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1 Introduction and preliminaries
Throughout this paper the characters R

+ and N represent the set of non-negative real
numbers and the set of positive integer numbers, respectively.

It is well known that Banach’s contraction mapping theorem is one of the pivotal results
of metric fixed point theory.

Theorem . (Banach []) If (X, d) is a complete metric space and T : X → X is a self-
mapping such that

d(Tx, Ty) ≤ αd(x, y), ()

for all x, y ∈ X, where  ≤ α < , then T has a unique fixed point.

Theorem . (Kannan []) If (X, d) is a complete metric space and T : X → X is a self-
mapping such that

d(Tx, Ty) ≤ β
[
d(x, Tx) + d(y, Ty)

]
, ()

for all x, y ∈ X, where  ≤ β < 
 , then T has a unique fixed point.

Theorem . (Reich []) If (X, d) is a complete metric space and T : X → X is a self-
mapping such that

d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty), ()
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for all x, y ∈ X, where α, β , γ are non-negative constants with α + β + γ < , then T has a
unique fixed point.

Theorem . (Chatterjea []) If (X, d) is a complete metric space and T : X → X is a self-
mapping such that

d(Tx, Ty) ≤ γ
[
d(x, Ty) + d(y, Tx)

]
, ()

for all x, y ∈ X, where  ≤ γ < 
 , then T has a unique fixed point.

Theorem . (Ćirić []) If (X, d) is a complete metric space and T : X → X is a self-
mapping such that

d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty) + δ
[
d(x, Ty) + d(y, Tx)

]
, ()

for all x, y ∈ X, where α, β , γ , δ are non-negative constants with α + β + γ + δ < , then T
has a unique fixed point.

Theorem . (Hardy and Rogers []) If (X, d) is a complete metric space and T : X → X
is a self-mapping such that

d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty) + δd(x, Ty) + ηd(y, Tx), ()

for all x, y ∈ X, where α, β , γ , δ, η are non-negative constants with α + β + γ + δ + η < ,
then T has a unique fixed point.

We note some important consequences as follows:
• The Banach fixed point theorem ensures the existence and uniqueness of fixed points

of certain self-maps of metric spaces, and it gives a useful constructive method to find
those fixed points.

• It is interesting that Kannan’s fixed point theorem is very salient because the author of
[] proved that Kannan’s theorem describes the completeness of the metric. More
readily, a metric space X is complete if and only if each and every Kannan mapping on
X has a fixed point. Moreover, the conditions () and () are independent, as was
shown by two examples in [].

• Reich generalized the Banach and Kannan fixed point theorems. An example in []
indicates that the condition () is a qualified generalization of () and ().

• A similar Kannan type of contractive condition has been studied by Chatterjea[]. In
Theorems . and ., there is no necessity of continuity.

• A mapping satisfying () is called a generalized contraction.
• The importance of the Hardy-Rogers contraction is that this condition generalizes all

the known named contractive conditions, but not conversely.
• Many generalizations of Hardy-Rogers theorem can be found in the literature. (See for

example [–].)
In , Kirk et al. [] introduced cyclic contractions in metric spaces and investigated
the existence of proximity points and fixed points in view of cyclic contraction mappings
as follows.
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Definition . [] Let A and B be non-empty subsets of a set X. A map T : A∪B → A∪B
is said to be a cyclic map if T(A) ⊆ B and T(B) ⊆ A.

Theorem . [] Let A and B be non-empty subsets of a metric space (X, d) and T : A ∪
B → A ∪ B be a cyclic map. If there exists k ∈ [, ) such that

d(Tx, Ty) ≤ k
(
d(x, y)

)
,

for all x ∈ A and y ∈ B, then T has a unique fixed point in A ∩ B.
Since then, a huge number of authors continued the investigation and more results have

been obtained, such as [–].

In , Karpagam and Agrawal [] introduced the notion of cyclic orbital contraction
and proved a unique fixed point theorem for such a map.

Theorem . [] Let A and B be non-empty closed subsets of a complete metric space
(X, d) and T : A ∪ B → A ∪ B be a cyclic orbital contraction; i.e., if for some x ∈ A there
exists a kx ∈ (, ) such that

d
(
Tnx, Ty

) ≤ kxd
(
Tn–x, y

)
,

for all n ∈N and y ∈ A, then T has a unique fixed point in A ∩ B.

Further, many results dealing with cyclic orbital contractions have appeared in the liter-
ature (see, e.g., [, ]).

In , Wardowski [] introduced a different type of contraction called an F-
contraction and proved a new fixed point theorem, which generalizes the Banach con-
traction principle in a new way with supporting examples.

Definition . [] Let F : R+ →R be a mapping satisfying:
(i) F is strictly increasing, i.e. for all α,β ∈R

+ such that α < β , F(α) < F(β).
(ii) For each sequence {αn}n∈N of positive numbers limn→∞ αn =  iff

limn→∞ F(αn) = –∞.
(iii) There exists k ∈ (, ) such that limα→+ αkF(α) = .
A mapping T : X → X is said to be an F-contraction if there exists τ >  such that, for

all x, y ∈ X, d(Tx, Ty) > , we have τ + F(d(Tx, Ty)) ≤ F(d(x, y)).

Theorem . [] Let (X, d) be a complete metric space and let T : X → X be an F-
contraction then T has a unique fixed point x∗ ∈ X and for every x ∈ X a sequence
{Tnx}n∈N is convergent to x∗.

Further, some results dealing with an F-contraction have appeared in the literature (see,
e.g., [–]).

The standard metric space has been generalized in different ways: see for example,
(a) S-metric space by Sedghi et al. [];
(b) Complex valued metric space by Azam et al. [];
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(c) A-metric space by Abbas et al. [];
(d) Dislocated symmetric space by Sarma et al. [];
(e) Quasi-symmetric space by Kumari et al. [];
(f ) Dislocated Uniform space by Kumari et al. [].
Apart from above, very recently, Kumari and Panthi [] introduced the concepts of ‘gen-

erating space of a b-dislocated quasi-metric family’ (abbreviated ‘Gbdq-family’), ‘generating
space of b-dislocated metric family’ (abbreviated ‘Gbd-family’), and ‘generating space of b-
quasi-metric family’ (abbreviated ‘Gbq-family’). One also proved the existence of unique
fixed point theorems in weaker forms of a generating spaces by using various cyclic con-
tractive conditions.

Definition . [] Let X be a non-empty set and {dα : α ∈ (, ]} a family of mappings
dα of X × X into R

+. Then (X, dα) is called a generating space of a b-dislocated metric
family if it satisfies the following conditions for any x, y, z ∈ X and s ≥ .

(i) dα(x, y) =  implies x = y.
(ii) dα(x, y) = dα(y, x).

(iii) For any α ∈ (, ] there exists β ∈ (,α] such that dα(x, z) ≤ s[dβ (x, y) + dβ (y, z)];
(iv) For any x, y ∈ X , dα(x, y) is non-increasing and left continuous in α.

Definition . []
. Let (X, dα) be a Gbd-family and {xn} be a sequence in X . We say that {xn}

Gbd-converges to x in (X, dα) if limn→∞ dα(xn, x) =  for all α ∈ (, ].
In this case we write xn → x.

. Let (X, dα) be a Gbd-family and let A ⊆ X , x ∈ X . We say that x is a Gbd-limit point
of A if there exists a sequence {xn} in A – {x} such that limn→∞ xn = x.

. A sequence {xn} in a Gbd-family is called a Gbd-Cauchy sequence if, given ε > ,
there exists n ∈N such that for all n, m ≥ n, we have dα(xn, xm) < ε or
limn,m→∞ dα(xn, xm) =  for all α ∈ (, ].

. A Gbd-family (X, dα) is called complete if every Gbd-Cauchy sequence in X is
Gbd-convergent.

A similar argument can be found in [–].

Remark . [] Every Gbd-convergent sequence in a Gbd-family is Gbd-Cauchy.

Motivated by all above facts, we introduce the new classes of Hardy-Rogers type con-
tractions and prove some fixed point theorems using various types of Hardy-Rogers con-
tractions in the context of generating space of a b-dislocated metric family. Our main the-
orems extend and unify existing results in the recent literature. Then we present several
examples to illustrate the theorems.

2 Main results
In this section, we derive some fixed point theorems with examples in the context of a
generating space of a b-dislocated metric family.

Definition . Let A and B be non-empty subsets of a Gbd-family (X, dα). A cyclic map
T : A ∪ B → A ∪ B is said to be a modified Hardy-Rogers cyclic contraction if we have
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dα(Tx, Ty) ≤ αdα(x, y) + βdα(x, Ty) + γ dα(y, Tx) + δdα(y, Ty)

+ η
dα(y, Ty)[ + dα(x, Tx)]

 + dα(x, y)
+ λ

dα(y, Ty) + dα(y, Tx)
 + dα(y, Ty)dα(y, Tx)

+ μ
dα(x, Tx)[ + dα(y, Tx)]
 + dα(x, y) + dα(y, Ty)

, ()

where α,β ,γ , δ,η,λ,μ ≥  with sα + (s + s)β + sγ + δ + η + λ + sμ <  and for all x, y ∈ X.

Theorem . Let (X, dα) be a complete Gbd-family, A and B be non-empty closed subsets
of X. Let T : A ∪ B → A ∪ B be a continuous cyclic mapping satisfying the modified Hardy-
Rogers cyclic contraction. Then T has a unique fixed point in A ∩ B.

Proof Let x be arbitrary in X; we define a sequence {xn} as x, x = Tx, x = Tx, . . . , xn+ =
Txn for all n ∈ N.

dα

(
Tx, Tx

)
= dα

(
Tx, T(Tx)

)

≤ αdα(x, Tx) + βdα

(
x, Tx

)
+ γ dα(Tx, Tx) + δdα

(
Tx, Tx

)

+ η
dα(Tx, Tx)[ + dα(x, Tx)]

 + dα(x, Tx)
+ λ

dα(Tx, Tx) + dα(Tx, Tx)
 + dα(Tx, Tx)dα(Tx, Tx)

+ μ
dα(x, Tx)[ + dα(Tx, Tx)]

 + dα(x, Tx) + dα(Tx, Tx)

= αdα(x, Tx) + sβ
[
dβ (x, Tx) + dβ

(
Tx, Tx

)]
+ sγ dβ (x, Tx) + δdα

(
Tx, Tx

)

+ ηdα

(
Tx, Tx

)
+ λdα

(
Tx, Tx

)
+ μdα(x, Tx)

= (α + sβ + sγ + μ)dα(x, Tx),

which implies

( – sβ – δ – η – λ)dα

(
Tx, Tx

) ≤ (α + sβ + sγ + μ)dα(x, Tx).

Clearly, dα(Tx, Tx) ≤ hdα(x, Tx).
Here h = α+sβ+sγ +μ

–sβ–δ–η–λ
< 

s < .
Similarly,

dα

(
Tx, Tx

) ≤ hdα

(
Tx, Tx

) ≤ hdα(x, Tx).

For all n ∈N, we get

dα

(
Tnx, Tn+x

) ≤ hndα(x, Tx).

Let n, m ∈N with m > n, by using the definition of Gbd-family, we have

dα

(
Tnx, Tmx

) ≤ s
[
dβ

(
Tnx, Tn+x

)
+ dβ

(
Tn+x, Tmx

)]

≤ sdβ

(
Tnx, Tn+x

)
+ sdβ

(
Tn+x, Tmx

)

≤ sdβ

(
Tnx, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)
+ sdβ

(
Tn+x, Tmx

)
.
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By repeating this process we get

dα

(
Tnx, Tmx

) ≤ sdβ

(
Tnx, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)
+ · · ·

...

≤ (
shn + shn+ + shn+ + · · · )dα(x, Tx)

= shn( + sh + (sh) + · · · )dα(x, Tx)

≤
(

shn

 – sh

)
dα(x, Tx).

By taking the limits as m → ∞, we get dα(Tnx, Tmx) →  for all α ∈ [, ) as hs < .
Hence {Tnx} is a Gbd-Cauchy sequence.
Since (X, dα) is Gbd-complete, we see that {Tnx} Gbd-converges to some u ∈ X for all

α ∈ [, ). We note that {Tnx} is a sequence in A and {Tn–x} is a sequence in B such a
way that both sequences tend to the same limit u.

Since A and B are closed, we have u ∈ A ∩ B, and then A ∩ B �= ∅.
Now, we will show that Tu = u.
Consider

dα

(
Tnx, Tu

) ≤ s
[
dβ

(
Tnx, Tn+x

)
+ dβ

(
Tn+x, Tu

)]
. ()

Since T is continuous, limn→∞ dβ (Tn+x, Tu) =  and dβ (Tnx, Tn+x) ≤ hndβ (x, Tx).
This implies

dβ

(
Tnx, Tn+x

) ≤ shndβ (x, Tx) ≤ (sh)ndβ (x, Tx).

Letting n → ∞ in the above inequality (), we get

dα(u, Tu) = , since sh < .

Thus u = Tu. Hence u is a fixed point of T .
Finally, to obtain the uniqueness of a fixed point, let v ∈ X be another fixed point of T

such that Tv = v.
Then we have

dα(u, v) = dα(Tu, Tv)

≤ αdα(u, v) + βdα(u, Tv) + γ dα(v, Tu) + δdα(v, Tv)

+ η
dα(v, Tv)[ + dα(u, Tu)]

 + dα(u, v)
+ λ

dα(v, Tv) + dα(v, Tu)
 + dα(v, Tv)dα(v, Tu)

+ μ
dα(u, Tu)[ + dα(v, Tu)]
 + dα(u, v) + dα(v, Tv)

= (α + β + γ )dα(u, v) + λdα(v, u),

which implies dα(u, v) ≤ (α+β +γ +λ)dα(u, v), and this implies dα(u, v)(–(α+β +γ +λ)) ≤
.

Thus dα(u, v) = . Hence u = v. This completes the proof. �
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If we put s =  in the above theorem, we obtain the following corollary in the generating
space of a dislocated metric family.

Corollary . Let (X, dα) be a complete Gd-family, A and B be non-empty closed subsets
of X. Let T : A ∪ B → A ∪ B be a continuous cyclic mapping satisfying the following condi-
tion:

dα(Tx, Ty) ≤ αdα(x, y) + βdα(x, Ty) + γ dα(y, Tx) + δdα(y, Ty)

+ η
dα(y, Ty)[ + dα(x, Tx)]

 + dα(x, y)
+ λ

dα(y, Ty) + dα(y, Tx)
 + dα(y, Ty)dα(y, Tx)

+ μ
dα(x, Tx)[ + dα(y, Tx)]
 + dα(x, y) + dα(y, Ty)

, ()

where α,β ,γ , δ,η,λ,μ ≥  with α + β + γ + δ + η + λ + μ <  and for all x, y ∈ X. Then T
has a unique fixed point in A ∩ B.

If we put d instead of dα in the above theorem, we obtain the following corollary in the
b-dislocated metric space.

Corollary . Let (X, bd) be a complete b-dislocated metric space, A and B be non-empty
closed subsets of X. Let T : A ∪ B → A ∪ B be a continuous cyclic mapping satisfying the
following condition:

bd(Tx, Ty) ≤ αbd(x, y) + βbd(x, Ty) + γ bd(y, Tx) + δbd(y, Ty)

+ η
bd(y, Ty)[ + bd(x, Tx)]

 + bd(x, y)
+ λ

bd(y, Ty) + bd(y, Tx)
 + bd(y, Ty)bd(y, Tx)

+ μ
bd(x, Tx)[ + bd(y, Tx)]
 + bd(x, y) + bd(y, Ty)

, ()

where α,β ,γ , δ,η,λ,μ ≥  with sα + (s + s)β + sγ + δ + η + λ + sμ <  and for all x, y ∈ X.
Then T has a unique fixed point in A ∩ B.

Example . Let X = [, ] and T : A ∪ B → A ∪ B defined by Tx = x
 . Suppose that A =

B = [, ]. Define the function d : X × X → R by d(x, y) = |x – y| + x
 + y

 . Clearly d is a
b-dislocated metric on X and also T is cyclic mapping on X since T(A) ⊂ B and T(B) ⊂ A.

Now, consider

d(Tx, Ty) = |Tx – Ty| +
Tx


+
Ty


=
∣∣
∣∣
x


–
y


∣∣
∣∣



+
x


+
y



=


|x – y| +




x +



y

≤ 


[
|x – y| +

x


+
y


]

≤ αd(x, y) ()

for 
 ≤ α < 

s <  and β = γ = δ = η = λ = μ = .
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Thus T satisfies all the conditions of above corollary and ‘’ is the unique fixed point.

If we put d instead of dα and s =  in the above theorem, we obtain the following corollary
in a complete dislocated metric space.

Corollary . Let (X, d) be a complete dislocated metric space, A and B be non-empty
closed subsets of X. Let T : A ∪ B → A ∪ B be a continuous cyclic mapping satisfying the
following condition:

d(Tx, Ty) ≤ αd(x, y) + βd(x, Ty) + γ d(y, Tx) + δd(y, Ty)

+ η
d(y, Ty)[ + d(x, Tx)]

 + d(x, y)
+ λ

d(y, Ty) + d(y, Tx)
 + d(y, Ty)d(y, Tx)

+ μ
d(x, Tx)[ + d(y, Tx)]
 + d(x, y) + d(y, Ty)

, ()

where α,β ,γ , δ,η,λ,μ ≥  with α + β + γ + δ + η + λ + μ <  and for all x, y ∈ X. Then T
has a unique fixed point in A ∩ B.

We can find more interesting results in the view of dislocated metric space (see for ex-
ample [–]).

Example . Let X = [–, ] and T : A ∪ B → A ∪ B defined by Tx = –x
 . Suppose that

A = [–, ] and B = [, ]. Define the function d : X × X → R by d(x, y) = |x – y| + |x| + |y|.
Hence d is a complete dislocated metric on X.

Now consider

d(Tx, Ty) = d
(

–x


,
–y


)

=



|y – x| +

|x|


+
|y|


=



[|x – y| + |x| + |y|]

≤ αd(x, y), ()

where 
 ≤ α ≤  and β = γ = δ = η = λ = μ = .

Thus T satisfy all the conditions of the above corollary and ‘’ is a unique fixed point.

Definition . Let A and B be non-empty subsets of a Gbd-family (X, dα). A cyclic map
T : A ∪ B → A ∪ B is said to be a Hardy-Rogers cyclic orbital contraction if for some x ∈ A
there exists a ϑ ∈ (, 

+s+s ) such that

dα

(
Tnx, Ty

) ≤ ϑ
[
dα

(
Tn–x, Tnx

)
+ dα(y, Ty)

+ dα

(
Tn–x, Ty

)
+ dα

(
y, Tnx

)
+ dα

(
Tn–x, y

)]
.

Theorem . Let A and B be non-empty closed subsets of a complete Gbd-family (X, dα)
and T : A ∪ B → A ∪ B be a Hardy-Rogers cyclic orbital contraction. Then T has a unique
fixed point z in A ∩ B.
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Proof Take x ∈ A. Since T : A ∪ B → A ∪ B is a Hardy-Rogers cyclic orbital contraction,

dα

(
Tx, Tx

) ≤ ϑ
[
dα

(
Tx, Tx

)
+ dα(x, Tx) + dα(Tx, Tx) + dα

(
x, Tx

)
+ dα(Tx, x)

]

≤ ϑ
[
dα

(
Tx, Tx

)
+ dα(x, Tx) + s

(
dβ (Tx, x) + dβ (x, Tx)

)

+ s
(
dβ (x, Tx) + dβ

(
Tx, Tx

))
+ dα(Tx, x)

]

=
[
ϑ + (s + s)ϑ + ϑ

]
dα(x, Tx) + (ϑ + sϑ)dα

(
Tx, Tx

)
, ()

which implies

dα

(
Tx, Tx

) ≤ ϑ( + s)
 – ϑ( + s)

dα(x, Tx),

dα

(
Tx, Tx

)

≤ ϑ
[
dα

(
Tx, Tx

)
+ dα

(
Tx, Tx

)
+ dα

(
Tx, Tx

)

+ dα

(
Tx, Tx

)
+ dα

(
Tx, Tx

)]

= ϑdα

(
Tx, Tx

)
+ ϑdα

(
Tx, Tx

)
+ ϑ

[
s
(
dβ

(
Tx, Tx

)
+ dβ

(
Tx, Tx

))]

+ ϑs
[
(dβ

(
Tx, Tx

)
+ dβ

(
Tx, Tx

)]
+ ϑdα

(
Tx, Tx

)

= (ϑ + sϑ + ϑs + ϑ)dα

(
Tx, Tx

)
+ (ϑ + sϑ)dα

(
Tx, Tx

)
.

()

Thus

( – ϑ – ϑs)dα

(
Tx, Tx

) ≤ (ϑ + sϑ)dα

(
Tx, Tx

)

⇒ dα

(
Tx, Tx

) ≤ ϑ( + s)
 – ϑ( + s)

dα

(
Tx, Tx

)

which yields

dα

(
Tx, Tx

) ≤ kdα

(
Tx, Tx

)

≤ kdα(Tx, x); where k =
ϑ( + s)

 – ϑ( + s)
()

By repeating the same process, we get

dα

(
Tn+x, Tnx

) ≤ kndα(Tx, x).

Taking the limits as n → ∞, we get

lim
n→∞ dα

(
Tn+x, Tnx

)
= , since  < k < .

We now claim that limn→∞ dα(Tnx, Tmx) =  for m > n.
For m, n ∈N with m > n, we have

dα

(
Tnx, Tmx

) ≤ s
[
dβ

(
Tnx, Tn+x

)
+ dβ

(
Tn+x, Tmx

)]

≤ sdβ

(
Tnx, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)
+ sdβ

(
Tn+x, Tmx

)
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≤ sdβ

(
Tnx, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)
+ sdβ

(
Tn+x, Tn+x

)

+ sdβ

(
Tn+x, Tn+x

)
+ · · ·

...

≤ skndα(Tx, x) + skn+dα(Tx, x) + skn+dα(Tx, x) + · · ·
≤ skn( + sk + (sk) + · · · )dα(Tx, x)

≤ skn

 – sk
dα(Tx, x)

≤ (sk)n

 – sk
dα(Tx, x). ()

Since sk <  and letting n → ∞, we get limn→∞ dα(Tnx, Tmx) = .
Thus {Tnx} is a Cauchy sequence.
Since (X, dα) is a complete generating b-dislocated metric family, there exists z ∈ A ∪ B

such that limn→∞ Tnx = z. Now {Tnx} is a sequence in A and {Tn–x} is a sequence in B,
and also both converge to z. Since A and B are closed, z ∈ A∩B, and so A∩B in non-empty.

Now consider

dα(z, Tz) = lim
n→∞ dα

(
Tnx, Tz

)

≤ ϑ lim
n→∞

[
dα

(
Tn–x, Tnx

)
+ dα(z, Tz) + dα

(
Tn–x, Tz

)

+ dα

(
z, Tnx

)
+ dα

(
Tn–x, z

)]

≤ ϑdα(z, Tz), ()

which implies ( – ϑ)dα(z, Tz) ≤ .
Since  < ϑ < , dα(z, Tz) = .
Hence z = Tz. Thus z is a fixed point of T .
Finally, to prove z is a unique fixed point of T , let us assume, on the contrary, that z∗ is

another fixed point of T , i.e. Tz∗ = z∗.
Note that, if z∗ is a fixed point of T , then dα(z∗, z∗) = . We have

dα

(
z∗, z∗) = dα

(
Tz∗, Tz∗)

≤ ϑ
[
dα

(
z∗, Tz∗) + dα

(
z∗, Tz∗) + dα

(
z∗, Tz∗) + dα

(
z∗, Tz∗) + dα

(
z∗, z∗)]

≤ ϑdα

(
z∗, z∗). ()

This implies ( – ϑ)dα(z∗, z∗) ≤ .
Since  – ϑ > , dα(z∗, z∗) = .
By the cyclic property of T , we have z, z∗ ∈ A ∩ B. From the Hardy-Rogers cyclic orbital

contraction, we have

dα

(
z, z∗) = dα

(
z, Tz∗)

= lim
n→∞ dα

(
Tnx, Tz∗)

≤ ϑ lim
n→∞

[
dα

(
Tn–x, Tnx

)
+ dα

(
z∗, Tz∗) + dα

(
Tn–x, Tz∗)



Kumari and Panthi Fixed Point Theory and Applications  (2016) 2016:15 Page 11 of 19

+ dα

(
z∗, Tnx

)
+ dα

(
Tn–x, z∗)]

≤ ϑdα

(
z, z∗), ()

which implies ( – ϑ)dα(z, z∗) = . Hence z = z∗.
Thus z is a unique fixed point of T . This completes the proof of the theorem. �

If we put s =  in the above Theorem ., we obtain the following corollary in the gen-
erating space of a dislocated metric family.

Corollary . Let A and B be non-empty closed subsets of a complete Gd-family (X, dα)
and T : A ∪ B → A ∪ B be a Hardy-Rogers cyclic orbital contraction. Then T has a unique
fixed point z ∈ A ∩ B.

If we put d instead of dα in the above theorem, we obtain the following corollary in a
b-dislocated metric space.

Corollary . Let A and B be non-empty closed subsets of a complete b-dislocated metric
space (X, bd) and T : A ∪ B → A ∪ B be a Hardy-Rogers cyclic orbital contraction. Then T
has a unique fixed point z ∈ A ∩ B.

If we put d instead of dα and s =  in the above theorem, we obtain the following corollary
in a complete dislocated metric space.

Corollary . Let A and B be non-empty closed subsets of a complete dislocated metric
space (X, d) and T : A ∪ B → A ∪ B be a Hardy-Rogers cyclic orbital contraction. Then T
has a unique fixed point z ∈ A ∩ B.

Example . Let X = {, , } and bd : X × X →R
+ by bd(, ) = , bd(, ) = , bd(, ) =

, bd(, ) = bd(, ) = , bd(, ) = bd(, ) = , bd(, ) = bd(, ) = , which is a b-dislocated
metric with s = , but not a dislocated metric as triangle inequality does not hold, since
bd(, ) � bd(, ) + bd(, ).

Put A = {, } and B = {, }. It is clear that A and B are closed subsets of (X, bd).
Let X = A ∪ B. Now define T : A ∪ B → A ∪ B by T = , T = , and T = . Then

T(A) = B and T(B) = A, so T is a cyclic map on A ∪ B.
Fix x =  ∈ A and for every y ∈ A, we have Tnx = , Tn–x = .
Thus the Hardy-Rogers cyclic orbital contraction,

bd
(
Tnx, Ty

) ≤ ϑ
[
bd

(
Tn–x, Tnx

)
+ bd(y, Ty) + bd

(
Tn–x, Ty

)

+ bd
(
y, Tnx

)
+ bd

(
Tn–x, y

)]

for each n ∈ N and for each y ∈ A, satisfies for ϑ ∈ (, 
 ).

Hence from Corollary ., T has the unique fixed point and it is observed that z =  ∈
A ∩ B is the unique fixed point of T .
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Example . Let A = B = X = [, ] with the complete dislocated metric d(x, y) = x + y.
Define T : X → X as follows:

Tx =

⎧
⎨

⎩
, if x ∈ [, 

 ),

., if x ∈ [ 
 , ].

Fix any x ∈ [, 
 ), Tx = , Tx = , Tx = , . . . , Tnx =  ∀n, and for every y ∈ [, ] we have

Ty =

⎧
⎨

⎩
, if y ∈ [, 

 ),

., if y ∈ [ 
 , ],

d
(
Tnx, Ty

)
=

⎧
⎨

⎩
d(, ) = , if y ∈ [, 

 ),

d(, .) = ., ify ∈ [ 
 , ],

d
(
Tnx, y

)
= d(, y) = y and d(Ty, y) =

⎧
⎨

⎩
d(, y) = y, if y ∈ [, 

 ),

d(., y) = . + y, if y ∈ [ 
 , ],

d
(
Tn–x, Tnx

)
= d(, ) = , and

d
(
Tn–x, Ty

)
=

⎧
⎨

⎩
d(, ) = , if y ∈ [, 

 ),

d(, .) = ., if y ∈ [ 
 , ],

d
(
y, Tnx

)
= d(y, ) = y.

Thus, for each n ∈N and for each y ∈ [, ] the Hardy-Rogers cyclic orbital contraction,

d
(
Tnx, Ty

) ≤ ϑ
[
d
(
Tn–x, Tnx

)
+d(y, Ty)+d

(
Tn–x, Ty

)
+d

(
y, Tnx

)
+d

(
Tn–x, y

)]
,

is satisfied for . ≤ ϑ < .. Thus by Corollary ., T has the unique fixed point in A∩B.
In fact ‘’ is the unique fixed point for T .

Definition . Let (X, dα) be a complete Gbd-family. A self-mapping T : X → X is said
to be a Hardy-Roger F-contraction if there exists τ >  such that




dα(x, Tx) < dα(x, y)

⇒ τ + F
(
dα(Tx, Ty)

) ≤ αF
(
dα(x, y)

)
+ βF

(
dα(x, Tx)

)
+ γ F

(
dα(y, Ty)

)

+ δF
(
dα(x, Ty)

)
+ ηF

(
dα(y, Tx)

)
, ()

for all x, y ∈ X with x �= y, where γ �= , η ≥  such that α + β + γ + sδ + sη =  and
F : R+ → R is a mapping satisfying the following conditions:

(F′) F is an order embedding, i.e. for all α,β ∈R
+ we have

α ≤ β , F(α) ≤ F(β),

and also sub-additive.
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(F′′) For any sequence {αn}∞n= of positive real numbers,

lim
n→∞αn =  if and only if lim

n→∞ F(αn) = –∞.

Theorem . Let (X, dα) be a complete Gbd-family and T be a Hardy-Roger F-contrac-
tion. Then T has a fixed point in X.

Proof For an arbitrary x ∈ X, we establish a sequence {xn} in the following manner:

x = x and xn+ = Txn ∀n ∈N. ()

If there exists n ∈ N such that dα(xn , xn+) = , then v = xn is the needed fixed point
of T , which completes the proof. Accordingly, we assume that  < dα(xn, xn+) for every
n ∈N. Hence we have




dα(xn, Txn) =



dα(xn, xn+) < dα(xn, xn+), n ∈N. ()

From the hypothesis of the theorem, we have

τ + F
(
dα(Txn, Txn+)

) ≤ αFdα(xn, xn+) + βFdα(xn, xn+) + γ Fdα(xn+, xn+)

+ δFdα(xn, xn+) + ηFdα(xn+, xn+), ()

τ + F
(
dα(xn+, xn+)

) ≤ αFdα(xn, xn+) + βFdα(xn, xn+) + γ Fdα(xn+, xn+)

+ sδFdβ (xn, xn+) + sδFdβ (xn+, xn+) + sηFdβ (xn+, xn+)

+ sηFdβ (xn+, xn+), ()

τ + ( – γ – sδ – sη)F
(
dα(xn+, xn+)

) ≤ (α + β + sδ)dα(xn, xn+).

Since α + β + γ + sδ + sη = , we obtain

F
(
dα(xn+, xn+)

) ≤ α + β + sδ
 – γ – sδ – sη

Fdα(xn, xn+) –
τ

 – γ – sδ – sη

< Fdα(xn, xn+). ()

Thus, {dα(xn, xn+)}∞n= is a non-increasing sequence of real numbers which is bounded
below. This implies that {dα(xn, xn+)}∞n= converges and

lim
n→∞ dα(xn, xn+) = β = inf

{
dα(xn, xn+) : n ∈N

}
. ()

We shall show that β = . Suppose, on the contrary, that β > . For every ε >  there exists
m ∈N, such that

dα(xm, Txm) < β + ε.

Hence from (F′), we get

F
(
dα(xm, Txm)

)
< F(β + ε).
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On the other side, we have


s

dα(xm, Txm) < dα(xm, Txm).

Due to the supposition of the theorem, we get

τ + F
(
dα

(
Txm, Txm

)) ≤ αFdα(xm, Txm) + βFdα(xm, Txm) + γ Fdα

(
Txm, Txm

)

+ δFdα

(
xm, Txm

)
+ +ηFdα(Txm, Txm), ()

which is equivalent to

τ + ( – γ – sδ – sη)F
(
dα

(
Txm, Txm

)) ≤ (α + β + sδ)Fdα(xm, Txm),

which implies

F
(
dα

(
Txm, Txm

)) ≤ F
(
dα(xm, Txm)

)
–

τ

 – γ – sδ – sη

< F
(
dα(xm, Txm)

)
. ()

By continuing the same process, we get

F
(
dα

(
Tnxm, Tn+xm

)) ≤ F
(
dα

(
Tnxm, Tn–xm

))
–

τ

 – γ – sδ – sη

≤ F
(
dα

(
Tn–xm, Tn–xm

))
–

τ

 – γ – sδ – sη

...

≤ F
(
dα(Txm, xm)

)
–

nτ

 – γ – sδ – sη

< F(β + ε) –
nτ

 – γ – sδ – sη
, ()

which yields limn→∞ F(dα(Tnxm, Tn+xm)) = –∞.
From (F′′), we have limn→∞ dα(Tnxm, Tn+xm) =  and thus, there exists N ∈N such that

dα(Tnxm, Tn+xm) < β ; ∀n ≥ N.
This yields

dα(xm+n, Txm+n) < β , ∀n ≥ N.

This contradicts the definition of β . Thus β = .

Therefore lim
n→∞ dα(xn, xn+) = . ()

Next, our aim is to prove limn,m→∞ dα(xn, xm) = .
Suppose, on the contrary, that there exist ε >  and sequences {ψn}∞n= and {ϕn}∞n= of

natural numbers such that ψ(n) > ϕ(n) > n, dα(xψ(n), xϕ(n)) ≥ ε,

dα(xψ(n)–, xϕ(n)) <
ε

s
, ∀n ∈N. ()
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By the definition of a generating space of a b-dislocated metric family,

ε ≤ dα(xψ(n), xϕ(n))

≤ s
[
dβ (xψ(n), xψ(n)–) + dβ (xψ(n)–, xϕ(n))

]

≤ sdα(xψ(n), xϕ(n)–) + ε, ∀n ∈N. ()

From () and () and the squeezing theorem,

lim
n→∞ dα(xψ(n), xϕ(n)) = ε. ()

From (), (), and () there exists N ∈N such that




dα(xψ(n), Txψ(n)) <


ε < ε ≤ dα(xψ(n), xϕ(n)) < ε, ∀n ∈ N. ()

Hence from () and (F′), and the hypothesis of the theorem, we have

τ + F
(
dα(Txψ(n), Txϕ(n))

)

≤ αF
(
dα(xψ(n), xϕ(n))

)
+ βF

(
dα(xψ(n), Txψ(n))

)
+ γ F

(
dα(xϕ(n), Txϕ(n))

)

+ δF
(
dα(xψ(n), Txϕ(n))

)
+ ηF

(
dα(xϕ(n), Txψ(n))

)

≤ αF(ε) + βF
(
dα(xψ(n), Txψ(n))

)
+ γ F

(
dα(xϕ(n), Txϕ(n))

)
+ δF(ε)

+ ηsF
(
dα(xϕ(n), xϕ(n)+)

)
+ ηsF

(
dα(xϕ(n), Txψ(n))

)
, ()

τ + ( – ηs)F
(
dα(Txψ(n), Txϕ(n))

)

≤ αF(ε) + βF
(
dα(xψ(n), Txψ(n))

)
+ γ F

(
dα(xϕ(n), Txϕ(n))

)
+ δF(ε)

+ ηsF
(
dα(xϕ(n), xϕ(n)+)

)
. ()

This implies

lim
n→∞ F

(
dα(Txψ(n), Txϕ(n))

)
= –∞.

Thus,

lim
n→∞ dα(Txψ(n), Txϕ(n)) =  iff lim

n→∞ dα(xψ(n)+, xϕ(n)+) = .

Hence limn,m→∞ dα(xn, xm) = .
Therefore {xn}∞n= is a Cauchy sequence in X. From the completeness of (X, dα) there

exists z ∈ X such that

dα(z, z) = lim
n→∞ dα(xn, z) = lim

n,m→∞ dα(xn, xm) = .

Subsequently, we shall prove that, for every n ∈N,


s

dα(xn, Txn) < dα(xn, z) or

s

dα

(
Txn, Txn

)
< dα(Txn, z), ∀n ∈ N. ()
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Arguing by contradiction, we suppose that there exists m ∈ N such that


s

dα(xm, Txm) ≥ dα(xm, z) and

s

dα

(
Txm, Txm

) ≥ dα(Txm, z). ()

Thus

dα

(
Txm, Txm

)
< dα(xm, Txm). ()

Now, take

dα(xm, Txm) ≤ s
[
dβ (xm, v) + dβ (v, Txm)

]

≤ 


dα(xm, Txm) +



dα

(
Txm, Txm

)

<



dα(xm, Txm) +



dα(xm, Txm)

= dα(xm, Txm). ()

Evidently, this is a contradiction. Hence, the inequality () is satisfied. Concerning the
supposition of the theorem, () implies that either

τ + F
(
dα(Txn, Tz)

) ≤ αF
(
dα(xn, z)

)
+ βF

(
dα(xn, Txn)

)

+ γ F
(
dα(z, Tz)

)
+ δF

(
dα(xn, Tz)

)
+ ηF

(
dα(z, Txn)

)
()

or

τ + F
(
dα

(
Txn, Tz

)) ≤ αF
(
dα(Txn, z)

)
+ βF

(
dα

(
Txn, Txn

))

+ γ F
(
dα(z, Tz)

)
+ δF

(
dα(Txn, Tz)

)
+ ηF

(
dα

(
z, Txn

))
. ()

Case (i): By taking the limits as n → ∞ in (), we get

lim
n→∞ F

(
dα(Txn, Tz)

)
= –∞,

which implies

lim
n→∞ dα(Txn, Tz) = .

Now,

dα(z, Tz) ≤ s
[
dβ (z, Txn) + dβ (Txn, Tz)

]
,

which implies

dα(z, Tz) = .
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Thus

z = Tz.

Case (ii):

F
(
dα

(
Txn, Tz

)) ≤ τ + F
(
dα

(
Txn, Tz

))

≤ αF
(
dα(Txn, z)

)
+ βF

(
dα

(
Txn, Txn

))

+ γ F
(
dα(z, Tz)

)
+ δF

(
dα(Txn, Tz)

)
+ ηF

(
dα

(
z, Txn

))
. ()

Thus

lim
n→∞ F

(
dα

(
Txn, Tz

))
= –∞.

From (F′′), we get

lim
n→∞ dα

(
Txn, Tz

)
= .

Consider

dα(z, Tz) ≤ sdβ

(
z, Txn

)
+ sdβ

(
Txn, Tz

)

= sdα(z, xn+) + sdα

(
Txn, Tz

)
. ()

Thus letting n → ∞, dα(z, Tz) =  ⇒ z = Tz.
Hence z is a fixed point of T . �

If we put s =  in Theorem ., we obtain the following corollary in the generating space
of a dislocated metric family.

Corollary . Let (X, dα) be a complete Gd-family and T be a Hardy-Roger F-contrac-
tion. Then T has a fixed point in X.

If we put d instead of dα in the above Theorem ., we obtain the following corollary
in a b-dislocated metric space.

Corollary . Let (X, bd) be a complete b-dislocated metric space, and T be a Hardy-
Roger F-contraction. Then T has a fixed point in X.

If we put dα = d and s =  in the above Theorem ., we obtain the following corollary
in a complete dislocated metric space.

Corollary . Let (X, d) be a complete dislocated metric space, and T be a Hardy-Roger
F-contraction. Then T has a fixed point in X.
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