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Investigation of the fluid flow dynamic 
parameters for Newtonian and non‑Newtonian 
materials: an approach to understanding the 
fluid flow‑like structures within fault zones
H. Tanaka1, Y. Shiomi1,3 and K.‑F. Ma2*

Abstract 

To understand the fault zone fluid flow-like structure, namely the ductile deformation structure, often observed in the 
geological field (e.g., Ramsay and Huber The techniques of modern structure geology, vol. 1: strain analysis, Aca‑
demia Press, London, 1983; Hobbs and Ord Structure geology: the mechanics of deforming metamorphic rocks, Vol. 
I: principles, Elsevier, Amsterdam, 2015), we applied a theoretical approach to estimate the rate of deformation, the 
shear stress and the time to form a streak-line pattern in the boundary layer of viscous fluids. We model the dynamics 
of streak lines in laminar boundary layers for Newtonian and pseudoplastic fluids and compare the results to those 
obtained via laboratory experiments. The structure of deformed streak lines obtained using our model is consistent 
with experimental observations, indicating that our model is appropriate for understanding the shear rate, flow time 
and shear stress based on the profile of deformed streak lines in the boundary layer in Newtonian and pseudoplastic 
viscous materials. This study improves our understanding of the transportation processes in fluids and of the trans‑
formation processes in fluid-like materials. Further application of this model could facilitate understanding the shear 
stress and time history of the fluid flow-like structure of fault zones observed in the field.
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Introduction
Understanding the flow speed and direction in non-
Newtonian fluids is important in many fields, such as 
for estimating the energy loss for airplanes and charac-
terizing viscous-fluid flow within pipes. Several groups, 
particularly in the industrial community, have studied 
ductile deformation structure from fluid dynamics at 
the boundary layer near plates (Abdelhafez 1985; Hus-
saini et al. 1987; Ishak et al. 2007). Field investigations of 
the fault zones associated with ancient earthquakes (e.g., 
Additional file 1: Fig. S1 from Ramsay and Huber, 1983, 
and Additional file 1: Fig. S2 from Hobbs and Ord, 2015) 
exhibit similar ductile deformation features, but these 
features remain to be explained dynamically because 

most previous simulations of earthquake dynamics con-
sidered Newtonian materials. Recently, Ishak and Bachok 
(2009) extended fluid dynamics calculations to include 
non-Newtonian fluids, and similar studies were also per-
formed by Zheng et  al. (2008) and Dabrowski (2009). 
These studies estimated the dynamics of the fluid flow 
parameters. However, no thorough study has recon-
structed the dynamics of fluid flow parameters based 
on geometric information, which is particularly impor-
tant for the understanding of the ductile deformation 
structure within fault zones. These geological features 
observed in the field could extend from meters to kilome-
ters in scale. This ductile, often asymmetric, deformation 
structure mainly made by viscous deformation of rock 
behaved as fluid flow. Because investigations of the fluid 
flow within and nearby fault zones are primarily per-
formed via field surveys, observing the geometric infor-
mation is a key to understanding the fluid flow dynamics. 
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Therefore, in this paper, we propose an inverse-calcula-
tion technique based on the geometry of the streak lines 
formed by fluid flow at the boundary layers of Newtonian 
and non-Newtonian fluids. Via this analysis, we obtain 
a better understanding of the time, flow rate and shear 
stress involved in the deformation of the streak lines at 
the boundary of infinite and semi-infinite plates. Estima-
tion of the flow rate could be important to understand 
the evolution of the fault zone material, and the time and 
shear stress, thus, could help to quantify the process to 
understand the earthquake energy budget, or stress par-
tition in a fault system. The proposed technique should 
be useful for estimating the fluid dynamics parameters 
based on the geometrical information of the ductile 
deformation structure.

To model nonlinear viscous fluids, we use the dimen-
sionless velocity profile at the laminar boundary layer 
with a semi-infinite plate, as Ishak and Bachok (2009). 
Next, we calculate the dimensionless profiles of the 
deformed streak lines for fluid flows over infinite and 
semi-infinite plates and then estimate the time required 
for the streak lines to deform. Although the geologi-
cal feature is more related to the “infinite plate” model, 
the “semi-infinite” model was used to reflect the fur-
ther application from the semi-infinite model basis of 
Ishak and Bachok (2009), and the comparison made 
in the experiments in the later section, as that the duc-
tile deformation structure could be correctly estimated 
from integrating the flow rate distribution. For geologi-
cal indication, the “infinite” model could be comparable 
to the geological field observation of a long extension of 
the boundary (e.g., fault zone and fault line) to the ductile 
deformation structure in scale. The “semi-infinite” model 
could be comparable to the injection of the gouge from 
the main fault plain. From the profile of the deformed 
streak lines, we obtain the shear stress and shear rate 
at the boundary layer with infinite and semi-infinite 
plates. Initially, we derive the dimensionless profile of the 
deformed streak lines at the boundary layer by integrat-
ing the dimensionless velocity profile. Next, we compare 
the deformed dimensionless structure obtained from 
the calculation with the results of the flow experiments 
on Newtonian fluids performed by Nakayama (2011). 
Although Nakayama (2011) represented the motion of 
the flat plate to the stationary fluid, which is opposite 
to our model, the relative motion between the plate and 
fluid in both models is the same. We, thus, considered the 
experiment of Nakayama (2011) for our comparison.

Estimation of the dynamic parameters
Equations and models
To estimate the flow time, shear rate, and shear stress 
based on the geometry of the deformed streak lines at the 

laminar boundary layer of viscous fluids, we introduced 
the equations following Ishak and Bachok (2009).

For viscous materials, the relationship between the 
shear rate and the shear stress, τ, over an infinite area is 
generally expressed as (Metzner and Reed 1955)

where n is the power-law index, u as the flow rate in 
x-component, and K the viscosity. The fluid is Newtonian 
when n = 1, and when n < 1, the fluid is non-Newtonian 
for shear thinning. In this study, we consider the cases 
of Newtonian material of n =  1 and non-Newtonian of 
n < 1, as fault zone material is more considered as shear 
softening. For ductile shear zones as counterflow bound-
aries in pseudoplastic fluids by Talbot (1999), it consid-
ered the power-law fluid with different exponents n, 
which is exponent to the stress rather than to the strain 
of our Eq. (1), of 1.9–5. It is equivalent to our power-law 
index n, as the inverse to the exponent n, of ~ 0.2–0.53. 
Brodsky et al. (2009) studied a ductile texture in a series 
of asymmetrical intrusion structure suggested that non-
Newtonian material can explain better the intrusion 
vein and the deformation of the ductile shear zone with 
n = 1.5 and n = 5, where n is also as the power of shear 
stress proportional to the strain rate, and is inverse to 
our power-law index n. It is equivalent to our values of 
0.2–0.67. Their result is also consistent with the study 
of Smith (1977), which suggested that non-Newtonian 
behavior is necessary and plays an important role in the 
formation of boudins and mullions observed in the field.

To understand the influence of non-Newtorian mate-
rial in the fluid flow-like structure, in this model, we 
neglect the elastic, plastic and thermal properties of flu-
ids and the heat generated by viscous friction first. The 
boundary layer in the fluid is assumed to be laminar, with 
a sufficiently small Reynolds number.

We consider the infinite plate model, where the fluid 
is initially stationary on an infinite plate. At a given 
point in time, fluid begins to move in a direction paral-
lel to the plate surface at the fixed velocity U∞ (Fig. 1a) 
at far distance. As the fluid travels along the surface of 
the plate, the laminar boundary layer gradually becomes 
thicker. The fluid flow rate changed accordingly when 
it approaches the boundary. For the semi-infinite plate 
model, fluid flows at a fixed rate U∞ in the direction 
parallel to a stationary semi-infinite plate (Fig. 1b) at far 
distance. A boundary layer is generated when the fluid 
contacts the edge of the plate while the rate of fluid flow 
changed accordingly. The disturbance of the flow that 
occurs at the edge of a semi-infinite plate is ignored, 
and the laminar boundary layer is assumed to be stable. 
Geologically, the moving fluid might not be homogenous 

(1)τ = K
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over the space, and our model here represents the first 
order approximation to the geological structure. 

Ishak and Bachok (2009) used Eq.  (1) and the follow-
ing equations to describe the dimensionless velocity pro-
file of flow in a laminar boundary layer at a semi-infinite 
plate. The equations describing the boundary layer for 
x-component flow, u, and y-component flow, v, with den-
sity, ρ, are

The dimensionless distance in the y-direction, η, is

where Re is the Reynolds number and L is the character-
istic length. The dimensional stream function, ψ, is

where f(η) is the non-dimensional stream function, and 
ψ satisfies

The Reynolds number is given by

From these equations, Ishak and Bachok (2009) obtained

(2)
∂u

∂x
+

∂v

∂y
= 0

(3)u
∂u

∂x
+ v

∂u

∂y
=

1

ρ

∂τ

∂y
.

(4)η =

(

Re

x/L

)

(

1
n+1

)

y

L
,

(5)ψ = LU∞

(

x/L

Re

)

(

1
n+1

)

f (η),

(6)u =
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∂y
, v = −

∂ψ

∂x
.

(7)Re =
ρU2−n

∞ Ln

K
.

We solved Eq.  (8) by using the Runge–Kutta–Fehlberg 
method and the shooting technique, to obtain the veloc-
ity profile, f ′(η) as the x-component flow rate in η, as 
shown in Fig. 2. In comparable to the recent study of Des-
wita et  al. (2010), our case is for impermeable and sta-
tionary plate with boundary conditions such as f (0) = 0, 

(8)
(

∣

∣f ′′(η)
∣

∣

n−1
f ′′(η)

)′

+
1

n+ 1
f (η)f ′′(η) = 0.

(a) (b)

semi-infinite plateinfinite plate

U∞
U∞

Flow velocity, constant at far distance Flow velocity, constant at far distance 

x-axis x-axis

Fig. 1  Illustrations of the two boundary layer models of two-dimensional laminar flow. Dashed lines separate the zero and nonzero domains of the 
velocity gradient of flow. a The infinite plate model, and b the semi-infinite plate model. The flat plate is fixed in x-direction, and fluid starts to flow 
parallel to the plate at a certain moment. U∞ denotes the flow velocity at far distance, which is parallel to the plate

Fig. 2  Flow rate, f
′

(η), with distance, η, produced by the model of 
Ishak and Bachok (2009) for n = 0.7. f

′

(η) is the x-component of the 
flow rate in η, and η is the dimensionless distance perpendicular to 
the plate
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f
′

(0) = 0, and f ′(η) ~ 1 as η → ∞. In the present calcu-
lation, the velocity u(y) of the fluid at a distance y from 
the plate is U∞f

′

(η).

Deformed streak lines in laminar flow
In the boundary layer of an infinite plate
For the infinite plate model, the flow rate is constant 
along a line parallel to the x-axis. However, with time, the 
laminar boundary layer grows in the direction perpen-
dicular to the plate. As the boundary layer grows, streak 
lines are deformed within the boundary layer.

Ishak and Bachok (2009) use Eqs. (4) and (5) to deter-
mine a dimensionless distance, η, in the y-direction. By 
combining these equations, we obtain

We substitute x = U∞t into Eq. (9) to obtain

which leads to

Equation (11) indicates that when the dimensionless dis-
tance perpendicular to the plate is ηt1 at t = t1, at t2 = at1 , 
we have

(9)η =

[

ρU
(2−n)
∞

xK

]

(

1
n+1

)

y.

(10)η =

[

ρU
(1−n)
∞

tK

]

(

1
n+1

)

y,

(11)
y

η
∝ t

(

1
n+1

)

.

(12)η
(

t2, y
)

=

(

t2

t1

)−

(

1
n+1

)

η
(

t1, y
)

,

where t2 denotes the time that the displacement structure 
began to be generated, and with x = U∞t1, and X = U∞t2, 
we obtained

where ηf = η
(

X , y
)

|t=t2 . By applying η to the dimension-
less velocity profile shown in Fig. 2, as given by Ishak and 
Bachok (2009), we obtain the dimensionless flow rate 
f
′

(η) for the infinite plate model.
To calculate the nonlinear profile of deformed streak 

lines, for each y, we calculate the corresponding values of 
η(x, y) and f ′(η) for x = 0 to X using an increment of �X. 
Then, the results of the calculations are summed for each 
y. The results are divided by the total f ′(η) value, where η 
is sufficiently large to be considered far from the plate in 
terms of the normalized values of f ′(η) over each y.

In the boundary layer of a semi‑infinite plate
A streak line is defined as a line drawn by connecting 
the points through which fluid particles flow at time 
t. Because of viscosity, the fluid velocity is lower in the 
boundary layer than in regions closer to the plate. This 
streak line becomes more deformed with time. The dis-
placement of each fluid particle that is a certain dis-
tance from the plate at each moment is affected as soon 
as the particle passes over the tip of the plate or as soon 
as the fluid starts moving (Fig. 3a). In this case, to exam-
ine the spatial elements, we ignore the dynamics of the 
laminar boundary layer. We use Eq.  (13) to determine η 
at point (x, y) in the fluid. By using η in the distribution 
of the dimensionless velocity profile, f (η), we obtain the 
x-component of the dimensionless flow velocity.

(13)η
(

x, y
)

|t=t1 =

( x

X

)−

(

1
n+1

)

ηf ,

(a) (b)

Distance
from
the 
plate

Streak line

displacement

t=0 t=t1
t=t1t=0

semi-infinite plate semi-infinite plate

Displacement
Vertical shift

Fig. 3  Illustrations of the “deformation structure” and “displacement structure.” a The profile of a streak line. For each fluid particle, the distance from 
the plate and the displacement are calculated and plotted. b Non-dimensional displacement profile (dashed line) for a semi-infinite flat plate. Solid 
lines indicate the distance at which each fluid particle is distributed at a right angle to the apical portion of the plate over the defined time period. 
Dotted lines indicate the stream lines
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Next, we calculate the streamline. The “vertical shift” 
is defined as the distance that the streamline shifts per-
pendicularly away from the semi-infinite plate (Fig.  3b) 
(Nakayama 2011). This shift also occurs inside the lami-
nar boundary layer. Thus, streamlines can be expressed 
in terms of the parallel translation or “displacement” 
within the laminar boundary layer (Fig. 3b). To calculate 
a dimensionless streamline at a given distance from the 
plate, the distribution of the dimensionless vertical shift 
is required (Fig. 3b).

The vertical shift is determined as a function of 
y in areas S1  =  S2 in Fig.  4a (Nakayama 2011). This 
approach may also be applied to the dimensionless 
velocity profile of nonlinear fluids (Ishak and Bachok 
2009). The distribution of the dimensionless vertical 
shift in a laminar boundary layer is calculated as fol-
lows: for f (η = η∞) > 0.995, which is regarded as suf-
ficiently close to the dimensionless flow rate f = 1 at 

infinite distance, we determine the minimum η at f∞ for 
f (η = η∞) > 0.995. In this case, the vertical shift η∗(η) 
is almost identical to the displacement thickness for 
η ≥ η∞ .

Next, we estimate the vertical shift of the boundary 
layer. Considering the fluid as an aggregation of fluid 
particles, the vertical shift for each fluid particle is deter-
mined by the flow rate in the domain that is close to the 
plate, and the nonlinear vertical shift η∗(η) from the plate 
is defined based on the points in areas A = B in Fig. 4b. 
The distribution of the vertical shift is then calculated 
using the recurrence technique. We consider the case 
η = η∞ −�η, which is infinitesimally close to the plate 
(separated by distance �y). The displacement distance of 
a fluid particle is determined exclusively by the flow rate 
of the fluid particle at �y. Thus, for η1 = η∞ −�η, to 
balance the two areas B and A in Fig. 4b, the approximate 
equation becomes

(a) (b)

Fig. 4  a Definition of the displacement thickness, η*(η∞), for the flow rate profile of the laminar boundary layer in areas S1 = S2. b Definition of the 
displacement distance, η*(η1), for the flow rate profile of the laminar boundary layer for areas B = A at η1 = η∞ − Δη
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where S1 = S2 represents the slashed area of η = η∞, η∗∞ 
denotes η∗ at η = η∞, and �η∗ is the deviation between 
η∗∞ and η∗ (η1 = η∞ −�η). Thus, Eq. (14) can be rewrit-
ten as

for a generalized η. Considering the linear relation-
ship between f ′(η) and η, we use the approximation 
η∗(η) = η/2 near the plate.

Next, we consider how to calculate the dimensionless 
streamline. In this calculation, we ignore any change in 
viscosity as a function of y (perpendicular to the plate) 
that is attributable to the nonlinearity of the viscosity and 
the growth of the boundary layer over time.

Therefore, the displacement is determined only by the 
x-component of the flow rate in the boundary layer, and 
the growth of the vertical shift is proportional to the flow 
rate. Let η∗

(

aX , y
)

 represent the displacement distance 
as of a fluid particle in the direction perpendicular to 
the plate (i.e., the y-direction), where the dimensionless 
distance from the plate is ηf  at distance x = aX. Then, 
when x = aX, the dimensionless displacement distance 
η∗(aX , η) becomes

Equation  (16) describes the shape of the dimension-
less streamlines. Using the dimensionless vertical shift 
η∗
(

X , y
)

, we find

As described above, the fluid flow is treated as a migra-
tion of fluid particles along dimensionless streamlines in 
the dimensionless profile of the flow rate. Thus, the dis-
tribution g (η) of the dimensionless displacement can also 
be determined. At t = 0, fluid particles are arranged par-
allel to the y-axis at x = 0 (original line) and then move 
because of their own velocity, deforming the original 
line. The initial conditions are x = 0 at t = 0. At t = t1, 
the x coordinate of a given fluid particle is X. Next, the 
movement of a fluid particle along the streamline pass-
ing along ηf (t1) at x = X from t = 0 to t = t1 could be 

(14)

B = S1 − f
′(

η∗∞
)

�η∗ +
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f
′(
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)
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}
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2

+
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′
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′(

η∗∞
)

− f
′(

η∗∞ −�η∗
)

}�η∗

2
= A,

(15)η∗
∣

∣

η−�η
∼

f ′(η)− f ′(η −�η)

f ′(η −�η)

2η −�η − 2η∗

2
,

(16)η∗
(

aX , y
)

= a
1

n+1 η∗
(

X , y
)

.

(17)η∗(x, η) =
(

1−
x

X

)

(

1
n+1

)

η∗(X , η).

calculated from t = 0 to t1 using an interval of �t. First, 
we consider position (x, η) of a fluid particle and f ′(η). 
The dimensionless distance η is calculated from Eq. (13) 
for the two models.

Because η is determined, the corresponding f ′(η) is 
also determined. The x coordinate of the next position 
is calculated by adding f ′(η)�t to the previous x coor-
dinate. Because a fluid particle moves along the stream-
line, y, η and f ′(η) at the next position can be determined 
accordingly. The calculation is repeated until t = t1. Thus, 
g(η), the non-dimensional displacement structure, is cal-
culated from the x/X ratio obtained from t = 0 to t = t1 
and ηf  is obtained using Eq. (17).

Calculation of flow time and shear stress
To calculate both the flow time and shear stress, we first 
use the displacement x = Xf  at t = tf  and calculate the 
time required to generate a dimensionless deformed 
streak line. In the next section, this time is compared 
with the experimentally determined time to validate the 
model. Because Xf = U∞tf , Eq. (9) becomes

for x = Xf. Thus, the time required to generate a deformed 
streak line is given by

for both the infinite and semi-infinite models. Equa-
tion (19) shows that once the physical properties (n,K , ρ), 
(

y
ηf

)

 and Xf  of the fluid are known, the deformation time 
tf  can be obtained, and thus, U∞ can be determined as 
U∞ = Xf/tf. However, Eq. (19) has a singularity at n = 2, 
where tf  diverges. Similar results were reported by Denier 
and Dabrowski (2004) and Dabrowski (2009), suggesting 
infinite number of modal solutions for n = 2. Therefore, 
we believe that this issue remains unresolved. Based on 
these considerations, and as stated in the introduction, in 
this study we considered the case for n ≤ 1, as we restrict 
the application of Eq. (19) to fluids with n ≤ 1.

Next, we describe the calculation of the shear stress 
based on the profile of the deformed streak lines 
observed in the boundary layer in the fluid. In a bound-
ary layer, the shear rate of fluid f ′′(η) at y = 0 could be 
written as below with the observational displacement δ at 
ηf from experiment,

(18)ηf =





ρX
(1−n)
f

t2−n
f K





�

1
n+1

�

y,

(19)tf =

[

(

y

ηf

)(n+1)
ρ

K
X
(1−n)
f

]

(

1
2−n

)

,
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To evaluate the particle relationship between y and η, 
which is necessary to estimate the time and stress dur-
ing flow, in this study, we use “80% thickness” instead of 
“99% thickness,” which is the general definition for the 
thickness of a boundary layer. This approach reduced 
both the measurement errors and the computation 
time. The relevant thickness is the vertical distance 
between the plate and the y-coordinate, where x encom-
passes 80% of the displacement of the fluid particles at 
infinite distance Xf . The quantities ηsn for a semi-infinite 
plate (or ηin for an infinite plate) and δ can be obtained 
at 80% thickness from the dimensionless displacement-
distribution graphs and the experimentally observed 
displacement structure. Thus, all the parameters in 
Eq.  (19) can be obtained from either experimental 
results or models, allowing us to calculate the time to 
form deformed streak lines and the flow stress. f ′′(η) at 
y = 0 can be obtained from the calculation of f ′(η).

Thus, using f ′′(η) at y = 0, which is estimated by the 
shooting technique, and Eqs. (1) and (20), we determine 
the total stress for the infinite plate model 

(

ηf = ηin
)

. The 
result is

(20)

∂u

∂y
|y=0 = U∞

∂f
′

(η)

∂η

∂η

∂y
|y=0 = U∞f ′′(η)

ηf

δ
.

where U∞ = Xf/t is the flow rate.
The result for the semi-infinite plate model 

(

yf = ysn
)

 is

The results of the calculations of the dimensionless dis-
placement structure for the infinite and semi-infinite plate 
models using the equations derived above are shown in 
Fig. 5a and b, respectively. For any n, the graph is convex. 
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Fig. 5  Non-dimensional displacement structures obtained for various n ranging from 0.1 to 1.0 using (a) the infinite plate model and (b) the 
semi-infinite plate model. c The non-dimensional flow rate profiles of Ishak and Bachok (2009) for the infinite model. At approximately n = 0.6, the 
geometrical change of the non-dimensional flow rate structure graph is in agreement with the reduction in n. The graph is shifted down and right 
as n decreases in the n > 0.6 domain, whereas it is shifted up and left as n decreases in the n < 0.6 domain
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For the results presented in Fig.  5a and b, the displace-
ment structures for n = 1.0 have different curvatures than 
for other values of n. The velocity profile obtained by Ishak 
and Bachok (2009) shows similar characteristics, and Dab-
rowski (2009) reported similar results. However, the models 
of Zheng et al. (2008) do not exhibit these characteristics. 
The corresponding plots of f ′(η) for various n of the infinite 
plate model are given in Fig. 5c and is further applied for the 
f ′′(η) used in Eq. (21) to calculate the shear stress.

Comparison to viscous‑fluid experiments
The dynamic parameters of viscous fluid derived above 
are compared with the experimentally derived values. We 
consider two examples: The first example is water with 
n = 1, for which the experimental results were reported 
by Nakayama (2011). The second example is an edible 
sauce with n  <  1, which is utilized to illustrate a pseu-
doplastic fluid. Because no existing examples reflect the 
deformed structure of the edible sauce, we use the den-
sity provided by the manufacturer and other parameters 
obtained by Miura et al. (2008) for this experiment.

Newtonian fluid (n = 1): water
Water is a Newtonian fluid (n =  1.0) with a kinematic 
viscosity coefficient of K/ρ = 1.002× 10−6 m2/s and 

density of ρ = 0.998 g/cm3 at 20  °C. We compare the 
result of the semi-infinite plate model with the experi-
mental results reported by Nakayama (2011), in which 
the laminar boundary layer was visualized as shown in 
Fig. 6.

In Fig.  6, the profile of the deformed streak lines can 
be clearly visualized as lines of hydrogen bubbles. In this 
case, the original streak lines are given by the direction 
of the wires that generate the hydrogen bubbles, which 
is perpendicular to the plate between the two arrows 
in Fig.  6. The flow rate in the experiment by Nakamura 
(2011) was U∞ = 6× 10−3 m/s. We estimated the flow 
rate from Fig. 6 based on its scale information: plate thick-
ness = 5 mm, Xf = 4.9× 10−2 m, y = δ = 5.6× 10−3 m 
and ηsn = 2.1 for n = 1. Using these parameters, the defor-
mation time is calculated to be tf = 7.1 s and the flow rate 
U∞ = 6.9× 10−3 m/s based on equations of (19) and (22), 
respectively. The calculated flow rate is quite similar to 
the experimental value. Considering the f ′′(η) = 0.332 at 
y = 0 for n = 1.0 in Fig. 5c, we can obtained the shear stress 
τ from Eq. (22), which would have the values from approxi-
mately 1 to 0.1 Pa for a fluid particle moving from 1 mm to 
1 cm, represented as an inverse linear relationship shown 
in Fig. 7a.

Non‑Newtonian fluid (n < 1): edible sauce (n = 0.262)
Taking the edible sauce with n  <  1 as an example of a 
nonlinear fluid, the fluid parameters are n = 0.262 and 
K = 142 kg/

(

m s1.738
)

 at 20  °C (Miura et  al. 2008) and 
ρ = 1.19× 103 kg/m3 (provided by the manufacturer). 
Considering the case for infinite plate with ηin = 1.43 and 
n = 0.262, according to Eq. (21), we could obtain the shear 
stress as function of time. Considering speed of fluid 
flow, we can also present the shear stress on the plate as 
a function of X as shown in Fig. 7b for various flow rates 
of 0.2, 0.2, and 1  m/sec. Here, the plot was made using 
f ′′(0) = 0.41 for n = 0.262 according to Fig. 5c.

Through the distribution of the distance to the plate 
boundary for various flow rates, by the possible estimated 
flow rate examined in the field, it might give some indica-
tions on the shear stress distribution along the bound-
ary of an identified fault for non-Newtonian material. In 
comparison with Fig. 7a of Newtonian material, the yield-
ing shear stress from Non-Newtonian material is several 
order higher than the value of Newtonian material in our 
case of n = 0.262. For a certain distance, one-order dif-
ference in flow rate yields almost three-order difference 
in shear stress. And, the shear stresses drop significantly 
with distance, suggesting very large shear stress close 
to the plate boundary for non-Newtonian material. The 
estimation of the shear stress along the boundary using 
Newtonian material in simulation might give lower esti-
mation of the shear stress.

Fig. 6  Photograph of the experiment performed to visualize the 
water boundary layer in water using the hydrogen bubble method 
(Nakayama 2011). The plate thickness was 5 mm, and the flow veloc‑
ity was 0.6 cm/sec
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Comparing the calculated and experimental results, 
it reveals some technical errors in the estimation of the 
flow rate and time. One error might come from the dif-
ficulty in measuring the distance. Using the hydrogen 
bubble method, accurately measuring the distance from 
the tip of the plate in the direction parallel to the plate 
is difficult because bubbles crowd around the tip of the 
plate. Another possible error is the finite thickness of the 
plate because that the streamlines vary as a function of 
the plate thickness. Fortunately, these errors are not sig-
nificant enough to compromise the validity of the calcu-
lation results.

For a flow with an extremely small Reynolds num-
ber, the viscosity of the fluid affects the dimensionless 
parameters, which renders the meaningless of Reynolds 
number (Leal 1992). Therefore, these models we derived 
here needed to be handled with care for the flows with 
extremely small Reynolds numbers (e.g., n  <  0.1). For-
tunately, most of the ductile deformation features were 
modeled considering with our equivalent power-law 
index n greater than 0.1 (e.g., Talbot 1999; Brodsky et al. 
2009).

Summary
We derived a series of functions to estimate the time 
required for the generation of certain dynamic param-
eters (i.e., the flow rate, shear stress, and deformed struc-
ture) based on the geometric information of the boundary 
layer of the flow. The applications to two models: infinite 
plate and semi-infinite plate, were represented. For the 
semi-infinite plate model, a final displacement structure 

was obtained by computing the flow velocity at every 
spatial coordinate to obtain the resultant streamline, 
which is parallel to the plate in an infinite plate model. 
However, the dynamics of the laminar boundary layer 
in the direction perpendicular to the plate must be con-
sidered when it approaches the boundary. Therefore, the 
equations, thus, derived in this paper could be applied to 
estimate the flow velocity, stress and time required for 
the deformation of streamlines. And, the results could be 
further compared to the experimental observations. The 
calculated time required for the streamlines to deform 
and the flow velocity are consistent with the correspond-
ing experimental results, suggesting the reliability of our 
derived equations and methodology applied in this paper. 
Because few experimental examples of the deformation 
structure in a nonlinear (n < 1.0) fluid exist, we used the 
parameters for edible sauce in our experiment. Although 
the presented results of our calculations are reasonable, 
we still suggest that the validity of the model might need 
to be justified with various fluids. This topic will be the 
subject of future experimental investigations. We hope 
it is possible to apply this technique to the observations 
in the field in the future although a comparable geologi-
cal feature to the setting of this derived technique might 
remain some modifications. Once the ductile deforma-
tion structure could provide an indication of the relative 
displacement (e.g., vein across the deformation structure 
as a marker for displacement), it would be possible to 
estimate the time required for the formation of the duc-
tile deformation structure and the equivalent ductile fluid 
flow speed as U∞, and, thus, the stress distribution along 

Fig. 7  a Shear stress measured for the semi-infinite plate using water. “x” represents the distance from the tip of the flat plate in log–log scale. b 
Shear stress measured for the infinite plate using edible sauce. This figure shows how the shear stress changes as a fluid particle in the sauce moves 
“x” meters from its original point at flow rates of 0.1, 0.2, and 1 m/sec in the log–log scale
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the displacement. The flow direction as indication above 
could be considered as a flow parallel to the strongest 
deformed area. Our model setting is for an asymmetric 
shear deformation. For a larger scale, the crustal defor-
mation observed by GPS data (Additional file 1: Fig. S3, 
http://mekira.gsi.go.jp/project/f3_10_5/ja/ondex.html) in 
Japan islands shows a significant asymmetric shear defor-
mation feature, especially the motion across the right-lat-
eral motion of Median Tectonic Line (MTL) in Shikoku 
island. It shows that not all of the right-lateral motions 
were resolved by MTL. Some shear motion remained to 
the north of MTL (northern regime of Shikoku island), 
which might be involved with possible viscous motion. 
The application of our derived technique might give 
some hints to the understanding of the large-scale asym-
metric ductile deformation feature along MTL although 
more details might need to be addressed as compared 
to the GPS data through modeling. We hope the derived 
results in this study could facilitate better understanding 
on the fault zone dynamics, especially for viscous ductile 
deformation feature, which is often observed within and 
nearby fault zones in the field.
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