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Abstract

A mesh-objective two-scale finite element approach for analyzing damage and failure
of fiber-reinforced ceramic matrix composites is presented here. The commercial finite
element software suite Abaqus is used to generate macroscopic models, e.g.,
structural-level components or parts of ceramic matrix composites (CMCs), coupled
with a second finite element code which pertains to the sub-scale at the fiber-matrix
interface level, which is integrated seamlessly using user-generated subroutines and
referred to as the integrated finite element method (IFEM). IFEM calculates the reaction
of a microstructural sub-scale model that consists of a representative volume element
(RVE) which includes all constituents of the actual material, e.g., fiber, matrix, and
fiber/matrix interfaces, details of packing, and nonuniformities in properties. The
energy-based crack band theory (CBT) is implemented within IFEM’s sub-scale
constitutive laws to predict micro-cracking in all constituents included in the model.
The communication between the micro- and macro-scale is achieved through the
exchange of strain, stress, and stiffness tensors. Important failure parameters, e.g., crack
path and proportional limit, are part of the solution and predicted with a high level of
accuracy. Numerical predictions are validated against experimental results.

Keywords: Multi-scale analysis; Crack band; Ceramic matrix composites; Finite
elements

Background
Polymer matrix composites (PMCs) and ceramic matrix composites (CMCs) are increas-
ingly used in a wide range of applications. With the demand for lighter and more versatile
structural components, the need to understand interactive and complex failure mecha-
nisms in these materials has grown and has become the focus of many research projects.
The deformation response, subsequent damage development, and failure of these multi-
constituent materials are dependent on microstructural details such as variations in fiber
packing arrangement, properties at fiber-matrix interfaces, and interactions between
neighboring fibers. This dependency of failure modes on the microstructure is well
known for composite materials which led to the development of numerous homoge-
nized theories. Kanoute et al. [1] reviewed various multi-scale methods for mechanical
and thermomechanical responses of composites. Heinrich and Waas [2] utilized the
smeared crack approach to describe the post-peak softening in laminated materials. They
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predicted the cracking behavior of an open-hole tensile specimen and recorded crack
directions for various fiber angles. Accurate numerical predictions for layered, fibrous
materials are inherently difficult due to the intricate mechanisms that tie global compo-
nent failure to microstructural degradation. Modeling strategies based on homogenized
material properties neglect the importance of the physical behavior at the microstruc-
tural level, and thus, homogenized models fail to predict experimentally observed critical
parameters accurately. Those include, e.g., maximum load, strain to failure, crack spac-
ing, and other salient features. Oftentimes, the material orientation is used as a guide
for directing failure. This might lead to erroneous crack paths for materials with similar
fiber and matrix properties such as CMCs. Hence, multi-scale methods have become the
focus of many research papers in recent years. These models dehomogenize the strain
and stress state for each constituent. Typically, a representative volume element (RVE)
that preserves the microstructural dimensions is identified. Yuan and Fish [3] developed a
computational homogenization approach for linear and nonlinear solid mechanics prob-
lems. In this work, two commercial solvers were bridged by a python code. The authors
showed that linear problems could be accurately modeled. Ghosh et al. [4] introduced
a multi-scale methodology based on the Voronoi cell finite element method (VCFEM).
Material coefficients are generated by VCFEM and used in a global finite element model.
Nonlinearities can be included in the finite element formulation of the Voronoi cells.
Key et al. [5] used multi-continuum technology in a multi-scale simulation to analyze
the separation of rib to skin interfaces. Multi-continuum theory decomposes the stress
and strain field for each constituent using volume averages. This method is numerically
fast with the cost of inaccuracy particularly for components that experience high shear.
Bacarreza et al. [6] developed a semi-analytical homogenization method to model dam-
age in woven composite materials. Effective material properties are derived and used in a
progressive damage analysis. Nonlocal or gradient failure theories assume that the post-
peak stress-strain behavior of an element is influenced by the field gradients within a
characteristic radius around the element. Jirásek [7] analyzed analytical and numerical
solutions of simple one-dimensional localization problems. Aboudi et al. [8] introduced
the generalized method of cells (GMC), a semi-analytical method, which discretized
the microstructure with rectangular subcells. Pineda et al. [9] achieved mesh objectivity
with a thermodynamics-based approach within GMC as well as high-fidelity generalized
method of cells (HFGM). Multi-scaling methods often suffer from lower computational
efficiency compared to homogenized models. This disadvantage can usually be over-
come by using the multi-scale method in areas where microstructural failure is to be
expected, e.g., at stress concentrators (notches, etc.). Homogenized element stress-strain
relation can be utilized in regions of low failure probability. In recent years, significant
improvements have been made in terms of fidelity and computational efficiency [10-13].
In the present paper, the commercial finite element software suite Abaqus is used to

generate lamina-level structural model of a ceramic matrix composite (CMC). A sec-
ond sub-scale microstructural model has been developed and fully integrated with the
main Abaqus solver through a user material subroutine (UMAT). Integrated finite ele-
ment method (IFEM) calculates the reaction of a microstructural model to an imposed
displacement field. The microstructural model consists of a RVE which includes all con-
stituents of the real material, e.g., fiber, matrix, and fiber/matrix interfaces, details of
packing, and nonuniformities in properties. The energy-based crack band theory (CBT),
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first introduced by Baz̆ant [14], is implemented within IFEM constitutive laws to predict
micro-cracking in all constituents that are included in the micromechanics model. The
communication between the micro- and macro-scale is achieved through the exchange
of strain, stress, and stiffness tensors. Important failure parameters, e.g., crack path and
proportional limit, are part of the solution and predicted with a high level of accuracy.
Numerical predictions are validated against experimental results.

Methods
Representative volume element modeling in a multi-scale framework

Most commercially available finite element suites offer the user to implement cus-
tom constitutive material laws. In this work, Abaqus has been chosen to solve the
macroscopic-scale (e.g., lamina level) finite element problem. User material subroutines,
called UMAT (Abaqus User Manual [15]), are readily accessible through the computer
language Fortran. The UMAT subroutine is called at each integration point of the Abaqus
model for each element within an element set that has been defined with a user mate-
rial. In a multi-scale scheme, information is exchanged between multiple length and/or
time scales. Here, the focus lies on a concurrent technique that exchanges essential
stiffness, current stress, and strain information between two scales: the lamina-level sim-
ulation and a microstructure-level simulation. This technique employs the finite element
method (FEM) at both the fiber/matrix scale and themacroscopic, e.g., lamina-level scale.
The constitutive response at the macro-scale is purely dictated by the fiber/matrix-level
model. Localization techniques, as discussed below and referenced in Equation 10, are
employed for transforming displacement fields from a global state to a local state. Back-
transformation is achieved through a homogenization step according to Equation 1. The
concurrent information exchange between the scales is shown in Figure 1. A strain field is
passed to the user-defined material definition. Stress and stiffness tensors are calculated
and passed back to Abaqus.
In IFEM, interactions of fibers, interfaces, and matrices are captured with great detail

without loosing computational efficiency. Figure 2 displays a flow chart of the imple-
mented two-scale method. The sub-scale is being called at eachmaterial integration point
of the macroscopic model. In order to reduce the computational cost, a criterion based
on the homogenized strain state is used to determine if constituent failure is possible.

Figure 1 Multi-scale information exchange between scales.
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Figure 2 IFEM flow chart.

This criterion is chosen to make conservative estimates while simultaneously avoiding
unnecessary calls to the sub-scale.
Four main steps can be identified within the sub-scale code. First, the element matrices

are calculated and then assembled to form a global system of equations. In a second step,
periodic boundary conditions (PBCs) are applied, and the global nodal displacement fields
are calculated. The global solution is used in a third step to derive the required set of
element strains and stresses. Finally, a failure criterion is checked for each element within
the RVE, and volume averaged stresses, Equation 1, are calculated and passed back to the
macro-scale in order to update the stress state of the element in the macroscopic model:

σV
ij = 1

V

∫
σ e
ij dV (1)

Two versions of IFEM have been developed. 3D-IFEM uses a linear eight-noded brick
elements and 2D-IFEM uses a four-noded plane stress (or strain) element formulation,
respectively, as can be found in [16]. This work will focus on 3D-IFEM due to an increased
accuracy with minor impact on the computational cost. The equations for the three-
dimensional formulation are presented. The geometry of each element is described by
Cartesian coordinates (Xi,Yi,Zi) of the nodes. Each node i has three degrees of freedom
(ui, vi,wi), and the nodal degree of freedom vector q can be written as:

{q}T = {u1, v1,w1,u2, v2,w2, . . . , . . . , . . . ,u8, v8,w8} (2)
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The corresponding nodal force vector is:

{f }T = {fx1, fy1, fz1, fx2, fy2, fz2, . . . , . . . , . . . , fx8, fy8, fz8} (3)

The displacement components at any point (X,Y ,Z) can be interpolated by the nodal
displacements:

{u} =[N] {q} (4)

The eight shape functions can be written as:

Ni = 1
8
(1 + ξξi)(1 + ζ ζi)(1 + ηηi) (5)

The isoparametric transformation is given by:

x = N1x1 + N2x2 + . . . + N8x8
y = N1y1 + N2y2 + . . . + N8y8
z = N1z1 + N2z2 + . . . + N8z8

(6)

Next, the Jacobian matrix of the derivative transformation from real coordinates
(X,Y ,Z) to isoparametric coordinates can be written as:

J =
⎡
⎢⎣

∂x
∂ξ

∂y
∂ξ

∂z
∂ξ

∂x
∂η

∂y
∂η

∂z
∂η

∂x
∂ζ

∂y
∂ζ

∂z
∂ζ

⎤
⎥⎦ (7)

The stresses and strains are then given by:

σ =[ σx, σy, σz, τxy, τxz, τyz]T

ε =[ εx, εy, εz, γxy, γxz, γyz]T
(8)

Finally, a matrix relating the element strains and nodal displacements can be derived:

{ε} =[B] {q} (9)

Implementing IFEM in Fortran was essential for a highly efficient multi-scale frame-
work. It allows the macroscopic model to be run in a cluster environment and hence
solving multiple material integration points simultaneously.

Dehomogenization of displacement field with periodic boundary conditions

One essential step in these two-scale simulations is the dehomogenization of the global
displacement field. Load has to be transferred at each material point of the coarse scale
model to the microscopic subcell model. In this work, PBCs are used to apply the homog-
enized strain state at each integration point of the macroscale model on the RVE. PBCs
enforce displacement continuity on all outer surface nodes of the RVE with the assump-
tion that the RVE is part of an infinite continuum [17,18]. Equation 10 represents the
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three-dimensional formulation. These equations can be easily simplified to two dimen-
sions. For compactness, only the three-dimensional periodic boundary conditions are
explicitly discussed here:

u1(L1, x2, x3) − u1(0, x2, x3) = ε11L1
u2(L1, x2, x3) − u2(0, x2, x3) = 2ε12L1
u3(L1, x2, x3) − u3(0, x2, x3) = 2ε13L1
u1(x1, L2, x3) − u1(x1, 0, x3) = 2ε21L2
u2(x1, L2, x3) − u2(x1, 0, x3) = ε22L2
u3(x1, L2, x3) − u3(x1, 0, x3) = 2ε23L2
u1(x1, x2, L3) − u1(x1, x2, 0) = 2ε31L3
u2(x1, x2, L3) − u2(x1, x2, 0) = 2ε32L3
u3(x1, x2, L3) − u3(x1, x2, 0) = ε33L3

(10)

where εij are the macroscopic strains passed down fromAbaqus at each integration point.
L1, L2, and L3 are the corresponding side lengths of the RVE in x-, y-, and z-directions as
shown in Figure 3a. A sketch of the periodically deformed RVE is shown in Figure 3b.
The PBC constraints are implemented using the penalty approach:

β1Q1 + β2Q2 = β0 (11)

where Q1 and Q2 are the degrees of freedom (dofs) to be coupled and β0 the applied dis-
placement betweenQ1 andQ2. β1 and β2 are integer parameters with a value of 1 and −1,
respectively.

Numerical calculation of Jacobian matrix for implicit simulations

All numerical predictions in this work were carried out using an implicit solutionmethod-
ology in Abaqus. Due to the nature of the backward Euler scheme used in Abaqus
implicit simulations, a Jacobian matrix δ�σ\δ�ε has to be passed back at the end of the
user-defined material law [15]. In case of the undamaged subcell, the Jacobian matrix is
constant and calculated only once for each RVE prior to the multi-scale simulation. It is

(a) (b)

Figure 3 Periodic boundary conditions: (a) undeformed state and (b) deformed state.
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stored in a Fortran-compiled file and can be called at any time during the IFEM simula-
tion. In case of damage in the subcell model, a new Jacobian matrix should be calculated
to guarantee fast convergence of the macroscopic model. It should be noted that a con-
stant Jacobian matrix might lead to convergence but at the cost of loosing a quadratic
convergence rate during the Newton-Raphson method used in the Abaqus FEM solution
process. Since the sub-scale includes details of the microstructure, failure mechanisms,
and interactions among these, the sub-scale generated material law to be used at the
macro-scale is embedded in details of the Jacobian matrix, denoted in Abaqus UMATs as
DDSDDE, and this is determined numerically:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε11
0
0

ε12
0
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
ε22
0
0

ε23
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
0

ε33
0
0

ε13

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

Three separate sub-scale calculations on the damaged subcells are needed to calcu-
late all entries of the Jacobian matrix. Therefore, three global strain vectors, Equation 12,
are applied on the boundaries of the damaged subcell separately, and the corresponding
stress state is determined. Equations 13 depicts the calculation of the first column of the
Jacobian matrix as well as the entry S1212:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ11
σ22
σ33
σ12
σ23
σ13

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

S1111 S1122 S11330 0 0
S1122 S22222 S22330 0 0
S1133 S2233 S33330 0 0
0 0 0 S1212 0 0
0 0 0 0 S2323 0
0 0 0 0 0 S1313

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε11
0
0

ε12
0
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)

This scheme requires additional numerical effort on the micro-scale model but ulti-
mately leads to a reduction of time required to solve the macroscopic finite element
problem due to faster convergence of the Abaqus model.

RVE characteristics

The objective of multi-scale analyses is to decompose a general homogenized stress and
strain field of a lamina-level model into constituent stress and strain states. Post-peak
softening is based on these decomposed stresses and strains, and therefore, failure is
dependent on geometrical features and constituent material response within the RVE.
Theoretically, there are no geometrical limitations on the RVE. However, as stated ear-
lier, the choice of RVE size and features are predicated on experimental observations that
provide qualitative and quantitative insight on damage and failure mechanisms. In this
research, the maximum number of fibers per RVE was limited to three. This number of
fibers resulted in a runtime of several hours using 12 processors within a cluster envi-
ronment. However, future work will focus on the influence of detail within a subcell on
the runtime and accuracy of numerical predictions. Furthermore, the discretization size
should be selected to arrive at a minimum number of degrees of freedom within the RVE.
Further restrictions might be imposed by the failure models used within the sub-scale.
The crack band method for example requires a minimum characteristic element length
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as further discussed in the ‘Crack band failure model’ section. Often overlooked is the
importance of microstructural details on the failure mechanisms in numerical models.
Detailed views of microstructures of composite materials reveal a random organization of
fibers. Perfectly hexagonal packed RVE’s, as they are often used in numerical models due
to the simple architecture, can merely be an approximation. Many different deviations
of the perfect packing are found in real materials, e.g., fiber touching and varying fiber
diameters. Multi-scale methods are well suited to implement a random microstructure
by using several RVE’s with varying architectures randomly distributed throughout the
macroscopic model. Hence, each element within the macroscopic model will use a RVE
that slightly differs from the neighboring RVEs. Figure 4 shows examples of six geometri-
cally different three-dimensional three-phase (fiber, matrix, interface) RVEs. It should be
noted for completeness that material properties (critical stress, toughness, etc.) can also
exhibit spatial variations in a deterministic or random manner. Uniform properties are
assumed in this preliminary study, and other cases will be addressed in the future.
The choice of the three-phase RVEs, including fiber, interface, and matrix, created to

represent the microstructure of ceramic matrix composites (CMCs) is based on obser-
vations from experiment; however, the approach developed here is not limited to these
types of materials. Two-phase (polymer matrix composites) or one-phase material (pure
matrix) RVEs for example are possible and can be used. The objective here is to demon-
strate that RVE features are an integral part of developing physics-based multi-scale
strategies that fall within the realm of predictive science.

Crack band failure model
SiC/SiC ceramic matrix composites [19] show large deviation from linear stress-strain
relation in monotonic tensile tests. This strain softening is the result of formation of
micro-cracks in the matrix material. Many techniques have been used by authors in
the past to capture strain softening. The smeared crack approach has been used by
Heinrich and Waas [2] to predict cracking of polymer matrix composites (PMC). Pineda
et al. [9] used the crack band method in a multi-scale scheme. In another work, Pineda
and Waas [20] used the enhanced Schapery theory to predict damage in PMC laminates.
In this paper, we restrict attention to mode I cracks, occuring at the sub-scale, i.e., cracks
(straight or curved) which have no shear stress at their front. This is motivated from the

Figure 4 Selection of three-dimensional RVEs.



Meyer and Waas IntegratingMaterials andManufacturing Innovation  (2015) 4:5 Page 9 of 18

fact the ceramics undergo failure in a locally mode I state. This does not detract much
from practical usefulness since cracks in CMCs seem to propagate in most situations
along principle strain directions in which mode I prevails at the front. In finite element
analysis, loss of positive definiteness of the tangent stiffness tensor leads to a material
instability, which manifests as a localization of damage into the smallest length scale in
the continuum problem [21]. Damage initiation, e.g., entering the traction-separation law,
is based on a simple but physical criterion:

ε′

εcr
= 1 (14)

where ε′ is the maximum principle strain and εcr is the strain to failure of the material
and assumed to be a material parameter. The crack band failure method falls into the
category of approaches that smear the effect of a sharp crack over a finite volume, leading
to a practically useful, yet robust approach to preserve mesh objectivity. This is because
the characteristic material length is embedded within the formulation of the crack band
model. Thus, cracks are not explicitly modeled within an element but rather incorporated
in the element constitutive law. In this work, it is assumed that after crack growth has
been initiated the stiffness of the element is reduced according to a traction separation
law that dissipates energy while preserving the energy release rate. In most numerical
applications, the current secant stiffness is chosen such that the tractions will follow the
details of the traction-separation law shown in Figure 5, where σ is the normal traction
and δ is the crack opening. In this study, a triangular traction-separation law is employed.
The area under the mode I traction-separation law corresponds to the mode I fracture
toughness (GIC) of the material, while the energy release rate GI is defined as:

GI =
∫ δ

0
σ(δ)dδ (15)

Objectivity with respect to the discretization size of the microscale model is achieved
through introduction of a characteristic element length as further discussed in this
section. It is assumed that the element strain can be written as:

ε = εcont + εcr (16)

Figure 5 Crack band traction separation law.
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where εcont represents the continuum strain of the element and εcr represents the addi-
tional smeared strain which results due to cracking. One can rewrite Equation 16 for a
linear elastic isotropic material in the principal frame as:⎧⎪⎨

⎪⎩
ε11
ε22
ε33

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

1
E

−ν
E

−ν
E−ν

E
1
E

−ν
E−ν

E
−ν
E

1
E

⎤
⎥⎦

⎧⎪⎨
⎪⎩

σ11
σ22
σ33

⎫⎪⎬
⎪⎭ +

⎧⎪⎨
⎪⎩

εcrnn
0
0

⎫⎪⎬
⎪⎭ (17)

It is assumed that the continuum part and the crack part are in an iso-stress state which
leads to:

σnn = σ11 (18)

The crack strain can be calculated from the traction-separation law (Figure 5):

εcrnn = εF + σ11
Cf

(19)

Substituting Equation 19 into Equation 17 leads to:
⎧⎪⎨
⎪⎩

ε11 − εf
ε22
ε33

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

1
E + 1

Cf
−ν
E

−ν
E

−ν
E

1
E

−ν
E−ν

E
−ν
E

1
E

⎤
⎥⎦

⎧⎪⎨
⎪⎩

σ11
σ22
σ33

⎫⎪⎬
⎪⎭ +

⎧⎪⎨
⎪⎩

εcrnn
0
0

⎫⎪⎬
⎪⎭ (20)

Next, the element continuum stress-strain relation can be coupled to the traction-
separation law as shown in Figure 6. σ11 and ε11 are written in the local crack coordinate
system. E denotes the undamaged Young’s modulus in the principle frame. A fracture
scalar variable D (0 ≤ D ≤ 1) is introduced which corresponds to zero if damage has not
initiated.D is set to one if ε11 exceeds εf , when the element has failed catastrophically and
no load can be transferred normal to the crack direction.
The total stress-strain law in the principal frame can be rewritten as:⎧⎪⎨

⎪⎩
ε11 − εf

ε22
ε33

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

1
(1−D)E

−ν
E

−ν
E

−ν
E

1
E

−ν
E−ν

E
−ν
E

1
E

⎤
⎥⎦

⎧⎪⎨
⎪⎩

σ11
σ22
σ33

⎫⎪⎬
⎪⎭ (21)

The damage parameter D can be determined from the stress-strain relation in Figure 6:

Et = σ 0
cr

ε0 − εf
(22)

Figure 6 Joining element continuum stress-strain law with traction-separation law.
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and

(1 − D)E = Et(ε11 − εf )

ε11
(23)

Using Equations 22 and 23, the scalar fracture variable D can be calculated as:

D = 1 − σ 0
cr(

εf − ε0E
)

(
εf

ε11
− 1

)
(24)

It is assumed that damage is isotropic, which results in a compliance matrix given by
Equation 25:

[ S]= 1
(1 − D)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

S1111 S1122 S1133 0 0 0
S1122 S22222 S2233 0 0 0
S1133 S2233 S3333 0 0 0
0 0 0 S2323 0 0
0 0 0 0 S1313 0
0 0 0 0 0 S1212

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)

Finally, the compliance matrix has to be transformed back into the global x-, y-,
z-coordinate system:

[ S]=[T]−1 [ S] [TT ]−1 (26)

where T is given as

T =[ n1n2n3] [ e1e2e3] (27)

where n1, n2, n3 are the principal strain directions and e1, e2, e3 are the unit basis vectors.

Characteristic length scale

In this work, the term mesh-objective prediction is used only in terms of the micro-
scopic IFEM RVE model. Multi-scale formulations deal with several length scales. In this
paper, which considers a two-scale approach, microscopic andmacroscopic characteristic
lengths are required. Additional work is required to incorporate the macroscopic length
scale into the multi-scale formulation. Research in this area have been reported by Pineda
et al. [22] who used the generalized method of cells at the sub-scale of a multi-scale anal-
ysis. FEM models that predict post-peak material softening behavior due to damage, e.g.,
non-recoverable energy dissipation, are inherently dependent on the discretization size
of the model. In order to overcome this dependence, Baz̆ant [14] introduced a character-
istic length based on material elastic and fracture properties. In this study, the released
energy is scaled by a characteristic element length, h, which is the length over which
the crack opening is ‘smeared’ in order to define the effective strain due to cracking, as
shown in Figure 6. Independent of the element size, the critical energy release rate, GIC ,
which is assumed to be a material constant associated with damage in a particular finite
element needs to be preserved. Satisfying the restriction of the mesh size guaranties a
mesh-objective simulation. As can be seen in Figure 6, the strain softening modulus Et
must be negative. Therefore, the following equation holds true:

1
Et

= 1
E

+ 1
Cf

≤ 0 (28)
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Cf can be replaced by σ 0
cr/εf , and thus, Equation 28 can be rewritten as:

1
E

− 2GIC
hσ 2

cr
≤ 0 (29)

This condition leads to a maximum characteristic finite element length of:

h ≤ 2EGIC
σ 2
cr

(30)

As Baz̆ant [14] noted, h should be smaller but at least half of that value in practical FEM
problems. The limiting case is given by E−1

t = 0 which corresponds to a sudden drop in
the stress-strain response. Since h is the distance within the element that is perpendicular
to the cracking due to damage, the effective post-peak response of different element sizes
will be different, yet GIC is held fixed, leading to a mesh-objective formulation.

Results and discussion
Notched CMC tension simulation

Laminated ceramic matrix composites are of increasing interest especially in the
aerospace and energy sector. In contrast to other materials, they experience small degra-
dation of stiffness at very high temperatures. It should be noted that with matrix and fiber
elastic properties being similar the failure mechanisms are vastly different compared to
polymer matrix composites. However, 3D-IFEM is well suited to predict damage, e.g.,
crack paths at the macroscopic level. This will be shown for a cross-ply single-notch ten-
sion simulation. The notch radius is chosen to be large compared to the fiber diameters.
The lay-up is [ 0/90]2S and model details are given in Figure 7. The gauge section width is
10.16 mm, the grip section width is 12.7 mm, and the overall length is 152.4 mm.
It further shows the boundary conditions and loading on the model. The edges X0 and

X1 are subjected to a displacement in negative and positive x-direction, respectively. The
corner A at X0 is prevented from moving in the y- and z-directions to avoid rigid body
movements. All models were meshed with three-dimensional elements (C3D8 Abaqus

Figure 7 Cross-ply laminate model details.
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v6.11 [15]) with one element per layer through the thickness. Important to note here is
that like any real specimen no strict symmetry in geometry with respect to the center line
of the notch exists which leads to unsymmetric failure as described below. In order to
break symmetry in themodel, six geometrically different RVEs were randomly distributed
throughout the model. The RVEs include one, two, or three fibers each. One RVE was
modeled with touching fibers. Although the RVEs are comparable in elastic properties,
e.g., pre-peak behavior, differences exist for the post-peak regime. RVEs with clustering
fibers exhibit higher stress concentrations and tend to initiate damage at a lower load
stage compared to other RVEs.
Damage was predicted with the crack band method on the RVE scale. The coupon

level failure matches with crack growth observed with digital image correlation (DIC)
data as can be seen from Figure 8. Two cracks initiate at the notch tip and progress
outward. Initially, the cracks grow under an angle particular for each lay-up before turn-
ing perpendicular to the loading direction. The initial angle appears to be determined
by the maximum principle strain directions. Eventually, one crack path will grow faster
which then determines the catastrophic failure path of the specimen. This type of crack
path would not be captured with a symmetric model, e.g., symmetric mesh and no geo-
metric randomness, since there is no numerical preference for one crack to advance
more quickly. As mentioned before, finite element methods that include energy dissipa-
tion through damage will be mesh dependent if not properly treated. The crack band
methodology, as currently implemented within IFEM, incorporates a characteristic length
within the RVE model. However, on the macroscopic scale, such a development is absent.
Three model discretization sizes at the macroscale (Figure 9) were created to study the
effect on the stress-strain response of the single-edge-notch predictions. The coarse mesh
(Figure 9a) consisted of 37,140 dofs, the fine mesh consisted of 110,260 dofs, and the
fine structured mesh consisted of 269,835 dofs. All models were run in a cluster environ-
ment on a single node with 12 processors. Figure 10 shows the normalized stress-strain

Figure 8 Comparison of crack paths of 3D-IFEM and DIC.



Meyer and Waas IntegratingMaterials andManufacturing Innovation  (2015) 4:5 Page 14 of 18

Figure 9 Three meshes of the single-edge-notch finite element model were investigated for the mesh
convergence study. (a) Coarse mesh, (b), fine mesh, and (c) fine structured mesh. The field of view was
restricted to the area around the notch in order to resolve the mesh details.

response of all three models. The normalized ultimate net section stress decreases by
3% from 0.98 predicted with the coarse mesh (Figure 9a) to 0.95 as predicted by the dis-
cretization size used in mesh III (Figure 9c). The normalized strain at ultimate stress
changes by 3.1% from 1.046 predicted with mesh I to 1.079 as predicted by the fine
structured mesh.
Next, results from a uni-directional zero-degree single-layer laminate simulation are

compared to experimental results. The sample was 21.65 mm long, 6.35 mm wide, and
0.38 mm thick with the notch dimensions given in Figure 11.
The model consisted of 47,564 dofs. Three-dimensional elements with reduced inte-

gration points were used (C3D8R) with one element through the thickness. The edges X0
and X1 are subjected to a displacement in negative and positive x-direction, respectively.
Similar to the results from a cross-ply laminate, two cracks initiate at the notch. How-
ever, the angle spanned between the cracks is larger. These predictions are very consistent

Figure 10 Stress-strain response of three model discretization sizes.
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Figure 11 Sketch of unidirectional notched model.

with experimental observations shown in Figure 12. Comparable to the cross-ply lami-
nate, the cracks turn perpendicular to the loading direction further away from the notch.
Eventually, one crack propagates faster which defines the final crack path.
For both laminates, crack initiation and propagation were predicted accurately. No

change to the input of the IFEM model was required. This demonstrates the strength of
the IFEM two-scale approach. The fact that the experimentally observed physical behav-
ior is accurately captured with sufficient detail at the sub-scale model lends confidence to
its use for predictive studies.

Figure 12 Damage of zero-layer laminate.
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Smooth bar CMC tension simulation

In this section, 3D-IFEM will be used to analyze the failure of an eight-layer ([ 0/90]2S)
cross-ply smooth bar ceramic matrix composite specimen. The specimen was 152.4 mm
long, 10.16 mmwide at the gauge section, and 12.7 mmwide at the grip section. Figure 13
depicts the boundary conditions. The left vertical edge was simply supported with a dis-
placement restriction in the x-direction. The right edge was displaced in the x-direction
by 0.1 mm. As before, nine randomly distributed RVEs containing five fibers each were
used in order to more accurately represent the real microstructure. Three of these RVEs
contained touching fibers which is often observed in this type of CMCs.
The stress-strain responses for both the numerical prediction and experimental result

is shown in Figure 14. The stress and strain axes are normalized by its maximum value,
respectively. The strain corresponds to the accumulated strain over the gauge section
and was measured using an extensometer. It can be seen that the onset of nonlinearity
in the simulation appears to be more abrupt. This might be a result of small residual
stresses still present in the real specimen. In an effort to minimize the effects of residual
stresses in the experiment, the specimens were heat treated before testing. The overall
response predicted with 3D-IFEM is in good agreement with the experimental results.
No distinctive cracks are observed at the lamina level due to the lack of geometric stress
concentrations. Generally, impurities can be found in ceramic materials resulting in local
changes of the matrix strength or fracture toughness. Future work will include property-
based randomization and its effect on damage and failure predictions.

Conclusions
In this work, a two-scale finite element approach has been developed and fully inte-
grated within Abaqus’ user material subroutine. This enables a computationally efficient
tie between a component-level model to a fiber/matrix-level model. It is shown that
information exchange between these two scales through stiffness and stress transfers can
capture damage on the structural-level model with effects of failure, damage, and mech-
anism interaction, implemented on the fiber/matrix-level model. A crack band model for
the 3D-IFEM method has been developed. Numerical predictions were verified against
experimental results. Good agreement was achieved for notched tensile specimens and
smooth bar fibrous ceramic matrix composites. The predicted failure modes obtained
with 3D-IFEM matched well with physical failure modes observed from experiments.
It was shown that the proposed failure scheme is well suited in a multi-scale framework

to model progressive failure. Mesh objectivity on the RVE scale was achieved through

Figure 13 Simulation details of CMC smooth bar tension model.
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Figure 14 Normalized stress-strain response of a CMC smooth bar tension test and 3D-IFEM calculations.

introduction of a characteristic element length. Effects of anomalies of the fiber pack-
ing were captured by resolving stress and strain fields for each constituent and using
randomly distributed RVEs throughout the lamina-level model. Nonsymmetric failure
modes as shown for the notched specimen were predicted accurately with this tech-
nique. However, future work should more rigorously study the effect of property-based
‘randomness’, e.g., varying matrix strength and fracture toughness within a RVE. This
effect could be most important for CMC specimens which lack a geometric stress con-
centration. Future work should also include a study on the effects of the amount of detail
included in a RVE. Multi-scale methods need to find a healthy mean between details
included in a RVE, time required to execute a simulation and accuracy of the predicted
failure modes.
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