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1 Introduction

Fixed point theory plays a vital role in applications of many branches of mathematics.
Finding fixed points of generalized contraction mappings has become the focus of fruitful
research activity in fixed point theory. Recently, many investigators have published vari-
ous papers on fixed point theory and applications in different ways. One of the recently
popular topics in fixed point theory is addressing the existence of fixed points of contrac-
tion mappings in bipolar metric spaces, which can be considered as generalizations of the
Banach contraction principle. In 2016, Mutlu and Giirdal [1] have introduced the concepts
of bipolar metric space and they investigated certain basic fixed point and coupled fixed
point theorems for covariant and contravariant maps under contractive conditions; see
(1, 2].

Caristi’s fixed point theorem [3] is a renowned extension of the Banach contraction prin-
ciple [4]. The proof of Caristi’s results has been generalized and extended in many direc-
tions [5-10].

The aim of this paper is to prove the common fixed point results in bipolar metric spaces
by using a Caristi type cyclic contraction. Also, we give examples and applications to ho-
motopy theory and integral equations.

2 Methods/experimental
Definition 2.1 ([1]) Let A and B be a two non-empty sets. Suppose thatd : A x B — [0, 00)
is a mapping satisfying the following properties:

(B1) d(a,b)=0ifand onlyifa=>b forall (a,b) € A x B,
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(By) d(a,b)=d(b,a),foralla,be ANB,

(B3) d(ai,by) <d(ai,by) +d(ay, b1) +d(ay, by), for all ay,a, € A, by, by € B.
Then the mapping d is called a bipolar metric on the pair (4, B) and the triple (4, B, d) is
called a bipolar-metric space.

Definition 2.2 ([1]) Assume (A;, B;) and (A5, By) to be two pairs of sets.

The function F : A} U By — A, U B, is said to be a covariant map if F(A;) € A, and
F(B;) C B, and we denote this as F: (A1, B1) = (A4,, B,).

The mapping F : A; UB; — A, U B, is said to be a contravariant map, if F(4;) € B, and
F(B1) C A, and we denote this as F: (A1,B1) = (A,, B,).

In particular, if d; and d, are bipolar metrics in (A;,B1) and (A, By), respectively.
Then sometimes we use the notations F : (A1,B1,d1) = (A3, By,d>) and F : (A1,B1,d1) =
(Ag, By, dy).

Definition 2.3 ([1]) Let (A, B, d) be a bipolar metric space. A point v € A U B is said to be
a left point if v € A, a right point if v € B and a central point if both hold.

Similarly, a sequence {a,} on the set A and a sequence {b,} on the set B are called a left
and right sequence, respectively.

In a bipolar metric space, a sequence is the simple term for a left or right sequence.

A sequence {v,} is convergent to a point v if and only if {v,} is a left sequence, v is
a right point and lim,_, o d(v,,v) = 0; or {v,} is a right sequence, v is a left point and
lim,_, o d(v,v,) = 0.

A bisequence ({a,},{b,}) on (A, B,d) is a sequence on the set A x B. If the sequences
{a.} and {b,} are convergent, then the bisequence ({a,}, {b,}) is said to be convergent.
({an}, {bn}) is a Cauchy sequence, if limy, ;,,— o0 d(ay, b)) = 0.

A bipolar metric space is called complete, if every Cauchy bisequence is convergent,
hence biconvergent.

Definition 2.4 ([1]) Let (A1, By, d1) and (Ay, By, d5) be two bipolar metric spaces.

(i) The mapping F: (A1,B1,d1) = (Az, By, ds) is said to be left-continuous at a point
ag € A; if for every € > 0, there is a § > 0 such that d; (4o, b) < § implies that
dy(F(ay), F(b)) < € for all b € B;.

(i) The mapping F: (A1, B1,d1) = (A2, By, d>) is said to be right-continuous at a point
by € B, if for every € > 0, there is a § > 0 such that d;(a, by) < § implies that
dy(F(a),F(by)) <€ foralla e A;.

(iii) The mapping F is said to be continuous, if it is left-continuous at each point a € A;
and right-continuous at each point b € B;.

(iv) A contravariant mapping F : (A1, B1,d1) = (Ag, By, d>) is continuous if and only if it
is continuous as a covariant map F : (A1, B1,d1) = (A2, By, da).

It follows from Definition 2.3 that a covariant (or a contravariant) mapping F : (A,
B1,d1) = (A, By, dy) is continuous if and only if {u,,} — v in (A1, B1,d1) implies {F(u,)} —
F(v)in (A, By, d>).

3 Results and discussions
In this section, we will prove some common fixed point theorems for three covariant map-
pings with some new Caristi type contractive conditions in bipolar metric spaces.
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Definition 3.1 Let (A4, B,d) be a bipolar metric space and F,f : (4, B) =% (A, B) be covari-
ant mappings. A pair {F,f} is said to be compatible if and only if lim,,_, o d(Ffa,,fFb,) =
lim,_, o d(fFa,, Ffb,) = 0, whenever ({a,},{b,}) is a sequence in (A,B) such that
lim,,, oo Fa, = limy,_, o Fby, = lim,,_, o fa,, = lim,,_, oo fb, = k for some x € ANB.

Theorem 3.2 Let (A, B,d) be a complete bipolar metric space. Suppose F,f,g : (A,B) =
(A, B) is a covariant mappings satisfying:
(3.2.1) d(Fa,Fb) < y(a(fa))a(fa) — a(Fa) + v (B(gb))B(gb) — B(Fb) for all a € A and
b € B, where a,: AU B — [0,00) are lower semi-continuous functions and
Y : (—00,00) — (0,1) be a continuous function.
(3.2.2) F(AUB) Cg(AUB) and F(AUB) C f(AUB).
(3.2.3) Either (F,f) or (F,g) are compatible.
(3.2.4) Either f or g is continuous.
Then the mappings F,f,g: AUB — AU B have a unique common fixed point.

Proof Let ag € A and by € B and from (3.2.2) we construct the bisequence ({a,}, {b2,}),
({wan}, {624}) in (A, B) as

Fay, = gazu. = 0y, Fagu.1 = faznes = Wons

Fbyy, = gbyni1 = Eons Fbyui1 = fboysa = Eonets

forn=0,1,2,....
By using the condition (3.2.1), we have
0 < d(®an, E2n1) = d(Fary, Fboy1)

< ¥ (a(faz))a(faz,) - a(Fas,)
+ ¥ (B(gban+1)) B(gb2u1) = B(Fbays1)

< ¢ (@(@an1))@(@an-1) = (@3)
+ ¥ (B(62n)) B(E24) — BlEane)

< a(w24-1) = a(w2n) + B(E2n) = B(2nsn)- 1

It follows that

a(wan) + BEans1) < a(wan-1) + B(E2n) (2)

and

d(wan, §20) = d(Fan, Fby)
< ¥ (a(@rn-1))ot(@rn1) — ct(w2)
+ ¥ (B(E2-1)) BEan1) — B(E2n)
< a(wp-1) — a(wan) + B(62n-1) — B(E2n). 3)
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Similarly, it follows that

a(wn) + BEan) < at(won-1) + B(&2n-1). (4)

Thus, from (2) and (4) one shows that the bisequences ({(w,)}, {B(&2,)}) are non-
increasing bisequences of non-negative real numbers. So they must converge to 11, Ay
for A1, A9 > 0.

Suppose A1 >0 or A, > 0. Letting n — oo in Eqgs. (2) and (4), we get a contradiction.

Therefore,
lim o(wy,) = lim B(&,) = 0. (5)
n—0oQ n— 00

Now, from (1), we have

2m
Z d(w2nr€2n+l) = d(a)l,%-Z) + d(w2’$3) +-et d(me) 52m+1)

2n=1

<a(wo) —alwr) + B(&1) - B(&2) + a(wr) — a(w) + B(&2) — B(&3)
teet a(a)Zm—l) - O5((")2}1’1) + ﬁ(‘i:Zm) - ﬂ($2m+l)
< a(wo) + B(&1).
This shows Z%Z’:l d(wan, E2n41) is @ biconvergent series.

Similarly, we prove Zgil d(way, &24) is a biconvergent series. Hence it is convergent.
We use the property (Bs), for each n,m € N with n < m and we use (1), (3). Then we have

d(wans €am) < d(wan, §ani1) + d(@2n41,62m01) + -+
+ d(w2m-1,62m-1) + d(@2m-1,E2m)
< a(w-1) — alwn) + B(Ean) — B(Eansn)
+a(wn) — (@) + BE2n) = BE2ns1) + -+
+ a(wom-2) — a(@am-1) + B(Eam—2) — B(E2m1)
+ a(wam-2) — a(@am-1) + B(Eam-1) — B(E2m)

— 0 asn,m— oo.

Similarly, we can prove d(wam, §2,) — 0 as n,m — o0.
This shows (w2, £2,,) is a Cauchy bisequence in (4, B).
Since (A, B,d) is complete, (wy,, £2,,) converges and thus it biconverges to a point « €

A N B such that
lim w1 =k = lim &y, (6)
n— o0 n—0o0

That is,

lim gay,,1 = lim Fay, = lim gby,, = lim Fby, =k,
n— 00 n—0o0 n—0o0 n—00
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lim f&leHQ = lim Fa2n+1 = lim fb2n+2 = lim Fb2n+1 =K.
n— 00 n— 00 n— 00 n—00
Since f is continuous, we have

lim f2ay,.s = fk, lim fFas,.1 =fx and
n—oQ n—0oQ0

. 2 .
lll’l’lf b2n+2 :fl(, lim bezyH_l :fK.
H—>0Q n—o0
Since «, B are lower semi-continuous functions,

nll)rgo a(ws,) = a(k), nliglo B(&an) = Blx).

From (5), we get a(k) = B(k) = 0.
Since the pair {F,f} is compatible, we have

lim d(Efay.a, fFbyni1) = lim d(fFas,,1, Efbay.) = 0.
n— o0 n—0o0

Therefore

lim ﬁb2n+1 = lim Ffd2n+2 ZfK, lim FsznJrz = lim de2n+1 ZfK.
n—00 n—00 n—00 n—oo
Taking a = fas,.2 and b = byy,,1 in (3.2.1), we get

A(Efanas Fbaner) < ¥ (a(f*azna) ) (f*aanez) — & (Ffaznz)
+ U (B(gh21)) B(ghane1) — B(Fbayin)
< Y (a(Pam)) e (Pasm) — o (Ffas)
+ U (B(E2n)) B(E2n) — B(Eani1)
< a(fPaguz) — a(Efazna) + BEan) — BEansn).

Letting n — 0o, we see that d(f«k, k) < a(fk) —a(fk) + B(x) — B(k) = 0 implies d(fk,«) = 0,
thatis, fx = k.

Similarly, by the continuity of g, we can prove that gk =«.
By using the condition (3.2.1) and (B3), we obtain

d(Fk,k) < d(Fk,&m41) + d(@2n41,62n41) + d(@2041, &)
< d(Fk, Fbyps1) + A1, €2n41) + d(@2ni1,6)
v (@(fi))alf) - a(Fi) + ¥ (Bghi1) B(&hane1) = B(Fb2se1)
+ d(@2n41,62n41) + (@241, &)
a(fi) = a(Fk) + B(gbans1) = B(Fban.1)
+ d(@2n41,62n41) + (@241, &)

a (i) = a(Fi) + B(&n) — B(E2ni1)

IA

N

AN
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+ d(Wops1,E2ne1) + A(W241,K)

— 0 asun— Q.

Thus Fk = k. Hence Fx = fx =gk = k.
Now we prove the uniqueness; we begin by taking v to be another fixed point of covariant
maps F,f and g. Then Fv = fv = gv = v implies v € A N B and we have

d(k,v) = d(Fi,Fv) < ¥ (a(fx))a(fx) — a(Fr) + ¥ (B(gv)) B(gv) — B(FV)
<Y (a))al) —alk) + ¥ (B(1v)B() - B(v)
<a(k)—alk)+ BW)-B)=0.

Thus « = v. Hence « is unique common fixed point of covariant mappings F, f and g. O

Corollary 1 Let (A, B,d) be a complete bipolar metric space. Suppose F,f : (A,B) = (A, B)
is a covariant mappings satisfying:
(1.1) d(Fa,Fb) < Y (a(fa))a(fa) — a(Fa,) + v(B(f))B(fb) — B(FD) for all a € A and
b € B, where a, : A U B — [0,00) are lower semi-continuous functions and
Y (—00,00) — (0,1) is a continuous function.
(1.2) F(AUB) C f(AUB).
(1.3) (F,f) are compatible.
(1.4) f is continuous.
Then the mappings F,f : AUB — A U B have a unique common fixed point.

Proof Let us take g = I4up (identity mapping on A U B), from Theorem 3.2 we see that F
and f have a unique common fixed point. 0

Example 3.3 Let U,,(R) and L,,(R) be the set of all m x m upper and lower triangular
matrices over R. Define d : U,,(R) x L,,(R) — [0, 00) as

d(P,Q) =Y Ip; - g5
ij=1

forall P = (p)mxm € Un(R) and Q = (gi})mxm € Lin(R). Then obviously (U,,(R), L,(R),d) is
a bipolar-metric space.

Define F,f,g: U,,(R) U L,,,(R) - U,,(R) U L,,,(R) as F(P) = %(pi,f)mxm, and we have f(P) =
%(ptj)mxm and g(P) = (pi/')mxm fOI‘ all P= (pi/')mxm € um(R) U Lm(R)

Let o, 8 : Uu(R) U L,,(R) — [0,00) be a lower semi-continuous mappings defined as
a(P) = Zf;zl |p;| and B(P) = % ZZLI 1pijl YP = (pij)mxm € Uu(R) U L,,(R) and define

ift>0,
ift<0.

Y (=00, +00) — (0,1) as (L) =

S wiv

Obviously,

F(Um(R) ULm(R)) =f(um(R) ULm(R)) :g(um(R) U Lm(R)) = Omxm-
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Furthermore, we prove {F,f} is compatible. Let (P,, Q,) be a bisequence in (4, B) such that,
for some k € AN B, limy,, o0 d(fPy, k) = 0, lim,,_, oo d(x,fQ,) = 0 and lim,,_, oo d(FP,, ) = 0,
lim,—, oo d(k, FQ,) = 0. Since F and f are continuous, we have

lim d(fEP,, FfQ,) = d( lim fFP,, lim FfQ,,) = d(fx,Fk)

1 1
= d(E(Kij)mxrrn g(’ﬁ’j)mxm)

1 1
_ gK”’

m

=Z§|Kij|'

ij=1

But Zf;zl %|K,»}-| =0 & «; = 0. Similarly, we show lim,,_, oo d(EfP,;,fFQ,) = 0. So the pair
{F,f} is compatible. Similarly, {F, g} is also compatible.
Now for each P,Q € U,,(R) U L,,,(R), we have

1 1
d(FP,FQ) = d(g(pij)mxm; g(qjj)mxm)

qz;

1 m
= §Z|Pij—61ij|
ij=1
1 m
§Z|Pz/|— Z|pz;| + = Zlqt/ 16 Z'qu
ij=1 z] 1 ij=1
2 1
§ ( (pz;)mxm) _Ol(g(pij)mxm)

2 1
gﬂ((%)mxm) -B (g(qij)mxm>

= ¥ (a(fP))a(fP) - «(FP) + ¥ (B(gQ)) B(Q) - B(FQ).

Thus, F, f, g satisfy all the conditions of Theorem 3.2 and O,,, is a unique common fixed
point of F, f and g.

Theorem 3.4 Let (A, B,d) be a complete bipolar metric space. Suppose F,f,g : (A,B) =
(A, B) are covariant mappings satisfying:

(3.4.1) d(Fa,Fb) < a(y(fa,gh))y(fa,gb) — W (Fa,Fb) for all a € A and b € B, where
Y (A x B)U (B x A) — [0,00) is a lower semi-continuous function and o :
(—00,00) — (0, 1) is a continuous function

(3.4.2) F(AUB) C g(AUB) and F(AU B) C f(AUB).

(3.4.3) Either (F,f) or (F,g) are compatible.

(3.4.4) Either f or g is continuous.

Then the mappings F,f,g: AUB — AU B have a unique common fixed point.

Corollary 2 Let (A, B,d) be a complete bipolar metric space. Suppose F,f : (A,B) = (A, B)
are covariant mappings satisfying:
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(2.1) d(Fa, Fb) < a(¥(fa,fb))¥ (fa,fb) — (Fa, Fb) for all a € A and b € B, where  : (A X
B)U (B x A) — [0,00) is a lower semi-continuous function and o : (—0o0,00) — (0, 1)
is a continuous function.

(2.2) FAUB)Cf(AUB).

(2.3) (F,f) is compatible.

(2.4) f is continuous.

Then the mappings F,f : AUB — A U B have a unique common fixed point.

Corollary 3 Let (A, B,d) be a complete bipolar metric space. Suppose F : (A,B) = (A, B) is

a covariant mapping satisfying:
(3.1) d(Fa,Fb) < a(¥(a, b))y (a,b)—(Fa,Fb) foralla € A and b € B, where yr : (A x B)U
(B x A) — [0,00) is a lower semi-continuous function and o : (—o0,00) — (0,1) isa

continuous function. Then the mapping F : AU B — AU B has a unique fixed point.

3.1 Application to homotopy
In this section, we study the existence of a unique solution applied to homotopy theory.

Theorem 3.5 Let (A, B,d) be complete bipolar metric space, (U, V) be an open subset of
(A,B) and (U, V) be a closed subset of (A, B) such that (U, V) C (U, V). Suppose H : (U U
V) x [0,1] — A U B is an operator with the following conditions satisfied:

(3.5.1) x # H(x,k) for each x € 9U U AV and k € [0,1] (here dU U dV is boundary of
UUVinAUB)

(3.5.2) d(H(x, k), H(y,k)) < a(¥(x, )V (x,y) — ¥ (H(x, k), H(y,k)) forall x e U, y € V
and « € [0,1], where ¥ : (A x B) U (B x A) — [0,00) is a lower semi-continuous
function and o : (=00, +00) — (0,1) is a continuous function.

(3.5.3) AM > 03 d(H(x, x),H(y,¢)) <M|x - ¢| foreveryx e U and y € V and x,¢ €
[0,1].

Then H(-,0) has a fixed point <= H(-,1) has a fixed point.

Proof Consider the sets

X= {X €[0,1] :x:H(x,X)forsomexeLl},
Y:

{§ €[0,1]:y=H(y,¢) for some y € V}.

Since H(:,0) has a fixed pointin &/ U V, we have 0 € X N Y. Thus, X N Y is a non-empty
set.

We will show X NY is both closed and open in [0, 1] and so, by the connectedness X =
Y =1[0,1].

Let ()32, 16)21) € (4 ¥) with (s ) — (1,¢) € [0, 1] as 1 — oo,

We must show y =¢ e XNY.

Since (xn, ¢n) € (X, Y) for n=0,1,2,3,..., there exists a bisequence (x,, y,) with x,,1 =
H(®%u, Xn)s Ynr1 = HQu> En).-

Consider

AXny Yni1) = d(H(xn—l» Xn—l)’H(ymgn))
= a(l//(xn—l:yn))w(xn—l)yn) - w(H(xn—l: Xn-1) Hn, gn))
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< Y (Xn_1,Yn) — w(H(xn—l» Kn-1)s H @, {n))
= w(xn—lryn) - w(xnxyrﬁl)- (7)

It follows that

w(xmyrﬁl) E a(w(xn—liyn))w(xn—byn) < W(xn—l!_yn)' (8)

Also, we have

A yn) = d(HEn15 Xn-1)s H@no1, 1))
< (¥ Xn-1,0-1)) ¥ Fn-15 Y1) = ¥ (HFn-15 Xn-1)s H@n-1, 1))
< Y @1, Y1) = ¥ (H -1, Xn-1)s HOn15 Ene1))
= Y (Xn-1,Yn-1) = ¥ (X, Yn); )

similarly, it follows

1p(xn:_yn) = a(w(xn—byn—l))w(xn—byn—l) < w(xn—byn—l)' (10)

From (8) and (10) one shows the bisequence ({y (x4, y»)} is a non-increasing bisequence
of non-negative real numbers. So they must converge to A; > 0.
Suppose A; > 0. Letting n — oo in Eqgs. (8) and (10), we get a contradiction. Therefore,

nll)rglo Y (X, ¥n) = 0. (11)

Now, from (7), we have

m

> A Y1) = @1, 32) + d(xa, y3) + - + Ay Yins1)

n=1
< Yo, y1) = Y (w1, 92) + ¥ (x1,92) — ¥ (x2,93)
t--t w(xm—lxym) - w(xm:yrrﬁ—l)
< W(x()! _yl)
This shows >, d(x,,yn41) is a biconvergent series.
Similarly, we can also prove ) ", d(x,,y,) is a biconvergent series. Hence it is conver-

gent.
Now for each #,m € N, n < m, using the property (Bs) and from (7), (9), we have

A ym) < A Yui1) + AXni1, Yur1) +
+dXm-1,Ym-1) + AXp-1, Ym)

< d(H®u-1, Xn-1) HWn» &)
+ d(H (@ Xn)s HOn» En)) + -+

+ d(H(xm—2¢ Xm—Z)r H(ym—Z: Cm—Z))
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+ d(H(xm—Z’ Xm-2) HYm-1, gm—l))
< w(xn—l:yn) - 1s”(xmyrﬁ-l) + M| Xn-1 = Su-1l + M| Xm—2 — Sm—2]
+ w(xm—Zrym—l) - W(xm—l;ym)
— 0 asun,m— Q.
Similarly, we can also show lim,,_, cc d(%;;, ) = 0.

Therefore, (x,,7,) is a Cauchy bisequence in (U, V). By completeness, there exist £ € U
and A € V with

lim x, = A, lim y, = &. (12)
Hn—0o0

n—00

Now consider

d(H(E, x),2) < d(H(E, x),Yne1) + d@ne1, Y1) + dKni1, 1)
d(H(E, %), Hns Sn)) + A(H s )y HYs $n)) + A (%1, 1)
a (Y& )V (€ yn) — ¥ (HE x), HYu &)

+ M| Xn = Cnl + d(Xps1,A)

V(& yn) =V (HE, X)) Hns )

+ M )n = Enl + d(Xni1, 1)

U yn) = V(& In1)

+ M| xn = nl + A1, 1)

IA

IA

AN

N

— 0 asn— oo.

It follows that H(&, x) = 1. Similarly, we get H(A,¢) = €.
On the other hand from (12), we get

d(g,2) = d( lim y,, lim x,) = lim d(x,,7,) =0.

Therefore, £ = 1. Thus x =¢ € XN Y. Clearly X N Y is closed in [0, 1].
Let (o0, ¢o) € (X, Y). Then there exists a bisequence (xp,¥o) such that

xo = H (%0, Xo0), Yo = H(yo, ¢o).

Since U U V is open, there exists r > 0 such that B;(xo,r) C U UV and B,(r,y0) CUU V.

Choose x € ({o—€,¢0+€)and ¢ € (xo — €, xo + €) such that |y — §| < ﬁ <518 =Xl =
1
M

Then we have y € Bxuy(%o,7) = {y,50 € V/d(x0,y) < r + d(x0,y0)} and x € Bxuy(y0,7) =
{x, %0 € Uld(x,y0) < 1+ d(x0,¥0)}.
Also

1
<5 and [x0— %ol = 37 < 5.

d(H(xr X)’y()) = d(H(x’ X)’H(yOr é‘()))
< d(H(xr X):H(_% ;0)) + d(H(x0¢ X)’H(y’ ;0))
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+ d(H(xO’ x),H (o, {0))
< 2M|x - Lol + d(H (%0, x), H(3, £0))

< 2M|x = Lol + a (¥ (%0,)) ¥ (%0, ) — ¥ (H (%0, X ), H(y, £0))

< [% + W(xo»y) - W(H(xo»)();H(y: é‘()))

Letting n — o0, we get

d(H(x, x),¥0) < ¥ (x0,) — ¥ (H (%0, x), H(y, o))
<Y (x0,9)
< d(xo,y) < r+d(x0,90).

Similarly, we can also prove d(xo, H(y,¢)) < d(x,y0) < r + d(x0,0)-
On the other hand

d(xo,y0) = d(H (%0, x0), H(¥0, £0))

=M]xo -l = o=
So xg = yo. Thus, for each fixed ¢, ¢ = x € (§o — €,¢ + €) and H(-, x) : Bxuy (x0,7) —
Byuy (%0, 7). Thus, we conclude H(-, x) has a fixed point in I U V. But this must be in
uuv.

Therefore, H(-, x) has a fixed point in / N V. But this must bein U/ N V.

Therefore, x =¢ € XN Y for ¢ € (§o —€,80 + €). Hence ({o — €, 50 + €) S X N Y. Clearly
XNYisopenin [0, 1].

To prove the reverse, we can use a similar process. O

3.2 Application to the existence of solutions of integral equations
In this section, we study the existence and unique solution to an integral equations as an

application of Corollary 3.

Theorem 3.6 Let us consider the integral equation

y0 =0 [ Seny0)d, xeEUE,

Eq1UEy

where E1 U E, is a Lebesgue measurable set. Suppose
(i) S:(E?UE3) x [0,+00) — [0,+00) and f € L™(E;) UL>®(E,),
(ii) there is a continuous function t : E3 U E3 — [0, +00) such that
1S@, 3, ¥ () = S(x,3, )| < 579y () - BO)|, for (x,y) € E} UES,
(W) 1| [, 0p, T 9) dyll < 1 ie Supyep, g, Jr,up, 1702 dy < 1.
Then the integral equation has a unique solution in L>°(E;) U L*°(E;).

Proof Let A = L*(E;) and B = L*°(E;) be two normed linear spaces, where E;, E, are
Lebesgue measurable sets and m(E; U E;) < oo.
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Consider d : A x B — [0, +00) to be defined by d(f,g) = ||f — gll« for all (f,g) € A x B.
Then (A, B, d) is a complete bipolar metric space.
Define the covariant mapping F : L*(E;) U L®(E;) — L*®(E;) U L®(E;) by

Fly () - /E  Snr0)dy S, xeEUE

Define v : (A x B) U (B x A) — [0,+00) by ¥ (v (%), B(»)) = 2]y (x) - B()|| and define
o (=00, +00) = (0,1) asaft) =

Now, we have

d(Fy(x),FB(x)) = |Fy(x) - FB)|

f S(x,y,m))dwf(x)—( / S(x,y,ﬁ(y))dwf(x))‘
E1UEy E1UE,

IA

/E y |S(x9, () = S(x.3, )| dy

IA

/ 9|y 0) - BO)| dy
E1UEy

A

QR Ul NI NI N|-

IIVQV)—ﬂ(y)IIOOf t(xy)dy

E1UEy

IA

ly = Bllsoll Sup/ [T (x,9)| dy
E1UEy

x€E1UEy

x2\ly - Bl -2llFy - B

(v (v, B)¥(y,B) - ¥ (Fy,FB).

It follows from Corollary 3 that F has a unique fixed point in A U B. d

4 Conclusions

In this paper, we obtain the existence and uniqueness of the solution for three self map-
pings in a complete bipolar metric space under a new Caristi type contraction with an
example. Also, we provide some applications to homotopy theory and nonlinear integral
equations by using fixed point theorems in bipolar metric spaces.
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