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Abstract

This paper is devoted to investigating a vector inverse mixed quasi-variational
inequality (VIMQVI). Our aim is to obtain error bounds for VIMQVI in terms of different
gap functions, i.e, the residual gap function, the regularized gap function, and the
D-gap function. These bounds provide effective estimated distances between an
arbitrary feasible point and the solution set of VIMQVI. The approach exploited in this
paper is based on the generalized f-projection operator due to Wu and Huang. Our
results cover and extend similar results for these problems.

MSC: 49)53;49)53

Keywords: Vector inverse mixed quasi-variational inequality; Gap function; Error
bounds; Generalized f-projection operator

1 Introduction

Variational inequalities (VI) and quasi-variational inequalities (QVI) have many applica-
tions in different fields such as economics, management, and engineering. An important
and useful generalization of VI is called the mixed variational inequality (MVI). Some re-
sults and applications related to MVI have been studied by many authors (see, for example,
[1-3]).

Recently, He et al. [4, 5] introduced inverse variational inequalities (IVI). As pointed in
[6], many applications of IVI can be founded in various areas such as market equilibrium
problems in economics and telecommunication networks. Li et al. [7] introduced a new
inverse mixed variational inequality (IMVI) in the setting of Hilbert spaces, which includes
IVI as a special case. An example concerned with a simple traffic network equilibrium
control problem was given to illustrate the applicability of IMVI.

In 1980, vector variational inequalities (VVI) were initiated in the setting of the finite-
dimensional Euclidean space, see [8]. This is a generalization of scalar variational inequal-
ities to the vector case by virtue of multi-criterion consideration. So far, vector variational
inequalities has been applied to optimization, optimal control, operations research, eco-
nomics equilibrium, and free boundary value problems. In the past decades, existence, sta-
bility, sensitivity, optimality conditions, and differentiability for solutions of VVI and their
various extensions have been extensively studied, see [8—19] and the references therein.
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The concept of gap function was first introduced for the study of optimization prob-
lems and subsequently applied to VI, QVI, and VVI. Gap functions play an important part
in developing iterative algorithms but more importantly for analyzing their convergence
properties and obtaining useful stopping rules for iterative algorithms. We refer readers
to [15, 20-29] for surveys. Error bounds are very important and useful as they provide
a measure of the distance between a solution set and an arbitrary feasible point. A com-
prehensive survey of theory and rich applications about error bounds can be found in
[30]. Solodov [26] constructed some merit functions associated with a generalized MVI
(which was defined on the whole space) and used those functions to obtain error bounds
for MVI. Recently, Aussel et al. [31] introduced a new inverse quasi-variational inequal-
ity (IQVI), obtained local (global) error bounds for IQVI in terms of some gap functions
to illustrate the applicability of IQVI, and gave an example about road pricing problems.
Sun and Chai [32] introduced the regularized gap functions for the generalized vector
variational inequalities (GVVI) and obtained the error bounds for GVVI in terms of the
regularized gap functions. Charitha et al. [33] studied several gap functions for Stampac-
chia and Minty-type VVIand developed error bounds for the VVI with strongly monotone
data in terms of the several gap functions. The generalized f-projection operators intro-
duced by Wu and Huang [34] was exploited to deal with MV, see, for example, [7, 34—37].
Very recently, by using the generalized f-projection operator, Li and Li [37] investigated
a constrained mixed set-valued variational inequality (MSVI) in Hilbert spaces, and pro-
posed four merit functions for the constrained MSVI and obtained error bounds by these
functions. A natural question is whether one can give some model to unify IVI, IMVI,
IQVL VVI, and GV V], and furthermore study their gap functions and the corresponding
error bounds or not.

In this paper, we introduce a vector inverse mixed quasi-variational inequality
(VIMQVI), which includes IV, IMVI, IQVI, VVI, and GVVI as special cases. We also
propose three gap functions for the VIMQV], i.e., the residual gap function, the regular-
ized gap function, and the D-gap function, and obtain error bounds for VIMQVI under
strong monotonicity and Lipschitz continuity of underlying mappings by using these gap
functions. Our basic tool is the generalized f-projection operator due to Wu and Huang,

which is more general than the well-known proximal mapping exploited in [26].

2 Preliminaries

Throughout this paper, let the set of nonnegative real numbers be denoted by R,, the ori-
gins of all finite dimensional spaces be denoted by 0, and the norms and the inner products
of all finite dimensional spaces be denoted by || - || and -, -), respectively. Furthermore, let
K : R" — 2F" be a set-valued mapping with nonempty closed convex values, F; : R" — R"
(i=1,2,...,m) be single-valued mappings, 4 : R" — R" be a single-valued mapping, and

fi:R" - R (i=1,2,...,m) be real-valued convex functions. For abbreviation, we put

T::(flr 2)"-’fm)7 F::(FDFZ’---:FWI);

and for any x,v € R”,

(F(x), v) = ((F1 (%), v), (Fz(x), v), R (F,,(x), V))
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In this paper, we consider the following vector inverse mixed quasi-variational inequality
(in short, VIMQVI): find & € K(x) such that

(F&),y—h@)+ T(@) - T(h(®) ¢ -intR}, VyeK().

The solution set of VIMQVI is denoted by sol(VIMQVI).
If C C R” is a nonempty closed and convex subset, /1(x) = x and K(x) = C for all x € R",
then VIMQVI collapses to the following GVVI: find x € C such that

(F(a'c),y —x) +T(y)-T(x) ¢ —intR?, VyeC,

which is considered and studied by [32].

If T(x) = 0 for all x € R", then GVVI reduces to VVI introduced and studied by [11, 12,
33].

Obviously, for m = 1, VIMQVI collapses to the following inverse mixed quasi-variational
inequality (IMQVI): find ¥ € K(x) such that

(F1(®),y - h(®) + fi(y) - fi(h(%)) = 0, VyeK(),

which was introduced and studied by [36].
If fi(x) = O for all x € R”, then IMQVI collapses to the following IQVI:

(Fi(®),y - h(®)>0, VyeK().

This problem was considered and studied by Aussel et al. [31], who pointed out that the
discipline of IQVI is still not fully explored and much is desired to be done. Clearly, IQVI
includes the classes of general quasi-variational inequalities and variational inequalities
as special cases.

If C C R” is a nonempty closed and convex subset and K(x) = C for all x € R”, then
IMQVI collapses to the following MVI: find x € C such that

(F1(®),y - h(®) + fi(y) - fi(h(x)) =0, VyeC.

When C = R”, MVI was investigated by Solodov [26]; when F;(x) = x, Vx € R”, MVI be-
comes IMVI which was introduced and studied by [7].

For i=1,2,...,m, we denote the inverse mixed quasi-variational inequality associated
with F;, h, K, and f; as (IMQVI)!. The solution sets of (IMQVI) are denoted by sol
(IMQVI)..

In this paper, we intend to investigate several scalar-valued gap functions and error
bounds for VIMQVI. In order to do so, we shall recall some notations and definitions,
which will be used in the sequel.

Definition 2.1 [31] Let G:R” — R" and g: R” — R" be two maps.
(i) (G,g) is said to be a strongly monotone couple with modulus p if there exists a
constant p > 0 such that

(GO) - G),g() —g(x)) = ully -] Vx,y € R
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(ii) g is said to be L-Lipschitz continuous on R” if there exists a constant L > 0 such that
lg@) —g0)| <Lllx-yll, Vx,yeR"
For any fixed p > 0,let G: R” x K — (—00, +00] be a function defined as follows:
Glex) = [x” = 2(p,2) + llgl* + 20f (x), Vo €R",Vx €K, 1)
where K C R" is a nonempty closed and convex subset, and f : R — R is convex.

Definition 2.2 ([34]) We say that 17{2 ‘R — 2K isa generalized f-projection operator if

- [u e K:G(p,u)=inf Glg,y)}, VeeR"
yekK

If f(x) = O for all x € K, then the generalized f-projection operator Hé is equivalent to
the following metric projection operator:

Pe@)={uek:lu-gl=infly-¢l}, Voer".
yeK
Lemma 2.1 ([7, 34]) The following statements hold:
(i) For any given ¢ € R", Hfi(go is nonempty and single-valued,;
. . woo o f .
(ii) Forany given ¢ € R", x = T ¢ if and only if

(x—@,y—x)+of() - pf(¥) =0, VyeKk;
(iii) Hff( :R" — K is nonexpansive, that is, ||17ff<x - Hff(yH <l|lx—yl| forall x,y € R".

Lemma 2.2 ([36]) Let m be a positive number, B C R" be a nonempty subset such that
V|| < mforallveB.Let K : R" — 28" be a set-valued mapping such that, for each x € R",
K(x) is a closed convex set, and let f : R" — R be a convex function on R". Assume that
(i) there exists a constant y > 0 such that H(K(x), K(y)) < y|lx—y|, x,y € R";
(i) 0 € ern K(u);
(iti) f is I-Lipschitz continuous on R". Then there exists a constant k = \/m such
that

” H{m)z - Hﬁ(x)z” <kllx-y|l, Vx,yeR',zeB.

Definition 2.3 A function r: R” — R is said to be a gap function for a VIMQVI on a set
S c R" if it satisfies the following properties:

(i) r(x) > 0foranyx e S;

(ii) r(¥)=0,% € Sifand only if x is a solution of VIMQVIL

The gap functions play an important part in developing iterative algorithms for solving
VIMQVI but more importantly for analyzing their convergence properties and obtain-
ing useful stopping rules for iterative algorithms. This motivates us to study and analyze
different gap functions for VIMQVI.

Page 4 of 14
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3 Residual gap functions

In this section, we shall give the residual gap function for VIMQVI and prove error bounds
related to the residual gap function. We define the residual gap function for VIMQVI as
follows:

(%) = 215%”{ ||h(x) - Hﬁ(x) [h(x) - ,oFi(x)] }, x€R", p>0. 2)

1

Theorem 3.1 Suppose that F;: R" — R" (i = 1,2,...,m) are single-valued mappings, then
forany p >0, r,(x) is a gap function for VIMQVI on R".

Proof 1t is clear that r,(x) > 0 for any x € R”. On the other hand, if r,(x) = 0, then there
exists 0 < iy < m such that

h(E) = T2 [1(E) - pFiy(®)].
Lemma 2.1 implies that

(h(x) ~ [1(x) ~ pFi(®)],y ~ h®)) + of 0) - pf (h(%)) = 0, ¥y € K(X),
and so

(Fio(%),y = h(®)) + f() —f (h(3)) = 0, Vy € K(%).
This means that

(FR),y - h®) +f () - f (h(®)) & —intR”, ¥y e K().

Thus, x is a solution of VIMQVL.
Conversely, if x is a solution of VIMQV]I, there exists 1 < iy < m such that

(Fio(®),y = h(®) + fi, 0) = fio (h(X)) 2 0, Yy € K(X).
By Lemma 2.1, we have

h(E) = T2 [1(E) - pFiy(3)].
This means that

ro® = min {|h@) - [T [h@E) - pE@] |} = 0.

1<i<m
This completes the proof. d
Next we will give the error bound for VIMQVT in terms of the residual gap function r,.

Theorem 3.2 Let F;: R" — R" (i = 1,2,...,m) be L;-Lipschitz continuous, h : R — R"
be l-Lipschitz continuous, and for i = 1,2,...,m, (F;, h) be strongly monotone couples with



Wang et al. Fixed Point Theory and Applications (2019) 2019:14 Page 6 of 14

modulus ;. Let (1, solIMQVI)' + (. Assume that there exists k; € (0, % ) such that
||H{é(x)z - Hﬁ(y)zn <klx-yl, VYx,yeR"ze {v|v = h(x) — pFi(x)}. (3)

Then, for any x € R" and p > ;4,—kL )

Li+1
d(x, Sol(VIMQVI)) < — =%

= o= ki~ Tl

where d(x, Sol(VIMQVI)) = infzesoivimav |l — X|| denotes the distance between the point
x and the set Sol(VIMQVI).

Proof Because [, solIMQVI) # ¢, we assume that ¥ € K(¥) is a common solution of
(IMQVI), i=1,...,m, and thus for any i € {1,...,m}, we have

(Fi®),y - h(®) + i) - fi(h(®)) =0, VyeK(x). (4)

By definition of H{é@ [A(x) — pF;(x)], Lemma 2.1 implies that

(T o [(x) = pFi(0)] = (%) = pFi(x)),y — I [1(x) — pFi()])

+ 0 0) - pf (I gy [ = pE)]) 2 0, ¥y € K(). (5)
Since X € (), solIMQVI), h(%) € K (). Replacing y by k() in (5), we get

(I oy [ 1) — pFi(x)] ~ () ~ pFi(x)), h(R) — T, [(x) = pFi()])
+ ofi(h®) — pfi (1T s, [1x) - pFi()]) > 0. (6)

From [T/ [h(x) - pFi(x)] € K(®), by (), it follows that
(pFi(3), T gy [1(x) - pFi(x)] — ()
+ pfi (I [ (%) — pEi()]) = pfi (@) = 0. @
By (6) and (7), we have
(PFi(®) — pFilx) - I, [1(x) — pFi(x)] + h(x), T 5 [1(x) — pFi(%)] ~ h(®) > 0,
which also implies

(PEA®) - pEi(w), [T [ 1(x) ~ pFi(x)] — h())
— (0Fi(%) - pFi(x), h(x) — h(x))
+ (1) = T gy [ 1) = ()], Ty [ 1) — pFi()] = h()

+(h(x) - K(x [1x) = pFi(%)], h(x) - h(x)) > 0.
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Since, for i = 1,2,...,m, (F;, h) are strongly monotone couples with modulus ;, we have

(pFi() — pFi(a), TP [x) — pFi(x)] — ()
— ) - I [ () — o] |

+ (h(x) = T ) [1(%) = PE: ()], h(x) — () = ppillx — |

By inserting 17 g [h(x) pFi(x)] and using the Cauchy—Schwarz inequality along with the
triangular 1nequahty, we have

|0Ei@) = i) - { | Tis)[1e0) = pFi(w)] = T [10) = pFi()]|
+ |11 [ - pﬂ(x)] — )|} + 1) - h3)|
A1) = 11 [ — pE)]|
+ | [hter) - pFi<x>] - n{;‘@ [h(x) ~ pF:0)] [} = paills - Z1.

Using the Lipschitz continuity of F;, # and condition (3), we have

Lipll& x| - (Kill& - ]| + nnf"(x)[mx) ~ pEi(%)] - h(x)]))

# U= x| - ([|n0) = Ty [1) = pEi)] | + illos = &) = ppuallos = &1

Hence, foranyx € R" and i € {1,2,...,m}, p > kkl and u; > k;L;, we have

,OLl‘+l

lx —%|| < ————
pu; — pkiL; — kil

[ 1Ge) = 1T [x) - PEi@)]].

This implies

_ Li+1 ) .
o=l = e min () Ty [) - pFi9)]

b

which means that

pL;+1

,Sol(VIMQVI —¥ =
d(x, Sol(VIMQVD) < ||x - X|| < ot — pkils — kil

rp(x).

This completes the proof. d
Remark 3.1 Lemma 2.2 implies that condition (3) holds under some suitable assumptions.

4 Regularized gap functions and D-gap functions

In general, the residual gap function fails to be smooth. For the algorithmic purpose, it is
desirable to deal with a smooth optimization problem. Sun and Chai [32] and Charitha et
al. [33] introduced the regularized gap function for GVVI and VVI, respectively. Li and
Li [37] introduced the D-gap function for MSVI. Aussel et al. [31] constructed the D-
gap function for IQVI. Taking motivation from these works, we design a regularized gap
function and a D-gap function for VIMQVI and develop corresponding error bounds for
VIMQVL
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4.1 Regularized gap function
The regularized gap function for VIMQVI is defined for all x € R" as follows:

¢,(x) = min sup {(Fi(x),h(x) —y) +ﬁ(h(x)) —fily) - % ||h(x) —y||2},

1<i=m yeK (x)
where p > 0 is a parameter.

Lemma 4.1 We have
0,009 = min £, B, 9) £109) -1 40~ R 9) - R 0 ®)
where
R (%) = h(x) - [T}, [h(x) - pFi(x)], VxeR".
And ifx € h™1(K), where h™Y(K) = {§ € R"|h(§) € K(§)}, then
> ! 2 9
Pp(x) > %rp(x) . )

Proof For givenx € R" and i € {1,2,...,m}, set

2
’

Vi) = (Fi@), () =) + (@) — £i) - % IhG) —y] yeR"

Consider the following problem:
g&ix) = [max Vilx, y).
Since ¥;(, -) is a strongly concave function and K (x) is nonempty closed and convex, the

above optimization problem has a unique solution, say z € K(x). Invoking the optimality
condition at z, we obtain

0 € Fi(x) + 0fi(2) + %(z - h(x)) + Nk (2),

where Ni()(2) is the normal cone at z to K(x) and 9f;(z) denotes the subdifferential of f;

at z. Therefore,
(z— (hx) - pFi(x)),y - 2) + pfi9) - pfi(2) 2 0, ¥y € K(x),
and so z = [T}, [(x) — pFi(x)]. Hence gi(x) can be rewritten as
&i(®) = (Fiw), h@) - T [ 1) - pFi()])
+fi(10) ~f o [ 1) = PEL)])

1 .
5 | ) — T oy [ %) — PE:)] |



Wang et al. Fixed Point Theory and Applications (2019) 2019:14 Page 9 of 14

Letting R/ (x) = h(x) - [T}, [h(x) — pFi(x)], we get

&i(%) = (Fi(x), R (%)) + fi (h(x)) — f; (h(x) — R (x)) — ||R‘

(10)
and so
0,009 = min (£, R, 9) £009) -1 40) - R 9) - - R 0]
From the definition of projection [T, [/i(x) - pFi(x)], we have

(T s [(x) = PFi(%)] = h(x) + pFi(x), y — T [1(x) = pFi() )

+ 0f0) = pfi (I, [h@) — pFi()]) =

For any x € h™1(K), we have h(x) € K(x), and therefore, by taking y = k(x) in the above
relation, we get

(0Fi(x) - R (x), RY (x)) + pfi (h(x)) - pfi(h(x) - R, (x)) =0,
that is,

(Fi0), R}, (%)) + fi(h(x)) = fi(h(x) = R, (%)) = (R}, (x), R}, (x)) = —HRl )|

bl»—l

From the definition of r, () and (8), we get ¢, (x) > 2L r,(x)?. This completes the proof. [J

Theorem 4.1 For p >0, ¢, is a gap function for VIMQVI on the set ™' (K) = {§ € R"|h() €
K(&)}.

Proof From the definition of ¢, we have

1<i<m

0,092 min 1), hta) 5] 450100) ~£00) - o) -5}, vy e

Therefore, for any x € h7!(K), by setting y = /(x), we have ¢, (x) > 0.

Suppose that ¥ € #71(K) with ¢, (%) = 0. From (9), it follows that r,,(x) = 0, which implies
that X is the solution of VIMQVI.

Conversely, if ¥ is a solution of VIMQVI, there exists 1 < iy < m such that

(Fiy®), h() = y) + fio (X)) = fi, ) <0, Vy € K (%),

which means that

min { sup {(F,»(fc),h(fc) — )+ (@) ~£iy) - % [~ ”2} } =0

L=iz=m | yek (%)

Thus, ¢,(x) < 0. The previous assertion leads to ¢,(x) > 0 and it follows that ¢,(x) = 0.
This completes the proof. d
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Since, according to Theorem 4.1, ¢, can act as a gap function for VIMQV], it is interest-
ing to investigate the error bound properties that can be obtained with ¢,. By Theorem 3.2

and (9), we obtain the following corollary directly.

Corollary 1 Let F;:R" — R" (i =1,2,...,m) be L;-Lipschitz continuous, h : R — R" be [-
Lipschitz continuous, and for i = 1,2,...,m, (F;, h) be strongly monotone couples with mod-
ulus ;. Let (1, sol(IMQVI)' # 3. Assume that there exists k; € (0, %f) such that

||H£(x)z - Hﬁ(y)zn <kllx-yl, VxyeR"Vze{vlv=h(x) - pFix)}.

Then, for any x € h™(K) and any p > %,

d(, Sol(VIMQVD) < —PEHL 06, )

o — pkiL; — kil

4.2 D-Gap functions

It is remarkable that the regularized gap function ¢, fails to give global error bounds for
VIMQVI on R". Solodov [26] proposed the D-gap function for MVI and obtained error
bounds related to the D-gap function for MVI. Li and Li [37] introduced the D-gap func-
tion for MSVI and obtained error bounds. For more details, see [27-29, 31]. With this
motivation we introduce the D-gap function for VIMQVI, which provides the global er-
ror bound for VIMQVI on R".

The D-gap function for VIMQVI with parameters & > 8 > 0 is defined as follows:

Gyp(x) = min { sup {(Fi(x),h(x) —y) +ﬁ(h(x)) —fi()

Isi=m | yek (x)

- % |72(x) - y||2} — sup {(F,-(x),h(x) —y) + fi(h(x))

yeK(x)
-5 - 5 5P .
By (8) in Lemma 4.1, we know Ggg can be rewritten as
Gap(x) = min {(Fi(x),Ri; (@) + fi(h(x)) - fi(h(x) - R, (x))
- R - ((Fxx),Rg(x)) +i(h) ~ () — Ry )
gt}
where ., (¥) = h(x) - [T, [(x) — Fy(x)] and R, (x) = h(x) ~ [T [h(x) - BE;(x)], Vi € R".

Theorem 4.2 Forany x € R”, o > 8 > 0, we have

1/1 1 1/1 1
(5w =an =5 (5, i .

Page 10 of 14
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Proof From the definition of Gug(x), it follows that
Gap (%) = lrpl,gnm{ﬁ(x),l?f; () = Rjy () = fi(n(x) = R, (%)
IR 00 - Rio) + o R
For any given i € {1,2,...,m}, we set
€ip®) = (Fi), R 0) ~ Ry ) i (1) — R, ) — o [ R )
+fi(h) - Ry () + HR’ @] (12)
From [T}, [(x) ~ BFi(x)] € K(x), by Lemma 2.1, we know

(T (1)~ @F)] - (h0) = ), T [ ~ BE ()]
- 11 [h) — aFi))
+ afi(ITE oy [1() = BE(®)]) — afs (T [1(%) - @ Fi(%)]) = 0,

which means that

(Fy(x) - R, (x), R, (x) — R}y (x))
+af; (h(x) - ng (x)) —aof; (h(x) - Rg (x)) >0. (13)

Combining (12) and (13), we get
o) = IR0, R~ Byw) = 5 | R + Ry ]
i i 2 171 i 2
- R - Ry + g(g LR a9
Since H{é(x) [h(x) — aF;(x)] € K(x), by Lemma 2.1, we have

(I, [0 = BE)] — (%) — BEx)), IT o [x) — 2 Fi()]
— 17} [ 1) - BE®)))
+ BT o [h) - e Fi(0)]) - Bf(ITf ) [h) - BFi(%)]) = 0
Hence
(BFi(x) — Ry (), Ry (x) — R, () + Bfi(h(x) - R, (%)) = Bfi (h(x) — Ry (x)) = 0,
and so
%(Rg () B () — R () = [Ex(w), R (2) - Riy()

— fi(h(x) - R (%)) + fi (h(x) — R} (x)).
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This and (12) imply that

, 1, .. . . 1, 1,
&p®) = IRy @R, () - Ry) - o[ R @)+ 52 Ry

- IR R 5 (5 - 2 IR 15

From (14) and (15), for any i € {1,2,...,m}, we obtain

1/1 1Y, . 1/1 1\,
5(5 , &) |Ry )] < gl ) < 5(5 - ;) R

Hence
1/1 1\ . o 1/1 1\ . ,
3(5-3) min (1R} < min g6y @) = 5 (5 - 2 ) min (12,0}
and so
R AL 1)
2(,3 a>rﬂ(x)§Guﬂ(x)S2<'3 a)ra(x).
This completes the proof. 0

Now we prove that G is a global gap function for VIMQVI on the set R".
Theorem 4.3 For 0 < 8 <o, Gup is a gap function for VIMQVI on R".

Proof Accordingto (11), we have Gog(x) > 0, Vx € R”. Suppose that X € R” with Gg(¥) = 0,

(11) implies that rg(x) = 0. By Theorem 3.1, we know ¥ is a solution of VIMQVL
Conversely, if x is a solution of VIMQVI, from Theorem 3.1, it follows that r,(x) = 0.

(11) means that G,g(x) = 0. This completes the proof. O

Immediately, by using Theorem 3.2 and (11), we obtain a global error bound for VIMQVI
on the set R”.

Corollary 2 Let F;: R" — R" (i=1,2,...,m) be L;-Lipschitz continuous, h : R" — R" be I-
Lipschitz continuous, and for i = 1,2,...,m, (F;, h) be strongly monotone couples with mod-
ulus ;. Let (12, solIMQVI)' + (3. Assume that there exists k; € (0, %) such that

|2z - 12| < kil =yl Vay € R,z € {v]v = h(x) - BFi(x))}.

ki

Then, for any x € R" and any B > l’-t—ZiLi ,

,BL,' +1 2,30[

d(x, Sol(VIMQVI)) < Bri— BkiLi—ki\ o« —B

Gaﬁ (x)
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5 Concluding remarks
One of the classical approaches in the analysis of a variational inequality (VI) and its vari-
ants is to transform it into an equivalent optimization problem by the notion of gap func-
tions. In addition, gap functions play a central role in deriving the so-called error bounds,
which provide a measure of the distances between the solution set and an arbitrary feasi-
ble point. These motivate us to study and analyze different gap functions and error bounds
for VIMQVL

In this paper, we introduce a vector inverse mixed quasi-variational inequality
(VIMQVI), which includes IVI, IMVI, IQVI, VVI, and GVVI as special cases. We pro-
pose three gap functions for the VIMQV], i.e., the residual gap function, the regularized
gap function, and the D-gap function, and obtain error bounds for VIMQVI under strong
monotonicity and Lipschitz continuity of underlying mappings by using these gap func-
tions. Our basic tool is the generalized f-projection operator, which is more general than
the well-known proximal mapping, see [37]. If i = 1 and f(x) = O for all x € R", then the
results obtained in this paper collapse to the corresponding ones in [31] and [36].
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