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1 Introduction

It is well known that equilibrium problems and mixed equilibrium problems have been
important tools for solving problems arising in the fields of linear or nonlinear program-
ming, complementary problems, optimization problems, variational inequalities, fixed
point problems and in certain applications to economics, physics, mechanics and engi-
neering sciences, etc. One of the most significant topics in the theory of equilibria is to de-
velop effective and implementable algorithms for solving equilibrium problems and mixed
equilibrium problems (see, e.g., [1-13] and the references therein).

The aim of this paper is to present an iterative method for solving solutions of a fam-
ily of mixed equilibrium problems with a relaxed n-o-monotone mapping and a nonlin-
ear operator equation involving an infinite family of asymptotically quasi-¢-nonexpansive
mappings in the intermediate sense.

The organization of this paper is as follows. In Section 2, we provide some necessary
preliminaries. In Section 3, an iterative algorithm is presented. A strong convergence the-
orem is established in a reflexive Banach space. Some results in Hilbert spaces are also
discussed.
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2 Preliminaries

In this paper, without other specifications, let N* and R be the sets of positive integers and
real numbers, respectively, C be a nonempty, closed, and convex subset of a real reflexive
Banach space E with the dual space E£*. The norm and the dual pair between E* and E are
denoted by | - || and (-, -), respectively. Recall that the normalized duality mapping J from
E to 2F" is defined by Jx = {x* € E*: (x,x*) = ||x]|® = [|«*||%}.

Recall that E is said to be strictly convex if || ’% | <1forallx,y e E with |x|| = ||y|| = 1and
x # y. It is said to be uniformly convex if lim,,_, » ||, — ¥, || = O for any two sequences {x,}
and {y,} in E such that ||x,|| = |[y.]l =1 and lim,,_, o ||@|| =l LetU={x€E:|x|=1}
be the unit sphere of E. A Banach space E is said to be smooth provided lim,_, ”x”yiw
exists for each x,y € U. It is said to be uniformly smooth if the limit is attained uniformly
for x,y € E. It is well known that if E is uniformly smooth, then J is uniformly norm-to-
norm continuous on each bounded subset of E and E is uniformly smooth if and only if
E* is uniformly convex.

In the paper, we use — and — to denote the strong convergence and weak convergence,
respectively. Recall that a Banach space E enjoys the Kadec-Klee property if for any se-
quence {x,} C E, and x € E with x, — x, and ||x,|| — ||x|, then |x, — x| = 0 as n — o0
(see, e.g., [14] and the references therein). It is well known that if E is a uniformly convex
Banach space, then E enjoys the Kadec-Klee property.

As we all know, if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H — C is the metric projection of H onto C, then P¢ is nonexpansive. This fact actu-
ally characterizes Hilbert spaces and consequently, it is not available in more general Ba-
nach spaces. In this connection, recently, Alber [15] introduced a generalized projection
operator I1¢ in a Banach space E which is an analog of the metric projection in Hilbert

spaces.

Next, we assume that E is a smooth Banach space. Let ¢ : E X E — R be a function
defined by

¢(x) = I%1” ~2(@.Jy) + Iy, ¥x,y € E. 1)

Observe that, in a Hilbert space H, (2.1) is reduced to ¢(x,y) = ||x — y||? for all x,y € H.
Recall that the generalized projection I¢ : E — C is a mapping that assigns to an arbitrary
point x € E the minimum point of the functional ¢(x,y); that is, [Tcx = &, where % is a
solution to the minimization problem

¢(x,x) = inf ¢ (y, %), (2.2)
yeC
the existence and uniqueness of the operator I1¢ follow from the properties of the func-

tional ¢(x,y) and strict monotonicity of the mapping J (see, e.g., [14, 15]). In Hilbert spaces,
[1¢c = Pc. It is obvious from the definition of function ¢ that

(Iyl = 1x0)* < ¢G2) < (Iyll + Ix0)*,  Vay€E (2.3)

and

oY) =dx,2) + Pz, y) +2x —2,Jz - Jy), Vx,9,z€E. (2.4)
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Remark 2.1 If E is a smooth, strictly convex, and reflexive Banach space, then ¢(x,y) =0
if and only if x = y (see [14, 15] and the references therein).

In [16], Fang and Huang introduced a concept called a relaxed n-o-monotone mapping.
A mapping A : C — E* is said to be relaxed n-o-monotone if there exists a mapping 7 :
C x C — E and a function « : E — R with «(tz) = Pa(z) for all £ > 0 and z € E, where p > 1
is a constant, such that

(Ax - Ay, n(x,y)) >ax-y), VxyeC.

Especially, if n(x,y) = x — y for all x,y € C and «/(z) = k||z||?, where p > 1 and k > 1 are two
constants, then A is said to be p-monotone (see, e.g., [17-19]). They proved that, under
some suitable assumptions, the following variational inequality is solvable: find x € C such
that

(A% n0,2)) +£0) -f(x) 20, ¥yeC, (2.5)

where f is a function from C to R U {oo}. They also proved that the variational inequality
(2.5) is equivalent to the following: find x € C such that

(Ay, n(, %)) + () —f (%) = a(y —x), VyeC. (2.6)

Recently, in [5], Chen et al. studied the following mixed equilibrium problem: find x € C
such that

O(x,y) +(Ax,n(y,x)>+f(y) —fx)>0, VyeC. (2.7)

Here ® is a bifunction from C x Cto R, f : C x C — RU {+00} is a proper convex function,
A: C — E* is a relaxed n-a-monotone mapping and 7 is a mapping from C x C to E.
Denote the set of solutions of the problem (2.7) by EP(®, A), i.e.,

EP(©,A) = {x € C| O(x,y) + (Ax,n(,%)) + f(y) - f(x) = 0,¥y € C}.
Special cases: (I) If A = 0, then the problem (2.7) is equivalent to find x € C such that
O,y +f() -f(x) >0, VyeC. (2.8)

This is called the mixed equilibrium problem. Denote the set of solutions of (2.8) by
MEP(®,f).
(II) If A =0, f = 0, then the problem (2.7) is equivalent to find x € C such that

®(x,y) >0, VyeC. (2.9)

This is called the equilibrium problem. Denote the set of solutions of (2.9) by EP(®).
(L) If ® = 0, then the problem (2.7) is equivalent to the variational inequality (2.5) and
(2.6). Denote the set of solutions of (2.5) and (2.6) by .
In order to solve the equilibrium problem, the bifunction © is usually to be assumed
that following conditions are satisfied:
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(C1) O,x)=0forallx e C;

(C2) O is monotone; that is, O(x,y) + O(y,x) <0 for allx,y € C;

(C3) forallx,y,ze€ C, lim sup, o O(tz+ (1 -1tx,y) < Ox,y);

(C4) forall x € C, ©(x, -) is convex and lower semicontinuous.

Let C be a nonempty subset of E and let T: C — C be a mapping. In this paper, we use
F(T) to denote the fixed point set of T'. T is said to be asymptotically regular on C if for
any bounded subset K of C, lim,_, ;o0 Sup,cx || 7" % — T"x|| = 0. T is said to be closed if
for any sequence {x,} C C such that lim,_, - %, = %o and lim,_,» Tx, = yo, then Txq = yo.

Recall that a point p in C is said to be an asymptotic fixed point of 7' [20] if C contains
a sequence {x,} which converges weakly to p such that lim,_, « [|x, — Tx,|| = 0. The set of
asymptotic fixed points of T will be denoted by F(T).

A mapping T is said to be relatively nonexpansive if
ET)=F(T)#9%, ¢ Tx) <d(p.x), VxeC,peFE(T).
A mapping T is said to be relatively asymptotically nonexpansive if
ET)=FT)#0,  ¢(p.T"%) <1+ pu)dp.x), VxeCpeF(T),n>1,
where {11,,} C [0,00) is a sequence such that u,, — 0 as n — oo.

Remark 2.2 The class of relatively asymptotically nonexpansive mappings was first con-

sidered in [21] (see also, [22] and the reference therein).

Recall that a mapping 7 is said to be quasi-¢-nonexpansive if
F(T)#9, o(p, Tx) < ¢p(p,x), Vxe C,peF(T).

Recall that a mapping T is said to be asymptotically quasi-¢-nonexpansive if there exists

a sequence {u,} C [0,00) with i, — 0 as n — oo such that
F(T) 49, o(p, T"x) < 1+ w)p(,x), VxeC,peF(T),n>1.

Remark 2.3 The class of quasi-¢-nonexpansive mappings was first considered in [23].
The class of asymptotically quasi-¢-nonexpansive mappings that was studied in [24] and

[25] includes the class of quasi-¢-nonexpansive mappings as a special cases.

Remark 2.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are more general than the class of relatively nonexpan-
sive mappings and the class of relatively asymptotically nonexpansive mappings which
require the strong restriction that E(T) = E(T).

Remark 2.5 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive
mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.
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Recall that T is said to be asymptotically quasi-¢-nonexpansive in the intermediate
sense if F(T) # ¥ and the following inequality holds:

limsup sup (¢(p, T"x) — p(p,x)) <O. (2.10)

n—00 peF(T)xeC

Putting

&= max{O, sup (¢(p, T”x) - o(p, x)) },

PpeF(T)xeC
it follows that &, — 0 as n — oco. Then (2.10) is reduced to the following:
¢(p. T"x) < ¢(p,x)) + &0, Vp e F(D),x € C. (211)

Remark 2.6 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-

diate sense was first considered by Qin and Wang in [26].
The following Example 2.1 and Example 2.2 show that there is an asymptotically quasi-
¢-nonexpansive mapping in the intermediate sense with the nonempty fixed point set

which is not ¢-nonexpansive mapping.

Example 2.1 Let E = R! = {x | |x| < +oo} and C = [0,1]. Define the following mapping

T:C— Cby
1 1
Ty = Ex; X € [(1)’ E]y
0, xe(i,l]

Then F(T) = {0} (#9), E is a Hilbert space and ¢(-, -) is reduced to ¢(x, y) = |x — y|? for all
x,y € E. We also have the following:

limsup sup [¢(p, T"y) - ¢(p,y)]

n—+00 peF(T),yeC

= limsup sup[¢ (0, T"y) — ¢(0,)]

n—>+o00 yeC

1
:1imsupsup(|T”y|2—|y|2)flimsupmax[<——1> inf |y?,- inf |y|2]

n—+o00 yeC n—+00 221 ye[O,%] ye(z1]

1
= limsupmax(O, _E> =limsup0 = 0.

n—+00 n—+00
1. 1,1 _
Letxo = 3,50 = 3 + 35 € C=[0,1], then

2

2 ]' 2
& (Txo, Tyo) = |Txo — Tyol|” = Exo—o =E>|xo—yo|
1 /1 1\ 1 o |
=|l—= =+ = = = ¢ (x9, .
2 272 1,024 0:Jo
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These imply that T is an asymptotically quasi-¢-nonexpansive mapping in the interme-
diate sense which is not ¢-nonexpansive mapping. In fact, we may prove that 7 is an

asymptotically ¢-nonexpansive mapping in the intermediate sense.

Example 2.2 Let E = /> and C = {x e 2| x| <1}, where 2 = {0 = (61,02,...,0p,...) |
Z |Gn|2 < +oo}. o = (Zn 1|Gn| , Vo = (01,00,...,0p,...) € I} (o,n) = Z;:Cl} Onllns
Vo =(01,09,...,0u,...), 1 = (171,772,...,77,,,...) el

Let T : C — C be a mapping defined by

T(xl,xQ,xg, .o ) = (0! x%; anXy, A3X3, .. ')1 V(xler’xfi: .. ) S C;

where {4;} is a sequence in (0,1) such that ]_[1 RS
It is proved in Goebel and Kirk [27] that
(i) I1Tx - Tyll <2|lx -y, Y,y € C;
(i) 17" - "] < @[T, @)lx -y, Va,y € C, Vn = 2.
It is clear that F(T) = {0} (#¥), E is a Hilbert space, ¢(x,y) = ||lx - y||? for all x, y € E, and

from (i) and (ii), we have
n 2 n 2
|75)" = |77y - 770|* < (21"[a,-> ly=0l* = (21"[4;) IyI?, VyeCVnz2,
j=2 j=2

and

limsup sup [¢(p, T"y) - $(p,7)]

n—+00 peF(T)yeC

= limsup sup[¢ (0, T"y) — ¢(0,)]

n—>+00 yeC

—llmsupsup(”T y|| — Iyl ) [11msup|:(2l_[a,> - :” . (;2%”)’”2)

n—+00 ye j 2

CORES

Letxy =(1,0,0,...), 50 = (%,O, 0,...),and zg = (—%,0,0,..,) € C, then

2 1 2 9
= 1—— = —
4 16

2 1\* 4
=<1—§) =E=¢(x0»3’0)

1
@ (Txo, Tyo) = || T — Tho||* = H (0,1%,0,...) - (0, Z’O””>

1
> [lxo = yoll* = H(Lo,o,...)— (5,0,0,...>

and

1 5 1
T (xo + zo) = <0,E,0,0,...) 7’(0,1,0,0,..) =(0,1,0,0,...) + <0,E,0,0,...)

= Txo + TZ();
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These imply that T': C — C is an asymptotically quasi-¢-nonexpansive nonlinear map-
ping in the intermediate sense with the nonempty fixed point set which is not a ¢-
nonexpansive nonlinear mapping.

Remark 2.7 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense is a generalization of the class of asymptotically quasi-nonexpansive mappings
in the intermediate sense, which was considered by Kirk [28], in the framework of Banach
spaces.

The following lemmas are needed for the proof of our main results in next section.

Lemma 2.1 [15] Let C be a nonempty closed convex subset of a smooth Banach space E
and x € E. Then xo = Hcx if and only if

(w0 —y,Jx —Jxo) =0, VyeC.

Lemma 2.2 [15] Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E and x € E. Then

¢y, Mex) + p(Mex, x) < Pp(y,x), VyeC.

Lemma 2.3 [5] Let E be a strictly convex, uniformly smooth Banach space with the dual
space E* and let C be a nonempty closed convex subset of E. Let A : C — E* be an n-
hemicontinuous and relaxed n-o-monotone mapping, let ® be a bifunction from C x C
to R satisfying (C1), (C2), and (C4), and let f be a proper convex function from C x C to
R U {+00}. Let r > 0 and define a mapping T, : E — C as follows:

T, (x) = {ze C:0(z,y) +<Az,n(y,z)> +f(y) - f(z) + %(y—z,]z—]x) >0,Vye C},

forall x € E. Assume that
(i) n(xy) +ny,x) =0, forall x,y € C;
(i) for any fixed u,v € C, the mapping x — (Av,n(x,u)) is convex and lower
semicontinuous;
(iii) o : E — R is weakly lower semicontinuous; that is, for any net {xg}, xg converges to x
in o (E,E*) implying that a(x) < liminfa(xg);
(iv) foranyx,ye C,ax—y) +a(y —x) > 0;
V) (Atz1 + 1= B)z0), n(y, tz1 + L = B)z2)) > t{Az1, (¥, 21)) + (1 — £)(Az2, (¥, 22)), for any
21,22,y € Cand t € [0,1].
Then the following hold:
(1) T, is single-valued,;
(2) T, is a firmly nonexpansive-type mapping; that is, for all x,y € E,

(Trx - Ty, JTx _]Try> =< (Trx - Tryx]x _]y);

(3) F(T,) = EP(©,A);

(4) T, is quasi-¢-nonexpansive satisfying ¢p(w, Tyx) + ¢(T,x,x) < ¢p(w, x) for all
we F(T,) and x € E;

(5) EP(®,A) is closed and convex.
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Lemma 2.4 [29] Let E be an uniformly convex Banach space, and let r > 0. Then there
exists a strictly increasing, continuous, and convex function g : [0,2r] — R such that g(0) =
0 and

2 o0
2
<Y aillxl® - ciog(llxi - %),
i=1

o0
E QX
i=1

for all x1,%;,...,%N,... € B, :={x € E: ||x|| <r} and a1,0s,...,aN,... € [0,1] such that
Y=L

3 Main results

Theorem 3.1 Let E be a strictly convex, and uniformly smooth Banach space such that
E has the Kadec-Klee property. Let C be a nonempty closed and convex subset of E and
let A be an index set. Let A : C — E* be an n-hemicontinuous and relaxed n-a-monotone
mapping, let ©; be a bifunction from C x C to R satisfying (C1)-(C4) for every j € A, and
let f be a proper convex and lower semicontinuous function from C x C to R U {+00}.
Let T; : C — C be an asymptotically quasi-p-nonexpansive mapping in the intermedi-
ate sense for every i > 1. Assume that T; is closed asymptotically regular on C and F =
N E(TH N ﬂjeA EP(®;,A) is nonempty and bounded. Also assume that the conditions
(i)-(v) in Lemma 2.3 and the following condition hold:

(vi) forallx,y,z,we C,

limsup(Az, n(x, ty + (1 - )w)) < (Az, n(x, w)).

£40

Let {x,} be a sequence generated in the following manner:

xo € E chosen arbitrarily,

C,j=C,

G = mjeA CL/”

x1 = I xo,

Yn =] ofn + 3751 nJ T} %n)s

uyj € C such that (3.1)
Oj(ttnj» y) + (At js 1Y thn)) +f () = f ()

ey =ty Junj = Jyu) 20, ¥y €C,

Cuij={z € Cy: d(z,unj) < d(z,x4) + &4},

Cn+1 = mjeA Cn+1,j:

KXn+l = Hcmlxb

where &, = sup;cy+1{0, SuppeF(Ti),xEC(¢(p’ T!'x) — ¢, %)}, {at,i} is a real number sequence
in (0,1) for every i > 1, {r,} is a real number sequence in [k, 00), where k is some positive
real number. Assume that chfo ;=1 and liminf,_, o oy 00,; > O for every i > 1. Then the
sequence {x,} converges strongly to T1gx,, where I is the generalized projection from E
onto F.

Proof The proof is split into the following six steps.
Step 1. We first show that F is closed and convex.

Page 8 of 23
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From Theorem 3.1 in [26], we see that (-, F(T}) is closed and convex, which combines
with Lemma 2.3 shows that the common element set F is closed and convex.

Step 2. Next, we show that C, is closed and convex for each n > 1.

It suffices to show, for any fixed but arbitrary j € A, that C,; is closed and convex. This
can be proved by induction on #. It is obvious that C;; = C is closed and convex. Assume
that Cj,; is closed and convex for some / > 1. We next prove that Cj,,, ; is closed and convex
for the same /. This completes the proof that C, is closed and convex. It is clear that Cj.,,
is closed. We only prove the convexity. Indeed, Ya;,a; € Cy,1, we see that a;,a, € Cy,
and

o(ay, unj) < plas, xn) + &,

and

@(az, upj) < ¢laz, xn) + &p.

Notice that the two inequalities above are equivalent to the following inequalities, respec-
tively:

2 2
2ar, Jxn = Jup) < ||%ull” = llnilI” + &n,

and

2
I

2
2az, Jxn — Jupj) < |lxnll” = lunill” + &g

These imply that

2tay + (1= t)az, Jn — Jun,) < lxnll* = Nlunjll* + & V£ € (0,1).

Since Cj,; is convex, we see that ta; + (1 — f)ay € Cy,;. Notice that the above inequality is
equivalent to

¢(tar + (1 - t)az, upj) < $(tar + (1 - t)az, %) + &

It follows that Cj.,; is convex. This in turn implies that C, is closed and convex for all
n>1.

Step 3. We prove that F C C, for each n > 1.

It suffices to claim that F C C,,; for every j € A. In fact, it is obvious that F C C;; = C.
Suppose that F C Cj,; for some /2 > 1 and for every j € A. On the other hand, since T}, ; is
quasi-¢-nonexpansive, according to Lemma 2.3(4), we have, for any w € F C Cy,,

¢(W! Mh,j) = ¢(W’ Trh,,)’h)

< ¢(w,yn)

=¢ (WJ - (ah,olxh +> o T,hxh) )

i=1
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00 2
h
apofxy + E apJT; xy

i=1

o0
= [Iwl* - 2<w, ool + Zah,JTf“xh> -

i=1

IA

o0 o0
2 h 2 h |2
w11 = 200 (w, Jon) =2 Y il w, STV 6) + eono llcall® + > euni | T xn
i=1 i=1

o0
anop(w,xp) + Z i (w, Tl'x)

i=1

o0 [09)
< apod(w,xn) + Y (W) + Y i
i=1

i=1

Pw,xn) + Y i

i=1

= ¢(Wrxh) + Eh, (32)

which shows that w € Cy,1;. This implies that F C C,; for all # > 1 and for every j € A.
Therefore we obtain F C C,. This in turn shows that the sequence {x,} generated by the
algorithm (3.1) is well defined.

Step 4. Next, we prove that the sequence {x,} is bounded.

Observe that x,, = Il¢,x;, we find from Lemma 2.1 that (x, — z,Jx; — Jx,,) > 0 for each
z € C,. Since F C C,,, we know that

(X, — W, Jx1 = Jx,) >0, VYweF. (3.3)
It then follows from Lemma 2.2 that

DX x1) = (M, x1,%1) < ST gy, %1) — (T pxr, %) < G(Mpxy, x1).

This shows that the sequence {¢(x,,x1)} is bounded. We can know from (2.3) that the
sequence {x,} is also bounded.

Step 5. Now we show that x,, — x*, where x* € F as n — 0.

Note that E is an uniformly smooth Banach space, it follows from the uniformly convex-
ity of E* that the space E is reflexive. Since {x,} is bounded, we may assume that x,, — x™.
Since C, is closed and convex, we see that x* € C,. On the other hand, we see from the

weakly lower semicontinuity of || - || that

d(x*,21) = | - 20 ) + a2

<liminf(llx,l|* = 2%, 1) + ll21]1%)
n—0oQ

= liminf ¢ (x,,, x1)
n—00

< limsup ¢(x,,, 1)

n—00

= ¢(x*>xl);
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from which it follows that lim,,_, o ¢(x,,%1) = ¢(x*,x1). Hence, we obtain

Tim [l || =/ lim flac, |* = \/nlirggo{[¢(xn,x1) — (ot x0) ] + ot |+ 20 — 2, )
=y =] = ).

In view of the Kadec-Klee property of E, we see that x, — x* as n — co. Next, we show
thatx* € F.
(a) First we prove that x* € (5, F(T)).

Since x,, = Il¢,%1 and x4 = I, ;%1 € Cy1 C Cp, we find that ¢(x,,,%1) < (%41, %1),

which shows that {¢(x,, )} is nondecreasing. From the boundedness, lim,_, o, ¢(x,,x1)
exists. By w1 = I, %1 € Cpi1 C Cyy, we have

A (i1, %) = PKns1, T, x1) < P, %1) = (T, %1, %1) = P41, %1) — Py, %1).
It follows that

im (1, %,) = 0. (3.4)
In the light of x,,,1 = T¢,,, %1 € Cpi1, We arrive at

O (Xnats ) < O(Xni1, %) + €.
This in turn implies from (3.4) that

lim ¢ (%41, un,j) =0.

n—00
From (2.3), we see that lim,,—, o (|41 || = [1#44,11) = 0. This in turn implies that
i = .
It follows that
fim (g, = lim [lansll = [15°]). (3.5)
n—0o0 n— 00

This implied that {/u,} is bounded. Since both E and E* are reflexive, we may assume
that Ju,,; — u* € E*. In view of the reflexivity of E, we see that J(E) = E*. This implies that
there exists an element #/ € E such that Ji# = u*/. It follows that

S st ) = 16t 1> = 20851 Stk + 1ttmgl> = Wi 1* = 24010, oty + Wik 1%
Taking liminf,_, -, on the both sides of the equality above yields

0 | 2 ) | = | — 2o s + |

= | 1" =2l )+ [ | = 0", ).
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That is, x* = o/, which shows that #*/ = Jx*. It follows that Ju,; — Jx* € E*. In view of
the Kadec-Klee property of £*, we have from (3.5) that lim,,_, o /u,,; = Jx*. In view of the
demicontinuity of J1: E* — E and the Kadec-Klee property of E, we have u,; — x*, as

n — oo. Note that
N P P |

It follows that
lim ||x, — u,,|l = 0. (3.6)
n—00

Since J is uniformly norm-to-norm continuous on any bounded set, we have
lim ||/x, — Jun;| = 0. 3.7)
n—00

On the other hand, we have

dw,x,) — p(w, Mn,j) = ||x,,||2 - ”Mn,j”2 - 2(w,Jx, _]Mn,j>

< 1% = sl (1% |+ N2t ) + 20wl o = Tt -
From (3.6) and (3.7), we obtain

Tim ($(w, %) = (W, ) = 0. (3.8)

Since E is uniformly smooth, we see that E* is uniformly convex. We find from Lemma 2.4
that

¢(Wr un,j) = ¢(W, Trn,jyn)

<o¢w,yn)

= ¢ (erl (an,OIxn + Z an,i]]—','nxn>>

i=1

00 2
§ : n

an,O]xn + an,i]Ti Xn

i=1

[e¢]
= [lwl* - 2<w, o0 + Zan,JT{’xn> +

i=1

oo o0

2 2 2

< WP = 20,0 (W, Jn) =2 W, JT7'%6,) + Cto 121> + Y et 70|
i=1 i=1

- O5n,005n,ig( ”]xn - ]T,‘nxn ||)

0
= an,Od)(Wf xn) + Zan,i¢(w7 Tl‘nxn) - an,Oan,ig(“]xn _]Tinxn ||)

i=1

E an,0¢(wr xn) + Zan,i¢(wx xn) + Z an,ién - an,Oan,ig(”]xn _]Tinxn ”)

i=1 i=1

< oW, xn) +&, — an,Oan,ig(”]xn _]Tinxn ||)
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It follows that
0@ ([ Jen =TT %) < G(w, 2) = P(w, ) + 6.
By the restriction on the sequences, we find from (3.8) that
Jim g([[Jn =TT ) = 0.
It follows that
lim | Jox, —JT}'%4 | = 0.
n—0oQ
Notice that ||JT]x, — Jx*|| < [|JT}'% — Jxull + |Jx, — Jx*||. It follows that
lim | /17, - Jx*|| = 0. (3.9)
n—00
In view of the demicontinuity of /™! : E* — E, we have T/'x, — x*. Note that
1 T7 el = || = [PT70a | = || < 77700 = "

It follows from (3.9) that lim,,_, o | T7'%, || = [|x*||. In view of the Kadec-Klee property of E,
we have lim,_, o || 7/, — x*|| = 0. On the other hand, we have

E) B I o Y [ |
It follows from the uniformly asymptotic regularity of T; that

lim || 77", — x| = 0.
n—00

That is, T;T}'x, — x*. In view of the closedness of T;, we obtain x* = T;x* for each i > 1.
This proves that x* € (<, F(T;).
(b) Next, we show that x* €

jeA

EP(®;,A).
From (3.2), we arrived at ¢(w, y,,) < ¢p(w,x,,) + &,. From u,,; = Ty, ¥n and Lemma 2.3(4),
one has

¢(un,j’yn) = ¢(Trn,jymyn)
<opw,yn) - d(w, Trn,/yn)

< ¢w,x,) + &, — d(w, Mn,/’)-
Thus, it follows from (3.8) that
d(Ujyys) > 0 asn— oo.

From (2.3), we see that lim,,_, o (||#4,,1| — |[¥x]) = 0. This in turn implies from (3.6) that

Tim [yl = )
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It follows that
nli)ﬁolo IJyull = nlggo lyall = H]x* || (3.10)

This implied that {Jy,} is bounded. Since E* are reflexive, we may assume that Jy, — v* €
E*.Inview of J(E) = E*, we see that there exists an element v € E such that Jv = v*. It follows
that

¢(un,j!yn) = ”l'tn,j”2 - 2(”n,j:])’n> + ||yn||2

= Ntmj 1> = 2(sno Jyn) + 1yl
Taking liminf,_,  on the both sides of the equality above yields
*k 2 k 3 Sk 2
0= [l [" = 2f"v*) + v

= [l * - 20, v) + w1

= o)) = 206, ) + vl

= ¢(x*, v).
That is, x* = v, which shows that v* = Jx*. It follows that Jy, — Jx* € E*. In view of the
Kadec-Klee property of E*, we have from (3.10) that lim,,_, o, Jy,, = Jx*. In view of the demi-

continuity of /! : E* — E and the Kadec-Klee property of E, we have y,, — x*, as n — oo.
Note that

lttnj = 9l = [ty = 5[ + 27 =
It follows that
lim ||u,,; - yul = 0.
n—00
Since J is uniformly norm-to-norm continuous on any bounded set, we have
lim || — Jyull = 0. (3.11)
n—00

Note that

1
®j(un,j’y) + <Aun,j; 77()’, un,}')) +f()’) _f(un,j) + r_ (y - un,j’]’/tn,j _]yn) = 0; Vy eC.
nj

From (C2) and (i), it follows that

Wity = Iyl
Iy = | 522 = (At 00 9)) + £ ) = 5) = ©0109)
nyj

> (Aun,j, n(un,j,y)) +f(un)) —f) + Oy, uyj), VYyeC. (312)
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Noticing that 7,,; > k > 0 for all # > 1, it follows from (C4), (ii), (3.11), and (3.12) that

0> (Ax*, n(x*,y)) +f(x*) —fly) + @,(y,x*), Vy e C.

Forall 0 < <1andy € C, define y; = £y + (1 - £))x". Noticing that x*,y € C, one obtains
4 € C, which yields

0> (Ax™, n(x*,ytj)) +f(x%) —flyg) + @,-(yt/.,x*). (3.13)
It follows from (C1), (C4), (i), (ii), the convexity of f, and (3.13) that

0= ©;(yy, ) + {Ax", 00,3} +f ) =f ()
= 4[0101:) + {Ax",00,5)) +.10) ~F )] + A= 5)[ 0535, ")
+ (Ax*, n(x",p5)) + f () = )]
< 4[0,0n,9) + (A", 0 y)) + £ ) = F )]

That is,

Oy, 9) + (Ax*, 0, 3,)) +f ) = f ;) = 0.

Letting ¢ |, 0, it follows from (C3), (vi), and the lower semicontinuity of f that

O (x",y) + (Ax*, n(y,4%)) + f(0) —f(x*) =0, VyeC.

This implies that x* € ﬂjeA EP(©),A).
Step 6. Finally, we prove x* = ITgx;.

Letting n — o0 in (3.3), we obtain
(x* —w,Jx1 —]x*) >0, VweF.
In view of Lemma 2.1, we have x* = [1gx;. This completes the proof. O

Remark 3.1 Theorem 3.1 improves and generalizes the main theorem in Chen et al. [5]
in the following aspects.
(1) From a quasi-¢-nonexpansive mapping to an infinite family of asymptotically
quasi-¢-nonexpansive mappings in the intermediate sense.
(2) From a mixed equilibrium problem to a finite family of mixed equilibrium problems.
(3) From a uniformly smooth and uniformly convex Banach space to a uniformly

smooth and strictly convex Banach space such that the space has the Kadec-Klee

property.

The space in Theorem 3.1 can be applicable to L”, P > 1. Now, we give Example 3.1 in

order to support Theorem 3.1.
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Example 3.1 Let E=/2 and C = {x € I | ||x|| < 1}, where 2 = {0 = (01,02,...,0p,...) |
Y35 loul? < 400} lloll = (535 104l)2, Yo = (01,00, -.,0m,...) € B3 (0,0) = Y0 Oty
Yo = (01,02 ...,0m .0, 1 = (11,125 o s . ..) € 2. Set %9 € C and ||x9]| = 1. Define the fol-
lowing a countable family of mappings T;: C — C by

0]

1 - ZU
Tix:izx, X

1
—77% x#spandxeC,

forallie N* and n e N*.
It is clear that F(T;) = {0} for all i € N*, E is a Hilbert space, ¢(x,y) = |x — y||? for all
x,y € E, and

X0

1

ShX x=122

2” ? 2}7’
Ti"x = (-1)" d C

W?C, X 7! and x €

Choose i € N*, for any n € N*, we set x,, = 2’,%, then x, € C, x, — 0 € F(T;) = {0} as
n— +00, and

limsup sup [¢(p, T}'y) - 9]

n—+00 peF(T;),yeC

= limsupsup[#(0, T2"y) — $(0,)] = limsupsup(| T2y - Iy11%)
n—>+o00 yeC

n—+o00 yeC
<li [( = ) £ lyll® ( : 1) inf | IIZ]
1m sup max - m ) " - m
e 2n ) =5 AN yeC\(3) g

<1 1 1 1 1 ol o 1 ) 1 0
1m sup ma. — -1} —,| ———-1)-0]| =lims — _1)—=o.
- n—>+lolop X 22n 22n (i+ 1)2n L_Hip 22n 22;1

This implies that T; : C — C is an asymptotically quasi-¢-nonexpansive mapping in the

intermediate sense for every i € N*. Next, we claim that 7 is not ¢-nonexpansive mapping
forall i e N*. Indeed, let p = 2, g = ?’% € C, then

510 -1Tp-Tal = | Lo (~Lg)| = |- (L 20
P 1) = WP = 2l = 5P =\ =7 q9) | T la* "\ Tiv1 5
2 1\? /5i+17\> [ 1\> |x0 3x|*
= J— . > — = || = - —
T 5it5 10 2i+2 10 2 5

= Ilp—qll2 =¢(p,q)

forallie N*.
For any bounded subset K of C, we have

0 < limsup sup|| Ty - T"y”

n—+00 yeK

- i 1 1 (_1)n+1 (_l)n
msup maxy| su - su -
P W 1 P T i [ Ve (P Vi

) 1 i+2
= lim sup max Wy sup Wllyll

n—>+00 yeK\{;C—Q,} (i
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. 1 i+2
< lim sup max i SUP ———— Iyl

> 400 % (i + 1)n+1
2”

<1 1 i+2 1) <1 1 2
1m sup max ST msupmax\ ——, - ——
- n~>+oop 22n+1 (l+ 1)n+1 - n~>+oop 22n+1 (l + 1);1

1 1 1
< limsupmax(%, F) =limsup — =0.

2n—1
n—+00 n—+00

This implies that limsup,,_, , ., Sup,cx |l Tly—Ty| =0, i.e., T; is an asymptotically regular
on C.

For any sequence {y,} € C such that lim,_, ;e ¥, = x° and lim,,_, ;. Tiy, = ¥°, we con-
sider the following two cases:

(1) If the sequence y,, = 53 and lim,_ .o ¥, = x°, then we have x° = 0 and

. . Y .

0= Jim [Ton—s") = tim |5 5| < im [ 5 -
. 0 X0 . 0 1 0

= timsup |5 - | 22 || < timsup| ) - 5 - 1] 20
n—+00 2 n—>+00 2

this implies that y° = 0 and Tjx° = —2 _0=y0,

i+1 —

(2) Ify, # ;—2, ¥y € Cand limy, 400 Y = x9, then it follows from

1
— 1 A _ 0 — . _ B 0
O_nErPooHlen y ” nEIPooH i+1yn J H
1 %0
= I RN _ .0\ _ 0+
e i+1(yn x) <y i+1
xo — X ?CO
> limsup|[y° + — | - M i I =0
n—+00 i+1 i+1 l+_1
that »° :—%,thus T = 120 =40,

In summary, we can see that T; is closed for every i € N*.
Finally, it is obvious that the family {T;};cy+ satisfies all the aspects of the hypothesis of
Theorem 3.1.

For a single mapping and bifunction in Theorem 3.1, we have Corollary 3.1.

Corollary 3.1 Let E be a strictly convex, and uniformly smooth Banach space such that
E has the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let
A : C — E* be an n-hemicontinuous and relaxed n-a-monotone mapping, let © be a bi-
function from C x C to R satisfying (C1)-(C4), and let f be a proper convex and lower
semicontinuous function from C x C to RU {+o0}. Let T : C — C be an asymptotically
quasi-p-nonexpansive mapping in the intermediate sense. Assume that T is closed asymp-
totically regular on C and F = F(T) N EP(®,A) is nonempty and bounded. Also assume
that the conditions (i)-(v), Lemma 2.3, and the following condition hold:
(vi) forall x,y,z,w € C, limsup, (Az,n(x, ty + (1 - )w)) < (Az,n(x, w)).
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Let {x,} be a sequence generated in the following manner:

xo € E chosen arbitrarily,
G =C,
x1 = I xo,
Y =T H@nfxn + (1= a,)JT"x,),
u, € C such that
O, y) + (Aky 1y 1)) +f ) = f W) + 1y = th, Juty = Jya) = 0, VyeC,
Cui1 = {2 € Cy 1z, 1) < Plz,x0) + &},
KXn+l = Hcmxb

where &, = max{0, SUp,cr(r) zec(@(®, T"%) — ¢(p, %))}, {o} is a real number sequences in
(0,1), {r,} is a real number sequence in [k, 00), where k is some positive real number. Assume
that liminf,_, o, &, (1-«,,) > 0. Then the sequence {x,} converges strongly to T1px;, where I1g

is the generalized projection from E onto F.

Remark 3.2 Corollary 3.1 improves and generalizes the main theorem in Chen et al. [5]
in the following aspects:
(1) From a quasi-¢-nonexpansive mapping to an asymptotically quasi-¢-nonexpansive
mappings in the intermediate sense.
(2) From a uniformly smooth and uniformly convex Banach space to a uniformly
smooth and strictly convex Banach space such that the space has the Kadec-Klee

property.
Setting A = 0 in Theorem 3.1, we have Corollary 3.2.

Corollary 3.2 Let E be a strictly convex, and uniformly smooth Banach space such that
E has the Kadec-Klee property. Let C be a nonempty closed and convex subset of E and
let A be an index set. Let ®; be a bifunction from C x C to R satisfying (C1)-(C4) for
every j € A, and let f be a proper convex and lower semicontinuous function from C x C
to RU{+00}. Let T; : C — C be an asymptotically quasi-¢-nonexpansive mapping in the
intermediate sense for every i > 1. Assume that T; is closed asymptotically regular on C
and F = (22 F(T) N ﬂjGAMEP(G)j,f) is nonempty and bounded. Let {x,} be a sequence
generated in the following manner:

x0 € E chosen arbitrarily,

C,;=C,
Cl = miEA Cl,j;
x1 = I %o,

IYn = ]_l(an,O]xn + Z?fl an,i]T,'nxn):

unj € C such that ©;(u,),y) + () — f () + %}.O’ — Unjy Junj—Jyn) 20, VyeC,
Cn+1,j ={ze C,: ¢(z, Mn,/’) <oz, %,) + &},

Cn+1 = ﬂ/’eA Cn+1,j’

xni1 = I, 1 %1,

where &, = sup;cn+{0, SUP,cp (7 vec (@@, T'%) — ¢(p, %))}, {ani} is a real number sequence
in (0,1) for every i > 1, {r,;} is a real number sequence in [k, o0), where k is some positive
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real number. Assume that y -, ;= 1 and liminf,, » ot 00; > O for every i > 1. Then the
sequence {x,} converges strongly to Ilpx,, where Il is the generalized projection from E

onto F.
Setting A =0, f = 0 in Theorem 3.1, we have Corollary 3.3.

Corollary 3.3 Let E be a strictly convex, and uniformly smooth Banach space such that
E has the Kadec-Klee property. Let C be a nonempty closed and convex subset of E and
let A be an index set. Let ©; be a bifunction from C x C to R satisfying (C1)-(C4) for
everyje A. Let T; : C — C be an asymptotically quasi-$-nonexpansive mapping in the
intermediate sense for every i > 1. Assume that T; is closed asymptotically regular on C and
F=NZ F(T)n ﬂjeA EP(®)) is nonempty and bounded. Let {x,} be a sequence generated

in the following manner:

xo € E chosen arbitrarily,

C,=C,
Cl = mjeA Cl,/y
X1 = Hcle’

Yn = ]_1 (an,O]xn + Z?:l an,i]Tl‘nxn);

unj € C such that ©;(u,, y) + %(y — Upjy Jun;—Jya) =0, VyeC,
n,j

Cn+l,j ={ze C,: ¢(z, Mn,j) < ¢(z, %) + &n}s

Cn+l = mjeA C}'H—l,j!

X1 = g, %1,

where &, = sup;cn+{0,SUP,ep (1) xec (P, T'%) — d(p, %))}, {ani} is a real number sequence
in (0,1) for every i > 1, {r,} is a real number sequence in [k, 00), where k is some positive
real number. Assume that y ;- &n; = 1 and liminf,_, o 0,00, > O for every i > 1. Then the
sequence {x,} converges strongly to Ilgx,, where I1r is the generalized projection from E

onto F.

Remark 3.3 Corollary 3.3 improves the main theorem in Huang and Ma [8] from an equi-

librium problem to a family of equilibrium problem:s.
Setting ® = 0 in Theorem 3.1, we have Corollary 3.4.

Corollary 3.4 Let E be a strictly convex, and uniformly smooth Banach space such that
E has the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let
A : C — E* be an n-hemicontinuous and relaxed n-o-monotone mapping, and let f be a
proper convex and lower semicontinuous function from C x C toRU{+o0}. Let T;: C — C
be an asymptotically quasi-¢-nonexpansive mapping in the intermediate sense for every
i > 1. Assume that T; is closed asymptotically regular on C and F = (o F(T;) N Q is
nonempty and bounded. Also assume that the conditions (i)-(v), Lemma 2.3, and the fol-
lowing condition hold:

(vi) forall x,y,z,w € C, limsup, ,(Az,n(x, ty + (1 - )w)) < (Az,n(x, w)).
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Let {x,} be a sequence generated in the following manner:

x0 € E chosen arbitrarily,

G =¢C,

x1 = I xo,

In =T anoftn + 335 an J T %),

n € C such that (A, 0y, tn)) +f () = f () + 5y = thn, Jutn = Jyu) 2 0, ¥y €C,
Cun ={z € Cy: ¢(z,un) < P(2,%n) + &}

Xn+l = Hlexl,

where &, = sup;cn+{0, SUP,cp (1 vec (@@, T7%) — ¢(p, %))}, {on} is a real number sequence
in (0,1) for every i > 1, {r,} is a real number sequence in [k, 00), where k is some positive
real number. Assume that Zio:o oy =1 andliminf,_, o a,00,; > 0 for every i > 1. Then the
sequence {x,} converges strongly to I1gx,, where I is the generalized projection from E
onto F.

Remark 3.4 Corollary 3.4 improves Corollary 15 in Chen et al. [5] from a quasi-¢-
nonexpansive mapping to an infinite family of asymptotically quasi-¢-nonexpansive map-
pings in the intermediate sense, from a mixed equilibrium problem to a family of mixed
equilibrium problems, and from a uniformly smooth and uniformly convex Banach space
to a uniformly smooth and strictly convex Banach space such that the space has the Kadec-
Klee property.

Setting E to be a Hilbert space in Corollary 3.3, we have Corollary 3.5.

Corollary 3.5 Let E be a Hilbert space. Let C be a nonempty closed and convex subset of
E and let A be an index set. Let ©; be a bifunction from C x C to R satisfying (C1)-(C4)
foreveryje A. Let T; : C — C be an asymptotically quasi-nonexpansive mapping in the
intermediate sense for every i > 1. Assume that T; is closed asymptotically regular on C and
F=NZ FE(T)n ﬂjeA EP(®)) is nonempty and bounded. Let {x,} be a sequence generated
in the following manner:

xo € E chosen arbitrarily,

C,;=C,

C = ﬂjEA Cijy

X1 = Projc1 X0,

Vi = Qn0Xn + Doy Cni T %,

unj € Csuch that ©;(u,, y) + %(y — UpjsUnj—yn) >0, VyeC,
Curij = {2 € Cotllz—unjl* < llz = xal® + &1},

Cr1 = ﬂjeA Coirjs

X1 = Projc, %1,

where &, = sup;cn+ {0, supPeF(Ti),xec( lp—T'x|1> ~ llp —x|1*)}, {an,:} is a real number sequence
in (0,1) for every i > 1, {r,} is a real number sequence in [k, 00), where k is some positive
real number. Assume that Z?:o a,; =1 and liminf,_, o oy 0,; > 0 for every i > 1. Then
the sequence {x,} converges strongly to Proj x,, where Proj is the metric projection from E
onto F.
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Proof Note that ¢(x,y) = ||x — y||%, ] = I, the identity mapping, and the generalized pro-
jection is reduced to the metric projection. In the framework of Hilbert spaces, the class
of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense is reduced
to the class of asymptotically quasi-nonexpansive mappings in the intermediate sense. By
Corollary 3.3, we draw the desired conclusion immediately. O

Remark 3.5 Corollary 3.5 improves Theorem 4.1 in Zhang and Wu [9] from asymptot-
ically quasi-nonexpansive mappings to asymptotically quasi-nonexpansive mappings in
the intermediate sense.

Setting T; = I in Corollary 3.5, we have Corollary 3.6.

Corollary 3.6 Let E be a Hilbert space. Let C be a nonempty closed and convex subset of
E and let A be an index set. Let ©; be a bifunction from C x C to R satisfying (C1)-(C4) for
everyj € A. Assume that F = ﬂje » EP(©)) is nonempty. Let {x,} be a sequence generated in
the following manner:

xo € E chosen arbitrarily,

C,=C,

G = mjeA Cijs

X1 = Projc1 X0,

unj € Csuch that ©;(u,, y) + %,,-O’ = UpjyUnj—%u) >0, VyeC,
Coorj= (2€ ot llz =ty < 1z = 3l

Cus1 = Njea Cusis

X1 = Proje 1,

where {r,,;} is a real number sequence in [k, c0), where k is some positive real number. Then
the sequence {x,} converges strongly to Projp x1, where Proj is the metric projection from E
onto F.

Setting ® = 0 in Corollary 3.5, we have Corollary 3.7.

Corollary 3.7 Let E be a Hilbert space. Let C be a nonempty closed and convex sub-
set of E. Let T; : C — C be an asymptotically quasi-nonexpansive mapping in the inter-
mediate sense for every i > 1. Assume that T; is closed asymptotically regular on C and
F = (N5, F(T;) is nonempty and bounded. Let {x,} be a sequence generated in the following
manner:

xo € E chosen arbitrarily,

G =¢C,

x1 = Proj¢, %o,

Vi = 0% + Doy Ui T} %y

Cu =z € Cp:llz=yull® < llz = xull” + &1},
X1 =Proje  x1,

where &, = Sup;cn+{0, SUP e (7 vecllp = T'x||> ~ |lp —x|1*)}, {an,:} is a real number sequence
in (0,1) for every i > 1. Assume that Z?:Oo Ay =1 and liminf,_, o @y 00,; > 0 for every i > 1.
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Then the sequence {x,} converges strongly to Projp x1, where Proj is the metric projection
from E onto F.

Remark 3.6 Corollary 3.7 improves Corollary 4.3 in Zhang and Wu [9] from asymptot-
ically quasi-nonexpansive mappings to asymptotically quasi-nonexpansive mappings in
the intermediate sense.

From Corollary 3.7, we can obtain Corollary 3.8 easily.

Corollary 3.8 Let E be a Hilbert space. Let C be a nonempty, closed, and convex subset of E.
Let T : C — C be a closed quasi-nonexpansive mapping. Let {x,} be a sequence generated
in the following manner:

xo € E chosen arbitrarily,

G =C,

X = Projc1 X0,

In = Xy + (1= 0n) Ty,

Cin={z€ Cu:llz=yall < llz—xnll},

Xni1 = Projg,  x1,

where {a,} is a real number sequence in (0,1) such that liminf,_  o,(1 — «,) > 0. Then
the sequence {x,} converges strongly to Proj x,, where Proj is the metric projection from E
onto F.

Remark 3.7 Corollary 3.8 is a shrinking version of the corresponding results in Nakajo
and Takahashi [30]. Note that the mapping in our result is quasi-nonexpansive. The re-
striction of the demiclosed principal is relaxed.
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