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Abstract

The Laguerre polynomials have been extended to Laguerre matrix polynomials by
means of studying certain second-order matrix differential equation. In this paper,
certain second-order matrix g-difference equation is investigated and solved. Its solu-
tion gives a generalized of the g-Laguerre polynomials in matrix variable. Four generat-
ing functions of this matrix polynomials are investigated. Two slightly different explicit
forms are introduced. Three-term recurrence relation, Rodrigues-type formula and the
g-orthogonality property are given.
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Background

The study of functions of matrices is a very popular topic in the Matrix Analysis lit-
erature. Some basic references are Gantmacher (1998), Higham (2008) and Horn and
Johnson (1991). The subject of the orthogonal polynomials cuts across a large piece of
mathematics and its applications. Matrix orthogonality on the real line has been spo-
radically studied during the last half century since Krein devoted some papers to the
subject in 1949. In the last two decades this study has been made more systematic with
the consequence that many basic results of scalar orthogonality have been extended to
the matrix case. The most recent of these results is the discovery of important examples
of orthogonal matrix polynomials: many families of orthogonal matrix polynomials have
been found that (as the classical families of Hermite, Laguerre and Jacobi in the sca-
lar case) satisfy second order differential equations with coefficients independent of »
(Duran and Grunbaum 2005).

The second-order matrix differential equations of the form

xY'" )+ A+ —xDY () + inY(x) =0, neNy A,Y(x) e C™ )

have been introduced and investigated in Jédar et al. (1994), where C"*" denotes the vec-
tor space containing all square matrices with  rows and r columns with entries in the
complex number C, / € C and x is a real number. The explicit expression for the nth
Laguerre matrix polynomial L<A ) (x) which is a solution of the second order matrix dif-
ferential equation (1), has the form

A7) (=DFA 14 ;
Lt () = Z A+DuA+Dita", R >0

« ki(n — k)! (2)
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where(A+ 1), =A+DA+2)...(A+ (n—1)),n € Nand (A + I)g = I. An explicit
expression for the Laguerre matrix polynomials, a three-term matrix recurrence rela-
tion, a Rodrigues formula and orthogonality properties are given in Jodar et al. (1994).
The Laguerre matrix polynomials satisfy functional relations and properties which have
been studied in Jédar and Sastre (2001, 2004), Sastre and J6dar (2006a, b), Sastre and
Defez (2006), Sastre et al. (2006).

Recently, g-calculus has served as a bridge between mathematics and physics. There-
fore, there is a significant increase of activity in the area of the g-calculus due to its appli-
cations in mathematics, statistics and physics. The one of the most important concepts
in g-calculus is the Jackson g-derivative operator defined as

(Dgf)(x)=f(g_j;§zx), q#1L x#0 (3)
which becomes the same as ordinary differentiation in the limit as ¢ — 1. We shall use
the g-analogue of the product rule

(Dgfg) (%) = f (x)(Dgg) (%) + (Dygf ) (x)g (gx). 4)

Exton (1977) discussed a basic analogue of the generalized Laguerre equation by
means of replacing the ordinary derivatives by the g-operator (3) and studied some
properties of certain of its solutions. Moak (1981) introduced and studied the g-Laguerre

polynomials
B k(k—1) k
L (2 ) = (@ q), (@ a)a 7 (4" x) v LneNo  (5)
me @ Dn = [klg! (g% q),

for0 < g < 1, where[a], = (1 — ¢*)/(1 — q), (a; q)» is the g-shifted factorial defined as

n—1

(a;,n = H(l — aqk), neN with (a;9) =1
k=0

and [#],!is the g-factorial function defined as
[nlg! = [nlyln —1]4...[1l;, meN with[0],! =1.

The g-Laguerre polynomials (5) appeared as a solution of the second order g-differ-
ence equation

*D2y(x) + {[a 1], — q““x}(qu)(qx) + g y(qn) =0, @ > —1.

The g-Laguerre polynomials has been drawn the attention of many authors who
proved many properties for it. For more details see Koekoek and Swarttouw (1998), Koe-
koek (1992).

As a first step to extend the matrix framework of quantum calculus, the g-gamma and
g-beta matrix functions have been introduced and studied in Salem (2012). Also, the
basic Gauss hypergeometric matrix function has been studied in Salem (2014).
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In this paper, we extend the family of g-Laguerre polynomials (5) of complex varia-
bles to g-Laguerre matrix polynomials by means of studying the solutions of the second
order matrix g-difference equations

*(DV) ) + {IA + 11 — x2g" T} (Dy ) (g) + ], CY (g) = 0 ©)

where 4,a € C and A, C and Y(x) are square matrices in C"*". The orthogonality prop-
erty, explicit formula, Rodrigues-type formula, three-terms recurrence relations, gener-
ating functions and other properties will be derived.

For the sake of clarity in the presentation, we recall some properties and notations,
which will be used below. Let ||A|| denote the norm of the matrix A, then the operator
norm corresponding to the two-norm for vectors is

[|Ax]|2
[|A]] = max
x£0  ||xll2

— max {ﬁ )€ cr(A*A)}

where 0 (A) is the spectrum of A: the set of all eigenvalues of A and A* denotes the trans-
pose conjugate of A. If flz) and g(z) are holomorphic functions of the complex variable
z, which are defined in an open set Q of the complex plane and if A is a matrix in CN>*N
such that o (A) C €, then from the properties of the matrix functional calculus (Dunford
and Schwartz 1956), it follows that f(A)g(A) = g(A)f (A).

The logarithmic norm of a matrix A is defined as (Sastre and Defez 2006)

I+ hA|| — 1

; =max{z:z€o[(A+A")/2]}.

Hn(A) = lim
h—0

Suppose the number i (A) such that
(A) = —u(—A) = min {z z€Oo [(A +A*)/2] }

By Higueras and Garcia-Celaeta (1999), it follows that lledt|| < et*@ for ¢ > 0, we have

1Al < thA - if e > 1,
S ifo<e<1. 7

If A(k, n) and B(k, n) are matrices on CN*N for n,k € Ny, it follows that (Defez and

Jodar 1998)
> > Bk,my=>> Blkn—k (8)
n=0 k=0 n=0 k=0

and

> > Blk,my=>> Blkn+k). ©9)

n=0 k=0 n=0 k=0

Page 3 of 20
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Matrix g-difference equation
The following lemmas will be used in this section.

Lemma 1 Let o and a be complex number with R(a) > 0, then we have
. @, N
xll)ngox eq(—ax) =0 (10)

where e;(x) is the q-analogue of the exponential function defined as

& k

R e A 1 -1
eﬂ@_ghﬂa_wu—wwm"”<“ v ()

Proof Let f(x) =x%e;(—ax). Taking the limit of logarithm of the function f{x) as
x — oo (11), gives

o0
. RT _ k
sy o0 = iy g~ > o (1)
Taking n € Ng such that n > « yields

x¥ i
lim logf(x) = lim |log| —————— | — log (14 axg*)| = —
X— 00 gf x— 00 [ & < Z;(l) (1 _|_aqu)> /;: & ( 1 )‘|

o0

This means that lim,_, » f (x) = e~>° = 0 which completes the proof.

Lemma 2 Suppose that A € C™" satisfying the condition
AA) > -1 (12)

and let /. be a complex number with R(1) > 0. Then it follows that

lim [xAH eq(—qx)v)Pn(x)} =0 (13)
and
lim. [xA“ eq(—qx)v)Pn(x)} —0 (14)

where Py, (x) is a matrix polynomials of degree n € N.

Proof From (7), we get
A < 2 OH, % -0

Since e;(—gxA)Py,(x) is bounded as x — 0, it follows that (13) holds.
From (7), we get

oA+ )| < xtWDHL x5 0o
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Let Py(x) = a1x” + arx" 1 + .- 4+ a,and let 0 < k < n, then Lemma 1 gives

lim x“(A)ijHeq(—qx)L) =0, RW >0

X—> 00
it follows that

lim xteq(—qu/)Ps(x) =0, R(4) >0

which ends the proof.

Theorem 3 Let m,n € No, A € C™* satisfying the condition (12) and C € C"™" is
invertible and depends on A. Let Yy, and Y, are solutions of matrix q-difference equation

(6) corresponding to oy, and oy, respectively, then we get
o0
/ xAe, (—qxl) Yy (gx) Yu(qr)dyx =0, m #n (15)
0

where the q-integral is the inverse of q-derivative (3) defined as

/Ooof(x)dqx =1-9) i qf (qk)

k=—o00

Proof By virtue of (4), the matrix g-difference equation (6) can be read as
(Da{ " eq(—arid (DY) } ) @) + ]y Ceg (—q) Y (qx) = 0 (16)

Since Y, and Y, are solutions of (16) corresponding to a,, and «, respectively, then we
can easily obtain

(lmly — lanlg) %™ Ceq (—gx2) Yon(gx) Yu(gx)
= Yuu(g) (D { "+ ey (~qx2) D Y 0 } ) )
— (Da{#* g~ (DY) ) } ) ) Vo)

= (D {5 g (—qri) (DY) ) Y (3) = 5 g (— ) Y, @)Dy Yo @) } ) @)

On g-integrating both sides from 0 to co and by Lemma 2 and hypothesis «,, # o, yields
o
([amlg — lan]ly)C / erq(_qx/l) Y (qx) Yy (qx)dqx =0, m#n
0

which ends the proof.
Now, let us suppose that the solution of (6) has the form

o0
Y(x) = Zakxk, ar € C™7,  ag # Opxy (17)
k=0

where 0, is the null matrix in C"*7.
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To determine the matrices a;. Taking formal g-derivatives (3) of Y (x), it follows that

o o0

(DgY)(x) = Z[k + l]qak+1xk, and (D,ﬁ Y) (%) = Z[k + 1ylk + 2]qak+zx"
k=0 k=0

Substituting into (6) would yield

o o
Sl + Tl + 2lgag o+ (14 + 1y = 22q* ) Sk + 1lgaxg*s*
k=0 k=0

oo
+ [a]qCZaquxk =0
k=0
Equating the coefficients of 1%, k € No would yield
[A +1]qﬂl + [Ol]qCﬂO =0

and
(IKly + 14 + 1gg" )k + gk 1 — ¢ (AK1gq** — 101,C)ar =0, k eN
which can be read as
(A + Kl lg Klgax — g (Ak = 11,4** — [@]yC)ax 1 =0, k€N (18)

For existence of the second order g-difference equation, we seek the sufficient

condition

C=,g""", and a=un for some non-negative integer n

We have to suppose that g% & o (¢*), k € Ny to ensure that the relevant (I — g4+*)

exists. Therefore, (18) gives

Ak —n—1] _
ay = T LA+ k1 g gy, keN
q
which leads to

(a~ :q)kq(k)

= [k],!

( A ) (A+(rt DDk g

A
Letting the boundary condition Y (0) = C ; P ” which reveals that g = U @ q)q)” and

so we can seek the following definition for the g-Laguerre matrix function which verified
the Eq. (6)

Definition 4 Let n € Ny, A be a complex number with 8(1) > 0 and A € C™" satisfy-
ing the conditions (12) and ¢ ¢ o (¢*) for all 0 < k < n. The g-Laguerre matrix poly-
nomials can be defined as
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n —n. k) k .k
~ (2 v‘l)ﬂ(z d -1
LA (x; q) = k§=0 [k]qlzq; o (qAJrI; q)k (qAJrI; q> nq(A+(n+1)I)k' (19)

Remark 5 When letting g — 1, the matrix g-difference equation (6) tends to the matrix
differential equation (1) and also the g-Laguerre matrix polynomials (19) approache to
the Laguerre matrix polynomials (2). We proved that the g-Laguerre matrix polynomials
(19) hold for fi(A) > —1 but Jédar et al. (1994) proved that the Laguerre matrix poly-
nomials (2) hold for $R(z) > —1 for all z € 0 (A) which equivalently 8(4) > —1 where
B = min{R(z) : z € 6 (A)}. It is worth noting that the important relation between S(A)
and [i(A), which states B(A) > f1(A) (Salem 2012). Therefore, the definition of the
Laguerre matrix polynomials (2) can be extended for ji(4) > —1.

Generating functions
The basic hypergeometric series is defined as Gasper and Rahman (2004)

a1,42,...50r . . .
rPs {bi,b;..,b;’ q, z} = ¢s(ar,az,...,a,;, b1,b2,. .., b5 q,2)

_ io: (a1, a2,...,ar; q), ((_l)nq(g))sfi%lzn’ (20)
n=0

(qr blr b2; ) bSa q)n
for all complex variable zifr < 5,0 < |g| < land for|z| < 1ifr = s + 1, where
(@1,a2,...,ar; @), = @1; Pn(a2; P - - - (@r; Pn

Notice that the g-shifted function (a; ), has the summation Koekoek and Swarttouw
(1998)

n

@on=Y m ) o @1)

k=0 q

where [Z] q is the g-binomial coefficients defined as

n (q; Dn (q—n; q)k k kn—(5)

= = (=D 2. 22
[k]q (@ DT Dk (@ Dk 1 22)

Also it has the well-known identities
(a; @n qa\k (é)—nk
A _4 , . k=0,1,2,...
(@ Dn—k (qI*”a*I;q)k( a) q a#0, k=0 n (23)
and
(a; 9)oo

(@; @n T No. (24)

ane

Page 7 of 20
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The g-shifted factorial matrix function was defined in Salem (2012) as

n—1
Ago=1 Aiu=]](1-4d), nen @)
k=0
and satisfies
(AQ) = lim rﬁ(]—Aqk) :ﬁ(]—Aqk) :i(_l)kq(é)Ak (26)
o "o =0 i~ @Dk '

Furthermore, if |A|| < 1 and g% & o (A), k € Ny, the infinite product (26) converges
invertibly and

Ay = :
e kzzg 4 9« @D
In Salem (2012) a proof of the matrix g-binomial theorem can be found
o
(B; 9k _
Sk AR — (A )3 AB; o (28)
s @ Dk

for all commutative matrices A, B € C"*" and g% ¢ o (A), k € Ny,
For complete this section, we need the following:

Lemma 6 Let A be a square matrix inC™" and n € No. Then, we have the following
three identities

. _ n n k
(A n = (A D)oo (Aq"; q) ) = H A8 car, jay<1
k=0 < q
(29)
whereq~ ™ € 0(A),m =n,n+1,...,and its reciprocal
o
g _ _ q"; q)
A, = AR (Agq) =Y T PEAR 4 <1
= @Dk
(30)
where q’k & 0(A), k € Ng. Also the identity
. k. _ . —1lcg. _
(ad%q)  =@aoi'@an k=01,..n
(31)

holds forq™" ¢ o (A),r =0,1,...,k.

Page 8 of 20



Salem SpringerPlus (2016)5:550

Proof Let||All <landg ™™ € o(A),m=mnn+1,..,then we have

(A @)y = ff (1-44") ﬁ (1-44) (1 —Aq")*1
k=0 k=n
S TL(-ad) T (1-ad)
k=0 k=n

= W [[ (1-A) " = i n(Ag" )
k=0

Using (28) and (23) yields (29). The relation (30) comes immediately from (29) and (28).
Also (31) can be easily obtained.

Lemma 7 Let A and C are matrices inC"™" such that q=" € o (C) for all n € Ny and

a € C, the matrix functions

X n(n—1)

q —1y n
01 (= Ciq A) =) ———(Ciq),'A (32)
0 (q; Dn
and
$r(—: Coa; q, A) = i ﬂ(c- q)*lAn (33)
M =@ Du@pn "

converge absolutely.

Proof The condition g7" ¢ o(C) guarantees that I — Cgq” is invertible for all integer
n > 0. Now take n large enough so that |C|| < |g|™" by the perturbation lemma (Con-
stantine and Muirhead 1972)

”A—l _B—1|| < ”B_IHZHA _B” (34)
~1— B A -8B’
one gets
-1 -1
I(I-4q"C) " I=1(I-4"C)" —I+I|
<I(I-q"C)" =1l +1
n
< 7" ICll 11 (35)
1—q"|C]
1 In [|C]|
= n>- .
1—-q"|C] In|q|
If we take

1, n =0,
n_

F = —
" {szé I(I-qc)'l, n=1,

Page 9 of 20
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and by the relation (35), we get

o0

logr(— C:q. ) <3 |12

n=0

n(n 1)(C q) 1

o n(n I)F(n)
(4; Dn Z

A"
(45 Dn 1Al

Using the ratio test and the perturbation lemma (34), one finds

" "DE(n + 1)(q; @)nll A"
q""~VF (n)(q; @)ns1 | All"

Iz — ")
Ll e

lim
n—> 00

- nli?go 1— q”+1
2n
< lim 1
n—00 (1 —g"t1)(1 — g"||C|)

Al =

Thus, the matrix power series (32) is absolutely convergent. Similarly, (33) can be proved.
This ends the proof.

Since the function 1¢1 (a; 0; g, z) is analytic for all complex numbers a and z, the matrix
functional calculus tells that the matrix function 1¢1(a; 0; g, A) is also convergent for all

complex number a and for all matrices A € C"™".

Lemma 8 Let A be matrix inC"™" such that q=" & o (C) for all n € Ny and a be a com-

plex number. We have the transformation

191(a; 05 ¢, A) = (A; Qocod1(—; A; q,aA) (36)

Proof The relation (21) can be exploited to prove the transformation

00 \m () n
1@ 0; g, ) = 3 T @ Dy _z( g a3 [} ¥t

= (@ Dn @Gon =Lkl

Using the relations (9) and (26) lead to

161(a; 0; ¢, A) = ZZ

4 g0 o
q

P (@ Dk
3 i qk(k 1)61 Z (— l)n )+nk
= @D = @D

X k(k—1) k

q a
=> ———AAd 9o

— (@D

Inserting the relation (30) into the above relation gives

S qk(k l)dk
161(a; 0; ¢, A) = (A; Qoo Y ———— o
izo @Dk

AN A @ = (A @ocodr (< As g, aA)

This ends the proof.
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Theorem 9 Let n € Ny, 4 be a complex number with R(A) > 0 and A € C™ satisfying
the conditions (12) and ¢ & o (q) for all k € Ny. The q-Laguerre matrix polynomials
have the generating functions

191 (—ix(l —9):0; g, qAW) = Lt (37)

(& @)oo =

-1 i ,
. —A-1. efe g _ — —n(A+D) 1 (A,4) n
Do (ta™ 1 q) _obr(=itig,—itx1—q) =Y q LA (38)

n=0
(t~011) i (=i —g A = i) = Y () L w e o)
» 4700 n=0 "

foralllt] < 1land

=l
-1 .
(& Docod2 (—;qA+’,t; q,—ﬂutx(l—q)q“’) =Y -1rg\? (qA“ ;q)n LM @y (40)
n=0

forallt € C.

Proof The left hand side of (37) can be rewritten by means of using the transformation
(36) as follows

1
HS = — 191 (—M(l —q);0; g, qA+1f)

t; q)
(t q)oo ( gt q) o¢1(—; g q, —dxt(1 — q)qA—H)
(t q)oo(qA+1 ) nzzo( 1)"q Et:]tq))nx t"<qA+1 )_ n(AJr[) <1

Using (30) followed by (28) give

) 1 A+(n+1)I.
LHS:Z (=D)g D (gt g) n(A+D)

[r]y! G
— A I.
_ i (_l)nqn(n 1) pnynyen 0 (61 +(n+1) : q)ktk A
| .
n=0 [}’l]q k=0 (q’ Q)k
In view of (8), we get
R n k k(k—1) 7k ..k
LHS:Zt"Z (=1 q (k )/1 X ( +(k+1)1'q) qk(A+1)
(k115 Dn—x n—k

n=0 k=0

Inserting (23) and (31) with taking into account the definition of g-Laguerre matrix
polynomials (19) to obtain the right hand side of (37). Similarly, we can find (38) with
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noting that the convergence of (tg-4~!; ) needs ||tg=4~|| < 1 which is equivalent to
lt] < g2 < ¢*™+1 < 1. In order to prove (39), we have

1

091 (—; g, - - q)ixt)

(t; q)oo
B [e'e) (—1)”6["("_1)/17196"1?" s (AtDn
Z < (g q>n z:: (]! ( ’q)

( l)k k(k— l))k k
_ZO Z

Using the well-known identity (23) to obtain (39). (40) is similar to (37) and (38).

(qAH ) (A+I)k

[K1gY(q; D n—k

Corollary 10 Let n € Ny, 4 be a complex number with R(A) > 0 and A € C"™ satisfy-
ing the conditions (12) and =% ¢ o (q*) for all 0 < k < n. The q-Laguerre matrix polyno-
mials can be defined as

n —
G Dr(—=2x(1 = q); Ok
L;A,).) (x; q) = Z gA+r DK,

: (41)
P (@ Dk

Proof The generating function (37) can be expanded as

1
(& @)oo

1¢1(—/1x(1 —q);0;q, qA“t>

n
zi i i(_l)”q< >( Jx(1 —q); @)n (A+I)n n

@D iz (@ Dn

<k>
2 ,
_ Z o Z (DA (Al = @) @i i

@ DG Dn—k

- @ D (=221 — @5 Dk a1k
=) ¢
Z Z (g5 Di(q: Pn 1

e ”
= ZL;A’A) (oc; t".
n=0

This ends the proof.

Remark 11 1In view of the explicit expressions of the g-Laguerre matrix polynomials
(19) and (41), with replacing g™/ and —Ax(1 — q) by A and x, respectively, we can derive

the matrix transformation
201(q7"%:0: ¢, Aq") = (A: b1 (g7 As q,%Aq") (42)

which tends to the transformation (36) as # — oc.
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Recurrence relations and Rodrigues-type formula
This section is devoted to introduce some recurrence relations and Rodrigues type for-

mula for the g-Laguerre matrix polynomials.

Theorem 12 Let A be a complex number with R(1) > 0 and A € C"™7 satisfying the
conditions (12) and g% & o (q*) for all 0 < k < n. Then, the q-Laguerre matrix polyno-

mials satisfy the three-term matrix recurrence relation

U+ UgLi) G @) + (g™ O — gl — (A + 0+ D1, )L @ )

(A 2 (43)
+[A+nll L7 (x;9) =0, nelN
Proof Let the matrix-valued function
F(x,t,A) = —x(1 — q); 0; ¢, "¢
) = Gy (il = 0: 00,0 2) (44)

Using Jackson g-derivatives operator (3) and the g-analogue of the product rule (4) give

_ 1 _ — 0 +I
PF)O) = =1t (1~ : 0:0,4™ 1)

A+1
- (I—Z)W{Nbl (‘M(l -q);0;q, qA+Iqt)

(L= g (21— 9): 0: 4,4t |

Inserting the above relation into the generating function (37) with taking the g-deriva-

tive of the right hand side yields

oo o0
Z (1 _ qA+(n+1)I)L£lA,/~)(x; Pt — qz (1 _ qA+(n+1)I)L}(qA,/1)(x; s
n=0

n=0

o0
= =gty L @ gt

n=0
o R o X
= A —-g"ML Y @ " — gy A — " LYY o T
n=0 n=0

Equating to the zero matrix the coefficient of each power t” it follows that
S )
L) ) = (1A + 1y — 2g™) 1§55 )

and
(1 _ qA+(n+1)I)L£lA,/1)(x; 7 — (1 B qA+n1) L(A A)(x 2
— Jx(1 = g VI (x; )
A
_ (1 _qn+1) ;(4+1)(x 9 — ( qn)qLSIA,).)(x; P.

Page 13 of 20
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Therefore the g-Laguerre matrix polynomials satisfy the three-term matrix recurrence
relation (4:3).

Theorem 13 Let A be a complex number with R(%) > 0 and A € C"™*7 satisfying the
conditions (12) and g% & o (q*) for all 0 < k < n. Then, the q-Laguerre matrix polyno-

mials satisfy the matrix relation

n
YL @) =L @), neNo. 45)
i=0

Proof It is not difficult, by using (19) to see that the g-Laguerre matrix polynomials sat-
isfy the forward shift operator

A+I,A
L () — L (g% @) = =1 — g LI (g @)

n—1
which is equivalent to

) WA
DL (e q) = i LI (q: ).

n—1
By iteration this process k-times, we can get the relation

D/{;L}(qA,/l)(x, q) — (_1)/(iqu(A+/d)L(A+kI,)»)(qu; q)’k — 0’ 1’ . ,I’l; ne NO'

n—k
When k = 1, we obtain
DZL}SA,/L) (x’ q) — (_l)n)vnqn(A+nI)’ ne NO

which can be also obtained from nth term of (19) with fact that DZ " = [n]y\ It is easy
to show that
1 —-tFx,t,A+I)=F(x,qt,A)

From (37), we can deduce that

o o o0
ZL;A-‘FI,/L) (x’ q)trl _ ZLISA+I,A) (x’ q)t}’l-‘rl — Z anqu’z) (x’ q)tn
n=0 n=0 n=0

which gives
, ) g
q"LA (x; q) = LA (x; q) — L;_J; ? (x; q).

In view of iteration the above formula, we get the desired result.
In order to obtain the Rodrigues-type formula for the g-Laguerre matrix polynomials,

we derive the following theorem.

Page 14 of 20
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Theorem 14 (Rodrigues-type formula) Let 1 be a complex number with R(1) > 0 and
A € C"™" satisfying the conditions (12) and g% & o (q*) for all 0 < k < n. Then, the Rod-
rigues-type formula for the q-Laguerre matrix polynomials can be provided as

[n]q!erq(—/lx)LglA’i) (x;9) = D(’I’ {xAJr”qu(—/lx)}, n € Np. (46)
Proof Using (3) yields

Dieq(—x7) = (=1} ikeg(—ix)
and

Dy RAT = A+ nllg[A + (n = DIy .. . [A+ (k+ DI

(qA+(/<+1)1; q)n_k i

(1 —g)nk

which can be rewrite by using (31) as

~1
Dk Atnl _ (qAH; q)k (‘IAH; q)nxAJrkI
p .

Q—qn*

From the Leibniz’s rule for the nth g-derivative of a product rule Koekoek and Swart-
touw (1998)

n

Dif wg@) = m (D57f) (xa") (Dhe) ), me o

k=0 q

and the properties of the matrix functional calculus, it follows that

n Nl A4
nf Atnl ) _ k|7 (qAH’q)k (4 ’q)n KA+KI 5k Kk
Dq{xA eq(—Ax)} = erq(—M) kE_O(—l) [kL (1— gk 1 px

Inserting the last side of relation (22) to obtain the Rodrigues-type formula for the
q-Laguerre matrix polynomials.

Orthogonality property
Suppose that the inner product (f, g) for a suitable two matrix-valued functions fand g is
defined as

o0
(f,g) = /0 xAey (—ix)f (x)g(x)dyx (47)
Let P,(x) be a matrix polynomials for n > 0. We say that the sequence {P,(x)},>0 is an

orthogonal matrix polynomials sequence with respect to the inner product (, ) provided
for all nonnegative integers n and m
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1. P,(x)is a matrix polynomial of degree n with non-singular leader coefficient.
2. {Pp(x), Py (%)) = O0foralln £ m.
3. (P, (x), P, (x)) is invertible for n > 0.

Let us assume that # € Ny, 4 be a complex number with R(1) > 0 and A € C"™*" sat-
isfying the conditions (12) and g% ¢ o(g%) for all 0 < k < n, then the first and second
conditions for the orthogonality of the g-Laguerre matrix polynomials come from Defi-
nition 4 and Theorem 3. The second condition, upon the inner product, states

(L@ 1w @) =0, nzm “

Lemma 15 Let n € Ny, 4 be a complex number with R(L) > 0 and A € C"™7 satisfying
the conditions (12) and g~ ¢ a(qA)for all k € No. Then, we get

n
A7) (A2 a\*r (49)
<Ln’ (@5 ), Ly (% q)> = o 4 Io(A + nl)
g
where
o0
Io(A + nl) = / x M e (—Jx)dgx (50)
0

Proof Since the g-Laguerre matrix polynomials L;A”“)(x; q) are polynomials of
degree n with a non-singular leader coefficient, then there exist constants matrices
Civ,k=0,1,2,...,nsuch that

n
Y GL @ g) =1 51)
k=0

where [ is the identity matrix in C"*". In view of (48) and (51), we can deduce that
<xk,L§{”>(x; q)> -0, k=012...,n—1.

Thus from (19), we obtain

E E (=1)" " n(A+nl) B ;
<Lf;“’ (s @), L (a; q)> = [n—]q,<x LD q>> (52)
q!

To evaluate the inner product (x”, Lg,A”D (x; @)), let us suppose that
o0
I(A) = / AT ey (—d) LA (x; q)dgx, n € No.
0

Inserting the Rodrigues-type formula for the g-Laguerre matrix polynomials (46) yields

(1)U (A) = /0 x”D;{x“"’eq(—/lx)}dqx.

Page 16 of 20
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On g-integrating by parts, which states
| 10w = oewis - [ @y
we find
[rlga(4) = {&" D~ {x* ey (—m) } }

— [nlq /000 K1 (D?1 {xA+”qu(—)w) }) (gx)dgx

0o
0

which can be rewritten by Rodrigues-type formula (46) as

[Vl]q‘[n(A) — [Vl _ l]q!{xA+(Vl+1)qu(_/lx)L(A4i[,/l) (x’ q)}

n—

00 P
— nlglg*™ / M ey (—2gr) L (q; g g,
0

00
0

By using Lemma 2, we obtain
“> A1)
In(A) = —q"* / M eq(—iq) L (qx; ).
0
Using the g-analogue of the integration theorem by change of variable from gx to x yields

o0 N
L(A) = —q" / A e () LAY (0 dgx = —q "1 (A + 1)
0

which leads to

n(n

L(A) = (=1)"q~" " Io(A + nl).

Hence, from (52), we have the desired results.

Theorem 16 Let us assume that A € C™" satisfying the condition fi(A) > 0, then we
have

o0
Tg(A) = Ky (4, 2) / ey (—ix)dyx (53)
0
where T ;(A) is the q-gamma matrix function defined by Salem (2012) as

I,A) = /0 qu_IEq(—xq)dqx (54)

and

—q _qI—A
Ky, ) = (1 — ' A (=21 — q): D)oo (/l(l—q); q) eq(—q™) (/1(1 = : q>

(55)
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Proof Let the function
- o0
T, (A) = / ey (—Ix)dyx
0

and let

. oo-(1-q) (—)x A+n1;
By(A,n) = / <_q;—_q)°°xf‘*1dqx, neN
0 ( "xa q)OO

It easy to show that
- — (1 _ AT
Jim By (A,m) = (1 = )" Tq(4) (56)

From the definition of g-derivative (3), we get

N 2% Do T (i oo

On g-integrating by parts with using the results obtained in Lemma 2 and the above

result, we obtain recursive formula

A+nl.

~ OO~(1—q) —)ux :
B;A,n+1) = [A+n1];1qn/0 (qx)—an{waAMI}dqx
9 oo

00-(1—¢q) (_;qu+n1; q

=—q"[A+ nl]q_l[—n]q/o )OOxA_qux

= [nlg[A +nl]l;'By(A,n), neN

(—=A%; @)oo

which can be read as
5 +1 14
Bym = @ 0u1(¢*0) ~ ByA ), meN (57)

Also the function B’q (A, 1) can be computed as

5 00-(1—¢q) s A.
Bq(Ail):[A]q_l/O 1 Dq{w’q)ooxA}dqx

(—2%; Qoo
)4 00-(1-¢)
_ -1 (_Mq ’q)oo
=14, { (=% @)oo xA}O

Replacing x by (1 — q)g~" yields

—(1 — A—nl.
By(A, 1) = [Al;' (1 = 9" lim [q—nA< 40 —q)q ,q)m]

(—2Q—q" q)

Let the functio
1- q)/"i—}}@,(A, A) = lim lq—"f‘ (
n— 00

-]
(—2Q =g q)
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Using (29) followed by (23) when n = k, we can deduce that

—q g4
KA D) =0 - (=20 = @) @)oo <M’ q) eq (—/lqA) <A(1_q), q>

which concludes that
Kq4(A, DBy(A,1) = [A] (1 —¢) (58)
In view of (56)—(58), we obtain
. -1 I
KA = @ D= (a"a) _1-a)
An important relation for the g-gamma matrix function was obtained by Salem (2012) as
-1
L) = @ D (a%5q) -, a7 ¢o(q*).keNo
oo

which reveals that
K (AT, (A) = T4(A)

This completes the proof.
The results proved in this section can be summarized in the following theorem:

Theorem 17 Let n € Ny, 1 be a complex number with R(1) > 0 and A € C"™ satisfy-
ing the conditions (12) and q=* ¢ o (q*) for all k € Ny, then the q-Laguerre matrix pol-

i (A2 (.. : . . ,
ynomials sequence {L;; " (x; q)}u>0 is an orthogonal matrix polynomials sequence with
respect to the inner product

g
(]!

(L 6 ), L ) ) = T K A+ (1 DL DDA+ 1+ DD

(59)

Conclusion

In our work, we introduce the g-Laguerre matrix polynomials (19) hold for i(4) > —1
which verifies the second-order matrix difference equation (6). Four generating func-
tions of this matrix polynomials are investigated. Two slightly different explicit forms are
introduced. Three-term recurrence relation, Rodrigues-type formula and the g-orthogo-
nality property are given.
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