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1 Introduction and preliminaries
Throughout this paper the characters R* and N represent the set of non-negative real
numbers and the set of positive integer numbers, respectively.

It is well known that Banach’s contraction mapping theorem is one of the pivotal results
of metric fixed point theory.

Theorem 1.1 (Banach [1]) If (X,d) is a complete metric space and T : X — X is a self-
mapping such that

d(Tx, Ty) < ad(x, y), 1)
forall x,y € X, where 0 <« <1, then T has a unique fixed point.

Theorem 1.2 (Kannan [2]) If (X,d) is a complete metric space and T : X — X is a self-
mapping such that

d(Tx, Ty) < Bld(x, Tx) + d(y, Ty)), )
forall x,y € X, where 0 < 8 < %, then T has a unique fixed point.

Theorem 1.3 (Reich [3]) If (X,d) is a complete metric space and T : X — X is a self-
mapping such that

d(Tx, Ty) < ad(x,y) + Bd(x, Tx) + yd(y, Ty), (3)
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forall x,y € X, where a, 8, y are non-negative constants with o + B +y <1, then T has a
unique fixed point.

Theorem 1.4 (Chatterjea [4]) If (X,d) is a complete metric space and T : X — X is a self-
mapping such that

d(Tx, Ty) < y [d(x, Ty) + d(y, Tx) ], (4)
forallx,y € X, where0 <y < %, then T has a unique fixed point.

Theorem 1.5 (Ciri¢ [5]) If (X,d) is a complete metric space and T : X — X is a self-
mapping such that

d(Tx, Ty) < ad(x,y) + Bd(x, Tx) + yd(y, Ty) + 8[d(x, Ty) + d(y, Tx)], (5)

forall x,y € X, where «, B, y, § are non-negative constants witha + +y +25 <1, then T
has a unique fixed point.

Theorem 1.6 (Hardy and Rogers [6]) If (X, d) is a complete metric space and T : X — X
is a self-mapping such that

d(Tx, Ty) < ad(x,y) + Bd(x, Tx) + yd(y, Ty) + dd(x, Ty) + nd(y, Tx), (6)

forall x,y € X, where o, B, v, 8, n are non-negative constants with o + §+y +8 +n <1,
then T has a unique fixed point.

We note some important consequences as follows:

« The Banach fixed point theorem ensures the existence and uniqueness of fixed points
of certain self-maps of metric spaces, and it gives a useful constructive method to find
those fixed points.

« Itis interesting that Kannan’s fixed point theorem is very salient because the author of
[7] proved that Kannan’s theorem describes the completeness of the metric. More
readily, a metric space X is complete if and only if each and every Kannan mapping on
X has a fixed point. Moreover, the conditions (1) and (2) are independent, as was
shown by two examples in [8].

« Reich generalized the Banach and Kannan fixed point theorems. An example in [3]
indicates that the condition (3) is a qualified generalization of (1) and (2).

+ A similar Kannan type of contractive condition has been studied by Chatterjea[4]. In
Theorems 1.2 and 1.4, there is no necessity of continuity.

« A mapping satisfying (5) is called a generalized contraction.

+ The importance of the Hardy-Rogers contraction is that this condition generalizes all
the known named contractive conditions, but not conversely.

+ Many generalizations of Hardy-Rogers theorem can be found in the literature. (See for
example [9-11].)

In 2003, Kirk et al. [12] introduced cyclic contractions in metric spaces and investigated
the existence of proximity points and fixed points in view of cyclic contraction mappings
as follows.
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Definition 1.7 [12] Let A and B be non-empty subsets ofaset X. Amap T: AUB — AUB
is said to be a cyclic map if T(A) € Band T(B) C A.

Theorem 1.8 [12] Let A and B be non-empty subsets of a metric space (X,d) and T : AU
B — A UB be a cyclic map. If there exists k € [0,1) such that

d(Tx, Ty) < k(d(x,)),

forallx € Aandy € B, then T has a unique fixed point in A N B.
Since then, a huge number of authors continued the investigation and more results have
been obtained, such as [13-19].

In 2010, Karpagam and Agrawal [20] introduced the notion of cyclic orbital contraction

and proved a unique fixed point theorem for such a map.

Theorem 1.9 [20] Let A and B be non-empty closed subsets of a complete metric space
(X,d) and T : AU B — A U B be a cyclic orbital contraction; i.e., if for some x € A there
exists a k, € (0,1) such that

d(T"x, Ty) < ked(T*" ', y),
forallne Nandye A, then T has a unique fixed point in A N B.

Further, many results dealing with cyclic orbital contractions have appeared in the liter-
ature (see, e.g., [21, 22]).

In 2012, Wardowski [23] introduced a different type of contraction called an F-
contraction and proved a new fixed point theorem, which generalizes the Banach con-
traction principle in a new way with supporting examples.

Definition 1.10 [23] Let F: R* — R be a mapping satisfying:
(i) F is strictly increasing, i.e. for all o, € R* such that o < 8, F(«) < F(B).
(ii) For each sequence {a,},en of positive numbers lim,,_, o ¢, = O iff
lim,,_, o F(a,,) = —00.
(iii) There exists k € (0,1) such that limg_, o+ *F(er) = 0.
A mapping T : X — X is said to be an F-contraction if there exists 7 > 0 such that, for
allx,y € X, d(Tx, Ty) > 0, we have t + F(d(Tx, Ty)) < F(d(x,y)).

Theorem 1.11 [23] Let (X,d) be a complete metric space and let T : X — X be an F-
contraction then T has a unique fixed point x* € X and for every xo € X a sequence
{T"x0}nen is convergent to x*.

Further, some results dealing with an F-contraction have appeared in the literature (see,
e.g., [24-26]).

The standard metric space has been generalized in different ways: see for example,
(a) S-metric space by Sedghi et al. [27];
(b) Complex valued metric space by Azam et al. [28];
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(c) A-metric space by Abbas et al. [29];

(d) Dislocated symmetric space by Sarma et al. [30];

(e) Quasi-symmetric space by Kumari et al. [31];

(f) Dislocated Uniform space by Kumari et al. [32].

Apart from above, very recently, Kumari and Panthi [33] introduced the concepts of ‘gen-
erating space of a b-dislocated quasi-metric family’ (abbreviated ‘G4, -family’), ‘generating
space of b-dislocated metric family’ (abbreviated ‘G;-family’), and ‘generating space of b-
quasi-metric family’ (abbreviated ‘Gp,-family’). One also proved the existence of unique
fixed point theorems in weaker forms of a generating spaces by using various cyclic con-
tractive conditions.

Definition 1.12 [33] Let X be a non-empty set and {d, : « € (0,1]} a family of mappings
d, of X x X into R*. Then (X, d,) is called a generating space of a b-dislocated metric
family if it satisfies the following conditions for any x,y,z € X and s > 1.
(i) dy(x,y) =0 implies x =y.
(i) o) = do ().
(iii) For any « € (0,1] there exists B € (0,«] such that dy (x,2) < s[dg(x,y) + dg(y,2)];
(iv) Foranyx,y € X, d,(x,) is non-increasing and left continuous in «.

Definition 1.13 [33]

1. Let(X,d,) be a Gpz-family and {x,} be a sequence in X. We say that {x,}

Gpg-converges to x in (X, dy) if lim,_, o dy (x,,%) = 0 for all @ € (0,1].
In this case we write x,, — x.

2. Let (X,d,) be a Gpg-family and let A C X, x € X. We say that x is a Gpg-limit point
of A if there exists a sequence {x,} in A — {x} such that lim,_, o x,, = x.

3. Asequence {x,} in a Gps-family is called a Gp4-Cauchy sequence if, given € > 0,
there exists 7y € N such that for all n, m > ng, we have d, (x,;, x,,) < € or
limy, s 00 A (X4, %) = 0 for all @ € (0,1].

4. A Gpg-family (X, d,) is called complete if every G;,;-Cauchy sequence in X is
Gpq-convergent.

A similar argument can be found in [34-36].
Remark 1.14 [33] Every G,,-convergent sequence in a Gp,-family is Gp,;-Cauchy.

Motivated by all above facts, we introduce the new classes of Hardy-Rogers type con-
tractions and prove some fixed point theorems using various types of Hardy-Rogers con-
tractions in the context of generating space of a b-dislocated metric family. Our main the-
orems extend and unify existing results in the recent literature. Then we present several

examples to illustrate the theorems.

2 Main results
In this section, we derive some fixed point theorems with examples in the context of a

generating space of a b-dislocated metric family.

Definition 2.1 Let A and B be non-empty subsets of a G;-family (X, d,). A cyclic map
T:AUB — AU Bis said to be a modified Hardy-Rogers cyclic contraction if we have
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dy(Tx, Ty) < ady(x,y) + Bdy(x, T) + ydy(y, Tx) + 8dy (y, Ty)
do(y, Ty)[1 + dy (x, Tx)] . do (9, Ty) + do(y, T)
Lrdy®y) L+ da(y 19)da(y, Tx)
dy(x, Tx)[1 + dy (y, Tx)]
T A y) + da(3, TY)

7)

where a, 8,v,8,1, A, it > 0 with saz + (s> +5)8 + 25y + 8+ n+ A +spu <1and forall x,y € X.

Theorem 2.2 Let (X,d,) be a complete Gy,-family, A and B be non-empty closed subsets
of X.Let T : AUB — AU B be a continuous cyclic mapping satisfying the modified Hardy-
Rogers cyclic contraction. Then T has a unique fixed point in A N B.

Proof Let xy be arbitrary in X; we define a sequence {x,} as xo,%1 = Tx0,%2 = TX1,..., %41 =
Tx, for all n € N.

d, (Tx, T2x) =d, (Tx, T(Tx))
< ady(x, Tx) + Bd, (x, sz) +ydy(Tx, Tx) + 8d, (Tx, sz)
dy(Tx, T*%)[1 + dy (x, Tx)] N dy(Tx, T?x) + dy(Tx, Tx)
1+ dy(x, Tx) 1+ d,(Tx, T?x)d, (Tx, Tx)

do (%, Tx)[1 + do (Tx, Tx)]
M ¥ dy (%, Tx) + do (T, T2x)

= ady (%, Tx) + sB[dp (x, Tx) + dg (Tx, Tx)| + 25y dg(x, Tx) + 8o (Tx, Tx)
+ ndy (Tx, sz) + )Ldo,(Tx, sz) + ndy (x, Tx)

=(a +5B +2sy + wdy(x, Tx),
which implies
(1-3sB—8—n—N)do(Tx, T?x) < (& + 5B + 25y + ) (x, Tx).

Clearly, d, (Tx, T*x) < hdy(x, Tx).

_ a+sB+2sy+p 1
Here h = T <5 <L

Similarly,
do(T?x, T’x) < hd,(Tx, T?*x) < K d,, (x, Tx).
For all m e N, we get
d, (T”x, T"*lx) < h'd,(x, Tx).
Let n,m € N with m > n, by using the definition of G;-family, we have

do (T"x, T"x) < s[dg(T"x, T""'x) + dg(T""'x, T"x) |
<sdg(T"x, T"'x) + sdg(T"'x, T"x)

<sdg(T"x, T""'x) + sdg(T"'x, T"?x) + $*dg (T"**x, T"x).
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By repeating this process we get

do(T"%, T"x) < sdg(T"x, T""'x) + s*dg (T" ', T"2x) + 8dg (T %, T">x) + - -

< (sh" + 82 e B )da(x, Tx)

=sh" (1 +sh+ (sh)? +--- )do,(x, Tx)

sh"
< (1 _Sh)da(x, Tx).

By taking the limits as m — oo, we get d,(T"x, T"x) — 0 for all @ € [0,1) as hs < 1.

Hence {T"x} is a Gp,-Cauchy sequence.

Since (X,d,) is Gps-complete, we see that {T"x} Gp,-converges to some u € X for all
a € [0,1). We note that {T?"x} is a sequence in A and {T?""'x} is a sequence in B such a
way that both sequences tend to the same limit u.

Since A and B are closed, we have u € A N B, and then AN B # .

Now, we will show that Tu = u.

Consider

do (T"x, Tus) < s[dg(T"x, T"'x) + dp(T"x, Tur) |. (8)

Since T is continuous, lim,—oo dg(T""'x, Tu) = 0 and dg(T"x, T"'x) < h"dg(x, Tx).
This implies

dg(T"x, T""x) < sh"dp(x, Tx) < (sh)"dg(, Tx).

Letting n — o0 in the above inequality (8), we get

do(u, Tu) =0, sincesh<1.

Thus u = Tu. Hence u is a fixed point of 7.

Finally, to obtain the uniqueness of a fixed point, let v € X be another fixed point of T
such that Tv =v.

Then we have

do(u,v) = do(Tu, Tv)
<ady(u,v) + Bdy(u, Tv) + ydy (v, Tu) + §dy (v, Tv)
do (v, TV)[1 + d (1, Tur)] o do (v, TV) + do (v, Tur)
1+d,(u,v) 1+d,(v, v)d, (v, Tu)

. do(u, Tu)[1 + dy (v, Tu)]
H 1+dy(u,v) +d, (v, Tv)

=(a+ B+ y)dy(u,v) + Ady (v, u),

which implies d,, (4, v) < (¢ + B +y +A)dy (1, v), and this implies d, (1, v)(1— (¢ + B+ y + 1)) <
0.
Thus d,(u,v) = 0. Hence u = v. This completes the proof. d
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If we put s = 1 in the above theorem, we obtain the following corollary in the generating
space of a dislocated metric family.

Corollary 2.3 Let (X,d,) be a complete G,-family, A and B be non-empty closed subsets
of X.Let T: AUB— AU B be a continuous cyclic mapping satisfying the following condi-

tion:

dy(Tx, Ty) < ady(x,y) + Bdy(x, T) + ydy(y, Tx) + 8dy (y, Ty)
Ay (% Ty) 1+ dy(x, Tx)] 2 dy ()” Ty) +dy ()/: Tx)
1+ dy (%) M dy(y, Ty)do (), Tx)
de(x, Tx)[1 + dy (y, Tx)]
N Ay v 0, )

)

where o, 8,y,8, 0, > 0witha +28+2y +8+n+r+pu<landforallx,ye X. Then T
has a unique fixed point in A N B.

If we put d instead of d,, in the above theorem, we obtain the following corollary in the
b-dislocated metric space.

Corollary 2.4 Let (X,b;) be a complete b-dislocated metric space, A and B be non-empty
closed subsets of X. Let T : AU B — A U B be a continuous cyclic mapping satisfying the
following condition:

ba(Tx, Ty) < aby(x,y) + Bby(x, Ty) + yba(y, Tx) + $b,(y, Ty)
baly, T+ bal, T)) , ba(0 T9) + by, T
1+ by(x,y) 1+ ba(y, Ty)ba(y, Tx)
by(x, Tx)[1 + by(y, Tx)]
T baGoy) + a0 1)

(10)

where o, B,y,8,1, A, ;1 > 0 with so + (s> +5)B + 25>y + S+ n+ A +su < 1 and for all x,y € X.
Then T has a unique fixed point in AN B.

Example 2.5 Let X = [0,1] and T: AU B — A U B defined by Tx = 3. Suppose that A =
B =[0,1]. Define the function d : X x X — R by d(x,y) = |x — y|*> + :+ % Clearly d is a
b-dislocated metric on X and also T is cyclic mapping on X since T(A) C Band T(B) C A.
Now, consider
Ty

T
d(Tx, Ty) = | Tx — Ty|* + ?x + i

* Z‘2+£+l

3 3/ 15 15

TR B
=—lx—-y°+ —=x+—
AT

1
s§[|x—y|2+’5—“+§]

<ad(x,y) (11)

1 1
for;<a<;<landB=y=8=n=r=p=0.
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Thus T satisfies all the conditions of above corollary and ‘0’ is the unique fixed point.

If we put d instead of d, and s = 1 in the above theorem, we obtain the following corollary

in a complete dislocated metric space.

Corollary 2.6 Let (X,d) be a complete dislocated metric space, A and B be non-empty
closed subsets of X. Let T : AU B — A U B be a continuous cyclic mapping satisfying the

following condition:

d(Tx, Ty) < ad(x,y) + Bd(x, Ty) + yd(y, Tx) + 8d(y, Ty)
d(y, y)[1 + d(x, Tx)] N d(y, Ty) + d(y, Tx)
1+dmy)  1+dly, T)d(, Tx)
d(x, Tx)[1 + d(y, Tx)]
v dy) +do, 1)

12)

where o, B,y,8, A =>0witha +28+2y +8+n+r+u<landforallx,ye X. Then T
has a unique fixed point in A N B.

We can find more interesting results in the view of dislocated metric space (see for ex-
ample [37-40]).

Example 2.7 Let X = [-1,1] and T: A U B — A U B defined by Tx = 7. Suppose that
A =[-1,0] and B = [0,1]. Define the function d : X x X — R by d(x,y) = |x — y| + |x| + |y|.
Hence d is a complete dislocated metric on X.

Now consider

AT Ty) =d| =, 2
(I 1) (15 15)

1 xl bl

=—ly-xl+—-+C
15 15 15

N VNI
15

<ad(x,y), (13)

where%§a§1and,3=y=8=n=A=M=0,

Thus T satisfy all the conditions of the above corollary and ‘0’ is a unique fixed point.

Definition 2.8 Let A and B be non-empty subsets of a G;-family (X,d,,). A cyclic map
T:AUB— AU Bis said to be a Hardy-Rogers cyclic orbital contraction if for some x € A

: 1
there exists a ¥ € (0, ;- 5) such that

do (T %, Ty) < O[do (T 5, T*'x) + do(y, Ty)
+do (T*7'%, Ty) + do (y, T %) + doe (T ,9) .
Theorem 2.9 Let A and B be non-empty closed subsets of a complete Gyy-family (X, d,)

and T : AUB — AU B be a Hardy-Rogers cyclic orbital contraction. Then T has a unique
fixed point z in AN B.
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Proof Take x € A. Since T: AU B — A U B is a Hardy-Rogers cyclic orbital contraction,
dy ( T?x, Tx) <y [da ( Tx, sz) +dy (%, Tx) + do (Tx, Tx) + d, (x, sz) +dy(Tx, x)]

< l?[da (Tx, T2x) +dy(x, Tx) + s(dﬁ(Tx,x) +dg(x, Tx))

+s(dp(x, Tx) + dg (Tx, T*x)) + doy(Tx, %)

=[O+ 2s + 90 + 0 ]dy(x, Tx) + (O + s9)do (Tx, T?x), (14)
which implies
(2 + 3s)
T?x, Tx) < ——————d, (%, Tx),
do(T?x, Tx) < 1—19(1+s)d (x, Tx)

dy (T%x, T*x)
< 9[do(T?x, T?x) + do(Tx, T*x) + doy (T, T?)
4 do (T, T%) + do (T, T)| (15)
= 0do (T, T°x) + Odo (T?x, Tx) + 0 s(dp (T?x, Tx) + dg(Tx, T*x))]
+ 0s[(dp(Tx, T?x) + dp(T?x, T°x) | + O do (T?x, Tx)

= (O + 280 + s+ 9)do (T?x, Tx) + (& + s9)do (T%%, T?x).
Thus

(10 = 08)do (T, T?x) < (20 + 350)do (T?x, Tx)

3 o (2 + 3s) 2
= du,(T x, T x) < 71—19(1+s)da(T X, Tx)

which yields

dy (Tgx, sz) < kd, ( T?x, Tx)

D(2 + 3s)

< k*d,(Tx,x); wherek=——""_
1-9(1+5s)

(16)
By repeating the same process, we get

dy (T””x, T”x) < k"dy(Tx,x).
Taking the limits as n — oo, we get

lim do(T""'%, T"x) =0, since 0 <k<1.

n— o0
We now claim that lim,,_, o d, (T"x, T"x) = 0 for m > n.
For m,n € N with m > n, we have
do(T"%, T"x) < s[dg(T"x, T""'x) + dp(T""x, T"x)]

<sdg(T"x, T"'x) + $dg (T"'x, T"?x) + $dg (T"*x, T"x)
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<sdg(T"%, T"'x) + $dg (T" %, T"x) + $>dg (T"**x, T )

+5*dg (T 2%, T" %) + - -

< sk"d, (T, x) + s2k"dy, (Tx, x) + 2k 2dy (T, %) + - - -

< sk"(l +sk + (sk)? + - - -)da(Tx,x)

n

k
dy(Tx,
7 (Tx, x)

1_
(sk)"
~1-sk

=
<

dy(Tx, x). (17)

Since sk <1 and letting n — 00, we get lim,,_, oo dy (T"x, T"'x) = 0.

Thus {7T"x} is a Cauchy sequence.

Since (X, dy) is a complete generating b-dislocated metric family, there exists z€ AU B
such that lim,,_, . "% = z. Now {T?"x} is a sequence in A and {T?""'x} is a sequence in B,
and also both converge to z. Since A and B are closed, z € AN B, and so AN B in non-empty.

Now consider

dy(z, Tz) = lim d,(T"x, Tz)
n— 00

< ¢ lim [da (T"’lx, T”x) +dy(z, T2) + d (T”’lx, Tz)

+dy (z, T”x) +dy (T”’lx, z)]
< 0d,(z, Tz), (18)

which implies (1 — ©)d,(z, Tz) < 0.

Since 0 < ¥ <1, dy(z, Tz) = 0.

Hence z = Tz. Thus z is a fixed point of T'.

Finally, to prove z is a unique fixed point of T, let us assume, on the contrary, that z* is
another fixed point of T, i.e. Tz* = z*.

Note that, if z* is a fixed point of T, then d,(z*,z*) = 0. We have

dy(2",2") = do(T2", Tz")
< O[du (2", Tz*) + do (2%, T2*) + do (2%, T2*) + do (2%, T2*) + do (2, 27) ]
<59d,(z%,2"). (19)
This implies (1 — 59)d, (z*,2z*) < 0.
Since 1 -59 >0, d,(z*,z*) = 0.

By the cyclic property of T, we have z,z* € A N B. From the Hardy-Rogers cyclic orbital

contraction, we have

dy(2,2%) = dy (2, TZ")
= lim d,(T*"x, Tz")

n—0o00

<9¥ lim [da ( T2 1y, T2"x) +dy (z*, Tz*) +dy (TZ"_lx, Tz*)

n—00
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+dy (2%, T?%) + do (T %, 2") |

< 0dy(2,2%), (20)

which implies (1 — ©)d,(z,z*) = 0. Hence z = z*.
Thus z is a unique fixed point of T. This completes the proof of the theorem. d

If we put s = 1 in the above Theorem 2.9, we obtain the following corollary in the gen-

erating space of a dislocated metric family.

Corollary 2.10 Let A and B be non-empty closed subsets of a complete G -family (X, d,)
and T : AU B — AU B be a Hardy-Rogers cyclic orbital contraction. Then T has a unique
fixed point z€ ANB.

If we put d instead of d, in the above theorem, we obtain the following corollary in a

b-dislocated metric space.

Corollary 2.11 Let A and B be non-empty closed subsets of a complete b-dislocated metric
space (X,by) and T : AU B — AU B be a Hardy-Rogers cyclic orbital contraction. Then T
has a unique fixed point z € AN B.

If we put d instead of d, and s = 1in the above theorem, we obtain the following corollary

in a complete dislocated metric space.

Corollary 2.12 Let A and B be non-empty closed subsets of a complete dislocated metric
space (X,d) and T : AU B — A U B be a Hardy-Rogers cyclic orbital contraction. Then T
has a unique fixed point z € AN B.

Example 2.13 Let X = {0,1,2} and by : X x X — R* by by(0,0) = 0, by(1,1) = 0, by(2,2) =
1,b4(0,1) = by(1,0) = 0, ,(0,2) = b,4(2,0) =1, b,(1,2) = b;(2,1) = 2, which is a b-dislocated
metric with s = 2, but not a dislocated metric as triangle inequality does not hold, since
ba(1,2) £ by(1,0) + ba(0,2).

Put A = {0,1} and B = {1,2}. It is clear that A and B are closed subsets of (X, b,).

Let X=AUB. Now define T:AUB—- AUBby T0=1, T1 =1, and T2 = 0. Then
T(A)=Band T(B) =A,so T is a cyclic map on A U B.

Fixx = 0 € A and for every y € A, we have T?"x =1, T>"'x = 1.

Thus the Hardy-Rogers cyclic orbital contraction,

ba(T*x, Ty) < ¥[ba(T*" "%, T*"x) + ba(y, Ty) + ba(T*" "%, Ty)

+by (y, Tz”x) + bd(Tz”_lx, y)]
for each n € N and for each y € A, satisfies for ¢ € (0, %).

Hence from Corollary 2.10, T has the unique fixed point and it is observed that z=1 €
A N B is the unique fixed point of 7.
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Example 2.14 Let A = B =X = [0,1] with the complete dislocated metric d(x,y) = x + y.
Define T : X — X as follows:

0, ifxel0,3),
01, ifxe[i,1].

Tx =

Fixany x € [0,3), Tx =0, T%x = 0,T73x = 0,..., T"x = 0 Vn, and for every y € [0,1] we have

0, ifye[0,3),

Ty = . .
0.1, ifye [g,l],

d(0,0) =0, ify€[0,3),

d(TZ”x, Ty) =
d(0,0.1) =01, ifye[s,1],

d(0,y) =, ify € [0, 3),

d(T*x,y) =d(0,y) =y and d(Iy,y)= .
d(0.1,y)=01+y, ifyel[3,1],

d(TZ”_lx, Tz”x) =d(0,0)=0, and

d(0,00=0,  ifyel0,d),
a1y - | 400 ifye[0,1)
d(0,01)=0.1, ifye(3,1],
d(y, Tz"x) =d(y,0) = y.
Thus, for each # € N and for each y € [0,1] the Hardy-Rogers cyclic orbital contraction,

d( T, Ty) <® [d ( T2 1y, Tz"x) +d(y, Ty) +d (TZ”_lx, Ty) +d (y, Tz"x) +d (Tzn’lx, y) ],

is satisfied for 0.03 < ¢ < 0.1. Thus by Corollary 2.12, T has the unique fixed pointin AN B.
In fact ‘0’ is the unique fixed point for 7'

Definition 2.15 Let (X,d,) be a complete Gp;-family. A self-mapping 7 : X — X is said
to be a Hardy-Roger F-contraction if there exists T > 0 such that

1
Eda (xr Tx) < dot (x»)’)

= T+ F(da(Tx, Ty)) < ozF(dD, (x,y)) + ﬂF(da (x, Tx)) + )/F(da (v, Ty))

+ 8F (do(x, Ty)) + nF (du(y, T%)), (21)

for all x,y € X with x #y, where y #1, n > 0 such that o + 8 + y + 256 + 2sp =1 and
F :R* — R is a mapping satisfying the following conditions:

(F') Fisan order embedding, i.e. for all @, B € R* we have
a<pB, Fla)<F(p)

and also sub-additive.
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oo

(F”) For any sequence {a,}o2; of positive real numbers,

lim o, =0 ifandonlyif lim F(x,) = —oc.

n—00

Theorem 2.16 Let (X,d,) be a complete Gy, -family and T be a Hardy-Roger F-contrac-
tion. Then T has a fixed point in X.

Proof For an arbitrary x € X, we establish a sequence {x,} in the following manner:
x=x9 and x,.1=7Tx, VneN. (22)

If there exists 9 € N such that d (%4, %4+1) = 0, then v = %, is the needed fixed point
of T, which completes the proof. Accordingly, we assume that 0 < dy(x,,%,.1) for every

n € N. Hence we have

1 1

Eda (xn’ Txn) = Eda (xn,xwrl) < da (xn’ xn+1)x neN. (23)
From the hypothesis of the theorem, we have

T + F(do (T, Ti1)) < @Fdo (X %n11) + BFde (% Xni1) + ¥ Fo (%1111, %12)
+ 8Fd (%, %ns2) + NFdo (%11, %041), (24)
T+ F(do (%1, %n:2)) < @Fdg (%, %11) + BFde (0, %n41) + ¥ Flo (%1115 %.2)
+ S8Fdp (X, Xns1) + SSFAg (X1, Xni2) + SNFdp(Xns15 %n42)
+ snFdg (%12, ¥ns1), (25)

T+ (1 -V —-$8— 2sn)F(da(xn+lrxn+2)) = (O‘ + :3 + S(S)dot(xn:xn+1)'

Since @ + B + y + 28§ + 2sn = 1, we obtain

1)
F(da(xn+17xn+2)) = %Fda(‘xmxnﬂ) - ;
1-y —56—-2sn 1-y —s8—-2sn
< Fdo, (%, %n41). (26)

Thus, {dy (%4, %,.1)}52, is a non-increasing sequence of real numbers which is bounded
below. This implies that {d (%4, x,.1)}52; converges and

lim dot(xl’l’x}’l+l) = :3 = inf{da(xmxnﬂ) ‘ne N} (27)

We shall show that 8 = 0. Suppose, on the contrary, that 8 > 0. For every € > 0 there exists
m € N, such that

Ao (X, Tx) < B + €.
Hence from (F'), we get

F(da(xm, Txm)) <F(B +¢€).
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On the other side, we have

1
_da(xm: Txm) < dot(xm; Txm)
2s

Due to the supposition of the theorem, we get

T+ F(da (Txm, Tme)) < aFdy (%, Th) + BFdy (%, Txy,) + Y Fdy (Txm, szm)
+ 8Fdy (%> T*%m) + +1Ede (T, Thm), (28)

which is equivalent to

T+(1-y—s8— an)F(da(Txm, szm)) < (a + B + 88)Fdy (%, Ty,
which implies
) ~ T
P (T, T0)) = F(d i T) ~ 55
< F(da (%25 Txm)). (29)

By continuing the same process, we get

n n+ n n- !
F(de ("0 T ) < F(de (T T ) = T —
n—1 n—2 _ 2—‘[
EF(da(T X T x"’)) 1-y —s8—2sn
nt
=< F(dot(Txm:xm)) - m
nt
<EBr - 0

which yields lim,,_, oo F(do (T" %, T"*'%,,)) = —00.
From (F”), we have lim,,_, oo dy (T"%,., T"1x,,) = 0 and thus, there exists N; € N such that
Ao (T"%,0, T" \,,) < B; V1 > N
This yields
Ao Kpiny Thman) < B, Vn>N.
This contradicts the definition of 8. Thus 8 = 0.

Therefore lim d, (x,,%,41) = 0. (31)
n— 00

Next, our aim is to prove lim,, ,—, 0o dy (%, %4,) = 0.
Suppose, on the contrary, that there exist € > 0 and sequences {,}°; and {¢,};°, of
natural numbers such that ¥ (1) > @(n) > 1, do (Xy (n), Xpm)) = €,

€
Ao Xy ()-1,Xp(n)) < 3 VneN. (32)



Kumari and Panthi Fixed Point Theory and Applications (2016) 2016:15 Page 15 of 19

By the definition of a generating space of a b-dislocated metric family,

€ < dy Xy ) Xo(n)
< s[dp(y () Xy (m)-1) + Ay (-1 Xp(m) ]

< sdo(Xy () Xpm)-1) + €, VneN. (33)
From (30) and (32) and the squeezing theorem,
nll)rglo da (x¢(n),x¢(n)) = €. (34‘)
From (30), (31), and (33) there exists N, € N such that
1 1
ida(x¢(n), Ty m) < g€ <€ < do Xy (n)s Xp(m)) < 26, Vn € No. (35)

Hence from (34) and (F’), and the hypothesis of the theorem, we have

T+ F(da(Txl/,(,,), qu,(,,)))
< aF (do(y(m)s Xo(n)) + BE (Ao ®pinys Toyn)) + ¥ F (Ao (X)) Thgp()))
+ 8F (do () Togin))) + F (o Gty Ty )
< aF(2€) + BE(do ey (m) Toyn)) + Y F (da(Kgny, Tho(m)) + SF(2€)
+ NSF (do (o (m)s Xo(ny+1)) + NSF (do (Kg(m)s Ty n)))» (36)
T + (1= n8)F (da(Toy (), Txp(n))
<aF(2¢) + /SF(da %y (n)» wa(,,))) + )/F(da (%o (n)» qu,(,,))) + 8F(2¢)

+ ﬂSF(doz (x(ﬂ(}’l)! x(ﬂ(Vl)+1))‘ (37)
This implies
nli)IElo F(da(Tx‘/,(,,,), wa,))) = —0Q.
Thus,
im do (Txy () Trpen) =0 iff - Tim do (g (41, %g(m1) = 0.

Hence 1im,, ,—, oo @ (%, %) = 0.

oo

Therefore {x,};°, is a Cauchy sequence in X. From the completeness of (X,d,) there

exists z € X such that

dy(z,2) = lim dy(x,,z) = lim dy(x,,%,)=0.
Subsequently, we shall prove that, for every n € N,

1 1
2—d0, (%, Tx) < dy(x,,2) or 2—da (Txn, szy,) <do(Tx,,z), VYneN. (38)
S s
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Arguing by contradiction, we suppose that there exists m € N such that

%da (x> Tx) > dy(%,0,2) and %da(Txm, szm) > dy (T, 2). (39)
Thus

Aot (Toms T*%m) < Aoy (s To). (40)
Now, take

oy (%ms Th) < s[dp(tm,v) + dp (v, Tay) |

1 1
< 5 dal@m Tom) + Eda(Txm, T%%m)

1 1
< Edoz(xm, Txm) + Eda(xm; Txm)

= dy (%, Thm). (41)

Evidently, this is a contradiction. Hence, the inequality (37) is satisfied. Concerning the
supposition of the theorem, (37) implies that either

T+ F(da(Tx,,, Tz)) < aF(da (x,,,z)) + ,BF(da (%, Txy,))

+ Y F(dy(z, T2)) + 8F (do (%, T2)) + nF (dy (2, Tx,)) (42)
or

T+ F(do(T?%y, T2)) < oF (do(T%,2)) + BF (do (T, T*%,,))

+ yF(da(z, T2)) + 8F (do (T, T2)) + 0F (do (2, T?%)).  (43)
Case (i): By taking the limits as n — oo in (41), we get
lim F(dy(Tx,, T2)) = —00,
n—00
which implies
lim dy(Tx,, Tz) = 0.
n—00
Now,
dy(z,Tz) < s[dﬁ(z, Txy) + dg(Txy, Tz)],

which implies

dy(z,Tz) = 0.
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Thus
z=1Tz.
Case (ii):

F(da (szn, Tz)) <T+ F(da(szn, Tz))
< aF(da(Tx,,,z)) + ,BF(da (Tx,,, sz,,))

+ Y F(do(z, T2)) + 8F (do (T, T2)) + nF (do (2, T*%,)). (44)
Thus

lim F(d, (T*xy, Tz)) = —0co.

n—00

From (F”), we get

lim dq (T%%y, Tz) = 0.

n—00

Consider

dy(z, Tz) < sdg (z, sz,,) +sdg (sz,,, Tz)

=8d,(2,%,42) + sd, (TZx,,, Tz). (45)

Thus letting n — 00, dy(z, T2) = 0 = z = TZ.
Hence z is a fixed point of 7. d

If we put s = 1 in Theorem 2.16, we obtain the following corollary in the generating space

of a dislocated metric family.

Corollary 2.17 Let (X,d,) be a complete G -family and T be a Hardy-Roger F-contrac-
tion. Then T has a fixed point in X.

If we put d instead of d,, in the above Theorem 2.16, we obtain the following corollary
in a b-dislocated metric space.

Corollary 2.18 Let (X,b;) be a complete b-dislocated metric space, and T be a Hardy-
Roger F-contraction. Then T has a fixed point in X.

If we put d, = d and s =1 in the above Theorem 2.16, we obtain the following corollary
in a complete dislocated metric space.

Corollary 2.19 Let (X,d) be a complete dislocated metric space, and T be a Hardy-Roger
F-contraction. Then T has a fixed point in X.
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