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Abstract

In this paper, we investigate the existence of anti-periodic (or anti-periodic differenti-
able) mild solutions to the semilinear differential equation u'(t) = Au(t) + f(t, u(t))
with nondense domain. Furthermore, an example is given to illustrate our results.
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Background
In this paper, we study the existence of anti-periodic (or anti-periodic differentiable)
mild solutions to the semilinear differential equation

u'(t) = Au(t) +f(t,u(t)), teR (1)

where A is an unbounded linear operator, assumed to be Hille-Yosida of negative w-
type having the domain D(A) not necessarily dense in some Banach spaces X (for more
details, see “Preliminaries” section), and f : R x Xy — X is a suitable function.

The problem about the existence of anti-periodic solutions constitutes one of the most
attractive topics in qualitative theory of differential equations due to its applications in
engineering, physics, control theory and other subjects. We refer to the works of Afta-
bizadeh et al. (1994), Al-Islam et al. (2012), Aizicovici et al. (2001), Cao et al. (2012),
Chen et al. (2007), Haraux (1989), Liu et al. (2015), Liu et al. (2015), N'Guérékata and
Valmorin (2012), Okochi (1990), Wang and Chen (2013), Yang and Srivastava (2015),
Abdurahman and Jiang (2015), Xu (2016), Chadli et al. (2016) and the references therein.
However, most of these problems need to be studied in abstract spaces and operators are
defined over nondense domain. The literature concerning the existence of anti-periodic
solutions for differential equations with nondense domain is new.

To the best of our knowledge, the existence of anti-periodic (or anti-periodic differen-
tiable) mild solutions for semilinear differential equation with nondense domain consti-
tutes until now an untreated original problem. This fact is the main motivations of this

© 2016 The Author(s). This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40064-016-2315-1&domain=pdf

Liu and Zhang SpringerPlus (2016)5:704 Page 2 of 14

paper. To illustrate our abstract results, the existence and uniqueness of anti-periodic
solutions to a partial differential equation is discussed.

The paper is organized as follows: In “Preliminaries” section, we give some definitions
and fix notations which will be used in the sequel. In “Main results and proofs” section,
the existence of anti-periodic (or anti-periodic differentiable) mild solution to some
semilinear differential equations in Banach space are studied. In “An example” section,
an example is given to illustrate our main results.

Preliminaries

In this section we recall some definitions and fix notations which will be used in the
sequel. We assume that X is a Banach space endowed with the norm || - || and B(X) stands
for the Banach space of all bounded linear operators from X to itself. R denotes the
set of nonnegative real numbers. C;(R, X) denotes the space of all bounded continu-
ous functions from R — X. Moreover, we denote by C!(R, X) the space of all functions
R — X which have a continuous derivative on R. Cg (R, X) is the subspace of C1(R, X)
consists of such functions satisfying

Sug(llf(t)ll + IO < oo
te

It is clear that C l} (R, X) turns out to be a Banach space with the norm

Ifllcp mxy = sup(lf 1 + TEGIHE
teR

We first recall some properties of Hille—Yosida operators and extrapolation spaces. For
more details, we refer to Amir and Maniar (1999), Agarwal et al. (2011), Prato and Gris-
vard (1982), Engel and Nagel (2001), Hille and Philips (1975), Nagel and Sinestrari (1994)
and the references therein.

Definition 1 (Agarwal et al. 2011) Let A be a linear operator with domain D(A). We
say that (4, D(A)) is a Hille-Yosida operator on X if there exist w € R and a positive con-
stant M > 1 such that (w, 00) C p(A) and sup{(1 — »)"||(1 — A)|| 7"} < M. The infini-
mum of such a w is called the type of A. If the constant w can be chosen smaller than
zero, A is said to be of negative type.

From the Hille—Yosida theorem (Engel and Nagel 2001, Theorem I1.3.8) we have the
following result.

Lemma 1 Let (A, D(A)) be a Hille-Yosida operator on X, Xo=D(A),
D(Ap) = {x € D(A) : Ax € Xo} and Ao :D(Ag) C Xo — Xo be the operator defined
by Aox = Ax. The operator Aoy generates a Cy semigroup (To(t))e>0 on Xo with
ITo(®)l| < Me®* for t > 0. Moreover, p(A) C p(Ag) and R(J,A¢) = R(4,A)|x, for
A€ p(A).

Let 4 € p(A). we define a norm on space X by

lxll-1 = IR(4, Ao)xll, x € Xo.
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The completion of (X, || - ||—1) will be called the extrapolation space of Xj associated with
Ao and will be denoted by X_;. One can show easily that, 7 (¢) has a unique bounded linear
extension 7_1 (t) to X_1. The operator family (T_1(¢));>0 is a Cp semigroup on X_j, called
the extrapolated semigroup of (To(¢))¢>o. The domain of its generator A_; is equal to Ao.

The following results have been established in Amir and Maniar (1999), Agarwal et al.
(2011), Nagel and Sinestrari (1994).

Lemma 2 Under the previous conditions, the following properties are verified.

(i) D(A-1) = Xoand || T-1(®)llpx_y) = ITo(®) | Bxo) for every t > 0;

(ii) The operator A_1:Xo— X_1 is the unique continuous extension of
Ao : D(Ao) C KXo, Il - 1D = X=1, |l - |l=1) and A2—A_y is an isometry from
Ko, Il - 1) 2o (X1, [l - 11=1);

(iii) If 1 € p(Ao), then (A —A_1)~! exists and (A —A_1)~! € B(X_1). In particular,
i€ p(A_y) and R(u A_1)x, = RU, Ao)

(iv) The space Xo = D(A) is dense in (X_1,| - ||=1). Thus, the extrapolation space
X_1 is also the completion of (X,| - |-1) and X — X_1. Moreover, A_1 is an
extension of A to X_1. In particular, if 2 € p(A), then R(,A_1)|x = R(4,A) and
R(A,A_1) = D(A).

Lemma 3 f € Cy(R,X) and (A, D(A)) be a Hille-Yosida operator of negative w-type.
Then the following properties are valid.

(i) ffoo T_1(t — s)f (s)ds € Xo, foreveryt € R;

(i) | f_too T_1(t — s)f (s)ds|| < Me** f_too e~ ||f (s)||ds where M > 0O is independent
of t and f.

(iii) The function T'(f)(t) = fioo T_1(t — s)f (s)ds € Xo is continuous, where the opera-
torT : Cp(R, X) — Cp(R, Xp).

Now, we recall a useful compactness criterion.
Let 1 : R — R be a continuous function such that #(¢) > 1for all¢ € R, and h(t) — o0
as|t| — oo. We consider the space
u(t)

CX) = {u e C(R,X) : ‘t}i_r)noom = 0}

endowed with the norm

July = sup L
ter h(t) ’

Lemma 4 (Henriquez and Lizama 2009) A subset K € Cy(X) is a relatively compact set
if it verifies the following conditions:

(i) Theset K(t) = {u(t) : u € K}is relatively compact in X for each t € R;

(ii) The set K is equicontinuous;

(iii) For each & > O there exists L > 0 such that |u(t)|| < eh(t) for all u € K and all
|t| > L.

Page 3 of 14
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Remark 1 (Henriquez and Lizama 2009) It is clear that Cj,(X) is a Banach space isomet-
rically isomorphic with the space Cy(R, X) consisting of functions that vanish at infinity.

Also, we recall some notations about Stepanov bounded functions and anti-periodic

functions.

Definition 2 (Pankov 1990) The Bochner transform f bt,s),t € R, s € [0,1], of a func-
tion f{t) on R, with values in X, is defined by

Flt,s) =ft +s).

Definition 3 (Pankov 1990) Let p € [1, 00). The space BS?(X) of all Stepanov bounded
functions, with the exponent p, consists of all measurable functions fon R with values in
X such that f b e [2°(R,17(0,1; X)). This is a Banach space with the norm

1/p

41

Ifllse = IfCllzoom,1ey = sup (/ |lf(T)||pdT> .
teR t

Definition 4 (Aizicovici et al. 2001) A function f € C,(R,X) is called anti-periodic
provided that

ft+T)=—f(t), VteR

Denote by P74 (R, X) the set of all anti-periodic functions.

Lemma 5 (N'Guérékata and Valmorin 2012) Let f,, € Pr4(R, X), such that f,, — f uni-
formly on R. Then [ € Pra(R, X).

Lemma 6 (N'Guérékata and Valmorin 2012) The P14 (R, X) is a Banach space equipped

with the supnorm.

Lemma 7 (N'Guérékata and Valmorin 2012) If f € CY(R,X) is anti-periodic, then
f' € Pra(R, X).

Definition 5 A continuous function f is said to be anti-periodic differentiable if
f € Pra(R,X)and f' € Pra(R, X).

Denote by P}, (R, X) the set of all such functions.
Lemma 8 (Liu et al. 2015) P7, (R, X) is a Banach space with the supremum norm given
by

I Uy = SUpf )1+ 1 @1
te

Definition 6 (Amir and Maniar 2000) Let (A, D(A)) be a Hille-Yosida operator of neg-
ative w-type. A function u(t) : R — X satisfying the equation

t
u(t) = To(t — s)u(s) + / T_1(t — t)f (v, u(r))dr,

N
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forallt > s > —oois called a mild solution of semilinear differential equation
u'(t) = Au(t) + f(t, u(®)),t € R.

We give the famous Schauder’s fixed point theorem as follows:

Lemma 9 (Smart 1980) Let D be a nonempty, closed, bounded, convex subset of a
Banach space X. Let F : D — D be a continuous and compact operator, then the operator
equation Fu = u has a fixed point in D.

Main results and proofs
In this section, we study the existence of anti-periodic (or anti-periodic differentiable)
mild solutions of Eq. (1). The following are the main results of this work.

First, we list some assumptions.

(H1) The function f : R x Xo — X is continuous and f(¢ + T, —u) = —f (¢, u) for
allt e R, u € Xo
(Hy) The function f : R x Xy — X satisfies the condition:

If (&%) = f(&: DIl = LE)llx — yll

forallt € R, x,y € Xo, where L(¢) € BSP(R).The following theorem is needed to establish
our next results.

Theorem 1 Let (A, D(A)) be a Hille—Yosida operator of negative w-type and f satisfy the
condition (Hy). The " : Cp(R,X) — Cp(R, Xo) is a linear operator and I'u(t) is defined by

t
Tu(t) = / T_1(t — s)f (s, u(s))ds

—00

foreveryt € R.
Ifu € Pra(R, Xyp), thenTu(t) € Pra(R, Xp).

Proof Firstly, it is easily to see that

t
ITu)] < / I T_1(t — $)f (5, u(s)) I ds

t
< / Me® )| (s, u(s)) l1ds

M
=—IfI
—w
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Thus I is well defined and I'z is bounded.
Secondly, for any ¢ € R, 4 € Ris small enough

t
T_1(t — $)f (s, u(s))ds

t+h
Hrmr+m—rmnH=H/ fﬂﬂ%”ﬁﬁf@ﬂ@»ﬁ—/

t
= H/ T_1(t = s)f (s + hu(s + h)) —f(s,u(s)]ds

t
< Me®" / e f (s + By uls + ) — f s, u(s))||ds

—00

M
< —|f Gt huts + ) = fs,us))|.

Thus, |[Tu(t + k) — Tu(t)|| — 0as h — 0, which proves that 'u is continuous.
Finally, It follows from (H1) that for any u € P14(R, Xo) and for each ¢ € R

t+T
Fu(t+T) = / T_1(t+ T —s)f(s,u(s))ds

—0Q

't
= / Tt —s)f(s+ T,u(s+ T))ds

—00

t
= — / T_1(t — s)f (s, u(s))ds

—00

= —Tu(t).
Therefore, I'u is anti-periodic. The proof is complete. O
Theorem 2 Let (A, D(A)) be a Hille—Yosida operator of negative w-type and f satisfy the

conditions (Hy) and (Hy). Then Eq. (1) has a unique anti-periodic mild solution provided
that

e —1\i M Lo <1 L4l
<1l —-4+-=1
wq 1—e? s P q

Proof Define a operator I" as in Theorem 1 on P14 (R, Xo) by

t
Tu(t) = / T_1(t — s)f (s, u(s))ds
—00
for every t € R. By Theorem 1, the operator I is well defined and maps P74 (R, Xp) into
itself.
Next, we prove that the operator I" has a unique fixed point in P74 (R, Xp).
Letu,v € Ppa(R, Xp), then

Page 6 of 14
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t
[Tu(®) = TvO) | = H/ T 1t = 9)[f (s, u(s)) — f(s,v(s))]ds

t
< M/ e ||f s, u(s)) — £ (s, v(9))||ds

o
< M/ e”L(t —s)||lu—v|ds
0

k+1
< Mllu—v| Z/ e L(t — s)ds
k>0 k
k+1 é k+1 117
<Mlu—v| Z (/ e‘“qsds> (/ IP(t — s)ds)
>0 k k

k1 i
< MilLlgelu— v Y /k €0 ds

k>0

e —1\1 M .
< u— .
< g T ILllsP |l vl

1
)a %HLH sp < 1, it follows from the Banach contraction mapping principle

e®1—1
For ( o

that I" admits a unique fixed point u € P14 (R, Xp).

Moreover, one can see easily that u(z) satisfies the variation of constants formula
¢
u(t) = To(t — )u(s) + / T (¢ — Of (1, u(0))dx,
S
that is u(¢) is a mild solution of Eq. (1). The proof is complete. O

Theorem 3 Let (A, D(A)) be a Hille-Yosida operator of negative w-type and f satisfy the
conditions (Hy) and (Hy). If L(t) € BS'(R), then Eq. (1) has a unique anti-periodic mild
solution provided that 0 < %HLHQ <L

Proof Define a operator I" as in Theorem 1 on P14 (R, Xo) by

t
Tu(t) = / T_1(t — s)f (s, u(s))ds
—00
for every t € R. By Theorem 1, the operator I is well defined and maps P74 (R, Xp) into
itself.
Next, we prove that the operator I" has a unique fixed point in P74 (R, Xp).
Letu,v € Ppa(R, Xp), then
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t
[Tu(®) —Tv@)| = H/ T_1(t = 9)f (s, u(s)) — f(s,v(s)]ds

t
SM/ e”CINf (s, u(s)) — £ (s, v(s)) | ds

t
< M/ eI L(s)||lu — v||ds
—00

t—k

sMpu—vI et [ Lwds
=0 t—k—1
<Mlu—v| > e*|LIs
k>0
< ILlIg1 1 = vII.

1—e?

For0 < % ILllg1 < 1, it follows from the Banach contraction mapping principle that I"
admits a unique fixed point u € P14 (R, Xp). The proof is complete. O
Let L(-) = L, then the following result is now immediate.

Theorem 4 Let (A, D(A)) be a Hille-Yosida operator of negative w-type. The function f
satisfies the condition (H1) and the Lipschitz condition

If (&%) = f (&I < Liix —

orallt € R, x,y € Xy, where L > 0 is a constant. If% < land w < 0, then the Eq. (1) has
a unique anti-periodic mild solution.

Proof Similar as the proof of Theorem 3, the proof is omitted. O

Theorem 5 Let (A, D(A)) be a Hille-Yosida operator of negative w-type. The function
fe Cg (R, Xo) satisfies the condition (Hy) and

If (%) _f(try)||C;(R)(0) <L@®)|x —yllc;(R,Xo)

orallt € R, x,y € C}(R, Xo), where L(t) € BSP(R). |
b

e —1\i M Lo <1 Lilog
<1, - - =4
wq 1—e? s° P q

then the Eq. (1) has a unique anti-periodic differentiable mild solution.

Proof Consider the nonlinear operator V : P, (R, Xo) — Cj(R, Xo) given by

¢
Vu)(t) = / T_1(t —s)f (s,u(s))ds, teR

Firstly, similar as the proof of Theorem 1,V € Cj(R, Xp) is well defined.
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Next, we will prove that Vu, (Vu) € Pra(R,Xo). Let g(-) =f(,u(-)), Since
f € CY(R,Xp) and satisfies condition (H;), by Lemma 7, we have g(t + T) = —g(t)
and g'(t + T) = —g'(¢) for allt € R. So

+T
Vu)t+T) = / T_1(t+ T —s)g(s)ds

—0Q

t
= / T_1(t — S)g(S + T)ds

—00

t
=— / T_1(t —s)g(s)ds

—00

=— (Vu)(®),

we have Vu € Py (R, Xp). Furthermore,

t
(V) (t) = / T_1(t —s)g'(s)ds, t € R,

then (Vi)' € Pr4(R, Xp).
Finally, we take u, v € P/TA (R, Xp), then we have

(Vi) (@) — (V) D lpy, rxo) = H/ T_1(t —9)[f (s, u(s)) —f(s,v(s))]ds

"t
—0o0
t

Py (RXo)

< [ 1T = DILOI6) ~ Oy

k+1
EM”u_V”P/TA(RyXO)Z/ ewSL(t—S)dS
k>0 k
©4 _1\i M
el — q
= ( wq > 10 ILlIspll — V||P/TA(R,XO),

which prove that V'is a contraction. Hence, by using Banach contraction mapping prin-
ciple that V admits a unique fixed point # € P, (R, Xo). The proof is complete. O

We next study the existence of anti-periodic mild solutions of Eq. (1) when the func-
tion f is not Lipschitz continuous. To abridge the text, We assume that f : R x Xo — X
satisfies the following conditions:

(A1) There is a continuous nondecreasing function W : R — R™, such that

If &)1 <= Wzl

forallt € R, x € Xg;
(A2) For each k > 0, let B(x) = [*

o €2 W (kch(s))ds € Cp(R)and MB(k) < r;
(A3) For each € > 0, there is a § > 0, such that for every u,v € C,(Xo), |l — V|5 < 8
implies

t
sup/ eI (s, u) — f(s,v)||ds < €;
—00

teR

(A4) To(t) is a strongly continuous Cyp semigroup. Moreover, To(¢) is compact.
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Theorem 6 Let (A, D(A)) be a Hille-Yosida operator of negative w-type. The function f
satisfies the conditions (H1), (A1) — (Aa), then Eq. (1) has an anti-periodic mild solution.

Proof Let D = {u € Pra(R,Xo) N Cy(Xo) : lull <r}, and D(¢) :={Tu:u e D} We
define the operator I' by

t
Fu(t) = / T_1(t — s)f (s, u(s))ds.

We divide the proof in several steps.
Step 1. For u € D, we have that

t
ITu@®)ll = H/ T_1(t — $)f (s, u(s))ds

t

§M/ ew(t_S)Hf(s,u(s))Hds
t

<M / W (lus) )ds

t
<M / W (|1l ph(s))ds
—00

< MB(llully)
<r.

So||[Tu|| < r. It follows from condition (A;) thatI" : C,(Xo) — Ci(Xo).
Step 2. The map I is continuous. In fact, for € > 0, we take § involved in condition (A3).
Ifu,v € C;(Xo) and ||u — v||;, < §, then

oo Toa(e = 91 (5, 4(9) = s, v(s) s
h(t)

ML eI G u(s) —f 5, v(9)) s

- h(t)

< Me,

ITu@) —TvOl, = ’

which shows the assertion.

Step 3. We will show that I is a compact operator.

We will prove that D(¢t) := {T'u : u € D} is a relatively compact subset of Xj for each
tekR

Foreacht € R, 0 < ¢ < 1, define

t—e
Ieu = / T_1(t — s)f (s, u(s))ds

t—e
= To(S)/ T_1(t — & — s)f (s, u(s))ds
= To(&)Tu(t — ¢&).

Since {T"u(t — ¢€)} is bounded and Ty(¢) is compact, {I"cu, u € D} is a relatively compact
subset of X, then

Page 10 of 14
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ICu — Ceu =‘ /tt T 1 (¢ — ) (5, u(s))ds
< tt Me® D |[f (s, u(s)) || ds
<M tt eI W ([u(s)ll)ds
<m [ PCIW s ds

t—e

< MW ([lu(s)llnh(s))e.

So||[lTuy — Teul, — 0,ase — 0.
Thus, D(t) := {T'u : u € D} is a relatively compact subset of X, for each ¢ € R.
Next,we will show that the set D is equicontinuous.
In fact, proceeding as above, for t; < &, t1,£2 € R, we can decompose

ty 151
Fu(ty) — Tu(t) = / T_1(t2 — 8)f (s, u(s))ds — / T_1(tr — 8)f (s, u(s))ds

-y
= / (T-1(t2 — s) — T—1(t1 — 9))f (s, u(s))ds

t
+ / (T_1(ts — 5) = T_1(61 — $)f (5, u(s))dls
t1—y
ty
+ / T 12 — $)f (5, 1(5))ds.
t

For eache > 0,

h—y
H/ (T-1(t2 — 8) — T—1(t1 — 9))f (s, u(s))ds

ti1—y
— | (Tottz — 61 + ) = Tor) / T s(t1— y — 9)f (5, u(s))ds

ti—y
< |To(la —t1 +y) — To(J/)H H/ T 1(t1 —y — 8)f (s,u(s))ds

t1—y
< To(tz—t1+V)—To(J/)H / Me® DY =W (|lul|,h(s))ds
—00

From step 1, we get Hfi;y(T_l(tg —5)—T_1(t1 —9))f (s, u(s))dsH — Oasty —t; — 0.
Moreover, similarly estimates as proof of |['u — I'zu|, when ¢, — t; — 0, we can prove

that

— 0

Combining these estimates, we get

t
/ (T_1(tz — ) = T_1(t1 — $)f (5, u(s))dls
ti—y

and

— 0.

17}
/ T_1(t2 — 8)f (s, u(s))ds

t

Page 11 of 14
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ITu(tz) — Tu)| — 0

as tp — t; — 0 and independent of # € D.
Finally, applying condition (A3), we can show that

[T 2]l
<
h() —

M [ s
— e?"SIW (rh(s))ds — 0, |t| — oo,
h(t) /—oo

and this convergence is independent of # € D.

Hence D satisfies conditions (i)—(iii) of Lemma 4, so D is a relatively compact set in
Cj,(Xo). It follows from the proof of steps 1-3 that I' is a compact operator.

Step4. Applying with Theorem 1, we obtain that I'(Pra(R,Xo)) C Pra(R, Xp).
Consequently, combining with step 1 and step 2 we infer that
I'(P7a(R, Xo) N Cy(Xo)) € Pra(R, Xo) N Cp(Xo), and also

I'(Pra(R, X0) N Cy(X0) ) € T'(Pra(R, Xo) N Cp(Xo)) < Pra(R, Xo) N Cp(Xo) -

where D" denotes the closure of D in Cy(Xo). Applying the Lemma 9 (Schauder’s Fixed
Point Theorem), we deduce that I" has a fixed point u € P74 (R, Xo) N C,(Xo) .
Step 5. we prove that u € P14 (R, Xp).

Let (1), be a sequence in P74 (R, Xo) N Cj,(Xp) that converges to u for the topology in
Cy(Xp). It follows from condition (A3) that I'u,, — TI'u as n — oo, uniformly on R. This
implies that u € P74 (R, Xp), which completes the proof. O

Remark 2 The assumption (A3) of Theorem 6 is fulfilled in the following situation:

f & h@)x) — f (&, h@)y)|| < W(||x — ¥

)

forallt € R, x,y € X).
In fact, we use the same notations as in Theorem 6.

t
ITu(®) — vl = H/ T_1( = 9)f (s, u(s)) — f (s, v(s))]ds

< M/t ew(ts)W< lu(s) —v(s)ll )ds
oo h(s)

M
= —Wlu—vlp.
—w

Since W is continuous, the above estimate shows that (A43) hold, the remains of proof is

essentially the same of Theorem 6.

An example
In this section we give an example to illustrate the above results. Consider the following
partial differential equation:

deu(t, x) = d2u(t,x) — wu(t,x) + F(t,u(t,x)), teR xe€[0,n], o <0, 2)

with boundary initial conditions
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u(t,0) =u(t,7) =0, teR 3)
Let X = C([0, ], R) and the operator A be defined on X by Au = u” — wu, with domain
DA) ={ueX:u €X,u0) =u(r) =0}

It is well known that A is a Hille—Yosida operator of type-w with domain nondense
(Prato and Sinestrari 1987). The above partial differential equation can be rewritten as
an abstract system of the Eq. (1), where u(¢)(s) = u(¢, s).

Let us consider the nonlinearity F(t,x)(s) = Bb(t) sin(x(s)) for all x € X and s € [0, ],
t € R, where b(¢) is a bounded periodic function with period T, thus we have

F(t+T,—x)(s) = Bb(t + T) sin(—x(s)) = —Bb(t) sin(x(s)) = —F(t,x)(s)
and
|E(t,%) — Et,9)|| = ||Bb@) sin(x(s)) — Bb(t) sin(y(s)|| < IBIIb@)I]]x — y]|-

If ff ~ e?E=9)p(s)ds < m, where w < 0. Then the Eq. (2) with boundary initial condi-
tions (3) has a unique anti-periodic mild solutions.

Conclusions

This paper is concerned with the semilinear differential equation
u'(t) = Au(t) + f (¢, u(¢)) with nondense domain. Under some suitable conditions, we
establish the existence of anti-periodic (or anti-periodic differentiable) mild solutions to
the semilinear differential equation. To the best of our knowledge, it is the first time to
deal with this problem. Moreover, the method of this paper can be applied to many other
differential equations, such as impulsive differential equations, neutral functional differ-
ential equations, fractional differential equations and so on.
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