrated Gauss-
ian distributions for PDFs of unknown parameters,
whereas the PDF of gradient depth occasionally
showed a truncated Gaussian distribution. Namely,
the array positioning could be performed using the
framework of the least-squares method; however, it
was plausible to perform an MCMC technique when
the range of an unknown parameter could be physi-
cally restricted, as was the case of the gradient depth.

2. Our new method provided robust solutions for the
array positions compared with those estimated by
a conventional array positioning method by assum-
ing a horizontally stratified sound speed structure; it
was comparable with the conventional method that
directly estimated the deep gradient assuming a hori-
zontally sloping sound-speed structure.

3. The deep gradients generally showed a propor-
tional relationship with shallow gradients. Thus, our
assumption that a sound speed gradient exists from
the sea surface to the gradient depth was valid.

Next, we applied our method to actual observational
data collected by Tohoku University, which contained
small amounts of moving survey data or no moving
survey data. The following findings were found:

1. When compared to the traditional array position-
ing method assuming a horizontally stratified sound
structure, our new method stably obtained a trun-
cated Gaussian distribution as the PDF of the gradi-
ent depth and demonstrated that a temporally robust
time-series of the array positions was obtained in the
case of observational data containing small amounts
of moving survey data. Therefore, small amounts of
moving survey data had the potential to detect hori-
zontal gradients to a certain degree.
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2. It was difficult to directly estimate the deep gradient
using the conventional method, assuming a hori-
zontally sloping sound speed structure from small
amounts of moving survey data. In contrast, our new
method made more robust estimations than the con-
ventional method did, because it practically reduced
the numbers of unknown parameters modeling the
horizontally sloping sound speed structure, and also
due to the introduction of physical restriction on the
gradient depth.

3. Even with our new method, we could not detect a
horizontally sloping sound speed structure from
actual observational data without moving survey
data. In this case, the conventional array positioning
method is preferred, assuming a horizontally strati-
fied sound structure. However, it should be noted
that deep gradients could be directly estimated for
a multi-angled transponder site if the observational
time is sufficiently long.

As the above findings show, our new method success-
fully optimizes the gradient depth, and is, therefore,
an effective technique to model an underwater sloping
sound speed structure and robustly obtains array posi-
tions, except in the case in which no moving survey
data is available.
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