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Background
The well-known Mittag-Leffler function E,(z) named after its originator, the Swedish
mathematician Gosta Mittag-Leffler (1846-1927), is defined by (Mittag-Leffler 1903)

S n
Ey(z) = HZZO ﬁ; z is a complex variable and Re(«) > 0. )

The Mittag—Leffler function naturally occurs as the solution of fractional order dif-
ferential equations. The various generalization of Mittag—Leffler function have been
defined and studied by different authors.

Shukla and Prajapati (2007) introduced its generalization E;’Z (), this is defined as

YN - Wgn 2"
Eojp(@) = nZ:o I'an+ B) n!’ @)

for «,B,y € C; Re(x) >0, Re(8) > 0,Re(y) >0,Re(§) >0, g€ (0,1)UN, and

Vgn = r(ll’(%") denotes the generalized Pochhammer symbol.

Further, the generalization of (2) is also given by Khan and Ahmed (2013), as follows:

10:Y - (1) pn (¥ ) qnz"
Fapvoar® = ; T(an+ B)(V)on()pn” 3)

where o, 8,y,8,u,v € C; p,q,p,0 > 0;qg < Re(x) + p; p < Re(o) + p; g < Re(o) + p;
0,4 € (0,1) UN and min(Re(), Re(B), Re(y), Re(5), Re(i), Re(v)) > 0.
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Here, the convergence conditions of (3) have been modified, which was given by Khan
and Ahmed (2013).

The following well-known notations and definitions have been used:

Let L(a, b) (Kilbas et al. 2004) be a set of all Lebesgue measurable real or complex val-
ued functions f(x)on[a, b]i.e.

b
L(a,b) = {f : Hf”l = / V(t)’dt < oo} 4)

Let f(x) € L(a, b), u € C(Re() > 0) then the Riemann-Liouville left-sided fractional
integrals of order  (Miller and Ross 1993) is defined as

f®
_ t)lfp_

1 x
alfctf(x) = Ig-;-f(x) = I a/ x dt (x > a) (3)

and the R-L right-sided fractional integral of order u is defined as

b
1 f@)
Fw J &—xl#

pIEf () =1 f(x) = dt (x <b) (6)

Miller and Ross (1993) defined the following:
If u,a, B € C,Re(u) > 0; m = [Re(w)] + 1; Re(B) > 0 then

- I'(8) -
" _ \B-1 _ _ +p-1
I [t —a)” 1(x) = T +ﬂ)(x a)” @)

and
DY _ d nln—a
(Dg Hx) = (dx) L) ). ()

Khan and Ahmed (2013) proved the following result.
Ifoa,B,v,8,u,v,0,0 € C; p,qg > 0;9 < Re(x) + pand

Re(x) > 0,Re(B) > 0,Re(y) > 0,Re(5) > 0,Re() > 0,Re(v) > 0,Re(p) > 0,Re(c) > 0

then form € N,

d\"r 4_ —m—1 PV
(dz) [z’s lEig,’Z,f,a,p(wz“)} = lEg,g,Z,Z,&p(wz“); Re(B — m) > 0. 9)

In continuation of study, in this paper we give the operator associated with
Ef;gl};g 5,p (z) as follows:

Let f(x) € L(a, b), define

X
(ELp s ] ) @) = / (x = LR e — 01 f de; x> a, (10)
a
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where o, 8,y,8, 0, v € C; p,q,p,0 >0; q < Re(w) + p; p <Re(c)+p; q <Re(c) +p
and min(Re(«), Re(B), Re(y), Re(8), Re(u), Re(v)) > 0.

Main results
Using the definition (4), one can easily prove following lemma.

Lemmal Ifo,B,y,6,1,v0,0,0 €C; p,g>0;q<Re(a)+p; x> a;ac Ry =1[0,00)
and min(Re(«), Re(B), Re(y), Re(8), Re(u), Re(v), Re(p), Re(o)) > 0, then
E(ﬁ'/g),’zjj/,g,&p (ata) = ﬁEZﬁrll,qv,a,S,p (dta) + atE(l):)g)Ii,qv,a,S,p (ﬂta) (1 1)

Theorem 1 Let a € Ry =[0,00). Let o, B,y,8, 4, v, 0,0 € C; p,q > 0; q < Re(x) +p
and min(Re(«), Re(B), Re(y), Re(8), Re(i), Re(v), Re(p),Re(0)) > 0, x > a. Then

([ =@l BT v = %)) ) = = @ PTUELRTA L Iwe - )| (12)

(D; . [(t — @) TIELETA (e — a)a}) W) = (@ —a)f TTELLTA L Iw(x - a)a}

(13)

Proof Using definitions (3) and (5) and further simplification gives

(t2 [ — @ PELEL e =@ ) @

o0

- (M)p"(y)q” w" r __Nant+p—1
- ; Fan+ B) @on®)pm (et =@ )@

o0

_ Z (1) pn (¥ ) gn w” C'(an+B) (x — ﬂ)a”+/3+r—1
Flan+ B) (V)on(d)pn I'(an+ B +1)

n=0

A WenWgn W — a)*"
(e \FEB-1 14 q
—eme Z:% lan+ B+ Won(®)pn

+B—1 PV
= @x—a)* Lo girvospWE = a)a]

This completes the proof of (12). O
To prove (13), we use definitions (8) and further simplification gives

(Di € = P LT Wit — @)} o)

d n
- (m) (L1 — @l BT e — 7)) @),

On applying (12) with replacement of r by n — r, the above equation reduces to

d\" o
- <dx> |:(x - (l)‘B+n ’ lEﬂligfl’qu—r,v,d,ﬁ,p{w(x - a)()l}:|’
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From (9), we get

+n—r—1—n 0V q

=@ —a)f IR e s W — @)
—r—1 p:p5Yq

=@ —a)f TTEET s W — a)*].

Theorem 2 Leta € Ry =[0,00), a,B8,y,8, 0, v,0,0 € C; p,g >0 and g < Re(a) +p
and min(Re(«), Re(B), Re(y), Re(§), Re(u), Re(v), Re(p), Re(o)) > Ox > a. Then

(BLp s s € = @' ™)) = (6 = P I OELSLE, 5, (W = %), (14)

Proof Taking f(t) = (t —a)"~!in (10), we get
WPy 4 —1
(Ea,ﬂ,u,a,S,p;w;a+(t - a)r )(x)
o,B,v,0,0,p

= / (x — P TER2TD  y(x — )¢ — a) " dt

oo

=y WerlDer 22 / (6 — 1 — ay L,

I'(an+ B) (U)an(S)pn

n=0
Replacing ¢ by a + (¥ — a)t and simplifying the above equation
oo

. (M)pn(y)qn w” _antptr—1
=2 Tant B Do ? Blant o)

n=0
and further simplification of above equation gives the proof of Theorem 2.

Theorem 3 Let a € Ry =[0,00), o, B8,¥,8, 4, v, 0,0 € C; p,q > 0 and g < Re(a) + p
and min(Re(a), Re(B), Re(y),Re(8), Re(n), Re(v), Re(p),Re(0)) > 0b > a., Then the

operator ES,’E’,’Z,f,s,p;w;H is bounded on L(a, b) and

|ELtT s e [, < BIF (1)
where
B=(b—a)e® i | 1) on| | () gn| [wib — @] (16)
= [Re(a)n + Re(B)IIT (@ + B)| [(V)onl|(8)pn]

Proof On using the definition (10) and applying Dirichlet’s formula (Samko et al. 1993),

we have

b| x
178t = [ | o, s 110
a

a

b b
< / / (@ — R PHELETT S Iw(x — 0)*1|dx | |f(2)|dt,
a t
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Taking u = x — ¢ in inner integral, this yields

WPV g
Ea,ﬁ,u,a,é,p;w;a-éf H 1

b [b—t
< / / uRe B gl s w1\ du | |f (6)]de
a 0

b o n Re(@)n+Re(f) 777
S/Zumpnumwl wl u o)t
A, IT (e + B [(W)onl|(8)pn| | Re(e)r + Re(B) 0

b
— (b — ) Re(B) > |(M)/)n| ! ()/)qn| |w|" b - a)Re(oc)n /

This completes the proof. O

Theorem 4 (Composition with Riemann-Liouville fractional integration operator)
Leta, B,y,8, 4,0, 0,0 € C; p,q > 0;q < Re(a) + p; b > a and min(Re(x), Re(B), Re(y),
Re(8),Re(w), Re(v),Re(p), Re(0)) > 0. Then the relation

rple0Ysq _ ploVq _ ppYq r
Iﬂ+E(x,ﬂ,u,a,8,p;w;a+f :Ea,ﬂ+r,v,a,8,p;w;a+f = Ea,ﬁ,u,cr,&p;w;a+la+f (17)

holds for any summable function f € L(a, b).

Proof From (10) and (5), we get

X U
1
L Byt s s/ %) = NG / / @—w) -t TERETE S Iwu — 01 (t)dtdu
Applying Dirichlet’s formula (Samko et al. 1993), we get

X X
1 _ _ Wl
= / ) / (@ —w) M=) TESET w(u — ) 1du | f(£)dt
a t

Substituting # — ¢t = 7 in the above equation, we get

x x—t
1

= / ™o / (—t—o) PRI welde | f ()t

a 0

Again using (5), this equation becomes

X

- / (5 [ Erf e |) - o f @,

a
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Applying (12), this yields

X
= [0 e = o) 0
a

Using (10), we get
= (E(lx}',';;i/r,,qv,o,&p;w;aJ) (x).
The other equality can also be proved in the similar way.

Theorem 5 Letw,fB,y,8, u,v,p,0 € C; p,q > 0;q < Re(a) + p; b > a and min(Re(«),
Re(B), Re(y),Re(8),Re(u), Re(v), Re(p), Re(o)) > 0. Then the relation

roophpYd _ phopVd
Da+Eoz,;3,u,a,5,p;w;a+f = Ea,ﬁfr,u,a,ﬁ,p;w;a#«f (18)
holds for any continuous function f € Cla, b].

Proof From (8), we have
d n
oY _ —r plb0Y g
(D:Z+Ea,,3,u,(r,5,p;w;a+f) () = (dx) <1;+rEa,ﬂ,U,r7,5,p;W;d+f) )

Again using Theorem 4 and definition (10),
X
d\" —r—1ptp:Yq o
= <dx> /(x — )t Ea,}slré—r,u,a,a,p[w(x —Yf (@)dt (19)
a
The integrand in the above equation is continuous function on [a, b], here we take
X X
i /h(x t)dt = / ih(x t)dt + h(x, x)
dx ’ ) e ' (20)
a a
From (19) and (20), we get

X
d n—1
WPV 9 —r—=2 P4
(DZ+Ea,ﬁ,u,a,8,p;w;a+f) (x) = (a) /(x - t)ﬂ+n ! Eot,ﬂ+n—r—l,v,a,S,p[W(x_t)a]f(t)dt
a

Applying same procedures as above, this led the proof of the theorem. This is easy to
prove by using mathematical induction method also.

Theorem 6 Leta e Ry =[0,00),,8,7,8,u,v,0,0 € C; p,g > 0;q < Re(x) + p and

min(Re(a), Re(B), Re(y), Re(8), Re(i), Re(v), Re(p),Re(0)) > 0, x > a. Then

(55, | Bt s plat)) G = P ELET  lan] 1)
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Proof We have

o0

r [ B=1 oy M (1) pn (¥ )gn " -
(87 B 3221010 = 3 it By Gy (540 )

n=0
_ f: (M)pn(y)qn a” I'(an+ B) (x)om+/3+r71
T T+ B) Won@)pn T(@n+p+7)

— Bl i (1) pn (¥ ) gqn [ax*]"
24 Tan+ B+ 1) W)on®)pn

_ JSEB=1 Y g o
=x Ea,ﬂ+r,v,a,8,p[ax .

This completes the proof. O

Corollary 1 If «o,8,v,6,u,v,0,0€C; p,gq>0 and g <Re(n)+px>a;
min(Re(a), Re(B), Re(y), Re(8), Re(u), Re(v), Re(p),Re(0)) > 0, a € Ry =[0,00). [ef

Iy, be the left-sided operator of Riemann—Liouville fractional integral. Then

d
—1 0¥ q -1 0,V 9 W05V 4
<16+ [tﬂ Ea,ﬂ,v,o,é,p {ﬂta}) (x) = xr+ﬂ {(ﬂ+r)Ea,ﬁ+r+l,v,a,5,p+x%Ea,ﬁ-f-r-kl,v,a,&p (axa)}

(22)
Proof is very obvious from Lemma 1 and Theorem 6.

Theorem 7 Leta € Ry =[0,00), o, B,y,8, 1, v, 0,0 € C; p,g > 0;q < Re(x) + p and
min(Re(x), Re(B), Re(y), Re(§), Re(w), Re(v), Re(p),Re(0)) > 0, x > a, I” be the right-
sided operator of Riemann—Liouville fractional integral. Then

(rer=PELET at ™)) @) = & PELET  lax]

Proof Let

e . LT g (W) gnlat ™)
r r—PB ptP>Y 4 o - o N=l,—r—p P q
<]_ [t Ea,ﬂ,v,a,s,p{ﬂt }) (x) = T(r) x/ t—x)""t nZ=O C(@n + B))on () dt

On changing the order of the summation and integration then afterward applying beta

function, this gives

00 —a\n
_.-B (M)pn(]’)qn (ax™) _ L —Bpeyq —a
=x E =x"E ax
S T(an+ B+ Wan(®)pn wpirwospl®s )

Corollary 2 If o,B,v,8,,v,0,0 €C; p,g>0 and g <Re(a)+p;, x>a ;
min(Re(x), Re(B), Re(y), Re(8), Re(i), Re(v), Re(p),Re(d)) > 0,a € Ry = [0,00). Let I"
be the right-sided operator of Riemann—Liouville fractional integral. Then

—r— 305V 5 — —r— 305V 5 d 125Y 5 —
(li [t " ﬂEg,f/}),g,(‘rl,é,p{at a}) (x) =x"" ﬁ{(,B+F)Eg,/§lr31rl,v,a,8,p+x%E5,gIr<qH,u,a,8,p(ax a)}
(23)
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Conclusion
In this paper, we proved some properties of generalized Mittag-Leftler functions and
also used the fractional calculus approach to prove Theorems 4, 5, 6 and 7.
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