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1 Introduction

In approximation theory, the main target is to obtain the representation of an arbitrary
function in terms of simpler and more useful functions. In 1912, Bernstein [12] gave the
following definition, which was referred to by his name, for the proof of the Weierstrass

approximation theorem. In more detail, Bernstein polynomials are defined as

B,(f;x) = Zf<§) (Z)xk(l —x)nk,
k=0

for every bounded function on [0, 1], 7 > 1 and x € [0, 1]. Bernstein polynomials have been
an active study subject for more than a century with their useful structure and applications
in many disciplines (physics, engineering sciences, computer technologies, etc.). In addi-
tion to these, a number of generalizations and modifications of Bernstein polynomials
have been studied in the literature. Some of the main objectives in these generalizations
and modifications can be said to move Bernstein polynomials over unbounded intervals,
which allow us to approximate continuous functions on compact intervals, and to expand
the class to which the desired function belongs. For example, Chlodowsky [16] moved
polynomials from [0, 1] to [0,p,] (p, — oo, 1% — 0) by obtaining a new modification of
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Bernstein polynomials. In detail, for » > 1 and x > 0, Chlodowsky introduced the follow-
ing Berstein-type operators

-2 () ()G (-5)

where (p,,),>1 is a sequence of strictly positive real numbers such that

lim p, =00 and lim 27 0.
n—00 n—oo n

As can be seen, the operator given above is not a positive operator. For this reason, the
following operators, called Berstein—Chlodowsky operators, are defined as

B ()= o/ Bn ) (DKM - 2y, if0<x<p,,
" f@), ifx = py,
and were studied in [7, 11] in detail.

Another aim of the ongoing studies on Bernstein polynomials is to increase the speed
of approximation and to decrease the number of errors that are the natural result of the
approximation process. One of these studies was done by Gadjiev and Ghorbanalizadeh
[17] in 2010. In this study, the authors defined the following operators

(5" LS50

By (fix) =1 x (x— 2o)k (e —xyk, if 2 <x < M2
f&), if x € [0, 22-] U [, 1],

where o1, B1,02, 82 € R and 0 < a3 < o3 < B2 < Bi1. In this study, the authors focused on
the convergence properties of these operators in a moving interval as it enlarges to [0, 1].
Motivating by this study, Aral and Acar [8] introduced a new interpretation of Bernstein—
Chlodowsky—Gadjiev-type linear positive operators as follows

(B2 S flots + p 2 ) (1) (2 — e y(e _ aynck,
Bu (fix) = if Pt < x < p, e (L1)

n+pPo n+py’

f@), ifxel0,pn 21U pul g

n+ﬂ2

n+ﬁ2

where o, 81,2, 82 € Rand 0 < ap < < By < B1, a3 + B3 = 1 and p,, are defined as above.
Aral and Acar first studied the weighted approximation properties of these newly defined
operators and showed their superior properties. Secondly, they focused on the derivative
of these new operators and gave a weighted approximation theorem in Lipchits space.
On the other hand, King’s inspiration [25] made a tremendous impact on approxima-
tion theory and has been successfully applied to a number of well-known sequences of
operators. The main motivation of King was fixing the function x? instead of function x
for the classical Bernstein operators that approximate better compared to previous ones.
Regarding King’s brilliant idea, the innovative papers presented by Acar et al. [1, 2], who
introduced modified Szasz—Mirakyan operators preserving constants and e***, a > 0. This
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idea has been the source of inspiration of a number of qualified papers in approximation
theory and was successfully applied to several well-known sequences of operators too. In
more detail, in [13, 27], constant and e** for a > 0, in [9, 10, 26], e** and €*** for a > 0 have
been preserved with modified version of some positive linear operators. Soon after, in
[19, 20, 22], constant and ™%, in [5, 19, 21], constant and e %* were fixed in a similar man-
ner. Regarding a similar motivation, the most recent paper is due to Acar et al. [4], who
obtained a general class of linear positive approximation processes defined on bounded
and unbounded intervals designed using an appropriate function and Voronovskaya-type
theorems.

This paper aims to introduce a modified version of Bernstein—Chlodowsky—Gadjiev-
Type operators that preserve constant and e >* for a3 = 0 and 3 = 1. In the meantime, we
present the approximation properties of these newly defined operators for both in spaces
of continuous functions and in some weighted functions spaces. In addition to these,
we provide a Voronoskaya-type theorem for the newly defined Bernstein—Chlodowsky—
Gadjiev-Type operator.

The overall structure of the paper takes the form of six sections including this section.
The remainder of this work is organized as follows: In Sect. 2, the main facts and defini-
tions are reviewed, while the new type Bernstein—Chlodowsky—Gadjiev-Type operators

~2* are introduced in Sect. 3. In Sect. 4, the approximation prop-

that fix the constant and e
erties of the newly define operators are provided. In Sect. 5, a Voronovskaya-type theorem
is given, while numerical experiments are given in Sect. 6. Some conclusions and further

directions of research are discussed in Sect. 7.

2 Preliminaries

Throughout this and the next sections, we shall denote by S the set of [0, 00). We will
use the notation C(S) for the space of all continuous real-valued functions on S. In this
manner, we shall use C,(S) for the space consisting of all bounded functions in C(S).
Additionally, let C.(S) and Cy(S) be the Banach sublattices of all real-valued bounded
continuous functions on S, (Cy(S)), endowed with the natural order and the supremum

norm || - |0, which are

C.(8) = {f e C(9):3 lim f@ e R},
and

Co(S) = {f € C8) s lim f() = 0},

respectively.
Now, let us consider the weighted space

Q= {fec(s): sup ()| )| < R},

where @y (x) = ﬁ is the weight function for k > 1 and x > 0. It is clear that this weighted

space is endowed with the norm

’

Ifllk = sup o (¥)|f (%)
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where f € € and its natural subspaces
Q= |f € Q3 lim my(x)f (x) € ]R},
and
Qg = {f € Qi xll>nolc w(x)f (x) = O].

It must be noted that Cy(S) is dense in 92 as a consequence of the Stone—Weierstrass
theorem.
In addition, throughout this and the next sections, we consider a fixed real parameter

w1 >0 and consider the exponential function f,, as
Sult) =€, (2.1)

Additionally, as usual, we denote by e; the polynomial functions defined by e;(¢) = E(t>0,
ieN).
Now, for convenience, to obtain the new operator for a3 = 0 and B3 = 1, we need to

deduce GZ’ﬂ (fii;x) for every n > 1 and x < p,,, that is,

B2 (£,)(x)
n
= |:1 + %(1 _ e*ll«Pn/(nHSl)) _x(Lﬁz(l _ eupn/(n+ﬂ1))):| e*#pnm/(mm)’ (2.2)
n len

where o1, 81,02, 82 € Rand 0 < oy <1 < By < B;. Hence, it can be easily deduced that
for each f € C,(S),

lim By () =f

uniformly on S, under the given hypothesis,

lim P _ 0 and lim p, =o0. (2.3)
n—-oo 1 n—00
3 Bernstein-Chlodowsky-Gadjiev-type operators that fix e2*
Now, we can introduce a general version of Bernstein—Chlodowsky—Gadjiev-Type oper-
ators that preserve the function f. For that, first, we need to introduce a sequence (s,,);>1

of real functions such that the operators,
Gof =G os,, (3.1)

preserve the function f,(x). Now, in order to construct a new operator that preserves f5(x),
we need to compute the s, (x) with the help of (2.2), that is,

n
|:1 + %(1 _ —2pn (n+B1) ) L(x )(I’l + ,32( _e—ZPn/n+ﬂ1)>] e—2pna1/n+[31 :fZ’
n npy,
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where a1, 1,02, B2 € Rand 0 < oy < 1 < B, < 1, which yields,

1-— eanalln(n+ﬁ1)—2x/n
<“2 MR Y )

salx) = L2
n

+ B2

for s,,(x) < p,. The point to be considered here is

lim s,(x) = x.
n— o0

Additionally, thanks to the fact that 1 —e™ < x for x > ’; 121, we can easily deduce that

+1
Pn1 Pns
Su =
n+ ﬂl n+ ﬂz

and
P02 o )< 22 N, (3.2)
n+ ,32 n+ ,32
where
2Py

" (14 Bo)(1 — e 2pallne)

for n > 1. In addition, with the help of (2.3), one can deduce that

lim N, = 1.

n—00

Considering all of these, for each n > 1, x > 0 and f € C.(S), the new Bernstein—
Chlodowsky—Gadjiev-Type Operators (Go),-1 can be defined as,

k+a 1 2pnay n(n+py)-2x/n k
Zk Of(p” n+ﬂi ( ) 21 e—2on!(n+p1) )

GUPL(fix) = | x (1 = P iy ifxeZ, (3.3)

1—e~2pn/(n+f1)

S ), ifx e S/,

n+ag

where T, = [pu S50 buy 5
posed operator and its classical counterpart is now observed as

L], a1,81 € R and 0 < &1 < B;. The relation between the pro-

Gt P (x) = ByD f (su())- (34)

Now, we can obtain the moments of the newly defined operators utilizing the above-

mentioned equalities.

Lemma 1 For each x € I, and n € N, then the following identities hold:
(i) G (eose) =

(if) G (er;) = ;22 (o — ot + 5, ()

Yl+ﬂ2 Pn 1_82pnzx1/n(n+/51)—2x/n
)= n+p1 (ar + 1 1—e=20n/(n+p1) ),
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(iii)

CLBL N o n-1(n+p, oy 1
g"ﬂ@””‘[””n+ﬂ1+ n (n+m>< ()’”n+ﬂ> pﬁ?ﬂi]
() o)
n+ B " "n+ By
2
n+ B

where a1, € Rand 0 <oy < B.

It can be easily seen that the results in (ii) and (iii) convergence to e;(x) and e;(x) in the
limit case (1 — 00), which shows that the new operators introduced in (3.3) preserve the
Korovkin test functions.

All the results given so far and hereinafter were computed by MAPLE software that is
a Computer Algebra System on attitudes towards mathematics. In addition, these results
also show that the newly defined operator protects Korovkin test functions in the limit
case.

In particular, if one considers the function described for each x > 0, as
E = (el(t) —xeo(t))m
we have the following lemma.
Lemma 2 For each x € I,, and n € N, then the following identities hold:
(i) G (E%x) =0,

(mﬁmw>-
(iii)

1- eanal/n(n+/31)—2x/n
( + =gy ) — %

n+ﬁ1

-1 1
gzlrﬂl(Etz;x) — (zpnn(jlﬁl + nn (Z:'gj)(sn(x)_pnnfzﬂ2) +p}’ln+ﬂ1>
n+ By ) (&%) o1 ?
* (n+ﬂ1)(snx _p””+/32)+(pn”+/31>

n+
—2x Pn (oq —ay +8,(x) ﬂz) +a2,
n+ B Pn

where a1, 1 € Rand 0 <oy < B.

In conclusion, one can easily deduce the following equality for the exponential function

given in (2.1),

gzlyﬂl (fo5%) = e—upnal/(mﬁl)[l _ (1 e~ Hpnl(m+1) )(S (x )” + B 0‘_2)1| , (3.5)

npy n

_ opnar/(n+p) [ 1 _ (1 _ p—Hpn/(n+p1)
=¢ [1 (1-e )< 1 — e 2pnltnrhD)

1 — e2pno1/nin+fr)-2x/n >:|n
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It is clear that G2*"! (fu;%) — fu. as n — o0o. As a result, (G2P1y,-| is an approximation
process in C(S); i.e., for every f € C(S),

lim gal B1 (f f

n—00

uniformly on S.

In particular, if one considers the function described for each x > 0, as

then we can easily deduce the following lemma.

Lemma 3 For each x € S and n € N, then the following identities hold:
(i) o (Es) =1,
(i) GVP1(FL;x) = eproa/(n+B[] — (%)] —e,

(i) G2 (F2;x) = 26727 — 2e-se-pwanl v [ _ (L=eeet/nrsby 2o

1+e~pnl(n+p1) )] ’
where a1, € Rand 0 < a; < B.
Now, let us focus on the properties of the function s, (x).

Proposition 1 For each n > 1 and any x € S, we have

su(x) > (Z+ﬁ1>x—pn“l‘“2, (3.6)

+ B2 n+ B

where ay, B1,a2, 2 € Rand 0 <oy <oy < By < B1.

Proof To begin with, for # > 1 we know that s, is a convex down increasing function in

n+og
n+ﬂ2 and s, (p, -+ b )=

for x € Z,,, thus the proof is

7, since it is a function of —f3/,,(x). In addition, since s, (p,,n‘jr‘#) =py—2

n+op n+p1

Pni s We can easily deduce that s,(x) > (n+ﬁz )x — pps “2

n+

completed. d

Proposition 2 For oy, 81,02, 8 ERand 0 < ay <oy < By < B,
lim s, = e1(x)
H—0Q

uniformly on compact subintervals of S.

Proof ltis clear that, lim,_, « s, = e1(x) pointwise on S. Additionally, each s, (x) is concave

and the convergence is indeed uniform on every compact interval of S. g

4 Approximation properties of (G, "’ B )n>1

Previously, we have provided the properties of the newly defined Bernstein—Chlodowsky—

—2x

Gadjiev-Type operators that fix the function e™=*. Now, we can introduce some approxi-

mation properties of these new operators for the different spaces of continuous functions.

Additionally, we provide the rate of convergence of ng‘ﬁ L
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Theorem 1 Let x > 0 be fixed and G," P> 1, be the operator defined in (3.3). Then,
GPL s 4 linear positive operator from C,(S) into itself. In addition, IIQEM31 lc.s) =1.

Proof It can be easily shown that for each n € N, s,(x) is an increasing and convex real
continuous function satisfying

o Oy d n+ao; n+oy
Su\ Pn =Pn an Su| Pn =Pn .
pn+/31 pn+ﬂ2 pn+ﬁ1 pn+/32

As an explicit consequence of equations (3.1) and (3.2), one can conclude that G," Prgs
a positive operator. Addltlonally, if f € C,(S), one can say that BY o (f) € Ci(S) result-
ing from (1.1), which yields B,,I,,1 (f) € C(S). Then, it can be easily seen that G," A1 (f)
C(S) since s,(x) satisfy the above properties and the relation (3.4). Moreover, it is ob-

vious that lim,_, s G2 (Ax) = lim,, o (f)(x) € R. As a consequence, ||G," ’31||C* =
1G1P1 (eg) |00 = 1 due to the positivity of each G, Pt O

Theorem 2 For the same assumptions of Theorem 1, the following expression
G (Co(8)) € Col(S)
holds.

Proof From the direct consequence of Theorem 1 and lim,_ . Gy" A x) =
lim_, oo () (x) = 0 whenever f € Cy(S), one can easily show the proof of the theorem. [

Theorem 3 For the fixed n > 1, consider the operators G," A1 defined by (3.3). Then,
nlgglo GVPL(f) = f  uniformly on S
iff € C(S).
Proof In an attempt to prove the theorem we need to show that
nlin;o gzl’ﬂl (f.) =f. uniformly on S, (4.1)

for every p > 0. In line with this objective, for every z > 0, we use the following useful
inequality given in [23, Lemma 3.1]

e _em <L p>1, (4.2)

1-¢7*n

where ¥, = and (z,).>1 is a sequence of strictly positive real numbers. Then, by

following the similar steps of the proof of [23, Corollary 3.4], we can obtain that

G () @) - () )]
< e Hpno1l(n+p1) |:1 _ (1 ol n+ﬁ1)) (S (x )}’l + B2 a2):| s

npy n

(=P OB 5 () B2 2] i

— g Hpnar/(n+p) gnin P
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< o 1pnon [(n+B1) s () (n+ o) Inpn) [1—e #P/0HBD] iy [1emhPnlUHP) - i

’

1_e—Mpnl(n+B1) 1_e—Hpnl(n+B1)
— e—y,pnal/(n+ﬁ1)e[OfZN-Pn/("HSl)]We*VlSn(x)[(”Jrﬂz)/"Pn][Mpn/(nﬂsl)]W

_ e—/uc’

] [1—e~HPn/(n+B1)y

Se—MPn(al—az)/("‘fﬂl)(e_”s”(x)[("+ﬂ2)/("+ﬂ1) B TBY) _e—usn(x)[(n+ﬂ2)/("+ﬁ1)])

[1-e~HPn!(1+f1

since Inx < x -1, d <1 for (2.3) and the inequality (3.6) holds. Then, using

upnl(n+p1)
(4.2) for
z= _MSn(x) (}’l + ,82) and Z, = KUPn )
(n+ B1) (n+ B1)

we deduce that

- B < p-Hpnlor—a)/(n+py) __ HPn
|G () @)~ fu)| < e 2e(n+ Br)
and
aLf B < p—Hpn(a1-a2)/(n+p1) 'uip” 4.3
|G P () ~fu] o <€ 2e(n + p1) 7

for x € S and the proof of (4.1) is completed. Then, relying on the direct result of (4.1) and
[14], we can prove the theorem. O

Theorem 4 For the same assumptions of Theorem 3, then
nlin;o GVPL(f) = f  uniformly on compact subsets of S

iff € Cp(S).

Proof From the the results provided above, we note that

1G1P1 (e9) (x) — eo(x) = 0,

G2 (e)(x) — 1 ()] < 22 4 p 2 (N, P2 1),
n+ po n+p1 n+ p1

and

|G (e5) (%) — ex ()|

S(n-1(n+p\. , (201 + 1)(m + Bo) o\
=¥ <T(n+/31) N”_1)+p” (m+ B1)? N"x+(p"n+,31) ’

thereby, lim,_, » gﬁl'ﬁ "({eo, e1,€2}) = {€o, €1, €2} uniformly on compact subsets of S, due to
the fact that lim,,_, . N, = 1. As a result, as {eo, e1, e2} C €23, the consequence follows from
[6, Theorem 3.5]. O

Page9of 16
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In order to estimate the rate of convergence of (Gah (f)) for n > 1 to f in Theorem 3,
we need to increase our knowledge about the modulus of continuity. In this estimation,
we will take advantage of the following definition of the modulus of continuity introduced
in [23]:

Definition 1 Let f € C.(S). Then, the modulus of continuity of a function, *(f,), is
defined for § > 0 by

o'(f,0)= sup - |f () —f(0)]. (4.4)
e —e~t|<5

In other words, this modulus of continuity can be stated concerning the standard modulus
of continuity by

o*(f,8) = w(f,8),
where f: C.(S) — C(S) is the continuous function defined by

f(=1nB), if6 €(0,1],
1 ifo =0.

£(0) =

Then, the following theorem would be helpful in order to express the next theorems.

Theorem 5 ([23]) IfQ, : Ci(S) — C.(S) is a sequence of positive linear operators for n > 1
with

Pn = || Quleo) — €0 .,
§n = HQn(fl) _fl ”oo’
kn = | Qulf) ~ o

where py, &, k, — 0 as n — 00, then,

1Qu) = f |l o < fllson + 2+ pu)e™ (/o + 260 + k),
forf € Ci(S).

In this regard, it is clear that there is a close relation between w*(f, §) and the particular
Korovkin subset chosen for the space C,.(S), (see [23]). Then, we can state the following
theorem with the help of the above.

Theorem 6 Forevery f € Ci(S) and n > 1,

aLBl(fy * —pular—a)l(nepy) P
170 ~f oo = 20 <f,\/e1’ o +le(n+,31))’

under the same assumptions of Theorem 3.
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Proof 1t is obvious that, p, and k,, equal zero due to their definitions. On the other hand,
it is easy to show that

g, = epnlaamp)__Prn___
26(1’! + ,31)

from (4.3) with A = 1 for every n > 1. Hence, the proof is completed. d

5 Voronovksya type theorem

In this section, the pointwise convergence of the Bernstein—Chlodowsky—Gadjiev-Type
operators that fix e7>* is provided. To present the convergence we present Voronovskaja-
type theorem in quantitative mean that allows us to find both the degree of aimed conver-
gence and the upper bound for the error of approximation.

The quantitative Voronovskaja-type theorem for the Bernstein—Chlodowsky—Gadjiev-
Type operators acting on bounded intervals and unbounded intervals can be found in the
papers [3, 15, 18, 24], respectively. Here, we consider the modulus of continuity given in
(4.4). Now, we can present the theorem of this section.

Theorem 7 Let f,f" € C.(S). Then, the inequality

P [G f ) — ()] — 2 () — oaf (@)
Pn 2
< '@ [Au@)| + [f7®)|| Bax)| + 2]2Bu(x) + x| + 2C, (%) (f”, %)

holds foranyx € S, a1, 1 € R and 0 < ay < 1, where
n oy B 1
An(x):p_gnly I(Et;x)_x>

1n
By(x) = Ep—ngﬁl”sl (EZsx) -,

2
Culi) = Z—\/g::l’ﬂl (ES52)/ G20 (Fis ).

Proof With the help of a Taylor expansion of f at the point x € S, one can easily deduce

that

[ +]?(t - %)+ Al x)(E - %), (5.1)
where

Alt,x) = Jw

and € is a number between x and t. Then, by applying the Bernstein—Chlodowsky—
Gadjiev-Type operators Gy to both sides of equality (5.1) and utilizing Ga"*' (e,) = eo,
we immediately deduce that

GavPL(f50) —f () = (R) G P (Efs ) — %f”(x)g,i”'ﬂl (E5x)| < |GavP (AE}; %) .
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Then, by rearranging the above inequality, one easily obtains that
n 1,81 ! 1 1"
— [ (i) —f @] - of () - 4" @)

Pu
<l (x)\ [f”(x)\

goq P (ELx) —x g“l PELx) —x

¥ ig;;bf’l (AE%x)|.
n

For the sake of convenience, we shall denote by
noLq B 1
Au(x) = —GP (Efsx) -,
Pn
and
B,(x) = l_gal B1 (E2 )
n 2 p

From the consequences of Lemma 2, it is clear that A4, — 0 and B,(x) — 0 as n — o0 at
any point x € S. Hence, we have that

2G5 f3) 9] - of o) - )

< [f'@)||Au@)] + [ ®)||Bax)] +

plngjl’ﬂl(AEf;x) ,

As a last step to finalize the proof of the theorem, we must estimate the last term
| L garh (AE?;x)|. With the help of the inequality in Holhos’s paper [23], we obtain that
bn

’A(t,x)! < <1 + %#)w*(fu;g)

and

|A(L %)| < 20*(F";8) if e —et| <38,

AL, )|<2e—“ W (f";8) if|e* —et| > 8.

As a consequence, we have |A(f,x)| <2(1 + e"—ie) Jo*(f”;8). With the help of this, we
can easily obtain that

Eggl'ﬂl (AEf;x) < —w
Pn n

*(f//; a)gglyﬂl (E?;x) " %w* (f//; S)Qzl’ﬂl (E?Ff;x),
and applying the long-familiar Cauchy-Schwarz inequality, we obtain

2n x (g1 B 2
;%) < —w (F";8)GarPr(E}; x)

+ // \/goq B1 E4 \/gal B1 F4

n
Lgan(ag:

Page 12 of 16
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By choosing § = % and denoting by C,,(x) = 5\/92“"31 (Ef;x)\/ggl’ﬁl (F} x), we deduce that

(G507 7520 )] - @)~ ")

”
Pn
< [f' @[ Au@)| + |[f"®)|| Bulx)|

+ 2|ZB,,(x) + x| +2C, (x)w™* (f”, %),

thus the proof is completed. d

Corollary 1 Letf,f” € C.(S). Then, the inequality

tim (G515 f5) 0] = of () + "),

n—00 pn

holds foranyx € S.

6 Numerical examples

In this part of the paper, we provide a series of numerical experiments for the newly de-
fined operators. For this purpose, we present the graphical presentations for a classical
Bernstein—Chlodowsky operator, a Bernstein—Chlodowsky—Gadjiev operator and our op-
erators introduced above. In these experiments, we have used three different test functions
and different parameters. All the implementations of the newly defined operators are per-
formed in MATLAB.

Example 1 We shall now illustrate the convergence of the new type Bernstein—
Chlodowsky—Gadjiev operator based on its classical counterparts. The new construc-
tion of the Bernstein—Chlodowsky—Gadjiev operator and its standard version algorithm
is applied to the test function f(x) : [0,1] — R, where p,, = n"/> and # = 100 with

fx)=e™,

suchthatoy =1, 01 =2,03=0, 8, =3, By =4and B3 = 1.

In Fig. 1 we draw the results of standard Bernstein—Chlodowsky operators, a Bernstein—
Chlodowsky—Gadjiev operator, the new construction of Bernstein—Chlodowsky—Gadjiev
operators and a test function. Clearly, the proposed operator shows better convergence

behavior than its classic counterparts.

Example 2 Secondly, we will show the convergence of the new type Bernstein—
Chlodowsky—Gadjiev operator based on its classical counterparts. The new construc-
tion of the Bernstein—Chlodowsky—Gadjiev operator and its standard version algorithm
is applied to the test function f(x) : [0.1,2] — R, where p,, = n*/? and # = 100 with

1

T e

suchthatagzl,otl=2,a3=0,,31=3,/32=4and,33=1.
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1 T
— f(=)
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| o By (f;@)
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X
Figure 1 f(x)= e 2% the classical Bernstein—Chlodowsky operator, the Bernstein-Chlodowsky-Gadjiev
operator and the newly defined Bernstein—-Chlodowsky-Gadjiev-Type operator versus x with ¢, =n'/2, o, = 1,
o1 =2,a3=0, 81 =3, B,=4and B3 = 1: Exact function (Red), classical Bernstein-Chlodowsky operator
(Green - Diamond), Bernstein—Chlodowsky-Gadjiev operator (Blue - Circle) and newly defined
Bernstein—Chlodowsky-Gadjiev operator (Magenta — Star) on an equally spaced evaluation grid

0.8 [ T
@)
o7 By, (f52) |
b ° Bl (fiv)
o8| s G (fia) |
0.5¢ 4
(e}
Zoat E
03 - 4
0.2r B
01 4
0 1 1 1 1 1 1 1 ) POEERBD
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X
Figure 2 f(x)= m the classical Bernstein-Chlodowsky operator, the Bernstein-Chlodowsky-Gadjiev
operator and the newly defined Bernstein—-Chlodowsky-Gadjiev-Type operator versus x with ¢, =n'/2, o = 1,
a1 =2,a3=0, 81 =3,B,=4and B3 = 1: Exact function (Red), classical Bernstein-Chlodowsky operator
(Green - Diamond), Bernstein—Chlodowsky-Gadjiev operator (Blue - Circle) and newly defined
Bernstein—Chlodowsky-Gadjiev operator (Magenta — Star) on an equally spaced evaluation grid

Similarly, in Fig. 2, we draw the results of standard Bernstein—Chlodowsky opera-
tors, a Bernstein—Chlodowsky—Gadjiev operator, the new construction of Bernstein—
Chlodowsky—Gadjiev operators and a test function. Clearly, the proposed operator shows

better convergence behavior than its classic counterparts to the test function.
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7 Concluding remarks

In this paper, we introduced a generalization of Bernstein—Chlodowsky—Gadjiev-Type op-

—2x

erators that preserve constant and e ** for x > 0. In order to show the approximation

properties of these newly defined operators, we used several different function spaces.
Additionally, we provide the rate and convergence and a Voronovksya-type theorem for
Bernstein—Chlodowsky—Gadjiev-Type operators.
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