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1 Introduction and preliminaries
The theoretical framework of fixed point theory has been an active research field over the
last three decades. Of course, the Banach contraction mapping principle [1] is the first im-
portant result on fixed points for contractive-type mappings. This well-known theorem,
which is an essential tool in many branches of mathematical analysis, first appeared in an
explicit form in Banach’s thesis in 1922, where it was used to establish the existence of a
solution for an integral equation. So far, according to its importance and simplicity, sev-
eral authors have obtained many interesting extensions and generalizations of the Banach
contraction principle (see [2—10] and the references therein). Some of such generalizations
are obtained by contraction conditions described by rational expressions (see [11-13]).
Throughout this paper, X is assumed to be a nonempty set. Then, the concepts of
T-contraction and C-contraction have been introduced, respectively, by Kannan [14] and
Chatterjea [15] as follows.

Definition 1.1 Let (X, d) be a metric space. A mapping f : X — X is said to be:
(i) a C-contraction (see [15]) if there exists a € (0, %) such that for all x,y € X the
following inequality holds:

df,f3) < ad(.f) +dnf)];

(ii) a K-contraction (see [14]) if there exists « € (0, %) such that for all x,y € X the
following inequality holds:

d(fx.fy) < ald(x,fx) + d(y,f)];
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(iii) a Reich contraction (see [9]) iff for all x,y € X there exist nonnegative numbers g, r,
ssuch thatg +r+s<1and

d(fx, fy) < qd(x,y) + rd(x, fx) + sd(y,fy);

(iv) a Ciri¢ contraction (see [3]) iff for all x,y € X there exist nonnegative numbers g, 7,
sand ¢ such thatg + 7 +s+2¢£ <1 and

d(fx, fy) < qd(x,y) + rd(x, fx) + sd(y,fy) + t[d(x,fy) + d(y,fx)].

In 1968 Kannan (see [14]) established a fixed point theorem for a K-contraction. Also,
in 1972 Chatterjea (see [15]) proved that if (X,d) is a complete metric space, then every
C-contraction on X has a unique fixed point.

Let & denote the class of all real functions 8 : [0, 00) — [0, 1) satisfying the condition

B(t,) =1 impliesthat ¢, — 0 asn— oo.

One of the interesting results which generalizes the Banach contraction principle was

given by Samet et al. [16] by defining «-1-contractive mappings.

Definition 1.2 (see [16]) Let f : X — X be a mapping, and let « : X x X — [0,00) be a
function. We say that f is an «-admissible mapping if

xyeX, axy)>1 = oafxfy)>1

Denote by W’ the family of all nondecreasing functions v : [0,00) — [0, 00) such that
Y2, ¥"(t) < oo for all £ > 0, where ¥ is the nth iterate of .

Theorem 1.3 (see [16]) Let (X, d) be a complete metric space, and let f be an a-admissible
mapping. Assume that

a(x,y)d(fx,fy) < ¥ (dx,)),

where € V'. Also, suppose that the following assertions hold:
(i) there exists xo € X such that a(xo,fxo) > 1;
(ii) either f is continuous, or, for any sequence {x,} in X with a(x,,x,41) > 1 for all
n € NU {0} such that x, — x as n — 0o, we have «(x,,x) > 1 for all n € N U {0}.
Then f has a fixed point.

Definition 1.4 (see [17]) Letf: X — X and o : X x X — [0, +00). We say that f is a trian-
gular ¢-admissible mapping if

(T1) a(x,y)>1implies a(fx,fy) > 1,x,y € X;

(T2) {=2=) implies a(x,y) > 1,x,5,z € X.

a(z,y) =1

Lemma 1.5 (see [17]) Letf be a triangular o-admissible mapping. Assume that there exists
x0 € X such that a(xo, fxo) > 1. Define a sequence {x,} by x,, = f"x¢. Then

aXpx,) =1 forallm,n e Nwithm<n.
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In this paper, we introduce new concepts of generalized contractive and generalized
a-Suzuki type contractive mappings. Then, we obtain sufficient conditions for the ex-
istence of a fixed point of these classes of mappings on complete metric spaces and
b-complete b-metric spaces. In particular, our results extend the theorems of Ciri¢,

Chatterjea, Kannan and Reich.

2 Generalization of Ciri¢, Chatterjea, Kannan and Reich contractions

In [18], Jleli and Samet introduced a new type of contractive mappings and established a

new fixed point theorem for such mappings in the setting of generalized metric spaces.
Consistent with [18], we denote by W the set of all functions ¥ : [0,00) — [1,00) satis-

fying the following conditions:

Y1) v is nondecreasing and v(¢) =1 if and only if £ = 0;

Yrp) for each sequence {t,} € (0, 00), lim,_. ¥ (t,) =1 if and only if lim,_, oo t, = 0;
Y3) there exist r € (0,1) and £ € (0, 0o] such that lim,_, o+ Wg_l =

V) Y(a+b) < Y(a)y(b)foralla,b > 0.

(
(
(
(

Theorem 2.1 (see [18], Corollary 2.1) Let (X, d) be a complete metric space and f : X — X
be a mapping. Suppose that there exist € V and k € (0,1) such that

xyeX, difaf)70 = v(d(ff) < [v(de)]"
Then f has a unique fixed point.

Observe that the Banach contraction principle follows immediately from the above the-
orem.
By introducing the following new concept, first we extend the result of Jleli and Samet,

then we obtain some new generalizations of the Banach contraction principle.
Definition 2.2 Let (X, d) be a metric space, and let f : X — X be a mapping.

f is said to be a JS-contraction whenever there are a function ¥ € ¥ and positive real
numbers ki, ko, k3, kg with 0 < ky + ky + k3 + 2k4 < 1 such that

v (dfe, ) < [ (de )] [v (@@ )] 2 [v (d0.m)]°
x [¥ (. f3) + d(y, f)) ] @2.1)

forall x,y € X.
Our first result is the following.

Theorem 2.3 Let (X,d) be a complete metric space and f : X — X be a continuous JS-

contraction. Then f has a unique fixed point.

Proof Letxy € X be arbitrary. For x¢ € X, we define the sequence {x,} by x,, = f"xo = fx,_1.
Also, if there exists 7y € N such that x,,, = %,,,1, then %, is a fixed point of f, and we have
nothing to prove. Thus, we assume that x,, # x,,.1, i.e., d(fx,,_1,fx,) > 0 for all » € N U {0}.
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Now, we will prove that

lim d(x,,%,.1) = 0.

n—00

Since f is a JS-contraction, then, by using condition (2.1), we obtain that

¥ (d (X1, %))
= Y (d(fon, fitnr))
< [¥ (A 20-)) | [V (A fn) |2 [0 (Ao frtn)) |
x [V (A frnr) + dnr, ficn) ]
< [¥ (A6 %0-0) [ [0 (@00 %0040) |2 [¥ (A1) | [ (A Gt 001)) |
< [ (A 2a)) | [ (A 001)) |2 [ (Aot 20)) | [ (A s 011)) |

Therefore, we write

ky+k3+kg. ky+k3+kg, )

1< 1»Z/(a"(?‘:;wrlr?‘:n)) = [1/f (d(xmxn—l))] -ka ks = [w(d(xlxxO))]( -k
This gives us that

lim d(xrnxrﬁl) =0

n—00

by our assumptions about the function 1. From similar arguments as in the proof of The-
orem 2.1 of [18] it follows that there exists 7; € N such that

1
A% K1) < -
nr
for all n > n;.
Now, for m > n > n;, we have

AXny %) < Zd (i %i1) < Z T

Since 0 <r <1, then ) ;- T L converges and hence d(x,,%,,) — 0 as m,n — oo. Thus, we
proved that {x,} is a Cauchy sequence. Completeness of (X,d) ensures that there exists
x* € X such that x,, — ™ as n — 00. Next, since f is a continuous mapping, then x,,,; =
fxn — fx* asn— o0, i.e., x* =fx*. Thus, f has a fixed point.

Finally, suppose that there exists z # x* such that z = fz. Clearly, d(z,x*) = d(fz,fx*) # 0
and so we can apply condition (2.1) for the pair (z,x*). Now, by (2.1) we get

1<y (d(an) = (@(faf) = [ (@)™ < v (dzn)),
which leads to contradiction. Thus, we have a unique fixed point of f in X. O

For speciﬁc choices of function ¥, we obtain some significant results. First, by taking
¥(t) = eVt in (2.1), we state a generalization of Ciri¢ result in [3].
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Theorem 2.4 Let (X, d) be a complete metric space and f : X — X be a continuous map-
ping. Suppose that there exist positive real numbers ki, ky, ks, ko, with 0 < ky + ky + ks +2ky <
1, such that

Ve, fy) < kiJd(x,y) + ko Jd(x,fx) + ks/d(, fy) + kar/d(x, fy) + d(y, f) (2.2)

forall x,y € X. Then f has a unique fixed point.

Remark 2.5 Notice that condition (2.2) is equivalent to

d(fx,fy) < ki>d(x,y) + ko> d(x, fx) + ks*d (3, fy) + ka*[d(x,fy) + d(,f%)]
+ 2kiko/d(x, y)d(x, fx) + 2k ks~/d(x, y)d(y, fy)
+ 2k1k4\/d(x,y) [d(x,fy) + d(y,fx)] + 2koks+/d(x, fx)d(y, fy)

+ 2k2k4\/ d(x, fo)[dx, ) + d(y, f)] + 2k3k4\/ Ay, f)|d(x, ) + d(y,fx)].

Next, in view of Remark 2.5, by taking k; = k4 = 0 in Theorem 2.4, we obtain the follow-

ing extension of Kannan result.

Theorem 2.6 Let (X, d) be a complete metric space and f : X — X be a continuous map-
ping. Suppose that there exist positive real numbers ky, ks, with 0 < ky + k3 < 1, such that

d(fx, fy) < k’d(x, fx) + ks> d(y, fy) + 2koks/ d(x, f)d(y, ) (2.3)
forall x,y € X. Then f has a unique fixed point.

On the other hand, by taking k; = k> = k3 = 0 in Theorem 2.4, we obtain the following
Chatterjea type result.

Theorem 2.7 Let (X,d) be a complete metric space and f : X — X be a continuous map-

ping. Suppose that there exists ky € [0, %) such that

d(fx, fy) < ka*[d(x,fy) + d(y,f2)]
forall x,y € X. Then f has a unique fixed point.
From Theorem 2.4, by taking k4 = 0, we obtain the extension of Reich contraction.

Theorem 2.8 Let (X,d) be a complete metric space and f : X — X be a continuous map-
ping. Suppose that there exist positive real numbers ky, ky, ks, with 0 < ky + ko + k3 < 1, such
that

d(fx.fy) < ki*d(x,y) + ky*d(x, fx) + ks*d(y, fy)

+ 2kiko/d(x, y)d (%, fx) + 2kiks~/ d(x, V)A(W, [y) + 2koks~/ d(x, fx)d(y, fy)

forall x,y € X. Then f has a unique fixed point.

Finally, by taking ¥ (¢) = e Y in (2.1), we have the following corollary.
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Corollary 2.9 Let (X,d) be a complete metric space and f : X — X be a continuous map-
ping. Suppose that there exist positive real numbers ki, ky, ks, ko, with 0 < ky + ko + ks +2ky <
1, such that

Jd(fx, fy) < kiv/d(x,y) + ko3 d(x, fx) + ka/d (5, fy) + ka/d(x,fy) + d(y, fx)
forallx,y € X. Then f has a unique fixed point.

3 Generalized -Suzuki type contractions

Czerwik in [19] introduced the concept of b-metric space. Since then, several papers dis-
cussed fixed point results for single-valued and multi-valued operators in b-metric spaces
(see, e.g, [19, 20]).

Definition 3.1 Let X be a (nonempty) set and s > 1 be a given real number. A function
d:X x X — R* is a b-metric if, for all x, y,z € X, the following conditions are satisfied:

(by) d(x,y)=0iff x =,
(ba) d(x,y) =d(y,x),
(bs) d(x,z) <sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric space.

Definition 3.2 (see [21]) Let (X, d) be a b-metric space.
(i) A sequence {x,} in X is called b-convergent if and only if there exists x € X such
that d(x,,,x) — 0 as # — o0. In this case, we write lim,,_, oo X, = x.
(i) A sequence {x,} in X is said to be b-Cauchy if and only if d(x,, x,,,) — 0 as
n,m —> 00.
(ili) The b-metric space (X,d) is b-complete if every b-Cauchy sequence in X is
b-convergent.

Note that a b-metric need not be a continuous function. The following example (cor-
rected from [22]) illustrates this fact.

Example 3.3 Let X = NU {oo} and letd: X x X — R be defined by

0 ifm=n,
|$ — 11" if one of m, n is even and the other is even or oo,
d(m,n) =
if one of m, n is odd and the other is odd (and m # 1) or oo,
2, otherwise.

It can be checked that for all m, n, p € X, we have

d(m,p) < ;[d(m, n) + d(n,p)].

Thus, (X, d) is a b-metric space (with s = 5/2). Let x,, = 2n for each n € N. Then

1
d(2n,00)= — — 0 asn— 0o,
2n

i.e., x, — 00, but d(x,,1) =2 -» 5 =d(oc0,1) as n — o0.
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It is easy to prove the following lemma.

Lemma 3.4 Let (X,d) be a b-metric space with s > 1. If a sequence {x,} C X is b-con-

vergent, then it admits a unique limit.

Now, we consider a new set of real functions, say ®. Precisely, we modify the set ¥ by
substituting the condition 13 by another condition. Applying this condition we can have a
wide range of functions. Thus, we denote by ® the set of all functions 6 : (0, c0) — (1, c0)

satisfying the following conditions:

(61) 6 is nondecreasing;
(6) for each sequence {¢,} € (0,00), lim,,—, o 0(%,) = 1 if and only if lim,—, » &, = 0;
(63) 6 is continuous.

Remark 3.5 It is clear that f(¢) = e’ does not belong to W, but f(¢) = ¢/ € ®. Another
examples are f(£) = cosht and f(£) =1 + In(1 + ¢) for all £ > 0.

In 1962, Edelstein (see [23]) proved an interesting version of the Banach contraction
principle. In 2009, Suzuki (see [24]) proved certain remarkable results to improve the
results of Banach and Edelstein (see also [22, 25-27]).

Now, we are ready to prove the following Suzuki-Edelstein type theorem. The values
of M(x,y) in the sequel appeared recently in [28]. Also, we assume that o : X x X —
(0, 00).

Theorem 3.6 Let (X,d) be a b-complete b-metric space with s > 1, and let f be a triangular
a-admissible mapping. Suppose that there exist 6 € ® and k € (0,1) such that

%Sd(x,fx) <d@xy) = a®yo(sdf.m) < [0(Mx)] (3.1)
for all x,y € X with fx # fy, where

d(x, fx)d(x, fy) + d(y, fy)d(y, fx)
1+s[d(x,fx) +d(y,fy)] ’
d(x, fx)d(x, fy) + d(y, /y)d(y, fx) }
L+d(x,fy) + d(y, fx) '

M(x,y) = max{d(x,y),

Also, suppose that the following assertions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,, x441) > 1, for all n € NU {0}, such that x,, — x
as n — oo, we have a(x,,x) > 1 for all n € N U {0}.
Then f has a fixed point.

Proof Let xy € X be such that a(xg,fxo) > 1. Define a sequence {x,} by x, = f"x, for all
n € N. Since f is an «-admissible mapping and «(xo,%1) = (x0,fxo) > 1, we deduce that
a(x1,%2) = a(fxog,fx1) > 1. Continuing this process, we get that a(xy,,x,,1) > 1 for all n €
N U {0}. Without loss of generality, we suppose that x,, # x,,,; for all N U {0}. We will do
the proof in the following steps.
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Step I: We will show that lim,,_, o, d(x,,, %,,41) = 0. Since a(x,, x,,,1) > 1 for each n € N, and
%Sd(xn_l,fx,,_l) < d(x,-1,%,) then by (3.1) we have

0/(d(@%n.1)) = 6 (d(ficn1, fen)
< (o1, %0)0 (A (1, %))
< [6(M@,1,%0))]
= [0(d(1,%))]"
< 0/(d(Xn-1,%n)) (3.2)

because

d(xn—l,fxn—l)d(xn—hfxn) + d(xmfxn)d(xmfxn—l)
1+ S[d(xn—lrfxn—l) + d(fxn—l!fxn)]
d(xn—lyfxn—l)d(xn—l:fxn) + d(xn)fxn)d(xmfxn—l) }
1+ d(x,,_l,fxn) + d(xmfxn—l)

)

M(xn—ly xn) = max { d(xn—lx xn),

d(xn—l; xn)d(xn—lr xn+1) + d(xm xn+1)d(xm xn)
1+ S[d(xn—l,xn) + d(xmxm—l)]

’

= max { d(xnfl; xn);

A1, %0)A X1, %ps1) + A(Xy K1) A (X5 X1)
1+ d(xn—l: xn+1) + d(xn;xn)
= dXy_1,%n).
Therefore, we have
k k"

1< 0(d(xnirr %)) < [0(d®nsx0-1)) ] < [0(d(x1,%0))]"
This gives us that

lim d(xmxnﬂ) =0

H—0Q
by our assumptions about function 6.

Step 11: Now, we prove that the sequence {x,} is a b-Cauchy sequence. Suppose the con-
trary, i.e., {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find
two subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which

n>m;>i and  d(x,;,x,;) > €. (3.3)
This means that
d(xm,vrxni—l) <é.

From (3.3) and using (bs), we get

&= d(xmi:xni) = Sd(xmi¢xm,-+1) + Sd(xm,-ﬂy xnl-)-
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Taking the upper limit as i — oo, we get

& < 1im sup (1, %,)- (3.4)
S

Remember that from (3.2) and (6;) we get
d(xnrxnﬂ) =< d(xn—lyxn) (35)

for all n € N. Suppose that there exists iy € N such that

1
gd(xmio ,fxml-o ) > d(xmio 1xni0 71)
and

1

Zd(x’”io +1,fxm,»0 a) > d(xm,‘0 +10 Xy 1)

Then, from (3.5), we have

d(xmio ’xmio +1) = S[d(xmio ’ x”ig —1) + d(xmio +1» x”io —1)]

1 1
<s gd(xmio rfxm,'o) + gd(xmio +1’fxmi0+l)i|
1
= E [d(xmio »Xmj, a)+ d(xmio +1 Xim +2)]
1
= 5 [d(xmio )xmio +1) + d(xml‘o ’xm,-o +1)] = d(xml‘o ’xmio +1),

which is a contradiction. Hence, either

1
gd(xmi:fxmi) = d(xm,-;xni—l)

or
1
_d(xmﬁl:fxmﬁl) =< d(xmﬁl:xni—l)
2s

holds for all i € N.

First suppose that

1
gd(xmi:fxmi) = d(xmi;xni—l) (36)

holds for all i € J, where J is an infinite set. As from Lemma 1.5, ot(%,;, X,1) > 1, according
to (61) we obtain that

9<52 . E) < 9<s2 -lim sup d(xmﬁl,xni))

i—00,i€]

< [9 (limsupM(xmi,xnl._ﬂ)]k < [9(8)]](

i—00,i€]
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because, from the definition of M(x, y) and the above limits, we have
lim sup M(%,ys, %r,-1)
i—>00,ic]
d(xmi rfxmi )d(xmi :fxni—l) + d(xni—l’fxn,'—l )d(xni—lrfxmi)
1+ S[d(xmi»xni—l) + d(fxm,ﬂfxnt—l)] '
d(xmi:fxmi)d(xmitfxni—l) + d(xnl-—l’fxn,’—l)d(xn,-—bfxmi) }
1+ d(xmi;fxni—l) + d(xni—lvfxmi)

= lim sup max { A(Km;s Xn—1)5
i—00,i€]

d(xm,'r xmi+1)d(xm,vr xn,-) + d(xnl-—ly xni)d(xn,'—lx xmi+1)

’

= lim sup max { AKX Xni-1),

i o0jie] 1+ 5[d (X %n,-1) + AKXy 15 %n,)]

d(xmi’xmi+l)d(xmiixni) + d(xni—lr xni)d(xni—lixmi+l) }
1+ d(xm,v:xni) + d(xni—lyxmi+l)

<eg

)

which implies that 6(s* - )< [6(¢)]¥, a contradiction.

Now, if ] is a finite set, then we can assume that

1
2_Sd(xmi+l’fxm,’+l) =< d(xml‘+l’ xni—l)

holds for all i € N. Further, from (3.3) and using (bs3), we get
&= d(xmi:xni) = Sd(xmi:xmi+2) + Sd(xmﬁZr xni)'
Taking the upper limit as i — oo, we get

& .
— < limsup d (X, 42, %)
S i—00

Also, from (3.4) and using (bs), we get
AXpn415%n-1) < SA X1, %) + SA(Kpys Xni-1).
Taking the upper limit as i — oo, we get

1im sup (%, 41, Xn—1) < se.
i—00

From Lemma 1.5, &¢(%y,41, %4,-1) > 1, and so we have

i—00

9<s2 . f) < 0(s2 - lim sup d(xmﬁz,xn,-))
s

< [0 (lim supM(xm,+1,xni_1)>]k < [9(58)]k

i— 00
because

lim sup M(Xs,.41, %,-1)

i—00

= lim sup max { A Ky 15 Xn-1)5

i—00
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d(xmﬁl’fxmi+l)d(xmi+1:fxni—l) + d(xn,'—bfxni—l )d(xni—lrfxmi+1)
1+ S[d(xmﬁl:xni—l) + d(fxmﬁl:fxn,v—l)] ’
Ay 1 fom; 1) A Xy 1, ;1) + A1, ;1) A1 [ 1) }
1+ d(xm,'+1»fxn[—l) + d(xn,'—l;fxmﬁl)

= lim sup max{d(xmﬁl,x,,i_l),
i—00
d(xm,url: xmi+2)d(xmi+1,xn,v) + d(xni—1> xn;)d(xni—l¢ xmi+2)
1+ S[d(xmi+lrxni—1) + d(xmi+27xnl-)]

’

d(xmﬁl»xmi+2)d(xmi+1,xn,') + d(xn[—l»xni)d(xni—l’xmi+2) }
1+ d(xml'+17 xni) + d(xni—lr xmﬁZ)

S SE,
a contradiction. Therefore, in all cases {x,} is a b-Cauchy sequence, and hence b-com-

pleteness of X yields that {x,} b-converges to a point x* € X.
Remember that from (3.2) we get

Ay Xpi1) < A(Xy-1,%0) (3.7)

for all n € N. Suppose that there exists ny € N such that

1
Zd(xnoyfxno) > d(‘xno’x*)

and

1

2_Sd(xn0+1!fxno+l) > d(xn0+11x*)~

Then from (3.7) we have

d(xng’xnoﬂ) = s[d(xnorx*) + d(xn0+1,x*)]

1 1
<S gd(xno,fxno) + %d(xn0+11fxno+l)i|
1
= E[d(xno:xnoﬂ) + d(xn0+lﬁxn0+2)]
1
=< 5 [d(x}’l()’xn0+1) + d(xnorxn0+1)] = d(xnorxn0+1)¢

which is a contradiction. Hence, either

1 *
25 Ao fen) = d(x, %)
or

1
zd(xnﬂ:fxnﬂ) =< d(xm-l; x*)

holds for all # € N. First, suppose that

zisd(xn,fxn) < d(x, ")
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holds for infinitely many values of #, say # € J. Then, from (3.1), we have

0(a(f frn)) < [0 (M(x"5,))]"
for all # € ] because
dx*, fx*)d(x*, fx,) + A%, fr,)d (%, fx*)

1+ s[d(x*, %) + d(fc*, f)] ’

d(x*, fx*)d(x*, fxn) + d(oy, fx,)d(x,, fx*)
1+ d(x*, fx,) + d(x,,fx*) }

M(x*,%,) = max{d(x*,xn),

for all » € N. Taking the limit as n — oo, with # € ], in the above inequality we get that

lim  6(d(fx" fx,)) = L.

n—oo,nejf

This implies that lim,,, o »e; d(fx*, fx,,) = 0. Applying Lemma 3.4, we deduce that
fxt ="
By a similar method we can obtain fx* = x* when

1
Ed(xnﬂ,fxwrl) = d(xnﬂr x*)
holds for infinitely many values of n. Hence, we proved that x* is a fixed point of f. d
Analogously, we can prove the following theorems.

Theorem 3.7 Let (X, d) be a b-complete b-metric space with s > 1, and let f be a triangular
a-admissible mapping. Suppose that there exist 6 € ® and k € (0,1) such that

zisd(x,fx)sd(x,y) = a8 (L) < [6(Mx9)]

for all x,y € X with fx # fy, where

M(x,y) = max{ d(x,y), A fx)d0.fy) . fx)d0.fy) } '

1+d(xy) ~ 1+d(fx,fy)

Also, suppose that the following assertions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,41) > 1, for all n e NU {0}, such that x,, — x
as n — 0o, we have a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

Theorem 3.8 Let (X,d) be a b-complete b-metric space with s > 1, and let f be a triangular
a-admissible mapping. Suppose that there exist 6 € ® and k € (0,1) such that

%Sd(x,fx) <d@xy = a(x,y)@(de(fx,fy)) < [Q(M(x,y))]k
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for all x,y € X with fx # fy, where

) o )y, )
M) = ma"{d("’y " 3 SidGey) + A, ) + A0 )

d(x,fy)d(x,y) }
1+ sd(x,fx) + s3[d(y, fx) + d(y, /)] )

Also, suppose that the following assertions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,41) > 1, for all n e NU {0}, such that x,, — x
as n — oo, we have a(x,,x) > 1 for all n € N U {0}.

Then f has a fixed point.

The following corollaries are immediate consequences of the obtained theorems.

Corollary 3.9 Let (X, d) be a b-complete b-metric space with s > 1, and let f be a triangular
a-admissible mapping. Suppose that there exist 0 € ©, k € (0,1) and «, B,y € [0,1) with

o+ B +y <1such that

-l f) < d(x)
S

d(x, fR)d(y, d(x, fr)d(y, k
R e N

for all x,y € X with fx # fy. Also, suppose that the following assertions hold:

(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,,1) > 1, for all n € NU {0}, such that x,, — x

as n— 00, we have a/(x,,x) > 1 for all n e NU{0}.

Then f has a fixed point.

Corollary 3.10 Let (X, d) be a b-complete b-metric space with s > 1, and let f be a trian-
gular a-admissible mapping. Suppose that there exist 0 € ©, k € (0,1) and o, B,y € [0,1)

witha + B+ y <1 such that

-l ) = dx)
d(x, fx)d(x, d(y, fy)d(y,
IR e

d(x, fx)d(x,fy) + d(y,f5)d(y, fx) )T
1+d(x,fy) + d(y, fx)

for all x,y € X with fx # fy. Also, suppose that the following assertions hold:

(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,,1) > 1, for all n € NU {0}, such that x,, — x

as n — 00, we have a/(x,,x) > 1 for all n e NU{0}.

Then f has a fixed point.

Corollary 3.11 Let (X, d) be a b-complete b-metric space with s > 1, and let f be a trian-
gular «-admissible mapping. Suppose that there exist 0 € ©, k € (0,1) and o, B,y € [0,1)
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with a + B + y <1 such that

L, fr) < d(,)
2s

d(x, fx)d(y,
= a0 < [9 (“d(x’y VPG y(;cﬁx%yi A0,/

. d(x,fy)d(x,) >]k
Y sd(o f) + $51A(y,fx) + A0 fy)]

forall x,y € X with fx # fy. Also, suppose that the following assertions hold.:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,41) > 1, for all n e NU {0}, such that x,, — x
as n — 0o, we have a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

Taking 6(¢) = e’ for all £ > 0, in the above corollaries we obtain the following new results.

Corollary 3.12 Let (X,d) be a b-complete b-metric space (with parameter s > 1), and let
f be a triangular o-admissible mapping. Suppose that there exist 6 € ©, k € (0,1) and
o,B,y €[0,1) witha + B +y <1 such that

-l ) < d(x)
S

d(x, fx)d(y, d(x, fx)d(y,
= lnoz(x,y)+s2d(fx,fy)5k[o¢d(x,y)+ﬂ (ffg(xwy{y)+y itf;)(fx(i};;y)]

forall x,y € X with fx # fy. Also, suppose that the following assertions hold.:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,x%,41) > 1, for all n e NU {0}, such that x,, — x
as n — oo, we have a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

Corollary 3.13 Let (X,d) be a b-complete b-metric space (with parameter s > 1), and let
f be a triangular o-admissible mapping. Suppose that there exist 0 € ©, k € (0,1) and
o, B,y €[0,1) witha + B+ y <1 such that

L ) < d(x,)
2s

d(x, fx)d(x, dly,fyd(,
R e o

d(x, fx)d(x,fy) + d(y,fy)d (%fx)]
1+d(x,fy) +d(y, fx)

for all x,y € X with fx # fy. Also, suppose that the following assertions hold:
(i) there exists xo € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,,1) > 1, for all n e NU {0}, such that x,, — x
as n — oo, we have a(x,,x) > 1 for all n € N U {0}.
Then f has a fixed point.
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Corollary 3.14 Let (X,d) be a b-complete b-metric space (with parameter s > 1), and let
f be a triangular o-admissible mapping. Suppose that there exist 6 € ©, k € (0,1) and
o, B,y €10,1) witha + B +y <1 such that

L fr) < d(,)
2s

d(x, fx)d(y,
= lna(x,y)+s2d(fx,fy)§k[ad(x,y)+ﬁl+s[d(x )E;C-{jg(x(j”;;y-)rd(yfx)]

N d(x, fy)d(x, y) ]
Y v sd(o fx) + S51d(, fx) + A0, f5)]

forall x,y € X with fx #fy. Also, suppose that the following assertions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) for any sequence {x,} in X with a(x,,%,41) > 1, for all n e NU {0}, such that x,, — x
as n — oo, we have a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

The following example supports our results.

Example 3.15 Let X = R. Define a metric d on X by d(x,y) = (x — y)%. Clearly, (X,d) is a
complete b-metric space, with s = 2. Also, let k = % and define f: X — X, 6 : (0,00) —
(1,00) and o : X x X — [0, 00) by

Tx  ifx€{0,4,5},

fx)= 0(t) = cosht,

2x, otherwise,

1 ifx,ye{0,4,5},
ax,y) =
0, otherwise.
First, we assume that %d (2,fx) < d(x,y) and a(x,y) > 1 with fx # fy. Then,
(x,9) € {(0,4),(0,5),(4,0),(4,5),(5,0), (5,4)}.

Now, we consider the following cases:
« Let (x,7) = (0,4), then

a(x,)8 (s*d(fx,fy)) = cosh(4 - d(0,1)) = 27.3082328
< y/cosh(16) = +/4443055.26

- 2107.85561 < [6(M(0,4))]".
« Let (x,%) =(0,5), then

a(x,y)0 (s2d(fx,fy)) = cosh (4 . d((), Z)) =259.007378

< /cosh(25) = 1/3.60024497 x 1010

- 189743.115 < [6(M(0,5))]".
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o Let (x,9) = (4,5), then

a(x,)0(s*d(fx, fy)) = cosh (4 -d (1, 2)) =1.0314131

< y/cosh(1) = +/1.54308063

= 1.24220797 < [6(M(4,5))]".
We deduce that

) Sdwy) = () < [0(M)]

for all x,y € X with fx # fy, where (we recall)

M(x,y) = max { d(x,y), d(x,fx)d(.fy) d.fx)d(y,fy) } .

1+d(xy) ~ 1+d(fx.fy)

Therefore, all conditions of Theorem 3.7 hold true and f has a fixed point. Here, x =0 is a
fixed point of f.
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