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1 Introduction and preliminaries

In 2001, Rhoades [1] introduced the concept of ¢-weakly contractive mappings and proved
the following fixed point theorem, which is a generalization of the Banach fixed point
theorem.

Theorem 1.1 ([1]) Let (X, d) be a complete metric space, and let T : X — X be a mapping
such that

d(Tx, Ty) < d(x,y) - (d(x,)), Vxy€X,

where ¢ : R* — R* is continuous and nondecreasing, and ¢(t) = 0 ifand only ift = 0. Then
T has a unique fixed point.

Afterwards, the researchers [2—8] continued the study of Rhoades by introducing a few
¢- and (¥, ¢)-weakly contractive conditions relative to one, two or three mappings and
discussed the existence of fixed and common fixed point for these mappings. In particu-
lar, Abbas and Dori¢ [2], Abbas and Khan [3], and Dutta and Choudhury [5] proved the
following fixed and common fixed point theorems for the ¢- and (v, ¢)-weakly contractive
mappings.

Theorem 1.2 ([5]) Let (X,d) be a complete metric space, and let T : X — X be a mapping
satisfying the inequality

1/f(d(Tx, Ty)) < w(d(x,y)) - go(d(x,y)), Vx,y € X,
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where ¥, ¢ : R* — R* are both continuous and monotone nondecreasing functions with
Y (t)=¢(t) =0ifand only ift = 0. Then T has a unique fixed point.

Theorem 1.3 ([3]) Let T, S be two self mappings in a metric space (X, d) satisfying
v (d(Tx, Ty)) < ¥ (d(Sx, Sy)) — ¢(d(Sx,Sy)), Vx,y€X,

where Y, ¢ : R* — R* are both continuous and monotone nondecreasing functions with
Y(t) = ¢(t) = 0 if and only if t = 0. If range of S contains the range of T and S(X) is a
complete subspace of X, then T and S have a unique point of coincidence in X. Moreover,
if T and S are weakly compatible, then T and S have a unique common fixed point.

Theorem 1.4 ([2]) Suppose that A, B, S, and T are selfmaps of a complete metric space
(X,d), T(X) € B(X), S(X) € A(X) and the pairs {A, T} and {B, S} are weakly compatible. If

Y (d(Tx, Sy)) < ¥ (M(x,9)) — o (M(x,9)), Vx,y€X,

where

1
M(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), 5 [d(Ax, Sy) + d(Tx, By)] }, Vx,y € X,
¢ : R* — R* is lower semi-continuous, (0) =0, ¢(t) >0 forall t >0, ¢ : R* — R* is
continuous and nondecreasing with y(¢) = 0 if and only if t = 0, then A, B, S and T have a
unique common fixed point in X provided one of the ranges of A(X), B(X), S(X) and T(X)
is closed.

Motivated by the results in [1-9], in this paper, we introduce the concepts of /- and
(¥, p)-weakly contractive conditions relative to four mappings A, B, S and T

d(Tx,Sy) < w(Mi(x,y)), Vx,y € X, (1.1)

W(d(Tery)) =< w(Mi(xty)) - (p(Mi(x’y))’ Vx,y € X, (1.2)

where i € {1,2,3}, ¥ € @3, (¥, ¢) € ®1 x Dy, respectively,

M (x,y) = max{d(Ax, By),d(Ax, Tx),d(By, Sy),

1 d(Ax, Sy)d(Tx, By)

2 1+ d(Ax, By)

d(Ax, Tx)d(By, Sy) 1+ d(Ax,Sy) + d(Tx, By)
1+d(Ax,By) 1+d(Ax, Tx) + d(By,Sy)

’

[d(Ax, Sy) + d(Tx, By)],

d(Ax, Tx)}, Va,yeX, (L3)

1
Mj(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), 2 [d(Ax, Sy) + d(Tx, By)],

1+ d(Ax, Tx) 1+ d(By,Sy)
—————~d(By,Sy), ——————=
1+ d(Ax, By) By, 59) 1+ d(Ax, By)
1+ d(Ax, Sy) + d(Tx, By)
1+ d(Ax, Tx) + d(By, Sy)

d(Ax, Tx),

d(By, Sy)}, Y,y € X (1.4)
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and

Ms(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), %[d(Ax, Sy) + d(Ix, By)] },

Vx,y € X (1.5)

and establish sufficient conditions which ensure the existence and uniqueness of common
fixed points for the four mappings A, B, S and T satisfying - and (¥, ¢)-weakly contrac-
tive conditions, respectively, in metric spaces. Our results extend, improve and unify the
corresponding results in [1-5]. Four nontrivial examples are included.

Throughout this paper, N denotes the set of all positive integers, Ny = {0} UN, R* =
[0, +o0) and

@ = {1// ;¢ : R* — R is continuous and nondecreasing,
and ¥ (¢) = 0 if and only if ¢ = 0},
d, = {(o 1@ :R* — R is lower semi-continuous, and ¢(¢) = 0 if and only if ¢ = 0},

D3 = {w ;¢ : R" — R is upper semi-continuous,

and lim g, = 0 for each sequence {a,,},cny C R* with a,;; < ¥ (a,),Vn e N}.
n— 00

Definition 1.1 ([10]) A pair of self mappings f and g in a metric space (X, d) are said to be
weakly compatible if for all t € X the equality ft = gt implies fgt = gft.

Lemma 1.1 ([9]) Let € V3. Then (0) =0 and ¥ (t) <t forallt > 0.

Lemma 1.2 Let A, B, S and T be self mappings in a metric space (X, d) satisfying (1.2),
where (¥, ) € &1 x ®y and i € {1,2,3}. Assume that I : Rt — R* is the identity mapping
and

() =W+ D7 (Y +1-9)t), VteR". (1.6)
Then yr, € O3 and
d(Tx, Sy) < Y1 (Mi(x,p)), Vx,yeX. (1.7)

Proof 1t follows from y € ®; that ¢ + [ : R* — R* is continuous and increasing and
(¥ + I)(¢) = 0 ifand only if £ = 0. So does ( + I)L. Obviously, (,9) € ®; x ®, and (1.6)
guarantee

Y is upper semi-continuous and v;(0) = 0. (1.8)
Assume that {a,},cn is an arbitrary sequence in R* with
an1 <Y1(an), VneN. (1.9)
Suppose that a,,, = 0 for some n, € N. It follows from (1.6), (1.8) and (1.9) that

0=< Apg+l = wl(ano) = Wl(o) =0,
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that is, a,,41 = 0. Similarly we have a, = a,., = --- = a,, = 0 for each n > ng, that is,
lim,,—, o @, = 0. Suppose that a,, > 0 for all n € N. If ax,; > ay for some k € N, it follows
from (1.6), (1.9) and (¥, ) € ®; x P, that

W(ﬂk) +ag = ’ﬁ(ﬂku) tadia = (Iﬁ +1)(ﬂk+l) = (\0 +1)W1(ﬂk) = (Iﬁ +1- (p)(ﬂk)

= Y(ax) + ar — plar) < ¥ (ax) + ax,

which is a contradiction. Consequently, {a,},cn is positive and decreasing, which implies
that {a,},cn converges to some a > 0. Suppose that a > 0. By means of (1.8) and (1.9), we
find

0 < a =limsupa,,; <limsup ¥(a,) < ¥1(a),
n— 00 n— o0

which together with (1.6) and (¥, ¢) € ®; x &, means
V(@) +a<y(a)+a-ea)<ya+a,

which is a contradiction. Hence a = 0. Consequently, y; € ®s.
In order to prove (1.7), we have to consider two possible cases as follows:
Case 1. M;(x9,70) = 0 for some xg, o € X. It is easy to verify

d(Axo, Byo) = d(Axo, Txo) = d(Byo, Syo) = 0,

which yields
Txo = Axo = Byo = Syo,

and
d(Txo, Syo) = 0 = Y (Mi(x0,50));

Case 2. M;(x,y) > 0 for all x, y € X. It follows from (1.2), (1.6) and (v, ¢) € ®; x P, that

¥ (d(Tx,Sy)) < ¥ (Mi(x,9)) — 9(Mi(x,9)) < ¥ (Mi(x,9)), Vx,y€X,

which yields
d(Tx,Sy) < Mi(x,y), Vx,yeX

and

(¥ +1)(d(Tx’Sy)) = W(d(Tx’ 5)’)) +d(Tx, Sy) < W(Mt(x’y)) - @(Mi(x’y)) + M;(x,y)
= (Y +1-9)(Mi(x,y)), Vx,yeX,

which together with (1.6) gives (1.7). This completes the proof. O

Remark 1.1 It follows from Lemma 1.2 that the (¥, ¢)-weakly contractive conditions (1.2)
relative to four mappings A, B, S and T implies the v/, -weakly contractive conditions (1.1)
relative to four mappings A, B, S and T.
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2 Common fixed point theorems

Our main results are as follows.

Theorem 2.1 Let A, B, S, and T be self mappings in a metric space (X, d) such that

{A, T} and (B, S} are weakly compatible; 1)
T(X) C B(X) and S(X) € A(X); (2.2)
one of A(X), B(X),S(X), and T(X) is complete; (2.3)
d(Tx, Sy) < ¥ (Mi(x,9)), Vx,y€X, (2.4)

where Y is in O3 and M, is defined by (1.3). Then A, B, S, and T have a unique common
fixed point in X.

Proof Let x € X. It follows from (2.2) that there exist two sequences {y,},eny and {x,},en,
in X such that

Yone1 := Bxoye1 = Ty, Yans2 = A% = Sxou1, V1 € No. (2.5)

Put d, = d(y,, yu.1) for all m € N.

Now we prove

lim d,, = 0. (2.6)

n—00

Using (2.4) and (2.5), we derive
dyn = d(Txan, Sx2u1) < Y (My(¥2 X2n1)),  Yn €N 27)
and

M (%2, %24-1)

= max { d(Axoy, Bxoy_1), d(Axoy, Tx2y), d(BX2y-1, S¥2n-1),

1

) [d(szm Sx2p1) + d(szmezn—l)],

d(Ame SxZn—l)d( TxZn: BxZn—l) d(Ax2Vl1 TxZn)d(BxZn—b SxZn—l)
1+ d(Axy,, Bxy,-1) ’ 1+ d(Axy,, Bxyy-1)

1+ d(Axu, Sxon-1) + d(Txoy, Bxoy-1)
1+ d(Axou, Txoy) + d(BXoy-1, S%24-1)

’

d(Ax2m TxZn) }

1
= max{d()/zmyzn—l), AWan Yans1)s AYan-1, Yan), 2 [dY2ns y20) + AY2ns1s Y2n-1) ),
AWan Yon)AYans1: Yan-1) AW2n Y2ni1)AYan-1, yan)
L+dyomym)  1+d@amyon)

1+dan yon) + d(y2n+1:y2n—1)d(y y )}
215 Yon+1
1+ d(yZn’yZnH) + d(y2n—1’y2n) " "
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1 dondon_1 1+ dWYani1, Yon-
:max{dandZ;q,dan: Ed(y2n+1;y2n—l);0, nanl * 012 )2 1)d2n}

1+ d2n—1 ’ 1+ dZn + dZn—l
=max{dy,_1,ds,}, VnmeN. (2.8)

Suppose that dy,,_1 < da,, for some ny € N. It follows from (2.7), (2.8), ¥ € @3, and
Lemma 1.1 that

doyy < 1/f(M1 (%2105 %2m0-1)) = ¥ (Mmax{dang-1,dany }) = Y (dany) < dangs
which is a contradiction. Hence

dyn < dop1 = Mi(%2p,%201), VmeN. (2.9)
Similarly we infer

dan1 < day = Mi(%2n, %2041), VM EN,
which together with (2.9) ensures

dpa <d,, Vnel,
which means that the sequence {d,},cn is nonincreasing and bounded. Consequently
there exists » > 0 with lim,_, d, = r. Suppose that r > 0. It follows from (2.7), (2.9),

¥ € &3, and Lemma 1.1 that

r = limsupdy,, < limsup ¥ (M; (%2, %24-1))

n—00 n—0oo
=limsup ¥ (da,_1) < ¥ (r) <,
n— 00

which is a contradiction. Hence r = 0, that is, (2.6) holds.

Next we prove that {y, },cn is a Cauchy sequence. Because of (2.6) it is sufficient to verify
that {y2,}sen is a Cauchy sequence. Suppose that {ys,}.en is not a Cauchy sequence. It
follows that there exist ¢ > 0 and two subsequences {y2x) }ken and {Y2u() tken Of {¥V2n}nen
such that

2n(k) > 2m(k) > 2k, AWom» Yon) = & VkeN, (2.10)
where 2n(k) is the smallest index satisfying (2.10). It follows that

AWam) Yon(y-2) < & Yk e N. (2.11)
Taking advantage of (2.10), (2.11), and the triangle inequality, we get

& < dYam(k)s Yonk)
< dWam)s Yank)-2) + AW2nk)-25 Yank)-1) + AV2nt)-15 Yan(k))
< &+ dou(y-2 + dany-1, VkeN (2.12)
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and

| AW 2m(i> Y2n-1) = AWom(ir Yon)| < dony-1, Yk € N;
| AW 2m+1 Y210) = AWams Yon))| < domys  Vk €N (2.13)

| dYamk)+1 Y2100-1) = AY2m(is Yon-1) | < damuy, Yk € N.

Letting k — oo in (2.12) and (2.13) and using (2.6), we deduce

Lim d(yYom)s Yon) = HM dVom)s Yany-1) = M dWomy 1, Yante)
k— 00 k— o0 k— o0
= lim dyam)+1, Yonk)-1) = &- (2.14)
k— o0
Note that (1.3) and (2.14) yield
M (%2> Xan(i-1)

= max { A(A%X2m(k), Bxon(-1) A(AX2m(k)> Tx2m(i))> A(BX2n(k)-1, SX2n(i)-1)»

1
3 [A(A% om0 Sx2n(i-1) + A(TX2m(1 B2n(i-1) ],

A(A%2m()» SX2n()-1)A(TX2m(k)» BX2u(i)-1)
1 + d(AXom)» BX2n(i)-1)

’

A(AX2m(k)s Th2m(t) ) A(BX2n(k)-15 SX2n(k)-1)
1 + d(A%2m(i), Bxau(io-1)

’

1+ d(A%2m(k)> Sx2n(t)-1) + A(TX2m(k)s BXon(k)-1)

A(A%2m(), Th2m(k )}
1+ d(A%2m(y, TX2m(k) + A(BXon(k)-1, SX2n(k)-1) i)y 252l

=max { AWam)r Yan(-1)s AV2mk)s Yam)+1)s AV2ni)-1, Yank))s

1

3 [AY2ms Y2n)) + AG2m 11> Yoniio-1) ]

AW2mk)s Y2n())AW2mik)+1 Yonk)-1) - AV2mi)s Y2mi)+1) B V2nk)-15 Yank))
1+ dYam)» Yanii-1) ’ 1+ dYamix)» Yanio-1)

1+ dam)» Yont) + AW +1> Yan-1
1+ dWam)s Yoy 11) + AWan()-15 Yank)

’

)
) AY2m(k)s Yam(io+1)
1 g2
— max3{¢&,0,0,=(e +¢), —,0,0
2 l+¢
=¢ ask— oo. (2.15)

In view of (2.4), (2.14), (2.15), ¥ € &3, and Lemma 1.1, we gain

& = limsup d(Yam()+15 Yan(y) = lim sup d(Txom)» S¥an(i)-1)

k— o0 k— o0
< limsup ¥ (M1 (¥2m(@) X200-1)) < V(&) <&,
k—o00

which is a contradiction. Hence {y,},cn is a Cauchy sequence.
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Assume that A(X) is complete. Observe that {y,},cn is a Cauchy sequence in A(X).
Consequently there exists (z,v) € A(X) x X with lim,,_, 2, = 2 = Av. It is easy to see

z= lim y, = lim Tx;, = lim Bxy,,; = lim Sxp, 1 = lim Axy,. (2.16)
n— 00 n— o0 n—0o0 n—0o0 n—0o0

Suppose that Tv # z. Note that (1.3) and (2.16) imply

My (v, %2441)

= max { d(Av, Bxyu.1), d(Av, Tv), d(Bx2u41, S¥2041),

1

5 [d(AV: Sx2n+l) + d( TV) Bx2n+1)]y

d(AV; Sx2n+1)d( 1v, Bx2n+l) d(AV¢ TV)d(sz,,H.l, Sx2n+1)
1+d(Av,Bxyn) ~ 1+d(Av,Bxaun)

1+ d(AV; Sx2n+1) + d( Tv, Bx2n+1)
1+ d(Av, Tv) + d(Bxoy41, SX2141)

’

d(Av, Tv) }

— max{d(Av, z),d(Av, Tv),d(z, z), % [d(Av, z) +d(Tv, z)],

d(Av,2)d(Tv,z) d(Av, TV)d(z,z) 1+ d(Av,z) +d(Tv,z)
1+dAv,z) ~ 1+d(Av,z) " 1+d(Av, Tv) + d(z,2)

d(Av, Tv)}

1
= maX{O,d(z, 1v),0, Ed(Tv, 2),0,0,d(z, TV)}
=d(Tv,z) asn— oo,
which together with (2.4), ¥ € ®3, and Lemma 1.1 gives

d(Tv,z) = limsup d(Tv, y2u+2) = limsup d(Tv, Sx,141)

n— 00 n— 00
< limsup ¥ (M1 (v, %2141)) < ¥ (d(TV,2)) < d(Tv,2),
n— 00

which is a contradiction. Hence Tv = z. It follows from (2.2) that there exists a point w € X
with z = Bw = Tv. Suppose that Sw # z. In light of (1.3) and (2.16), we deduce

M (%2, W)

1
= max{d(sz,,,Bw), d(Axa, Txay), d(Bw, Sw), 5 [d(A%3, SW) + d(Tx2, BW)],

d(Axy,, SW)d(Tx,,, BW) d(Axay, Txo,)d(Bw, Sw)
1+ d(Axy,, Bw) 1+ d(Axy,, Bw)

1+ d(Axy,, SW) + d(Tx,,, Bw)

1+ d(Axy,, Txo,) + d(Bw, Sw)

’

d(AJCzn, TxZn) }

— max{d(z, Bw),d(z,z),d(Bw,Sw), %[d(z, Sw) + d(z,Bw)],

d(z,Sw)d(z, Bw) d(z,z)d(Bw,Sw) 1+ d(z,Sw) + d(z, Bw)
1+d(z,Bw) ~ 1+d(z,Bw) ’1+d(zz2)+d(Bw,Sw)

d(z,2) }
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1
= max{O, 0,d(z, Sw), Ed(z, Sw),0,0, O}

=d(z,Sw) asn— 00,
which together with (2.4), € ®3, and Lemma 1.1 yields

d(z, Sw) = limsup d(y2,41, Sw) = lim sup d(Txy,, Sw)

< limsup ¥ (M; (%2, W) < ¥ (d(z, SW)) < (d(z, Sw),

which is impossible, and hence Sw = z. Thus (2.1) means Az = ATv = TAv = Tz and Bz =
BSw = SBw = Sz. Suppose that Tz # Sz. It follows from (1.3), (2.4), ¥ € &3, and Lemma 1.1
that

Mi(z,2)

1
= max{d(Az, Bz),d(Az, Tz),d(Bz, Sz), 3 [d(Az, S2) + d(Tz, Bz)],

d(Az,S2)d(Tz,Bz) d(Az, Tz)d(Bz, Sz)
1+d(Az,Bz) 1+ d(Az Bz)

1+d(Az,Sz) + d(1z, Bz)

1+ d(Az, Tz) + d(Bz, Sz)

d(Az, Tz) }

1 d*(Tz, Sz)
= T; »U, U, = T; T, Ry —— A )
max{d( %,82),0,0 2[01( z,52) + d(Tz, 57)] T+ d(T2.52 }

=d(Tz,Sz2)
and
d(Tz,Sz) < ¥ (Mi(z,2)) = ¥ (d(T%, S2)) < d(T%, S2),

which is a contradiction, and hence 7z = Sz.
Suppose that 7z # z. It follows from (1.3) that

Mi(z,w)

1
= max{d(Az,Bw), d(Az, Tz), d(Bw, Sw), 3 [d(Az, Sw) + d(Tz,Bw)],

d(Az, Sw)d(Tz,Bw) d(Az, Tz)d(Bw, Sw)
1+d(Az,Bw) ' 1+d(Az Bw)

1+ d(Az,Sw) + d(Tz, Bw)
1+ d(Az, Tz) + d(Bw, Sw) d(4z, Tz)}
1 d*(Tz,z)
= T 1 &), Y, U, — T ) T 2] YT 3 Y
max{d( %,2),0,0 2[al( z,2) + d(1z,2)] T+ d(T2.2) }

=d(1z,z),
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which together with (2.4), ¥ € ®3, and Lemma 1.1 implies
d(Tz,2) = d(Tz, Sw) < ¥ (Mi(z,w)) = ¥ (d(T%,2)) < d(Tz,2),

which is impossible and hence 7%z = z, that is, z is a common fixed point of A, B, S, and T.
Suppose that A, B, S, and T have another common fixed point u# € X \ {z}. It follows
from (1.3), (2.4), ¥ € @3, and Lemma 1.1 that

Ml(M,Z)

1
= max{d(Au, Bz),d(Au, Tu), d(Bz, Sz), 3 [d(Au, Sz) +d(Tu, Bz)],

d(Au, S2)d(Tu,Bz) d(Au, Tu)d(Bz, Sz)
1+d(Au,Bz) ' 1+d(Au,Bz)

1+ d(Au, Sz) + d(Tu, Bz)

1+ d(Au, Tu) + d(Bz, Sz)

d(Au, Tu)}

1 d*(u,z)
- max{d(u,z), 0,0, 5[d(w2) + d(u.2)], ﬁ”(‘:d,o, 0}
=d(u,z)
and

d(u,z) = d(Tu, Sz) < I,D(Ml(u, z)) = w(d(u, z)) <d(u,z),

which is a contradiction and hence z is a unique common fixed point of A, B, S, and T

in X.
Similarly we conclude that A, B, S, and T have a unique common fixed point in X if one
of B(X), S(X), and T(X) is complete. This completes the proof. d

Theorem 2.2 Let A, B, S, and T be self mappings in a metric space (X, d) satisfying (2.1)-
(2.3) and

d(Tx, Sy) < ¥ (Ma(x,9)), VxyeX, (2.17)

where r is in ®3 and M, is defined by (1.4). Then A, B, S, and T have a unique common
fixed point in X.

Proof Letxy € X. It follows from (2.2) that there exist two sequences {y,},en and {%,,},en,
in X satisfying (2.5). Put d,, = d(y,, yys1) for all m € N.
Now we prove that (2.6) holds. In view of (1.4) and (2.17), we deduce

doy = d(Txop, SXop-1) < W(M2(x2mx2n—l))¢ VneN (2.18)
and
Mo (X, X2p-1)

= max { Ad(Axay, Bxay-1), d(Axoy, Txoy), d(BXoy-1, S¥24-1),
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1
3 [d(Axp, Sxau1) + AT, By,

1+ d(Ax,, Txon) 1+ d(Bxou-1, SX2n-1)
d(Bxoy_1,S%21-1), d(Axan, Tx2p),
1+ d(Ax2nr Bx2n—1) ( Vo1 5% 1) 1+ d(AxZn: BxZn—l) ( 2 2 )

1+ d(Axou, Sxon-1) + d(Txoy, Bxoy-1)
1+ d(Axou, Txoy) + d(BXoy-1, SX24-1)

d(BxZn—lr SxZn—l) }

= max { AW Y21-1)s AW Yone1)s AWan-1, Yon)»

1 1+ d()/zmyZnH)
514020 y20) + A2011 Y2n1) |, T —
2[ 2 Y2n) + AYans1, Y1) ] 1+ d2m Y2n-1)

1+ d»an yon) + AYons1,Yon-1)
1+ d(yZmyZnJrl) + d(yZn—hyZn)

d(y2n—lry2n)v

1+ dan-1,Y21)

d ) )
1+d(y2n;y2n—1) ()/Zn y2n+1)

d()/2n-1»y2n) }

1 1+d

= max { dz;qu d2n, d2n—1: Ed()/ZrHl:yZn—l): ﬁ‘bn—b d2n,

1+ d(y2n+l;y2n—l)d

- 7 5  “2p1

1+ d2n + d2n—l
1+d
= max{dbt—l; don, 72}1(1271—1 }; VneN.
1+daya

Suppose that dy,,_1 < day,, for some ny € N. It follows that
Aong (1 + dang-1) = dong + dongdang-1 > dong-1 + dopgdang-1 = dong-1(1 + day,),

that is,

1+ d2n0

dgn >
0 1 ]
2np-1

dzn()—l!

which implies My (%25 X219-1) = day,. By means of (2.18), i € &3, and Lemma 1.1, we con-
clude

dong < Y (Mo (Xongs %ang-1)) = Y (dang) < dony.
which is a contradiction. Consequently, we deduce

dop < dyyy = Mo(X2p,%20-1), YmeN, (2.19)
Similarly we have

dani1 < don = Moy (X2p, %2041),  Vm €N, (2.20)
It follows from (2.19) and (2.20) that

dpa <d,, Vnel,

which means that the sequence {d,},cn is nonincreasing and bounded. Consequently
there exists r > 0 with lim,_, d,, = r. Suppose that r > 0. It follows from (2.18), (2.19),

Page 11 of 22
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¥ € &3, and Lemma 1.1 that

r = limsupdy, < limsup ¥ (Ma (%24, %24-1))

n—0o00 n—oo
= limsup ¥ (day1) <V (r) <71,
n—0oQ

which is a contradiction. Hence r = 0, that is, (2.6) holds.

In order to prove that {y,},cn is a Cauchy sequence, we need only to show that {y2,},en
is a Cauchy sequence. Suppose that {y,, },cn is not a Cauchy sequence. It follows that there
exist € > 0 and two subsequences {¥a() }ken and {Yau@ Jxen of {¥2u}nen satisfying (2.10)-
(2.14) and

Mo (X2sm(k)s X2n()-1)

= max { A(A%2m(i), Bxan(o-1) A(AX2m(k)> Tx2m(i))> ABX2n(k)-1, SX2n(i)-1)»

1
3 [d(A%2m(t> Sx2n(i-1) + A(TX2m(1 B2m(io-1) ],

1+ d(Ax2m@> Tx2m(k))

A(BXou(i)-1, S®2n(k)-1)»
1+ d(AX2m(k)» BXon()-1) n© "®

1+ d(Bxou(k)-1, SX2m(t)-1)

A(A%2m(), Tx2m(k))»
1+ d(AXm() BX2n(k)-1) iy 252mll)

1 + d(A%om(t), SXanio)-1) + A(TH2m(i), BXan(i)-1)

d(BxZ k)-1> sz k 1)}
1+ d(A%am( Toam(k) + ABxan(t)-1, S¥an(i-1 n(k) ()

=max { AWam()r Yan(-1)s AV2mk)s Yamk)+1)s AV -1, Yonk) )s

1
5 [AY2m» Y2n)) + AG2m 11> Yonio-1) ]

1+ dam) Yom+1
1+ dYomw)» Yonti)-1

)) AWYon(-15 Y2n(k))s

1+ d(Yan(-1, Yon)
1+ damy» Yant-1)
1+ dam) Yon) + AW2m 1, Yanh)-1
1+ dam) Yamy+1) + AWant)-1, Yan(k)

AY2m(k)s Yom(i)+1)s

; dYan(k)-1) Yon(k)) }

1
— max{s,o, 0, 5(8 +¢€),0, 0,0}

=¢ ask— oo. (2.21)
By virtue of (2.14), (2.17), (2.21), ¥ € &3, and Lemma 1.1, we infer

& = Hmsup d(Vam()+1> Yanty) = Umsup d(Txom)» S¥2n(i)-1)
k—o0 k— 00

< lim sup ¥ (Mo (Xom(k)> X2n(0-1)) < ¥ (€) < &,

k—o00

which is impossible. Hence {y,},cn is a Cauchy sequence.
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Assume that A(X) is complete. Observe that {y;,},en € A(X) is a Cauchy sequence. It
follows that there exists (z,v) € A(X) x X with lim,_, o Y2, = z = Av. It is easy to show that
(2.16) holds.

Suppose that Tv # z. Note that (1.4), (2.16), (2.17), and ¥ € &3 imply

M2 (V> x2n+1)

= max { d(AV: Bx2n+l): d(AV¢ TV)¢ d(Bx2n+17 Sx2n+1);

1
5 [d(AV: Sx2n+1) + d( TVr Bx2n+1)]r

1+d(Av, Tv) 1+ d(Bx2ps1, S¥2141)
— _d(Bxopi1, S¥ops1), d(Av, Tv),
1+ d(Av, Bxy,41) (1, Sxons) 1+ d(Av, Bx,.1) (Av, Tv)

1+ d(Av, Sx941) + d(TV, Bxoy11)
1+ d(AV; TV) + d(Bx2n+1) Sx2n+1)

d(Bx2n+lx Sx2n+1) }

— max{d(Av, 2),d(Av, Tv), d(z, z), % [a’(Av, z) +d(Tv, z)],

d(z,2) d(Av, Tv),

1+d(Av, Tv) 1+d(z,2) 1+d(Av,2) +d(1v,z) (2.2)
1+ d(Av,2) "1+ d(Av,2) 1+dAv, Tv) +d(z,2) }

1
= max{O,d(z, Tv),0, Ed(Tv, 2),0,d(z, Tv), O}
=d(Tv,z) asn— oo,
which together with (2.17), ¢ € @3, and Lemma 1.1 gives

d(Tv,z) = limsup d(Tv, yau+2) = limsup d(Tv, Sx,141)

n—00 n—00

< limsup ¢ (Ma (v, %2041)) < ¥ (d(Tv,2)) < d(Tv,2),
which is a contradiction. Hence Tv = z.
Since T(X) C B(X), it follows that there exists a point w € X such that z = Bw = Tv.
Suppose that Sw # z. In light of (1.4) and (2.16), we obtain

Mo (%2, W)

1
= max { d(sznr BW); d(szn, szn), d(BW! SW)! 5 [d(szn, SW) + d( Tx2n! BW)]:

1+ d(Axy,, Txy,,) 1+ d(Bw, Sw)
— " dBw,SW), —————
1+ d(Axy,, Bw) 1+ d(Ax,,, Bw)

1+ d(Axy,, SW) + d(Tx,, Bw)
1+ d(Axyy,, Tx,,) + d(Bw, Sw)

d(AxZn: Tx2n);

d(Bw, Sw)}

— max{d(z, z),d(z,z),d(z, Sw), % [d(z,Sw) + d(z, Bw)],

1+d(z,2) 1+d(z,Sw)
76{ ) y —d ] ’
1+d(z,2) (z Sw) 1 @2)

+d(z,2)
1+d(z,Sw) +d(z,2)
1+d(z,2) +d(z,Sw)

d(z, Sw)}
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1
= max{O, 0,d(z, Sw), Ed(z, Sw),d(z,Sw),0,d(z, Sw)}
=d(z,Sw) asn— 00,
which together with (2.17), ¥y € ®3, and Lemma 1.1 yields

d(z,Sw) = limsup d(y2,,.1, Sw) = lim sup d(Tx,,, Sw)

n—00 n—00
< limsup ¥ (Mz(xz,,, w)) <y (d(z, Sw)) <d(z,Sw),
n— 00
which is impossible, and hence Sw = z. Clearly, (2.1) yields Az = ATv = TAv = Tz and Bz =
BSw = SBw = Sz. Suppose that Tz # Sz. It follows from (1.4) that

1
Ms(z,z) = max{d(Az, Bz),d(Az, Tz),d(Bz, Sz), 2 [d(Az, Sz) +d(Tz, Bz)],

1+d(Az, Tz) 1+ d(Bz,Sz)
———————d(Bz,8z), —————
1+ d(Az, Bz) (Bz,52) 1+ d(Az, Bz)

1+d(Az,Sz) + d(1z,Bz)
1+ d(Az, Tz) + d(Bz, Sz)

d(Az, Tz),

d(Bz, Sz) }

1
= max{d(Tz, §2),0,0, 5 [d(Tz, Sz) + d(Tz,52)],0,0, 0}

=d(1z,Sz).
Taking account of (2.17), ¢ € ®3, and Lemma 1.1, we conclude
d(Tz,Sz) < ¥ (Ma(z,2)) = ¥ (d(Tz, Sz)) < d(Tz, Sz),

which is a contradiction, and hence 7z = Sz.
Suppose that 7z # z. It follows from (1.4) that

1
Ms(z,w) = max{d(Az,Bw), d(Az, Tz), d(Bw, Sw), 3 [d(Az, Sw) + d(Tz,Bw)],

1+d(Az, Tz) d(Bw, Sw) 1+ d(Bw, Sw)
1+ d(Az, Bw) 771 + d(Az, Bw)

1+ d(Az,Sw) + d(Tz, Bw)
1+ d(Az, Tz) + d(Bw, Sw)

d(Az, Tz),

d(Bw, Sw) }

1
= max{d(Tz, 2),0,0, 5[d(Tz, 2) +d(1z,2)),0,0, 0}

=d(1z,z),
which together with (2.17), ¢ € ®3, and Lemma 1.1 means
d(Tz,2) = d(Tz,Sw) < ¥ (Ma(z,w)) = ¥ (d(T%,2)) < d(Tz,2),

which is impossible, and hence Tz = z, that is, z is a common fixed point of A, B, S, and T.
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Suppose that A, B, S, and T have another common fixed point u# € X \ {z}. It follows
from (1.4) that

1
My (u,z) = max{a’(Au, Bz),d(Au, Tu), d(Bz, Sz), 3 [d(Au, Sz) +d(Tu, Bz)],

1+ d(Au, Tu) 1+ d(Bz,Sz)
———————d(Bz,Sz), ——————~
1+ d(Au, Bz) (Bz,52) 1+ d(Au, Bz)

1+ d(Au, Sz) + d(Tu, Bz)
1+ d(Au, Tu) + d(Bz, Sz)

d(Au, Tu),

d(Bz, Sz) }

= max{d(u,z), 0,0, %[d(u, z) + d(u, z)], 0,0, 0}

=d(u,z),
which together with (2.17), ¢ € ®3, and Lemma 1.1 ensures
d(u,z) = d(Tu, Sz) < ¥ (Ma(u, 2)) = ¥ (d(1,2)) < d(u,2),

which is a contradiction, and hence z is a unique common fixed point of A, B, S, and T

in X.
Similarly we conclude that A, B, S, and T have a unique common fixed point in X if one
of B(X), S(X), and T'(X) is complete. This completes the proof. O

Similar to the proofs of Theorems 2.1 and 2.2, we have the following result and omit its
proof.

Theorem 2.3 Let A, B, S, and T be self mappings in a metric space (X, d) satisfying (2.1)-
(2.3) and

d(Tx,Sy) < 1/f(M3(x,y)), Vx,y € X, (2.22)

where  is in ®3 and Ms is defined by (1.5). Then A, B, S, and T have a unique common
fixed point in X.

Utilizing Theorems 2.1-2.3, Lemma 1.2, and Remark 1.1, we get the following results.

Theorem 2.4 Let A, B, S, and T be self mappings in a metric space (X, d) satisfying (2.1)-
(2.3) and

Y (d(Tx, Sy)) < ¥ (Mi(x,9) — o(Mi(x,9)), VxyeX, (2.23)

where (¥, @) is in ®1 x Oy and M, is defined by (1.3). Then A, B, S, and T have a unique
common fixed point in X.

Theorem 2.5 Let A, B, S, and T be self mappings in a metric space (X, d) satisfying (2.1)-
(2.3) and

¥ (d(Tx, 8y)) < ¥ (Ma(x,9)) — 9 (Ma(x,9)), VxyeX, (2.24)
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where (Y, ) is in 1 x Oy and M, is defined by (1.4). Then A, B, S, and T have a unique
common fixed point in X.

Theorem 2.6 Let A, B, S, and T be self mappings in a metric space (X, d) satisfying (2.1)-
(2.3) and (2.22), where (Y, @) is in 1 X Oy and Ms is defined by (1.5). Then A, B, S, and T
have a unique common fixed point in X.

Remark 2.1 Condition (2.3) in Theorem 2.6 is weaker than the conditions of (X,d) is
complete and one of the ranges of the four mappings A4, B, S, and T is closed in Theo-
rem 2.1 in [2]. Hence Theorem 2.6 is a slight generalizations of Theorem 2.1 in [2]. Note
that Theorem 2.4 generalizes Theorems 2.1 and 2.2 in [4]. Example 2.1 below shows that
Theorem 2.6 is a substantial generalization of Theorem 2.1 in [2] and Theorems 2.1 and
2.2 in [4].

Example 2.1 Let X = (-1,1) be endowed with the Euclidean metric d(x,y) = |x — y| for all
x,7€ X.Let A,B,S, T : X — X be defined by

0, VxeX\{3},

1o, 1
) x—2.

Ax =2, Bx=x, Sx=0, VxelX, Tx =

Since the metric space (X, d) is not complete, it follows that Theorem 2.1 in [2] is useless
in proving the existence of common fixed points of A, B, S, and T in X and Theorems 2.1
and 2.2 in [4] are unapplicable in proving the existence of common fixed points of S and
T and fixed points of T, respectively.

Now we use Theorem 2.6 to prove the existence of common fixed points of A, B, S, and
T in X. Define ¥, ¢ : R* — R* by

\/Z; Vit e [Or %),

N2
2 )

v(t) =

Vi€ [3,+00)
and

£, Vtelo,3),

) =1, )
e Vte[3,+00).

It is easy to verify that (2.1)-(2.3) holds, (¥, ¢) € &1 x Oy, ¥ (t) > ¢(¢) for each t € R*. Put
%,y € X. In order to verify (2.22), we consider two cases as follows:
Casel.x € X'\ {%}. It is clear that
Y (d(Tx,Sy)) = ¥(0) = 0 < ¥ (Ms(x, 7)) — o(Ms(x,%));
Case2.x = % Clearly we have

Ms(x,y) = max{d(Ax, By),d(Ax, Tx), d(By, Sy), % [d(Ax, Sy) + d(Tx, By)] }

11\ 1
> d(Ax, Tx) = d<_,__> L
4 4 2
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It follows that

s o) +(2)

That is, (2.22) holds. Hence the conditions of Theorem 2.6 are satisfied. It follows from
Theorem 2.6 that A, B, S, and T in X possess a unique common fixed point 0 € X.

Remark 2.2 Theorems 2.4-2.6 extend, improve and unify Theorem 2.1 in [3], Theo-
rem 2.1 in [5] and Theorem 1 in [1]. Note that Examples 2.2-2.4 below deal with the ex-
istence of common fixed points of four mappings 4, B, S, and T, but Theorem 2.1 in [3],
Theorem 2.1in [5] and Theorem 1 in [1] deal with the existence of fixed and common fixed
points of at most three mappings, therefore the results in [1, 3, 5] are useless in proving
the existence of common fixed points of four mappings A, B, S, and 7. That is, Theorems
2.4-2.6 extend indeed Theorem 2.1 in [3], Theorem 2.1 in [5] and Theorem 1 in [1].

Example 2.2 Let X = R* be endowed with the Euclidean metric d(x,y) = |x — y| for all
x,y€ X.Let B,T: X — X be defined by

1

Bx=x*>, VxeX and Tx= L VxeR {5}
’ 15 g1

16’ x—{ﬁ}

Firstly we claim that Theorem 2.1 in [5] and Theorem 1 in [1] and Theorem 2.1 in [3]
cannot be used to prove the existence of fixed and common fixed points for the mapping
T and the mappings B and T, respectively, in the complete metric space X.

Suppose that there exist ¢ € ®; satisfying

d(Txx Ty)fd(x,y)—‘/’(d(x,y)), Vx:yeX;

which implies

that is,

1 1 1 1
O<ol = |z ——=—7=,
<32) 32 16 32

which is a contradiction.
Suppose that there exists ¥, ¢ € ®; satisfying

v (d(Tx, Ty)) < ¥ (d(x,p)) - ¢(d(x,9), VxyeX,
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which yields

that is,

o<o(i6) = (i) -+(ie) -0

which is impossible.
Suppose that there exists (¥, ) € ®; x &, satisfying

v (d(Tx, Ty)) < ¥ (d(Bx, By)) — ¢(d(Bx,By)), Vx,y€X,

which gives

which is impossible.
Secondly we claim that the mappings A, B, S, and T satisfy the conditions of Theo-
rem 2.6, where A,S: X — X and ¢, ¢ : R* — R* are defined by

Ax =x°, Sx=1, VxeX
and

16t, vt e [0, L), £, Vte[0,L),
[0, 3¢) o-1"" [0, 3¢)
5126 -1, Vi€ [, +00), :

1+8¢27

y(t) =

vVt e [%, +00).
Clearly, (2.1)-(2.3) hold, (¢, ¢) € @1 x Do, ¥ (t) > ¢(¢) for any £ € R*, and ¢(R*) C [0, % .

Putx,y € X. In order to verify (2.22), we have to consider the following two possible cases:
Casel.x e X\ {%}. It follows that

¥ (d(Tx, Sy)) = ¥(0) = 0 < ¥ (Ms(x,9)) — o (Ms(x,9));
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2

-y

’

Case2.x = % It follows that
‘ 1 15

e 1,
—,y ) = max} | — — —
3\ 3277 323 ) 322 " 16

15 1 30719 1

> - —= >
— 16 323 32,768 16

1 15 1
d[T=,sy) ) =v(dl=.1))=v(=)=1

w(( 32 y)) 1”( <16 )) 1”(%)

941,559,809 1

2,097,152 8

() (o)
co{i(3)) o)

That is, (2.22) holds. Thus the conditions of Theorem 2.6 are satisfied. It follows from
Theorem 2.6 that the mappings A, B, S, and T have a unique common fixed point 1 € X.

)

L1 |, [
» S - + ==
2\ [323 16 7

and

<400<

Example 2.3 Let X = [0,1] be endowed with the Euclidean metric d(x,y) = |x — y| for all
x,y€X.LetA,B,S,T:X — X and ¥, ¢ : R* — R* be defined by

) 1, 0, Vxe[0,1),
Ax =x°, Bx = —x°, Sx=0, VxelX, Tx =
2 1 x=1
4’
and

16t2, Vtel0,3i), 4%,  vrelo,d),
v(t) = L pt)=1 | L

8t—-1, Vte [Z'+OO)’ m, Vt e [Z,+OO).

It is easy to see that (2.1)-(2.3) hold, (¥, ¢) € 1 x &y, () > ¢(t) for each t € R* and
p(R*) C [0, i). Let x,y € X. In order to verify (2.23), we have to consider two possible

cases as follows:
Case l.x € X \ {1}. It is clear that

w(d(Tery)) =¢(0)=0< V’(Ml(x’y)) - QD(Ml(xry));

Case 2. x = 1. It follows that

2 2 2 1y
3 1 1 1_r
M;(1,y) = max 1__,_,3]_,_1 2.7 Lk Sl 1}
4" 2 2 4 2 1+|1_y7|
3 Y 1 y
i 1+1+|3-7% 3}
y2’ 3 y2
+|1_7| 1+Z+7 4
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and

N

¥ (d(T1,Sy)) = w(i) =1<5-~-< w(%) - o(Mi(1,9))
< ¥ (Mi(1,9) - o(Mi(1,9)).

That is, (2.23) holds. It follows from Theorem 2.4 that the mappings A, B, S, and T have a
unique common fixed point 0 € X. However, we neither use Theorem 1 in [1] nor employ
Theorem 2.1 in [5] to show the existence of fixed points of the mapping T in X.

Suppose that there exists ¢ € ®; satisfying

d(Txx Ty)fd(x,y)—‘ﬂ(d(x,y)): Vx:yex;

which implies

i) () 6T) (o))

which means

which is a contradiction.
Suppose that there exist ¥, ¢ € ®; satisfying

¥ (d(Tx, Ty)) < ¥ (dx,9) - (d(x,9)), VxyeX,

which yields

w(%) = 1//<d<0, i)) =y (d(Tx, T1)) < ¥ (d(x,1)) - ¢(d(x,1))

=y(1-x)-9pl-x), VxeX\({l},

which gives

0 < 1/;(%) §limsup[1ﬂ(1—x)—g0(1—x)]

x—1

< limsup ¢ (1 —x) ~liminfo(1 - x) < ¥(0) - ¢(0) = 0,

x—1

which is impossible.

Example 2.4 Let X = [-1,1] be endowed with the Euclidean metric d(x,y) = |x — y| for all
x,y€X.LetA,B,S,T:X — X and ¥, ¢ : R* — R* be defined by

, Tx=0, VxelX,

Sx =

0, Vxel[-1,1), 0, Vxel[-1,1),
Bx =
1 1
2 8

’ x:L
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and
643,  Vte[0,1), 1284, vtelo,}),
V() = ) ) o(t) = L .
32t -1, Vte [Z,‘I’OO), 5 SIN 5722, Vt e [Z, +OO).

Clearly, (2.1)-(2.3) holds, (¢, ¢) € &1 x Dy, ¥ (£) > ¢(t) for each £ € R* and ¢(£) < \/TE < %
forallt € [%, +00). Let x,y € X. In order to verify (2.24), we have to consider two possible
cases as follows:

Case 1. y € X \ {1}. Obviously

¥ (d(Tx, Sy) = ¥(0) = 0 < ¥ (Ma(%,9)) — 9(Ma(x,9));

Case 2. y = 1. It follows that

1-a2 a2 1 1 1([2 1] 1\ 1+% 3
Mz(x,l)zmax y——y— — —,;— — ==+ =, 5=
2 7272 8'2\|2 8] 2/71412 8
1+3 x_2 1+]5—4+2 §}
142 27 1+%+% 8
3
> _
-8
and
Iﬂ(d(TSl))lﬁl 6411332 3211
X, = - = X —=—<K3= X | — —-1-—
8 8 8 8 2

<Y (Ma(x,1)) — o(Ma(x,1)).

That s, (2.24) holds. Consequently, Theorem 2.5 guarantees that the mappings A, B, S, and
T have a unique common fixed point 0 € X. However, we do not invoke that Theorem 2.1
in [5] proves the existence of fixed points of the mapping S in X. Otherwise there exist
¥, € O satisfying

¥ (d(Sx,Sy)) < ¥ (d(x,9) - ¢(dx,y), VryeX,

which yields

(s)

CCEEHCEDIICER)
W) o) ()
< w(é)

which is a contradiction.
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