Jleli and Samet Fixed Point Theory and Applications (2016) 2016:18 ® Fixed Point Theory and Applications

DOI 10.1186/513663-016-0504-9

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

A fixed point problem under two
constraint inequalities

Mohamed Jleli and Bessem Samet”

“Correspondence:
bsamet@ksu.edu.sa
Department of Mathematics,
College of Science, King Saud
University, PO. Box 2455, Riyadh,
11451, Saudi Arabia

@ Springer

Abstract

Let (X,d) be a metric space. Suppose that the set X is equipped with two partial
orders <y and <,. Let T,A,B,C,D : X — X be given operators. We provide sufficient
conditions for the existence of a fixed point of T satisfying the two constraint
inequalities: Ax <7 Bxand Cx <5 Dx.
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1 Introduction and basic definitions
Recently there have been many developments concerning the existence of fixed points for
operators defined in a metric space equipped with a partial order. This trend was initiated
by Turinici [1]. Next, Ran and Reurings [2] extended the Banach contraction principle to
continuous monotone operators defined in a partially ordered metric space. They also
presented some applications to the existence of positive solutions to certain classes of
nonlinear matrix equations. The result obtained in [2] was extended and generalized by
many authors in different directions (see [3—11] and the references therein).

Let (X, d) be a metric space. Suppose that the set X is endowed with two partial orders
=< and <;. Let us consider five self-operators T,A,B,C,D : X — X. In this paper, we are
concerned with the following problem: Find x € X such that

x = Tx,
Ax <1 Bx, 1.1)
Cx <y Dx.

We obtain sufficient conditions for the existence of at least one solution to (1.1).
The following definitions will be used throughout the paper.

Definition 1.1 Let X be a nonempty set. Let < be a binary relation on X. We say that <
is a partial order on X if the following conditions are satisfied:

(i) For every x € X, we have x < x.

(ii) For every x,y,z € X, we have

X=Xy, y=<z — x=Xz
(iii) For every x,y € X, we have

xﬁ)’, yﬁx - X =Y.
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Definition 1.2 Let (X, d) be a metric space and < be a partial order on X. We say that
the partial order < is d-regular if the following condition is satisfied: For every sequences
{a,}, {b,} C X, we have

lim d(a,,a) = lim d(b,,b)=0, a,<b,foralln = a=<b,

where (a,b) € X x X.

Example 1.3 Let (X, || - ||) be a Banach space and P be a cone on X. Let us consider the
partial order on X defined by

xy)eXxX, x=<py < y-xel.
Consider the metric d on X defined by
dx,y) =llx—yl, @y eXxX.
Then <p is d-regular. In fact, suppose that {a,} and {b,} are two sequences in X such that
a, <pb, foralln
and
nli)nolod(zzn,a) = nli)rgod(bn,b) =0

for some (a,b) € X x X. Since b, — a, € P for all n and the sequence {b, — a,} converges
to b — a, the closure of the cone P yields b —a € P, that is, a <p b.

Definition 1.4 Let X be a nonempty set endowed with two partial orders <; and <;. Let
T,A,B,C,D: X — X be given operators. We say that the operator T is (A, B, C, D, <1, <3)-
stable, if the following condition is satisfied:

xeX, Ax=x1Bx — CIx =, DIx.

Example 1.5 Let X = R and consider the standard order < on X. Let A,B,C,D: X — X
be the operators defined by

Ax =x, Bx = %2, Cx = exp(x),

Dx = exp(x* — 2% +2), Tx=x+1, xeR.

Then the operator T is (4, B, C, D, <, <)-stable. In fact, let x € X be such that
Ax =x < Bx = x°.

Then

x+1§x2+1,
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which yields
expx+1) < exp(x2 + 1),
that is,
CTx < DTx.
Example 1.6 Let X = R2. We consider the two partial orders <; and <, on X defined by
(a,b),(c;d) e X, (ab)=i(c,d) < a<c b<d
and
(a,b),(c,d)eX, (a,b)=<s(c,d) <+ a<c b>d.
Let us consider the operators T,A,B,C,D: X — X defined by

T(a,b) = (b,a +1),
Al(a,b) = (a,2b),
B(a,b) = (a,3b),

C(a,b) = (Jal, b),
D(a,b) = (M,b-l)
la] +1

for all (@, b) € X. We claim that T is (4, B, C, D, <1, <3)-stable. In order to prove this claim,
we take x = (a, b) € X such that

Ax < Bx,

which is equivalent (from the definition of <;) to
b>0.

On the other hand, under the above inequality, we have
CIx=C(b,a+1)= (|b|,a + 1) =(b,a+1)

and

(b+1)]b|

DTx = D(b, )= ————
x (b,a +1) <|b|+1

,a) =(b,a-1).
Clearly (from the definition of <,), we have
CTx <9 DTx.

Then our claim is proved.
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Now, we are ready to state and prove our main result.

2 Main result
Let us denote by & the set of functions ¢ : [0, c0) — [0, 00) satisfying the following condi-
tions:

(®1) ¢ is a lower semi-continuous function.
(®2) ¢7'({0}) = {0}.

Our main result in this paper is giving by the following theorem.
Theorem 2.1 Let (X,d) be a complete metric space endowed with two partial orders <,
and <. Let T,A,B,C,D: X — X be given operators. Suppose that the following conditions
are satisfied:
(i) =<;isd-regular,i=1,2.
(ii) A, B, C, and D are continuous.
(iii) There exists xo € X such that
Axg <1 Bxg.
(iv) T is(A,B,C,D,=<1,=<,)-stable.

(v) Tis(C,D,A,B,<,,=<)-stable.
(vi) There exists ¢ € ® such that

Ax=1Bx, Cy=,Dy = d(Ix,Ty) <d(x,y)-¢(d(x,y)).

Then:

() The sequence {T"x} converges to some x* € X satisfying
Ax* <1 Bx* and Cx* <, Dx"*.
(I) The point x* € X is a solution to (1.1).
Proof Let us prove (I). Let xg € X be such that
Axy <1 Bxg.
Such a point exists from (iii). Let us consider the sequence {x,} C X defined by
x,=T"xy, n=0,1,2,....
Since T is (A, B, C, D, <1, <;)-stable (see (iv)), we have
Axg <1 Bxy = CTxy =<y DTxy,
that is,

Cx1 <o Dx;.
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Then we have
Axy <1Bxy and Cx; <y Dx;.
Since T is (C,D, A, B, <5, <1)-stable (see (v)),
Cxy X9 Dxy, = Alx; <1 BIx,
that is,
Axy <1 Bxs.
Again, T is (A, B, C, D, <1, <3)-stable; this yields
Axy <1 Bxy = CTxy <y DTx,,
that is,
Cx3 <9 Dxs.
Thus we have
Axy <1 Bx; and Cxz <, Dxs.
By induction, we get
Axy, <1 Bxy, and Cxy,i <o Dxype1, n=0,1,2,.... (2.1)
Using (2.1) and (vi), by symmetry, we have
A1, %n) = ATy, Thy1) < A1, %) — @(d®n1, %)), 1=1,2,3,..., (2.2)
which yields
AXp1:%0) < dXs%0-1), 1=1,2,3,....

Then {d(x,41,%,)} is a decreasing sequence of positive numbers. Therefore, there exists
some r > 0 such that

lim d(x,.1,%,) = 7. (2.3)
n— o0

From (2.2), we have
d(anrlr xn) + ‘P(d(xn—l; xn)) =< d(xn—h xn); n= 17 2) 31 ooy

which yields

liminf(d(x,,+1,x,,) + (p(d(x,,_l,x,,))) < liminfd(x,_1,%,).

n—00
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Using (2.3) and the lower semi-continuity of ¢, we obtain

r+o(r)<r,
which implies that

re go_l({O}).

Since ¢1({0}) = {0}, we get 7 = 0, i.e.,

Jim d(Xp41,%,) = 0. (2.4)
Now, we show that {x,} is a Cauchy sequence in (X, d). Suppose that {x,} is not a Cauchy
sequence. Then there exists some ¢ > 0 for which we find two sequences of positive inte-
gers {m(k)} and {n(k)} such that, for all positive integers k,

n(k) > m(k) > k, A Xy X)) = € AKXy Xn()-1) < €. (2.5)

From (2.5), we have

& < dXm)r Xnk))
< AKXy Engy-1) + AXn(t)-15 Xn(k))

< &+ dXn()-1,%n(k))-
Then, for all k, we have
& < dXm(w)s Xnk) < & + AXn()-1, %n(k))-
Passing to the limit as kK — oo and using (2.4), we get
lim d (%), Xnk) = €. (2.6)
k—00
On the other hand, we have
|1 %mi)) — AComr)s %) | < AGniiy 1, %)) — 0 as k — oo (from (2.4)).
Then from (2.6), we have
lim d(®u@)+1, Xmee)) = €. (2.7)
k—00
‘We have also
|y X)) = A Xmy-1)| < AEmy-1¥my) — 0 as k — oo (from (2.4)).

Then from (2.6), we have

lm d (%), Xmo-1) = €. (2.8)

k—o00



Jleli and Samet Fixed Point Theory and Applications (2016) 2016:18 Page 7 of 14

Similarly,
|41, () = AFngys1> X 11)| < AFomi@y» Xmys1) — 0 as k — oo (from (2.4)).
Then from (2.7), we have
Jlim AXn)+1) Xm(k)+1) = &- (2.9)
Observe that, for all &, there exists a positive integer 0 < i(k) <1 such that
n(k) — m(k) + i(k) =1(2).
From (2.1), for all k > 1, we have
Axygy =1 Bxugy and  Cxp-ik) <2 DXmi-ick)
or
Axmi-itk) <1 BXm(y-iy  and Cxygy <2 Daxyiry-
Then from (vi), by symmetry, we have
A(Txn (i) Tom(i)-itk) < Ay Xm—ick) — @ (A @iy Xmit—ic))» k> 1,
that is,
A0 11> Fm()-i0)11) < An(i Xm-ico) — (A Emio-ik)))» k> 1. (2.10)
Set
A={k>1:i(k)=0} and A={k>1:i(k)=1}.
We consider two cases.
e Case 1. |[A| = o0.
From (2.10), we get
A (k)1 Xm(@ 1) + Q(AEn(i) X)) < AXns Xmry)s Kk € A,
which gives us
hkrg ior.}f(d(xn(k)u,xm(k)u) + @ (dEn), Fmit))) < li]gicgfd(xn(k):xm(k))'

Using (2.9), (2.6), and the lower semi-continuity of ¢, we obtain

e+gle) <e
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which yields

g€ ({0}).
Since ¢71({0}) = {0}, we get & = 0, which is a contradiction with & > 0.

e Case 2. |A| < o0.
In this case, we have |A| = 00. Moreover, from (2.10), we have

AFn(+1:%m() + ©(AXn(i) Xm(i-1)) < AEng Xmo-1), k€ A,
which gives us
lim inf (d ()41, %m(i) + @ (AGnii) Xm@n-1))) < Hminf d(Ee), Kmiio-1)-
k—00 k—o00
Using (2.7), (2.8), and the lower semi-continuity of ¢, we obtain
e+ole) <e,
which yields ¢ € ¢7({0}) = {0}, that is, a contradiction with & > 0.
Therefore, we deduce that {x,} is a Cauchy sequence in (X, d). Since (X, d) is complete,
there exists some x* € X such that
lim d(x,,x") = 0. (2.11)
n—0o0
On the other hand, from (2.1), we have
Axyy, <1 Bxy,, n=0,1,2,....
Using the continuity of A and B, it follows from (2.11) that
lim d(Axy,, Ax*) = lim d(Bxy,, Bx*) = 0.
n— o0 n— 00
Since < is d-regular, we get
Ax* <1 Bx*. (2.12)
Similarly, from (2.1), we have
Cxope1 =2 Dxypy1, n=0,1,2,....
Using the continuity of C and D, it follows from (2.11) that
lim d(sz,,+1,Cx*) = lim d(Dx2n+1,Dx*) =0.
n— 00 Hn— 00
Since < is d-regular, we get

Cx* <9 Dx*. (2.13)

Thus we proved (I).
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Now, let us prove (II). Using (2.12), (2.13), (2.1), and (vi), we have

d(Tx*,x*) (Tx*, sz,,) + d(x2,,+1,x*)

<d
< d(x*,xg,,) - <p(d(x*,x2n)) + d(xz,,+1,x*), n=0,1,2,...,

that is,
d(Tx*,x*) + (p(d(x*,xz,q)) < d(x*,xg,,) + d(xzml,x*), n=0,12,....

Then

liminf(d(Tx*,x*) + w(d(x*,xg,,))) < lirninf(d(x*,xzn) + d(x2n+1,x*)).

n—00 n—00

Using the lower semi-continuity of ¢, the fact that ¢(0) = 0, and (2.11), we obtain
d(x*, Tx*) = 0,
which yields
Tx* = x*. (2.14)

Therefore, from (2.12), (2.13), and (2.14), we deduce that x* € X is a solution to (1.1). This
ends the proof. O

In the next section, we present some consequences following from Theorem 2.1.

3 Some consequences
3.1 A fixed point problem under one constraint equality
Here, we are concerned with the following problem: Find x € X such that

x=1TXx,
(3.1)
Ax = Bx,
where T,A,B: X — X are given operators and (X, d) is a metric space endowed with a
certain partial order <. Observe that (3.1) is equivalent to (1.1) with

<1=Xp=%, C=B and D=A.
Then from Theorem 2.1, we obtain the following result.

Corollary 3.1 Let (X,d) be a complete metric space endowed with a certain partial or-
der <. Let T,A,B: X — X be three given operators. Suppose that the following conditions
are satisfied:

(i) < isd-regular.

(ii) A and B are continuous.
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(iii) There exists xg € X such that
Axo < Bxg.
(iv) Forallx € X, we have
Ax <Bx — BTx=<ATx.
(v) Forall x € X, we have
Bx<Ax — ATx=<BTx.
(vi) There exists ¢ € © such that
Ax<Bx, By<Ay = d(Ix,Ty)<d(x,y)- w(d(x,y)).
Then:
(I) The sequence {T"x¢} converges to some x* € X satisfying Ax* = Bx*.

(II) The point x* € X is a solution to (3.1).

3.2 A common fixed point problem
Let us consider the following problem: Find x € X such that

x = Tx,
(3.2)
x = Bx,

where T, B: X — X are given operators and (X, d) is a metric space endowed with a certain
partial order <. Observe that (3.2) is equivalent to (3.1) with A = Iy, the identity mapping
on X. So, take A = Ix in Corollary 3.1, We obtain the following result.

Corollary 3.2 Let (X,d) be a complete metric space endowed with a certain partial or-
der <. Let T,B: X — X be two given operators. Suppose that the following conditions are
satisfied:
(i) < isd-regular.
(ii) B is continuous.
(iii) There exists xo € X such that
xo =< Bxy.
(iv) Forall x € X, we have
x<Bx — BIx=<Tx.

(v) Forall x € X, we have

Bx=<x — 1Tx<BIx.
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(vi) There exists ¢ € ® such that
x=<Bx, Byxy — d(Ix,Ty)<d(x,y) - <p(d(x,y)).
Then:

() The sequence {T"x} converges to some x* € X satisfying x* = Bx*.
(II) The point x* € X is a solution to (3.2).
p

Next, we present an example that illustrates the above result.

Example 3.3 Let X C R? be the set defined by

X =1{(4,0),(0,0),(6,0),(3,0),(3,1)}.
Let < be the partial order on X defined by

), ZweX, Wy)=<(zw) <— x=<z, y<w
We endow X with the metric d defined by

d((x),@w) =Vx-22+-w?  (5)(@w) eX.

Let T, B: X — X be the mappings defined by

T(4,0) = (4,0), B(4,0) = (4,0),

7(0,0) = (6,0), B(0,0) = (3,0),

T(6,0) =(3,0), and B(6,0) =(0,0),

T(3,0) = (4,0), B(3,0) = (6,0),

T(3,1) =(0,0) B(3,1) = (4,0).
Observe that

ueX, uxBu < wuec{(40)(0,0),(30)}
However,
veX, Bv=v <= ve{(40)(60)}

Let # € X be such that # < Bu.

For u = (4,0), we have
BTu = B(4,0) = (4,0) = Tu.
For u = (0,0), we have

BTu = B(6,0) = (0,0) < (6,0) = Tu.
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For u = (3,0), we have
BTu = B(4,0) = (4,0) = Tu.
Then we have
ueX, u<Bu — Blu=<Tu.

Let v € X be such that Bv < v.
For v = (4,0), we have

Tv =T(4,0) = (4,0) = BTv.
For v = (6,0), we have

Tv = T(6,0) = (3,0) = (6,0) = BTv.
Then we have

veX, Bvr<v = Tv=<BIv
Now, let (#,v) € X x X be such that

u<Bu and Bv=<v.

We have

(u,v) € {((4,0),(4,0)), ((4,0),(6,0)),((0,0),(4,0)),
((0,0),(6,0)),((3,0),(4,0)),((3,0),(6,0)) }.

For (u,v) = ((4,0), (4,0)), we have
d(Tu, Tv) = d((4,0),(4,0)) = 0.

For (u,v) = ((4,0), (6,0)), we have

_du,v)

d(Tu, Tv) = d((4,0),(3,0)) =1 5

For (u,v) = ((0,0), (4,0)), we have

_du,v)

d(Tu, Tv) = d((6,0),(4,0)) =2 5

For (u,v) = ((0,0), (6,0)), we have

d(Tu, Tv) = d((6,0),(3,0)) = 3 = d(L;, )

Page 12 of 14
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For (u,v) = ((3,0), (4,0)), we have
d(Tu, Tv) = d((4,0), (4,0)) = 0.

For (u,v) = ((3,0), (6,0)), we have

d(Tu, Tv) = d((4,0),(3,0)) = 1 < % _ d(b;,V).

Then we have
u<Bu, Bv=<v = d(Tu,Tv) <d(u,v)- go(d(u, v)),

where ¢(t) = £, £ > 0. So, all the required conditions of Corollary 3.2 are satisfied. Observe
that x* = (4,0) is a common fixed point of 7 and B. Observe also that

d(T(4: 0)1 T(3, 1)) = d((4r 0)1 (0: 0)) =4> \/5 = d((4‘» 0)) (3) 1));
which shows that T is not a contraction on X.

Taking B = T in Corollary 3.2, we obtain the following fixed point result.

Corollary 3.4 Let (X,d) be a complete metric space endowed with a certain partial or-
der <. Let T : X — X be a given operator. Suppose that the following conditions are satis-

fied:
(i) < isd-regular.
(ii) T is continuous.
(iii) There exists xg € X such that
x0 < Txo.
(iv) Forallx € X, we have
x<Tx = T*x=<Tx.
(v) Forallx € X, we have
Tx<x = Tx=xT’x
(vi) There exists ¢ € ® such that
x=xTx, Ty=y = d(Ix,Ty) <d(x,5) - ¢(d(x,)).
Then the sequence {T"xo} converges to a fixed point of T .
4 Conclusion

In this paper, we obtained sufficient conditions for the existence of a fixed point of a certain
operator under two constraint inequalities with respect to two partial orders. The used
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technique can also be adapted for any finite number of constraint inequalities and other
contractive conditions. An interesting question is the existence of a best proximity point
of a certain operator under constraint inequalities. Such a question will be studied in a

future work.
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