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1 Introduction

Let £*° be the Banach space of bounded sequences with supremum norm and let (¢°°)* be
the dual space of £*°. Let & be an element of (£*°)*. We denote by u(f) the value of u at
f ={x,} € £°. Sometimes, we denote by ,(x,) the value w(f). A linear functional x on
£ is called a mean if pu(e) = ||| =1, where e = {1,1,1,...}. Hasegawa et al. [1] obtained
the following unique fixed point theorem on a complete metric space.

Theorem 1.1 ([1]) Let (X,d) be a complete metric space and let S be a mapping of X into
itself. Let £>° be the Banach space of bounded sequences with the supremum norm. Suppose
that there exist a real number r with 0 < r < 1 and an element x € X such that {S"x} is
bounded and

pnd(S"x,Sy) < rund(S"x,y), VyeX

for some mean . on I°. Then the following hold:
(1) S has a unique fixed point u € X;
(2) forevery z € X, the sequence {S"z} converges to u.

By using the idea of Caristi’s fixed point theorem [2], Chuang et al. [3] proved a unique
fixed point theorem for single-valued mappings which generalizes Theorem 1.1. Further-
more, they obtained an existence theorem for set-valued mappings in a complete metric
space. Using these results, Chuang et al. [3] obtained new and well-known existence the-
orems in a complete metric space.
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On the other hand, in 1996, Kada et al. [4] introduced the concept of w-distances on a
metric space.

Let (X, d) be a metric space. A function p : X x X — [0, 00) is said to be a w-distance [4]
on X if the following are satisfied:

(1) p(x,2) <plx,y) +py,z) for all x,y,z € X;

(2) foranyx e X, p(x,-) : X — [0, 00) is lower semicontinuous;

(3) for any e > 0, there exists § > 0 such that p(z,x) < § and p(z,y) < 8 imply d(x,y) < e.

Using the concept of w-distances, they improved important results in complete metric
spaces. For example, they improved Caristi’s fixed point theorem [2], Ekeland’s variational
principle [5] and the nonconvex minimization theorem according to Takahashi [6]. Mo-
tivated by Chuang et al. [3], Takahashi et al. [7] improved their unique fixed point theo-
rem for single-valued mappings by using the concept of w-distances. Furthermore, they
extended Chuang et al.’s existence theorem [3] for set-valued mappings to w-distances.
However, Takahashi et al. [7] assumed that w-distances are symmetric.

In this paper, without assuming that w-distances are symmetric, we prove Takahashi
et al.’s unique fixed point theorems for single-valued mappings and their existence theo-
rem for set-valued mappings in a complete metric space. Using these results, we obtained
new and well-known existence theorems in a complete metric space. In particular, us-
ing this unique fixed point theorem for single-valued mappings, we obtain a unique fixed
point theorem of Caristi’s type [2] with lower semicontinuous functions and w-distances.
It seems that the proofs are technical and useful.

2 Preliminaries

Throughout this paper, we denote by N and R the sets of positive integers and real num-
bers, respectively. Let X be a metric space with metric d. Then we denote by W(X) the
set of all w-distances on X. A w-distance p on X is called symmetric if p(x,y) = p(y,x) for
all x,y € X. We denote by W (X) the set of all symmetric w-distances on X. Note that the
metric d is an element of Wy (X). We also know that there are many important examples
of w-distances on X; see [4, 8].

The following lemma was proved by Kada et al. [4]; see also Shioji et al. [9].

Lemma 2.1 ([4]) Let (X, d) be a complete metric space and let p be a w-distance on X. Let
{x,} and {y,} be sequences in X. Let {s,} and {t,} be sequences in [0,00) converging to 0,
and let x,y,z € X. Then the following hold.:
(1) Ifpxu,y) <s,and p(x,,2z) <t, foralln € N, then y = z. In particular, if p(x,y) = 0
and p(x,z) =0, then y = z;
(2) if p(xu, yn) < 8y and p(x,,2) < t, for all n € N, then the sequence {y,} converges to z;
(3) if p(xy, x4) < 8y for all n,m € N with m > n, then the sequence {x,} is a Cauchy
sequence;
(4) ifp(y,x,) < sy forall n €N, then {x,} is a Cauchy sequence.

Let (X, d) be a metric space and let g be a function of X into (oo, 00] = R U {oo}. Then
g is proper if there exists x € X such that g(x) < co. A function g is lower semicontinuous
if for any ¢ € R, the set {x € X : g(x) <t} is closed. A function g is bounded below if there
exists K € R such that

K<gx), VxelX.
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Kada et al. [4] improved Caristi’s fixed point theorem [2] as follows; see also [8], Theo-
rem 2.2.8.

Theorem 2.2 ([4]) Let (X,d) be a complete metric space, p € W(X), and let ¢ : X —
(00, 00] be a proper, bounded below, and lower semicontinuous function. Let T : X — X

be a mapping such that for each x € X,
p(x, Tx) + ¢(Tx) < P(x).
Then there exists z € X such that Tz = z and p(z,z) = 0.

A mean u is called a Banach limit on £ if (1,(x,41) = i, (x,) for all {x,} € £>°. We know
that there exists a Banach limit on £°°. If ;1 is a Banach limit on £, then for f = {x,} € £*°,

liminfx, < u,(x,) <limsupx,.
#=>00 n—00

In particular, if f = {x,} € £*° and x, — a € R, then we have u(f) = w,(x,) = a. For the

proof of existence of a Banach limit and its other elementary properties, see [8].

3 Existence theorems for single-valued mappings
In this section, using means and w-distances, we first prove an existence theorem for map-

pings in metric spaces which generalizes Takahashi ez al. [7].

Theorem 3.1 Let (X, d) be a complete metric space, let p € W(X) and let {x,} be a sequence
in X such that {p(x,,w)} and {p(w, x,)} are bounded for some w € X. Let u be a mean on >
and let ¢ : X — (—00,00] be a proper, bounded below, and lower semicontinuous function.
Let S: X — X be a mapping. Suppose that there exist [, m € N U {0} such that

I'an(xn: Sl}’) + /an(smyrxn) +¢(Sy) < P(y) (3.1)

forally e X. Then there exists xo € X such that
(1) xo is a unique fixed point of S in {x € X : ¢p(x) < o0};
(2) xo = limg_ oo SKy for all y € X with ¢(y) < oo;
(3) ¢(x0) = infiex d(v).

Proof Since {p(x,,w)} is bounded for some w € X, we have, for any y € X, {p(x,,)} is

bounded. In fact, we have, for any n € N,

PXn,y) < p(xn, w) + p(w,y) < iugp(xk, w) +pw, y).
€

Furthermore, since {p(w, x,)} is bounded, we see that {p(z, x,,)} is bounded for all z € X. In

fact, we have, for any n € N,

p(z,%,) < plz,w) + p(w, x,,) < p(z, w) + sup p(w, xx).
keN
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We have from (3.1)

b (%0, S'y) + #(Sy) < 0(y)  and  1,p(S™y,%4) + B(Sy) < (9) (3.2)

for all y € X. For y € X with ¢(y) < 0o, we have from (3.2) ¢(S¥y) < oo for all k € N U {0}

and hence

1np (%0, S'Sy) < 9 (Sy) - B(S*) (3.3)
and

1up(S"S y, x0) < $(S'y) = B(S*y). (34)

Then we see that {¢(S¥y)} is a decreasing sequence which is bounded below. Hence
limy_, o ¢(S¥y) exists. Put s = lim_, o, ¢(SXy). Since

1 (%0, S y) < B(Sy) - B(S1y) < p(S'y) -5

and

1ap (S y,5) < B(Sy) - B(S1y) < p(S'y) -5
for all k € N, we have

lim sup ,u,,p(xn,S“ky) <0 and limsup /L,,p(S"”ky,x,,) <0.

k— 00 k—o00

Then we have
lim w,p (%, 8"*y) =0 and  lim w,p(S™*y,x,) = 0. 3.5
Jim p1,p(%, S*y) and  lim ju,p( %) (3.5)
We have, for any k,n € N,
p(Sl+m+k ’Sl+m+k+1y) gp(S“m*ky,x,,) +p(xmsl+m+k+1y)'
Since p is a mean on £%°, we have from (3.3) and (3.4), for any k € N,

p(sl+m+ky’sl+m+k+1y) < an(sl+m+k vxn) + an(xmsl+m+k+1y)

< ¢(Sl+ky) _¢(Sl+k+1y) +¢(Sm+k+1y) _¢(Sm+k+2y)' (36)
We have from (3.6), for any 4,k € N with k > /,

p(sl+m+hy, Sl+m+ky) < p(Sl+m+hy, Sl+m+h+ly)

I h+1 I h+2 I k-1 I k
Slrmht ’S+m++ Slrm+ ,S+m+

+p( y y)+-+p( y y)

< ¢(Sl+h_)/) _ ¢(Sl+h+1y) + ¢(Sm+h+1y) _¢(Sm+h+2y)
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b (SHy) — p(SHH2y) 4 (ST HH2y)  p(STHy) 4 .
+ $(SH1y) — B (S1Ky) + B (87Ky) — (S

= (S"""y) = B(S"*y) + B (S ) — p(S7KHy)

< ¢(Sl+hy) —s+ ¢(Sm+h+1y) —s

<¢(S"™y) —s+(S"My) -

=ap—s+Pu—s (3.7)

¢
¢

where a;, = ¢(S""y) and B, = ¢(S"*"y). Since aj, — s + B, — s — 0 as 1 — 00, we see from
Lemma 2.1 that {S*”*ky} is a Cauchy sequence in X. Since X is complete, there exists
Yo € X such that limg_, o, S"”**y = y5. We know from the definition of p that, for any # € N,
y > p(x,,7) is lower semicontinuous. Using this and following the technique of [7], we

have, for any n € N,

Sl+m+k

P(xmyo) =< h/<n_l>l£fp (xn) y)

and hence

nD (X ¥0) < I (likrg gfp(me’*m*ky)) (3.8)
On the other hand, we have from (3.7), for any 4, k,n € N with k > ,

p(xmsl+m+ky) Sp(xn,sl-*—nﬁhy) +p(sl+m+hy’ Sl+m+ky) Sp(xmSl+m+hy) ra,—s+ ﬂh _s
and hence

lim Supp(xmslwrwky) Sp(xn,sl+m+hy) +op—S+ By —s.

k— o0

Applying u to both sides of the inequality, we have

Iy (lim supp(x,,,Sl+m+ky)> < pc,,p(xy,,S“”’*hy) +ap—s+By—s.

k— 00

Letting /1 — 00, we get from (3.5) that

on (lim sup p (%, Sl+"‘+ky)> < lihminf,u,,p(x,,, Sl”"*hy) +0
—00

k— 00

Sl+m+h

= lim p,p (s, ¥)

- (3.9)
Then we have from (3.8) and (3.9)
Mnl?(xn,yo) = Un <hkl’il>g)1fp(xmsl+m+ky))

< Un <lim sup p(%, S’*m*ky)>

k— 00
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I k
an +m+,

< Jim pup( 7)

=0. (3.10)

This implies that

Unp (X, ¥0) = 0.

Similarly, for another u € X with ¢(u) < 0o, there exists uo € X such that lim_, o, Sy =

uo and p,p(x,, ug) = 0. We also have, for k,n € N,

I k
Shrm+ :

y. J/o) EP(SHWHI(

p( %) + P(%ns o)

and hence

Sl+m+k

9,%0) < pap (S

P( y’xn) + Wup(Xn, Yo)

Sl+m+k

= unp( Y,%) +0

= pc,,p(Sl”"*k ,xn). (3.11)

Furthermore, we have, for k,n € N,

Sl+m+ Sl+m+k

p(S"*y,u0) < p(S*™ Ky, %) + p(%, ho)

and hence

p(sl+m+ky7 MO) < /an(sl+m+kyyxn) + M,,p(x,,, Uo)

Sl+m+k

= Unp Y xn) +0

= 1up (S, %) (3.12)
We know that w,p(S""**y,x,) — 0 as k — oco. Thus, we have from (3.11), (3.12), and
Lemma 2.1 o = . Therefore we have x; = limy_, o, §¥z for all z € X with ¢(z) < co. Since

¢ is lower semicontinuous and limy_, o S¥z = %, for all z € X with ¢(z) < 0o, we have
.. k . k . k
$(x0) <liminf(S'z) = lim ¢(S'2) = inf (5'2) < ().
This implies that
$(x0) = inf $(y). (313)
yeX

We finally prove that x, is a unique fixed point of S in {x € X : ¢(x) < oo}. Since, from
(3.13),

0 < 1up (3, S'%0) < (x0) — $(Sx0) <0,
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we have 1,p(x,, S'x0) = 0. We also know j1,,p(x,,%0) = 0. For k, n € N, we have
p(S58™y,8'%0) < p(S*S™y, %) + p (%, S'x0)

and
P(S"8"y,x0) < p(S*S™y,20) + plét, %0).

Then, as in the above argument, we have

P(8°8"y,8'%0) < 1ap(S*S™y, %) + tap (%, S'x0)
= tnp(S“S™y, %) (3.14)

and

p(S5S™y,%0) < 1up (S Sy, %) + 1P (X, %0)
= 1up(8°8™y, %) (3.15)

We also know from (3.5) that 11,,p(S"**y,x,) — 0 as k — oo. Therefore, from (3.14), (3.15),
and Lemma 2.1 S'x; = xy. Using S'xo = xo, we have from (3.13)

0 < 1P (K> Sx0) = [ (0, ' %0
< ¢(Sx0) — p(S*x0)
< ¢lx0) — P(S*x0) <0

and hence u,p(x,, Sxg) = 0. Since, for k,n € N,
p(S*S™y,Sx0) < p(SS™y, %) + p(%n, Sx0),
we have

p(S*8™y,5x0) < 1up(S°S™y, %) + pnp (%, Sx0)
= 1up(S°S™"y, %) (3.16)

We have from (3.15), (3.16), and Lemma 2.1 Sx¢ = x9. We show that x, is a unique fixed
point of Sin {x € X : ¢(x) < 00}. Indeed, if z; is a fixed point of S with ¢(zy) < 0o, then

0 < tup (X 20) = np (%, S'20) < B(20) — #(Sz0) = (20) — (20) = O
and hence u,p(x,,2z0) = 0. Since, for k,n € N,

p(858"y,20) < p(S*S™y, %) + p(s 20),
we have

p(S58"y,20) < 11ap(S¥S™y, %) + 1D (s Z0) = 11D (S*S™9, %) (3.17)
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Since 1,p(S"**y,x,) — 0 as k — oo, from (3.15), (3.17), and Lemma 2.1, we have zy = x.
Therefore x is a unique fixed point of S in {y € X : ¢(y) < 0o}. This completes the proof.
O

Using Theorem 3.1, we can obtain the following result proved by Takahashi et al. [7].

Theorem 3.2 ([7]) Let (X,d) be a complete metric space, let p € Wy(X) and let {x,} be a
sequence in X such that {p(x,,x)} is bounded for some x € X. Let . be a mean on £>° and
let Y : X — (—00,00] be a proper, bounded below, and lower semicontinuous function. Let
T : X — X be a mapping. Suppose that there exists m € N U {0} such that

wnp(xn, T"y) + U (Ty) <Y (y), VyeX. (3.18)

Then there exists x € X such that
() % =limy_, o Ty for all y € X with ¥ (y) < o0;
(b) ¥ (x) = inf,cx ¥ (u);
(¢) x is a unique fixed point of T in {x € X : ¥ (x) < 00}.

Proof Since {x,} is a bounded sequence in X such that {p(x,,x)} is bounded for some
x € X, we see from p € Wy(X) that {p(x,x,)} is bounded. Putting S = T, / = m, and ¢ =2y
in Theorem 3.1, we have

2unp(T"y%0) +29(Ty) <29(y), VyeX

and hence

pab(T"9,%,) + (1) <Y (), VyeX.
Thus we have the desired result from Theorem 3.1. 0

Using Theorem 3.1 and the generalized Caristi’s fixed point theorem (Theorem 2.2), we
also have a unique fixed point theorem of Caristi’s type [2] with lower semicontinuous
functions and w-distances.

Theorem 3.3 Let (X, d) be a complete metric space and let p € W(X) such that p(x,x) = 0
forallx € X. Let ¢ : X — (—00,00] be a proper, bounded below, and lower semicontinuous
function. Let S : X — X be a mapping. Suppose that there exists « € R such that

ot(p(Sx,y) +p(y, Sx)) +(1- ot)(p(x,y) +p(y,x)) +(Sy) <o), Vx,yeX. (3.19)

Then there exists xo € X such that
(1) xo is a unique fixed point of S in {x € X : ¢(x) < o0};
(2) xo = limy_ oo SKy for all y € X with ¢(y) < oo;
(3) ¢(x0) = infiex A(v).

Proof Let us first consider « > 0. Putting y = x in (3.19), we have from p(x,x) = 0

a(p(Sx, x) + p(x, Sx)) +¢(Sx) <px), VxeX
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and hence
ap(x,Sx) + p(Sx) < p(x), VxeX.

By Theorem 2.2, there exists uy € X such that Suy = uy. Putting x = 1 in (3.19) again, we
have, for any y € X,

a(p(Suo,y) + p(y, Suo)) + (1 - @) (p(uo,y) + p(y,u0)) + $(Sy) < P().

Since Sug = uy, we have, for any y € X,

p(u0,y) + p(y, uo) + ¢(Sy) < ().
By Theorem 3.1, we see that x is a unique fixed point of S in {x € X : ¢(x) < 0o} such that

@ (xg) = inf,ex ¢(1) and xg = limy_, o S¥z for all z € X with ¢(z) < co.
Next let us consider the case of « = 0. Then we have

pxy) + (%) + B(Sy) <d(), VxyeX. (3.20)
Replacing x and y by Sx and x in (3.20), respectively, we have

p(Sx,x) + p(x, Sx) + p(Sx) < p(x), VxeX
and hence

p(x,Sx) + p(Sx) < p(x), VxeX.

We also see from Theorem 2.2 that there exists uy € X such that Suy = u. Putting x = 1,
in (3.19), we have also

P(W);}’)"’P(}’:MO)+¢(Sy)§¢(y); VyGX
By Theorem 3.1, we see that x, is a unique fixed point of S in {x € X : ¢(x) < 0o} such that
@ (xg) = inf,ex ¢(1) and xg = limy_, o S¥z for all z € X with ¢(z) < co.

In the case of « < 0, we have 1 — « > 0. Furthermore, replacing y by Sx in (3.19), we have

from p(Sx,Sx) =0

a- a)(p(x, Sx) + p(Sx, x)) + ¢(Szx) <¢p(Sx), VxeX (3.21)
and hence

(1-a)p(x,Sx) + ¢(52x) <¢p(Sx), VxeX.

Take x € X with ¢(x) < 0o. Then we have, for any n € N,

(1-a)p(x, Sx) + P(S%x) < p(Sx),
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a- a)p(Sx, Szx) + ¢(53x) < ¢(52x),

a- a)p(S"_lx, S"x) + ¢(S"+1x) < ¢>(S”x).
Adding these inequalities, we have
a- ot){p(x, Sx) +p(Sx, Szx) oo +p(S”_1x, S"x)} < p(Sx) - d)(S””x).

Since {¢(S"x)} is a decreasing sequence and bounded below, we see that there exists s =
limy,—, o $(S"x). Thus we have, for any n € N,

1 -a)p(x,S"x) < 1 - a){p(x,Sx) + p(Sx, S?x) + -+ + p(S" "%, 5"x) }
< ¢(Sx) - p(5"'x)

< p(Sx) —s < 00.
Then {p(x, S"x)} is bounded. Furthermore, from (3.21) we have
(1-a)p(Sx, %) + P(S°x) < ¢(Sx), VxeX.
As in the above argument, we have, for any n € N,
a- ot)p(S"x, x) < p(Sx) — s < 00.
Then {p(§"x,x)} is bounded. Replacing x by §”x in (3.19), we have, for any n € N,

a(p(S"%,9) + p(35"%))
+(1-a)(p(S"%,y) + p(,5"%)) + ¢(Sy) < (), VyeX.

Applying a Banach limit x to the both sides of this inequality, we have

a(u,,p(S"*lx,y) + an(y’5n+1x))
+(1- a)(,u,,p(S”x,y) + ,u,,p(y, S”x)) +¢(Sy) <o(y), VyeX.

Since w,p(S™ 1%, y) + wup(y, S™1x) = wup(S"x, y) + wap(y, S"x), we get
Iy (p(S"x,y) +p(y, S”x)) +¢(Sy) <o), VyeX. (3.22)

By Theorem 3.1, S has a unique fixed point %o in {x € X : ¢(x) < 0o} such that ¢(xg) =
inf,ex ¢(u) and xg = limy_, o0 Sz for all z € X with ¢(z) < co. (]

4 Existence theorems for set-valued mappings

Using w-distances, we have the following existence theorem for set-valued mappings in a
complete metric space. Let (X, d) be a metric space and let P(X) be the class of all nonempty
subsets of X. A mapping of X into P(X) is called a set-valued mapping, or a multi-valued

mapping.
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Theorem 4.1 Let (X,d) be a complete metric space, let p € W(X), and let {x,} be a se-
quence in X such that {p(x,, w)} and {p(w,x,)} are bounded for some w € X. Let . be a
mean on £>° and let ¢ : X — (—00, 0] be a proper, bounded below, and lower semicontin-
uous function. Let S : X — P(X) be a set-valued mapping such that for each x € X, there
exists y € Sx satisfying

an(xn)x) + /’an(x¢xn) + ¢(y) < o). (4.1)

Then there exists xo € X such that
(1) xo € Sxo;
(2) ¢(xo) = infycx P (y);
(3) forany z € X with ¢(z) < 0o, there exists a sequence {z,,} C X such that z,,,,1 € Sz,
m € NU {0} and z,,, — x9 as m — oo.

Proof For each z; = z € X with ¢(z) < oo, there exists z; € Sz; such that
Mnb s 21) + pnp(21,%n) < P(21) = P(22).
Repeating this process, we get a sequence {z,,} in X such that z,,,; € Sz,, and
Wnb K Zm) + P %n) < D(2m) — P(2ims1) (4.2)

for each m € N. Clearly, {¢(z,,)} is a decreasing sequence which is bounded below. Hence
lim,,,_, o0 @(2,,) exists. Put s = lim,;,_, o0 ¢(2,,). We have from (4.2)

lim u,p(x,,z,)=0 and lim w,p(z,,x,) =0. (4.3)
m— 00 m—00
We have, for any m,n € N,
P(melmu) < P(Zm,xn) +p(xn’ Zm+1)'

Since p is a mean on £*°, we have, for any m € N,

p(zmyzrrﬁ—l) =< I'an(zm7xn) + an(xn: Zm+1)
< @(zm) — P(Zms1) + D (Zmi1) — B (Zims2)
= ¢(zm) — P(Zms2)- (4.4)

We have from (4.4), for any /,m € N with m > [,

P(@zm) < Pz zi) + p(2n, zia) + - - + P(2m-1,Zm)
< ¢(z1) = d(z132) + P(2131) — P(2143)
+o0 + Pzma1) = P(zms)
= ¢(z1) + ¢(z11) = B(zm) — P(Zm1)

=)+ Pplzia) —s—s
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<¢z)+¢z)—s—s
=2¢(z;) — 2s (4.5)

and 2¢(z;) — 2s — 0 as [ — oo. We see from Lemma 2.1 that {z,,} is a Cauchy sequence
in X. Since X is complete, there exists a point xy € X such that lim,,_, , z,, = x9. We know
from the definition of p that, for any n € N, y > p(x,,y) is lower semicontinuous. Using
this and following the technique of [7], we have, for any n € N,

p(xm xO) < lim infp(xm Zm)
m—>00

and hence

an(xmxo) < Uy (hmlnfp(xmzm)> (4'6)
On the other hand, we have from (4.5), for any /,k,n € N with m > [,

P Xy zm) < p(xn,21) + P21, Zm)

<pnz1) + 2¢(21) — 25
and hence

lim sup p(x,, 2m) < p(xn, 21) + 2¢(z1) — 2s.

m— 00

Applying u to both sides of the inequality, we have

. (lim supp(xn,zm)) < pnpXu, 21) + 2¢(21) — 2.

m— 00

Letting [ — oo, we get

o (lim sup p(xy, zm)> < lilm inf w,p(x,, ;). (4.7)
—00

m— 00

We have from (4.3), (4.6), and (4.7)

an(xm xO) S Mn (hmlnfp(xmzm))

< (lim sup p(x,, Zm))

m—> 00

< liminf f4,,p (%, Zyn)

m— 00

= lim p,p(en zm) = 0. (4.8)
This implies that

an(xmxo) =0.



Kaneko et al. Fixed Point Theory and Applications (2016) 2016:38 Page 13 of 15

Doing the same argument as above for each y; = y € X with ¢(y) < oo, we can construct a
sequence {y,,} in X such that {¢(y,,)} is a decreasing sequence, lim,,_, » ¥, = ¥o for some
y0 € X, and pu,p(x,4,y0) = 0. We show that xg = yo. We have, for any m,n € N,

Pz %0) < P(@my %) + p(Xns %0)-

Then, we have

P 2> %0) < P (@my Xn) + nP (K> %)

= UnP(Zm> Xn). (4.9)
Furthermore, we have, for any m,n € N,
P(zm ¥0) = P(@ms %n) + pns Y0)
and hence

p(zmry()) = an(zm:xn) + an(xnvyo)

= /an(zrmxn)- (4.10)

We know from (4.3) that u,p(z,,,%x,) = 0 as m — oo. Therefore, from (4.9), (4.10), and
Lemma 2.1 % = y,. Since ¢ is lower semicontinuous,

B0) = $lyo) < iminf@(,) = lim $(n) = inf $(0) < B0)
Since y; is any point of X with ¢(y1) < oo, we have

B (x0) = yig)f(qb(y)- (4.11)
Using (4.1), we have u( € X such that iy € Sxp and

M (% X0) + [inp (X0, %) < P(x0) — P(uso). (4.12)
Furthermore, repeating this process, we have vy € X such that vy € Sup and

np(Xns o) + 1P (o, %) = P (1) — P(vo).
Using (4.11), we have

WnP s o) + np (1o, %) < (1) — P (vo) = P(uo) — P(xo). (4.13)
Then we have from (4.12) and (4.13)

WK, o) + P (U0, Xn) + Pnp(Kns o) + tnp (0, %) < 0.
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This implies that

an(xm MO) =0.
Since p(z,, uo) < p(zm, %,) + p(xy, o) for m, n € N, we have

P2 40) < Pnp(Zins ) + onp (X, Uo)

= WP (Zm, X)- (4.14)

We know from (4.3) that u,p(z,,,%x,) = 0 as m — oo. Therefore, from (4.9), (4.14), and
Lemma 2.1 x = uy. Since ug € Sxy, we have x¢ € Sxo. This completes the proof. O

Let (X, d) be a metric space. Then S: X — P(X) is called a multi-valued weakly Picard
operator [10] if for each x € X and each y € Sx, there exists a sequence {x,} in X such that

(1) xo=x, 21 =y;

(2) %41 € Sx,,, n € NU{0};

(3) {4} is convergent and its limit is a fixed point of S.

Using Theorem 4.1, we can get the following result proved by Takahashi et al. [7].

Theorem 4.2 ([7]) Let (X,d) be a complete metric space, let p € Wy(X) and let {x,} be a
sequence in X such that {p(x,,x)} is bounded for some x € X. Let . be a mean on £*>° and
let  : X — (—00,00) be a bounded below and lower semicontinuous function. Let T : X —
P(X) be a set-valued mapping such that for each u € X, there exists v € Tu satisfying

np s 1) + Y (v) < ¥ ().
Then T is a multi-valued weakly Picard operator.

Proof Putting S = T and ¢ = 2¢ in Theorem 4.1, we see that, for each x € X, there exists
y € Tx such that

2np (s ) + 29 (y) < 29 (x)
and hence
HnP s %) + Y (9) < ¥ (%).
For each x € X and each y € Tx, put 4y = x and u; = y. Then we can take u; € Tu; such that
np s 1) + Y (2) < o (1)
Repeating this process, we get a sequence {u,,} in X such that u,,,; € Tu,, and
Pon s ) < Y (W) = Y (1) (4.15)

for each m € N U {0}. Thus we have the desired result from Theorem 4.1. O
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