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Abstract
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metric space. Finally, two examples are given to support our results.
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1 Introduction

The Banach contraction principle (see [1]) is a very popular tool for solving problems in
many branches of mathematical analysis. The generalizations of this principle have been
established in various settings (see, for example [2—12]). The concept of the altering dis-
tance function has been introduced by Khan et al. [13]. They also presented some fixed
point theorems in a metric space by altering distance functions. The concept of weak
contraction presented by Berinde [14], but in [15], the author renames it as an ‘almost
contraction’ which is apposite. Berinde [14] gave some fixed point theorems for almost
contractions in complete spaces. Shatanawi [16] presented some fixed point theorems for
a nonlinear weakly C-contraction type mapping in metric spaces. Ciri¢ et al. [17] intro-
duced the concept of almost generalized contractive condition on mappings and proved
some existential theorems on fixed points of such mappings in an ordered complete metric
space. Shatanawi and Al-Rawashdeh [18] introduced the notion of an almost generalized
(¥, ¢)-contractive mapping in ordered metric spaces and established some fixed point
and common fixed point results for such a mapping, where ¥ and ¢ are altering distance
functions.

The purpose of this paper is to introduce the almost generalized C-contractive mappings
in an ordered metric space via the altering distance functions and the functions having
property (P), and to prove some fixed point and common fixed point theorems for such
mappings in an ordered complete metric space. Specially, under suitable conditions, we
show that if the fixed point set of such mappings is totally ordered, then it is singleton. In
the end, an example is given to support the usability of our results.
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We first review the needed definitions. Throughout this paper, we denote by R, R*, and
N the set of all real numbers, the set of all nonnegative real numbers and the set of all
positive integers, respectively. Let X be a nonempty set and f, g be two self-mappings of X.
We denote by F(f) the fixed point set of f, i.e., F(f) = {x € X : fx = x}. Also, we denote by
F(f,g) the common fixed point set of f, g, i.e., F(f,g) = F(f) N F(g).

Definition 1.1 (see [13]) A function ¢ : R* — R* is called an altering distance function if
it satisfies the following properties:

(1) ¥ is continuous and non-decreasing, and

(2) ¥(x)=0ifand onlyifx=0.
We denote by W the class of all altering distance functions.

Definition 1.2 (see [17]) Let X be a nonempty set. Then (X, <X, d) is called an ordered
metric space if and only if:

(i) (X,d) is a metric space, and

(i) (X, =) is a partially ordered set.
(X, %,d) is called an ordered complete metric space if (X, <, d) is an ordered metric space,
and (X, d) is a complete metric space.

Definition 1.3 (see [16,17]) Let (X, <) be a partially ordered set. Two mappings f,g: X —
X are said to be weakly increasing if fx < gfx and gx < fgx for all x € X.

Definition 1.4 Let ¢ : R* x R* — R* be a function. We say that the function ¢ has prop-
erty (P) if the following is satisfied:
(1) ¢ is lower semicontinuous and non-decreasing with respect to both of its
components, and
(2) ¢(s,t)=0ifand onlyifs=¢=0.
We denote by & the class of all functions satisfying property (P).

2 Main results

In this section, we introduce the concept of the almost generalized C-contraction for map-
pings in an ordered metric space. Then we present some fixed point and common fixed
point theorems for such mappings in an ordered complete metric space.

Definition 2.1 Let (X, <,d) be an ordered metric space. We say that a mapping f : X — X
is an almost generalized C-contractive mapping if there exist § > 0 and (¢,¢) € ¥ x &
such that

Y (d(fx,f) < ¥ (M(x,)) — o(M (x,), M"(x,9)) + £V (N(x,)) o)

for all x,y € X with x < y, where

d(x, d(y,
M(x,y) = max{d(x,y),d(x,fx), d(y,fy), M }’

2
M (x,y) = max{d(x,y),d(x,fx),d(x,fy)},

M (x,y) = max{d(x,y),d(y,fy),d(y,fx)}, and
N(x,y) = min{d(x,fx),d(y,fx)}.
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Definition 2.2 Let (X, <X, d) be an ordered metric space, and let f, g be two self-mappings
of X. The mapping f is said to be almost generalized C-contractive with respect to g if
there exist £ > 0 and (¥, ¢) € ¥ x ® such that

v (d(fx,g9)) < ¥ (M(x,y)) — d(M'(x,9), M"(x,9)) + E¥ (N (x,9)) 2)

for all x,y € X with x < y, where

M(x,y) = maX{ d(x,y), d(x,fx), d(y, ), dlx,gy) + d(y.fx) }

2
M'(x, ) = max{d(x,y), d(x, fx), d(x,29)),

M (x,y) = max{d(x,y),d(y,gy),d(fx,y)}, and
N(x,y) = min{d(x,fx),d(y,fx),d(x,gy)}.

The following lemmas play a basic role to prove our main results.

Lemma 2.3 Let (X, X, d) be an ordered metric space. Assume that f : X — X is an almost
generalized C-contractive mapping. Fix x, € X and define a sequence {x,} by X,.,1 = fx, for
all n € N. If the sequence {x,} is non-decreasing and lim,_, , d(x,, %,,1) = 0, then {x,} is a

Cauchy sequence.

Proof Since the mapping f is almost generalized C-contractive, Definition 2.1 implies that
there exists (&, ¥, ¢) € [0,00) x ¥ x @ such that

Y (d(fx.fy) < ¥ (M(x,p)) — (M (x,9), M (x,9)) + ¥ (N (7)) 3)

for all x,y € X with x < y, where

M(x,y) = max{d(x, rd f2), dy, fy), 2D+ 40 S%) }

2
M (x,y) = max{d(x,y), d(x, fx), d(x,f7)},
M (x,y) = max{d(x,y),d(y,fy),d(y,fx)}, and
N(x,y) = min{d(x,fx),d(y,fx)}.
We next show that the sequence {x,} is Cauchy. Suppose, for contradiction, that is, {x,}

is not Cauchy. Then there exist & > 0 and two subsequences {x,, } and {x,,, } of the sequence
{x,,} such that

me>mg >k, dXmy, % -1) <&, and  d(xpy, %) > 6. (4)
These imply that

& < d( Xy Xny)

= d(xmk,xmk_l) + d(xmk—l) xnk)
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=< d(xmkxxmk—l) + d(xmk—l’ xnk—l) + d(xnk—lyxnk)
= Zd(xmk: xmk—l) + d(xmk: xnk—l) + d(xnk—l; xnk)
<2d Xy s Xpny—1) + & + AKXy 1, %)
In view of lim,,—, oo d(x,, %,,41) = 0 and letting k — oo in the above inequalities, we obtain
Lim d(Xy,%,) = lim d(%y-1,%,)
k—o0 k— o0
= lim d(xmk—l’ xnk—l)
k— o0
= lim d(xmk’xnkfl)
k—o00

=E&.

(5)
Since x,,,, < %, for any k € N, (3) implies
1/f (d(xmkxxnk)) = W (d(fxmk—l:fxnk—l))
f w(M(xmk—lr xnk—l))
- ¢(M,(xmk—1; xnk—l):M”(xmk—h xnk—l))
+ gl/j(N(xmk—l: xnk—l))’ (6)

where

M(xmk—l,xnk—l) = max {d(xmk—l» xnk—l); d(xmk—lrfxmk—l)x d(xnk—l»fxnk—l),

d(xmk—l;fxnk—l) + d(‘xnk—llfok—l) }
2

= max {d(xmk_l, x”’k_l)’ d(xmk—l; xmk)’ d(xnk—lﬁ xnk)r

d(xmk_l,xnk) + d(xnk—lr xmk)

2 7

M/ (‘xmk—ll xnk—l) = max{d(xmk—ll xnk—l)r d(xmk—lyfxmk—l); d(xmk—l;fxnk—l) }
= max{d(xmk—l,xnk—l)» d(xmk—l’ xmk)’ d(xmk—l; xnk) }1

M”(xmk—l: xnk—l) = max{d(xmk—l» xnk—l)) d(xnk—llfxnk—l)! d(xnk—l»fxmk—l)}

max{d(xmk—lr xnk—l): d(xnk—l,xnk); d(xnk—lr xmk)}; and
N Xy -1, %pp-1) = min{d(xmk—lrfxmk—1)1d(xnk—l;fxmk—l)}

B min{d(xmk,l,xmk), d(xnk—lrxmk)}'
Letting k — oo in the above equalities and applying (5), we obtain

lim M(xmk_l,x,,k_l) =¢&, (7)
k— o0

klijgoM,(ka-l'xnk-l) =6, (8)
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lim M (% -1, %y 1) = €, 9)
k— o0

and
klirl;)N(xmk—lx xnk—l) =0. (10)

Taking the limit as k — oo in inequality (6) and using (7)-(10), the continuity of ¥, and
the lower semicontinuity of ¢, we conclude that

V(e) < y(e) - ole, 8),

which yields ¢(¢, e) = 0. Hence ¢ = 0, which contradicts the positivity of ¢. Therefore, we
get the desired result. O

Lemma 2.4 Let (X, <,d) be an ordered metric space, and let f,g be two self-mappings of
X which f is an almost generalized C-contractive mapping with respect to g. Fix x; € X and
define a sequence {x,} by xs, = fxo,_1 and xy,,1 = gxoy for all n € N.If lim,,_, o d(x, %41) =

0, and the sequence {x,} is non-decreasing, then {x,} is a Cauchy sequence.

Proof Sincef is almost generalized C-contractive with respect to g, by Definition 2.2, there
exists (€,%,¢) € [0,00) x ¥ x ® such that

(d(fe,gy)) < ¥ (M(x,9)) — o (M'(x,9), M"(x,)) + ¥ (N (x,)) (11)

for all x,y € X with x < y, where

Mx,y) = max{d(x,y), d(x, fx), d(y, gy), M },

2
M (x,y) = max{d(x,y), d(x,fx),d(x,gy)},

M (x,y) = max{d(x,y),d(y,gy),d(fx,y)}, and
N(x,) = min{d(x, ), d(y, ), d(x,29) .

We now show that the sequence {x,} is Cauchy. Suppose, for contradiction, that is, {x,} is
not Cauchy. Then there exist ¢ > 0 and two subsequences {x,, } and {x,,, } of the sequence
{x,,} such that

me>mg >k, A&y, Xom—2) <& and  d(Xo,, %0, ) > € 12)

These and the triangle inequality imply that
£= d(x2mk7x2nk)

< d(Xomy Xong—2) + AWKy 2, Ko 1) + AKX -1, X2,

<&+ d(x2nk—2>x2nk—1) + d(xan—lernk)~
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In view of lim,,_, oo d(xy, %,,41) = 0 and letting k — oo in the above inequalities, we obtain
kli[go d(mekvxan) =é&. (13)
By the triangle inequality, we have

AKXy %2my) < A(Xompr Xamyr1) + A X2y 41, X2iy.)
< dXomp Xamy1) + AKomg 415 Xomg 1) + AKX 415 %2y)
< AKX Xamg1) + AKXy 415 Xomy12) + A(Xomy 12, Xomy)
+2d %oy s X 1)
< 2d (X Xamy 1) + 28 X212, Xamg 1) + AKXy Xany)

+2d (%o s Xom11)-
Taking the limit as k — oo in the above inequalities and using (13), we get
lim d(Xomy+1,%20,) = im d(Xo; 42, %00, ) = M d(X2r; 41, X2 41) = €. (14)
k— 00 k— o0 k—o0

Since Xy 41 < X2y, for any k € N, so by substituting x with x,,,,,1 and y with x,,, in in-

equality (11), it follows that

Y (d2ms2s Xam 1)) = U (AFo2my 11 8¥0m,))
= W(M(mek-v-l:xan))
— (M Ko s1, %2 ) M (K2 115 %2, ))

+&Y (N(mekJrl» x2nk))» (15)
where

M(x2mk+1rx2nk) = max {d(mekH,xan):d(mek+1,fx2mk+l)rd(xan;ngnk)x

d(xzmkmgxznk) + d(xan¢fx2mk+1) }
2

= max {d(mek+17x2nk): d(x2mk+17 x2mk+2)7 d(x2nk’x2nk+l)y

d(x2mk+1:x2nk+l) + d(x2nk’x2mk+2) }
2 )

M,(mekJrl,xan) = max{d(mekJrl» x2nk)’ d(mekJrl:fokarl); d(mekJrlrngnk)}
= max{d(xz,,,km KXoy ) d(mekJrl: mek+2): d(mekH,xanJrl)};
M”(mekJrl: x2nk) = max{d(x2mk+h x2nk), d(x2nk;gx2nk)’ d(x2nk:fx2mk+l)}

= max{d(mekJrlr x2nk)v d(x2nk ’ x2nk+1); d(x2nk ’ x2mk+2) } , and

N(x2mk+lr x2nk) min{d(mek+1:fx2mk+l): d(x2nk rfomk+1)r d(x2mk+1’gx2nk ) }

min{d(mekH: x2mk+2): d(x2nk¢ x2mk+2)¢ d(mekHr x2nk+1) } .
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Letting k — oo in the above equalities and applying (13), (14), we obtain

lim M(mekH,xan) =¢, (16)
k— 00
lim M,(x2mk+llx2nk) =&, (17)
k— 00
lim M" Xy 41, %2m,) = €, and (18)
k— 00
lim N (%2 +1,%20;) = 0. (19)
k— 00

Taking the limit as k — oo in inequality (15) and using (16)-(19), the continuity of v, and
the lower semicontinuity of ¢, we get

Y(e) < ¥(e) — ole, 8),

which yields ¢(¢, €) = 0. Hence ¢ = 0, which contradicts the positivity of €. Therefore, we
get the desired result. O

Theorem 2.5 Let (X, <,d) be an ordered complete metric space. Let f : X — X be non-
decreasing (with respect to <), continuous and almost generalized C-contractive. If there
exists x1 € X such that x, < fxi, then f has a fixed point. In particular, if F(f) is a totally
ordered subset of X, then f has a unique fixed point.

Proof Define a sequence {x,} in X by x; and x,,,; = fx, for all » € N. Since x; < fx; = x; and
f is non-decreasing, we have x; = fx; < fx, = x3. By induction, One can show that

X XX X XXy XX X0

If there exists some ny € N such that x,,, = %,,.1 = fx,,, then x,, is a fixed point of f. Hence
the proof is complete. Now suppose that x,, # x,,,1 for all n € N, we have

M(xn—lyxn) = max{d(xnl;xn)r d(xn—l;fxn—l): d(xn;fxn);

d(x,- l’fxn) d(xmfxn 1)}

A(Xy—1,%ns
1,500, Ao ), M}

- max] ;

{ d(xn—l: xn) + d(xm xn+1) }
{

{

{

IA

max d(xn I:xn) d(xmxn+1) 2

max{d(x,_1,%,), d(x,,,x,,+1)} (20)
M (-1,%) = max{d(x_1,%), d(Xn_1, fFn-1), d%n_1,f%n) |

= max{d(®,_1,%4), (-1, %m1) |

> d(Xp-1,%n), (21)
max {d(x,_1,%4), A%, fien), A%, frn1) )
max{d(xn_l,x,,),d(xn,x,,,,l)}, and (22)

M// (xn—b xn)
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N(xy_1,%,) = min{d(xn—lifxn—l)» d(xn’fxn—l)}
= min{d(x,,_l,x,,),O} =0. (23)

On the other hand, our hypothesis implies that there exists (§,,¢) € [0,00) x ¥ x ®
such that

Y (d(fe fy)) < ¥ (M(x,)) — ¢ (M'(x,9), M"(x,9)) + &Y (N (x,))

for all x,y € X with x < y, which yields

W(d(xmxnﬂ)) = I/f(d(fxn—hfxn))
= 1»[/(A/I(xn—l: xn)) - ¢(M/(xn—l: xn)»M”(xn—lrxn)) + EW(N(xn—l: xn))

for all » € N. This and equations (20)-(23) yield

w(d(xn;xnﬂ)) S 1# (max{d(xnlrxn)’d(xmxwrl): M })

- ¢ (max{d(xn—b xn): d(xn—lr xn+1) };
max{d(xn—lr xn): d(xm xn+l) }) (24)

holds for any # € N. Since ¢ and ¥ are non-decreasing. Thus, from (20), (21) and (24), we
deduce that

Y (d(xm xn+1)) <y (max{d(xn—lr Xn)s AKX K1) })
- ¢ (d(xn—lr xn)» max{d(xn—lr xn): d(xnr xn+1) }) (25)

holds for any # € N, which implies
Y (A Xni1)) < ¥ (max{d(x,-1, %), d (%0 Xni1) }) (26)
holds for all # € N, because d(x,,x,.1) > 0, hence
¢ (d(Xn1, %), max{d(x,_1, %), d (X, %11) }) > 0.
As ¥ is non-decreasing, from (26) it follows that
A%, %n1) < max{d (e, 1, %), d (X, %11) }
holds for any # € N. This means that d(x,, x,.1) < d(x,_1,%,) holds for all n € N. Thus, the

sequence {d(x,,x,,1)} is decreasing. Then it converges to some nonnegative number a.
Also from (25), for any n € N, we have

w(d(xmxnﬂ)) < 1ﬁ(d(xn—lvxn)) - ¢(d(xn—lrxn): d(xn—ltxn))'
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The above inequality yields

limsup ¥/ (A, %p41)) < limsup v (d(x-1,%,)) — linrggfqﬁ(d(xn,l,x,,), A(Xp-1, %))

n—0oQ n—00

Consequently, we have

W(ﬂ) = I/f(ﬂ) - qb(a,a),

which implies ¢(a,a) = 0. So a = 0. Then lim,,_, o d(x,,,%,41) = 0. Now by Lemma 2.3, the
sequence {x,} is Cauchy. Since X is complete, there is some z € X such thatx, — zasn —
co. The continuity of f implies fx, — fz as n — co. From the uniqueness of the limit, we
conclude that fz = z. Hence z € F(f). Now, we suppose that F(f) is totally ordered. We will
show that z is unique. Assume u is another fixed point of . As u, z € F(f), our assumption
implies that z and u are comparable. Without loss of generality, we may assume that u < z.
Therefore,

¥ (d(w,2)) = Y (d(fu,f2) < ¥ (M(u,2)) — (M (,2), M" (1, 2)) + £ (N (1, 2))
¥ (d(,2)) - p(d(u,2),d(,2)).

This yields ¢(d(u,z),d(u,z)) = 0. So d(u,z) = 0, that is, u = z. Thus, we get the desired
result. O

The following corollary is an immediate consequence of the above theorem.

Corollary 2.6 Let (X, <) and (X, d) be a totally ordered set and a complete metric space,
respectively. Let f : X — X be non-decreasing (with respect to <), continuous and almost
generalized C-contractive. If there exists x; € X such that x, < fx1, then f has a unique fixed
point.

Theorem 2.7 Let (X, <,d) be an ordered complete metric space. Let f,g : X — X be two
weakly increasing mappings which f is almost generalized C-contractive with respect to g. If
either f or g is continuous, then the fixed point set of f is nonempty and F(f,g) = F(f) = F(g).
Particularly, if F(f) is a totally ordered subset of X, then f and g have a unique common
fixed point.

Proof Our assumption implies that there exists some (¥, ¢,&) € ¥ x ® x [0, 00) such that

¥ (d(fx,g9)) < ¥ (M(x,y)) — ¢ (M (x,), M"(x,9)) + £ (N (x,)) (27)
for all x,y € X with x < y, where

M(x,y) = max{d(x,y),d(x,fx), d(y,2y), w }’

M (x,y) = max{d(x,y),d(x,fx),d(x,gy)},
M"(x,y) = max{d(x,y),d(y,gy),d(y,fx)}, and
N(,9) = min{d(x, ), d(y. i), d(x,29) .
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We now show that F(f) = F(g). Let z € F(f). So fz = z. Since z < z, inequality (27) implies
that

v (d(z,82)) = ¥ (d(fz.g2)) < ¥ (M(z,2)) — p(M'(2,2), M"(2,2)) + §¥ (N (2, 2)).

Therefore,

V¥ (d(z,g2)) < ¥ (d(z,g2)) - $(d(z, g2), d(2,g2)),

which yields ¢(d(z,gz),d(z,gz)) = 0. As ¢ € @, we get d(z,gz) = 0. Hence gz = z, that is,
z € F(g). So F(f) C F(g). Similarly, one can show that F(g) € F(f). Therefore, we have
F(f,g) = F(f) = F(g). Let x; be an arbitrary element of X. Define a sequence {x,} by x; and

Xon = fXop-1, Xope1 = g%y, forallmeN.

If there exists m € N such that either x,, = x3,,1 Or x2,,41 = %, holds, then F(f) is
nonempty. Because if %y, = ¥2,,-1, then fxo,1 = X2, = Xom-1. SO X9p1 € F(f). If %9041 =
Xom, then gxo,, = X1 = Xom. Hence, x5, € F(g) = F(f). Therefore, we may suppose that
%, # %1 for any n € N. Without loss of generality we can assume that x; < x;. We now
show that the sequence {x,} is non-decreasing. As f and g are weakly increasing mappings,

we obtain
Xy =fX1 2 gfx1 = gra = X3 < fgwy =gz =g X5 < -

Hence the sequence {x,} is non-decreasing. Suppose 7 € N is arbitrary. Since x5, 1 < %3,

inequality (27) implies

W(d(xzn»xznu)) = W(d(fon—l,gxzn))
< Y (M(xn-1,%24)) — & (M (K21, %20), M" (%201, %20) )

+ 5‘# (N(xZYI—b xZn)): (28)

where

M(%9-1, %) = max{d(xZn—l:x2n); A(Xon-1,f%2n-1), AXon, o)

d(x2n—1,gx2n) + d(fx2n—lx xZn) }
2

d(x n—1>X2n+
X{d(xZn—l; %an), AKX, X241), (Zlfm }

= ma
= max d(x2n—1;x2n),d(x2mx2n+l)}r (29)

M (%311, %24) = max{d(%2_1,%21), dK2n-1, fF2n-1) A(X20-1,8%2n) |

{
{

> d(%2n-1,%2n), (30)

= max d(x2,-1, %), d(x2n—lrx2n+1)}
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M (%31, %2) = max{d (Xon_1,%2n), A (X2, §%20) A(Xs f2n-1) }

= max{d(x2n—1> %on)s A (X2, x2n+1)} > d(Xo4-1,%24), and (31)

N (%11, %) = min{d (-1, fFon1), A (Ko, fon1), A(X2-1,8%0n) }
= min{d(xZn—lerVl)) 0, d(x2n—11x2n+1)} =0. (32)

Thus, inequality (28) becomes

I/f (d(xZn: x2n+1)) = ’# (max{ d(xZVl—l! xZn): d(x2n» x2n+1)» M })

2
— ¢ (max {d (w1, %2n), d(X21, %2:1) } Max{d (X1, %2),

d(x2n:x2n+l)})' (33)

Since ¥ and ¢ are non-decreasing, the above inequality and inequalities (29), (30), and

(31) yield the following inequality:

¥ (d (%o X2n1)) < ¥ (max{d¥an-1,%20) d (X2, X2n41) })
— ¢ (d(2n-1,%20), A(X2n-1,%20)). (34)

As ¢(d(x2,-1,%21), d(X2,-1, %2,)) > 0, inequality (34) implies
¥ (d(%an %21)) < ¥ (max{d (@21, %2), A2 Xani1) }).-
Since ¥ is non-decreasing, it follows from the above inequality that
A(Xops Xops1) < max{d(xzn_l,xz,,), d(sz,xQ,M)}.
So
A X2n01) < Max{d(Xan-1,%20))s A2 X201) } = d(X2p1,%2n). (35)
Hence inequality (34) becomes

Y (d(2n %2041)) < V(A (X201, %20))
— ¢ (21, %20), A(X20-1,%21)). (36)

Similarly, one can show that
AX2ne15%2n12) < AX2e15 X2n)- (37)
Set y, = d(x2p, %2,41) and z, = d(%241, X2442). Then from (35) and (37), we get

c o Zy < Yp < Zpo1 <Yp1< - <21 <Y1, (38)
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which shows that the two sequences {y,} and {z,} are strictly decreasing and bounded.
Hence {y,} and {z,} are convergent. Assume that lim,_, ¥, = @ and lim, .« z, = b. By
(38), we have a = b. Taking the limit superior as n — oo in (36), we conclude that

lim sup ¥ (d(%241,%24)) < limsup ¥/ (d(x,, ¥2-1))

n—00 n— 00

—lim g}fff’ (d(x2m X2n11), A (X2n, x2n—l)})~ (39)

n—

Because lim,_, o0 ¥, = lim,, o 2, = 4, (39), the continuity of ¥, and the lower semicontinu-
ity of ¢ imply that

V(a) < v(a) - ¢(a,a).

Thus, ¢(a,a) = 0. Consequently, a = 0. So lim,,_, ¥, = lim,—, o 2z, = 0. This implies that
lim,,, oo d(%,,, %441) = 0. As the sequence {x,} is non-decreasing and lim,,_, o d(x,,, %,41) = 0,
Lemma 2.4 implies that {x,} is a Cauchy sequence. Since X is complete, there is some 1 € X
such that x, — u as n — oo. Without loss of generality we assume that f is continuous.
As x3,1 — u as n — oo, the continuity of f implies that xy, = fxs,.1 — fu as n — oo.
By the uniqueness of the limit, we obtain fu = u. Therefore, u € F(f) = F(g). Now sup-
pose that F(f) is a totally ordered subset of X. We will show that u is unique. Suppose
that z € F(f, g) = F(f) = F(g). By our hypothesis u, z are comparable, hence without loss of
generality suppose u# < z. Thus, inequality (27) implies that

v (d(u,2)) = ¥ (d(fu, g2)) < v (M(u,2)) — (M (10, 2), M" (11, 2)) + Er (N (1, 2))
=y (dwu,2)) - ¢(d(u,2),d(u, z))

holds, which implies ¢(d(u, z),d(u,z)) = 0. So d(u,z) = 0. Consequently, u = z. This com-
pletes the proof of the theorem. d

Applying Theorem 2.7, we can obtain the following result.

Corollary 2.8 Let (X, <) and (X, d) be a totally ordered set and a complete metric space,
respectively. Let f,g : X — X be two weakly increasing mappings which f is almost gener-
alized C-contractive with respect to g. If either f or g is continuous, then f and g have a
unique common fixed point.

The following examples support Theorem 2.7.
Example 2.9 Let X = [1,00) and define the metric d on X as follows:

0 ifx=y,

) = {x+y ifx#y

for all x, ¥ € X (this metric has been introduced by Shatanawi and Al-Rawashdeh [18]). For
any x € X, define the functions f,g: X — X by

1 ifl<x<3,

S = {x—Z if3<x



Azizi et al. Fixed Point Theory and Applications (2016) 2016:80 Page 13 of 21

and

) 1 ifl<x <4,
x) =
g x—3 ifd<ux.

Also, define  : R* — R* and ¢ : R* x R* — R* by setting ¥/(¢) = t2,¢(s,t) = 5 for all
s,t € R*, respectively. Consider a relation < on X by x <y ifonly if y < x for all x,y € X.
Then the following statements hold:

(@) (X,=,d) is an ordered complete metric space.

(b) f and g are weakly increasing mappings with respect to <.

(c) f is continuous.

d) (¥, ¢) eV x .

(e) f is an almost generalized C -contractive mapping with respect to g, that is,

v (d(fr.gy)) < ¥ (M(x,9) — ¢(M (x,9), M" (x,9)) + E¥ (N (x,))

for all x,y € X, where & > % and

M(x,y) = max{d(x,y),d(x,fx),d(y,gy), dx,gy) + dy.fx) }

2
M (x,y) = max{d(x,y),d(x,fx),d(x,gy)},
M"(x,y) = max{d(x,y),d(y,gy),d(fx,y)}, and
N(x,y) = min{d(x,fx), d(y, fx), d(x,gy)}.

Proof (a) Assume a sequence {x,} in X converges to some a € X. By the definition of d,
one can find some N € N such that x,, = 4 holds for all » > N. Hence (X, d) is a complete
metric space. It is obvious that (X, <) is a partially ordered set (indeed, (X, <) is a totally
ordered set). So (X, <,d) is an ordered complete metric space.

(b) To see this, let x € X, we will show that fx < gfx and gx < fgx. We first show that
fx < gfx. To prove this, consider the following cases:

If1 <x<3,then fr=gfx=1and hence fx < gfx. If3<x <6,thenl=gfx<fx=x-2,it
follows that fx < gfx. If x > 6, then x — 5 = gfx < fx = x — 2 and hence fx < gfx. Therefore,
fx < gfx holds. We now show gx < fgx holds. To see this, consider the following cases:

Ifl<x<4,thenl=gx <fogx=1.Sogr <fox.If 4 <x <6, then1=fgx <gx =x—3 and
hence gx < fgx. If x > 6, then x — 5 = fgx < gx = x — 3. Consequently, gx < fgx. Therefore, in
any case, we get gx < fgx.

(c) Let a € X be arbitrary, and {x,} be a sequence in X such that x, — a as n — o0o. By
the definition of d, there exists N € N such that for any n > N, x,, = a. Hence fx, = fa holds
for all > N, which implies lim,, o fx,, = fa. So f is continuous at 4. Since « is arbitrary,
hence f is continuous.

(d) It is trivial.

(e) Let (x,7) € X x X be arbitrary. We will show that

v (d(fx,g9)) < ¥ (M(x,y)) — d(M (x,9), M"(x,9)) + ¥ (N (x,9)). (40)

To see this, we consider four cases:
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Casel. (x,9) € [1,3] x [1,4].

In this case, we have ¥ (d(fx,gy)) = 0. If x = y = 1, then M(1,1) = M'(1,1) = M"(1,1) =
N(1,1) = 0. Hence (40) holds.

Ifx=1,y#1, then M(1,y) =M'(L,y) = M"(1,y) =y + 1 and N(1,y) = 0. Thus, inequality
(40) becomes 0 < (y +1)? — (y + 1) = y(y + 1), which holds.

Letx #1,y = 1. Then we have M(x,1) = M'(x,1) = M"(x,1) =x + 1,N(x,1) = 0, and hence
(40) becomes 0 < (x + 1)® — (x + 1) = x(x + 1), which holds. So (40) holds.

Letx =y # 1. Then we have M(x,x) = M'(x,x) = M"(x,x) = N(x,x) = x + 1, and hence (40)
becomes 0 < (x+1)% — (x + 1) + £(x + 1)? = (x + 1)((£ + 1)(x + 1) — 1), which holds. So (40) is
valid.

If x,y > 1 with x # y, then we get M(x,y) = M'(x,y) = M"(x,y) = x+y and N (x, y) = min{x +
1,y +1} =N > 2, and so (40) becomes

0<(x+9)%—(x+y) +EN%
As$>%andN>2,weget
0§(x+y)2—(x+y)+4.§§(x+y)2—(x+y)+§N2,

Thus, (40) is true. Therefore, in any case (40) is valid.
Case1l. (x,y) € [1,3] x (4,00).
In this case, we have ¥ (d(fx,gy)) = (y — 2)%. If x = 1, then

M(,y)=M"(1,y) =2y -3, M@1,y)=y+1, and N(1,5) =0.

Putting these into (40), it reduces to (y — 2)?> < (2y — 3)2 - w Since y > 4, 0 <

3y% — 10y + 8, which is equivalent to (y — 2)? < (2y — 3)2 — (2y — 3). On the other hand,

< (y+1)+2(2y—3

y+1 )§2y—3,sowehave

@_2)25(2y—3)2—(2y—3)5(2y—3)2_w.

This implies (40).
If 1 <x <3,4 <y, then we have

M(x,y) = max{x + y,x + 1,2y — 3} = max{x + y,2y — 3},
M (x,y) = max{x +y,x +Lx +y—3} =x +,
M (x,y) = max{x + y,2y — 3,y + 1} = max{x + y,2y — 3}, and

N@x,y)=min{x+1,y+1L,x+y-3}=x+1.
If M(x,y) = x + y, then (40) reduces to

(-2 <@+9)? - (x+y) +E(x+ 1)
To prove this, we first show that

(x+y-2)> <(x+9)*— (x+y) +E(x + 1) (h)
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holds. Inequality (h) is equivalent to
(+9? -4 +y) +4 <@+ - (x+y) +E@+1)%) = (-3 +y) + 4 <E(x +1)?).

Asx>1landy> 4,50 -3(x+y)+4 < —15+4 < £(x +1)? holds. In view of this and the above
equivalence, we conclude that inequality (h) is true. Since (y — 2)* < (x + y — 2)?, hence
inequality (h) implies inequality (40).

If M(x,y) =2y — 3, then (40) reduces to

(y-2)?<(2y-3)*- w +E@x+1)2
To see it, we first show
(2y-3-27=(Q2y-57<(2y-3)"-(2y-3) +£(x+1) (i)

holds. Inequality (i) is equivalent to

(2y-3)*-4(2y-3)+4 < (2y-3)* - (2y-3) +£(x + 1)?)
=(-3(2y-3) +4 <E(x+1)°).

Because y > 4, hence —3(2y — 3) + 4 < =15 + 4 < £(x + 1)? holds. This and the above equiv-

)+(2y-3

alence yield inequality (i). On the other hand, x + y < Caw) 5 ) < 2y — 3. Hence we have

(2y-3-2)>=(2y-5x<(2y-3)>-(2y-3) +&x+1)> (by (i)

(x+y) +(2y-3)

<(2y-3)*- 5

+Ex+1)2

This establishes inequality (40).
Case I1L. Let (x,y) € (3,00) x [3,4].
In this case, we have ¥ (d(fx, gy)) = (x — 1)2.
If x = y, then we have

M(x,x) = max{2x —2,x +1} = 2x — 2,
M (x,%) = max{2x — 2,x + 1} = 2x — 2,
M"(x%,%) =max{x+1,2x -2} =2x -2, and

N(x,x) =min{2x —2,x + 1} =x + 1.

Hence inequality (40) reduces to
(-1 <4(x -1 -2(x-1) +&(x +1)%

which is equivalent to 0 < 3(x —1)2 — 2(x — 1) + £(x + 1)2. Since x >3 and & > %, we have
0<3(x-1)2-2(x-1)+166 <3(x-1)>-2(x—-1) + E(x + 1)%.

Thus, inequality (40) is true.
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If x #y, we have

M(x,y) = max{x + y,2x — 2,y + 1} = max{x + y,2x — 2},
M (x,y) = max{x + y,2x — 2,x + 1} = max{x + y,2x — 2},
M (x,y) =max{x +y,y+L,x+y—-2}=x+y, and

Nx,y)=min{2x - 2,x +y—-2,x+1} =x + 1.
If M(x,y) = x + y, then inequality (40) reduces to
=12 <(x+9)*—(x+y) +E@x+ 1>
To prove it, we first show that
+y-12<(x+9)*-(x+y) +Ex+1)? G)

holds, which is equivalent to

(+9? -2 +y) +1<(x+))° - (x+y) + E(x +1)%)
=(-(x+y) +1<EE+1)%).
Since x >3 and y > 3, we have —(x + ) + 1 < =6 + 1 < £(x + 1)2. So inequality (j) is valid. On

the other hand, we have (x — 1) < (x + y — 1)2. This along with (j) implies inequality (40).
If M(x,y) = 2x — 2, then (40) becomes

2x-2)+(x+y) .

(x-1)* < (2x-2)* - 5

E(x +1)2
To see this, we first prove the following inequality:

(2x-2-12=(2x-3)2<(2x-2)> - (2x—2) + E(x + 1)% (k)
This is equivalent to

(2x -2 -2(2x-2)+1< (2x-2)" - (2x - 2) + £(x + 1)?)
=(-(2x-2) +1 <&N?).
As x >3, hence —(2x — 2) + 1 < =4 + 1 < £(x + 1)%. This along with the above equivalence
establishes (k). Since M(x,y) = 2x —2 > x + y, from (k), we get
(-1 <(@x+y-1)>
<(2x-3)°
<(2x-2)%-(2x-2)+E(x+1)?

_(2x—2)+(x+y) .

<(@2x-2) 5

E(x +1)2

Therefore, inequality (40) is valid.
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Case 1V. (x,y) € (3,00) x (4,00). In this case, we have ¥ (d(fx,gy)) = (x + y — 5)%.
If x = y, we have

M(x,x) = max{2x — 2,2x — 3} = 2x — 2,

M (x,x) = max{2x — 2,2x — 3} = 2x — 2,

M (x,x) = max{2x —2,2x -3} =2x -2, and

N(x,x) = min{2x — 3,2x — 2} = 2x — 3.
So inequality (40) reduces to

(2x-2-32=(2x-5)> < (2x—-2)* - (2x - 2) + £(2x — 3),
which is equivalent to

(@x-2-6(2x-2)+9 < (2xr-2)* - (2x - 2) + £(2x - 3)?)
= (-5(2x - 2) +9 <£(2x - 3)*).
Because x > 3, hence —5(2x —2) + 9 < =20 + 9 < £(2x — 3)? holds. This along with the above

equivalence implies (40).

If x # y, then we have

M(x,y) = max{x + y,2x — 2,2y — 3},
M (x,y) = max{x + y, 2x — 2},
M (x,y) = max{x +y,2y -3}, and

N(x,y) =min{2x —2,x +y -3} = N.

Then the following three cases occur for M(x, ).
Case 1. If M(x,y) = x + y, then (40) reduces to

(x+y-5)%<(x+9)? - (x+y) +EN?,
which is equivalent to

((x+y)2—10(x+y)+25§(x+y)2—(x+y)+{-‘N2)

= (-9(x +y) +25 <EN?).

Since x >3 and y > 4, 50 =9(x + y) + 25 < —63 + 25 < £N? holds. This and the above equiv-
alence imply (40).

Case 2. If M(x,y) = 2x — 2 and M"(x,y) = x + y, then (40) becomes

(x+y-5)*<(2x-2)* -

(2x — 2)2+ (x+y) . ENZ.
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To prove it, we first establish that
2x-2-5%=02x-7)* <(2x-2)2 - (2x - 2) + EN?, 1))
holds. This is equivalent to

((2x-2)* -10(2x - 2) + 25 < (2x - 2)* - (2x - 2) + EN?)

= (-9(2x - 2) +25 <EN?).

Since x > 3, we have —9(2x — 2) + 25 < —36 + 25 < £N2. So (1) is valid. As x + y < 2x — 2, we
have

(x+y-5)*<(@2x-7)>?
<(2x-20°-(2x-2)+&EN> (by (D)

_(2x—2)+(x+y) .

<(2x-2) 5

ENZ.
Therefore, inequality (40) holds.
If M(x,y) =2x — 2 and M"(x,y) = 2y — 3, then (40) reduces to

(2x—-2)+(2y-3)

+EN2.
5 §

(x+y-5) <(2x-2)*-
Because 2y — 3 < 2x — 2, by inequality (l), we have

(ac+y—5)2§(2x—7)2
<(2x-2)% - (2x-2) + EN?

(2x-2)+(2y-3)

<(2x-2)%- 5

+ENZ

This implies (40).
Case 3. If M(x,y) = 2y — 3 and M'(x,y) = x + y, then (40) reduces to

2y —
(c+y-57 < (2y-3) - w CENE.
To see this, we first show
(2y-3-5)=(2y-8)" = (2y-3)" - (2y - 3) +EN?, (m)

which is equivalent to

((2y-3)*-10(2y - 3) + 25 < (2y - 3)* - (2y - 3) + EN?)

= (-9(2y - 3) +25 <&N?).
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As y > 4, we obtain —9(2y — 3) + 25 < —45 + 25 < £N2. So (m) holds. Since x + y < 2y -3,

from (m), we get

(x+y-5)%<(2y-8)°
<(2y-3)*-(2y-3)+&N?

(x+y) +2y-3)

+EN2.
7 §

<(2y-3)-
Thus, (40) holds.
If M(x,y) =2y — 3 and M'(x,y) = 2x — 2, then (40) reduces to

(2x-2)+(2y-3) .

N2.
5 3

(x+y-5)%<(2y-3)*-
Asx+y<2y-3and2x-2 <2y-3, wehave

(x+y-5)*<(2y-8)*

<(2y-3%-(2y-3)+&§N> (by (m))

(2x-2) +(2y-3)

N2.
2 +&

<(2y-3)°-
This establishes (40). Therefore, in any case inequality (40) holds. So the proof of (e) is
completed. Thus, f,g, ¥, and ¢ satisfy the hypotheses of Theorem 2.7, hence F(f,g) is
nonempty (in fact, 1 € F(f,g) = F(f) = F(g)). On the other hand, since X is a totally ordered
set, hence F(f, g) is a totally ordered subset of X. So Theorem 2.7 implies that the set F(f, g)
is singleton (indeed, we observe that F(f,g) = {1}). O

Example 2.10 Set X = {0,1,2,3}. Let d,¥, and ¢ be as in Example 2.9. Consider the
relation < and the mappings f,g on X by <= {(0,0),(1,1),(2,2),(3,3),(0,1)} and f =
{(0,3),(1,1),(2,0),(3,3)}, g = {(0,1),(1,1),(2,3),(3,3)}, respectively. It is clear that (X, <)
is an ordered set. Similar to the arguments given Example 2.9 ((a), (c)) one can show that
(X,d) and f are complete and continuous, respectively. It is easy to see that the mappings

f and g are weakly increasing with respect to <. We next show that

v (d(fr,gy) < ¥ (M(x,9)) — ¢(M (x,9),M"(x,9)) + ¥ (N (x,)) (41)

for all x,y € X with x < y, where & > 10.5, and

M(x,y) = max{d(x,y), d(x,fx),d(y,gy), dlx,gy) + 0. fx) },

2
M (x,y) = max{d(x,y), d(x,fx),d(x,gy)},

M (x,y) = max{d(x,y),d(y,gy),d(fx,y)}, and
N(x,y) = min{d(x,fx),d(y,fx),d(x,gy)}.



Azizi et al. Fixed Point Theory and Applications (2016) 2016:80 Page 20 of 21

To see this, we have

16 = ¥ (d(£(0),£(0))) < ¥ (M(0,0)) - $(M'(0,0),M"(0,0)) + §¥(N(0,0))
=¥(3)-93,3)+ v (1)
=6+8,
0=y (d(f(1),g)) < v (MQ,1) - ¢(M(1,1),M"(1,1)) + £ (N(L,1))
= (0) - ¢(0,0) + £¥/(0)
=0,
9=1(d(f(2),g(2)) < ¥ (M(2,2) - p(M'(2,2),M"(2,2)) + E¥ (N(2,2))

=¢(5) - ¢(5,5) +&¥(2)
=20 + 4£,

0=y(d(f(3),203))) < ¥ (M(3,3)) - ¢(M'(3,3),M"(3,3)) + £ ¥ (N(3,3))

=9(0) - ¢(0,0) + &y(0)
=0, and

16 = ¥ (d(£(0),g(1))) < ¥ (M(0,1)) - ¢(M'(0,1),M"(0,1)) + £y (N(0,1))

=¥ (3)-9(3,4) + £y (1)
=55+£.

These mean that the mapping f is almost generalized C-contractive with respect to the
mapping g. Now, it follows from Theorem 2.7 that the fixed point set of f is nonempty
and F(f,g) = F(f) = F(g). We observe that F(f,g) = F(f) = F(g) = {1,3}.
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