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Abstract

The aim of this manuscript is to handle the nonlocal boundary value problem for a
specific kind of nonlinear fractional differential equations involving a &-Hilfer
derivative. The used fractional operator is generated by the kernel of the kind
k(},5) = £ () - £ (s) and the operator of differentiation Dg = (ﬁ d%). The existence
and uniqueness of solutions are established for the considered system. Our
perspective relies on the properties of the generalized Hilfer derivative and the
implementation of Krasnoselskii's fixed point approach and Banach'’s contraction
principle with respect to the Bielecki norm to obtain the uniqueness of solution on a
bounded domain in a Banach space. Besides, we discuss the Ulam-Hyers stability
criteria for the main fractional system. Finally, some examples are given to illustrate
the viability of the main theories.

MSC: 34A08; 26A33; 34A34

Keywords: Nonlocal fractional differential equations; Generalized Hilfer fractional
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1 Introduction

Fractional calculus (FC) was introduced at the end of the seventeenth century as a branch
of mathematical analysis that deals with the examinations of various possibilities to term
real (or complex) number powers of the integration (and differentiation) operators. FC
is the generalization of ordinary calculus concerned with operations of integration (and
differentiation) of noninteger order.

Fractional differential equations (FDEs) including Caputo, Riemann-Liouville (RL), Hil-
fer, Hadamard, and Erdelyi—Kober fractional derivatives (FDs) have been used in different
areas of technological disciplines and concentrated on by numerous mathematicians, see
the books [1-5] and the references given therein. Recently, using the generalized Mittag-
Leffler function, Atangana and Baleanu [6] suggested a new formulation of the fractional
derivative with a nonlocal and nonsingular kernel. Atangana [7] introduced a new differen-
tiation which combines fractal differentiation and fractional differentiation. Very recently,
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another methodology of FDs having a general kernel with respect to another function
known as the y-Caputo and v -Hilfer operator has been introduced by Almeida [8] and
Sousa and Oliveira [9], respectively, drawing on the idea of Kilbas et al. [1, 3] and Agrawal
[10] who made some generalizations to fractional integrals and derivatives with respect to
another function. Jarad and Abdeljawad [11] presented interesting properties of general-
ized operators with another function, including the generalized Laplace transform. A few
specialists were as of late occupied with the advancement of &-Caputo (or &-Hilfer)-type
FDEs, see [12—-25] and the references therein. Impressive considerations have been pro-
vided to the investigation of the Ulam—Hyers (UH) stability of a wide range of FDEs, see
[26-32].

In this regard, we investigate the existence, uniqueness, and UH stability of solutions for

the following nonlocal boundary value problem:

DU (9) = F(9,2(9)), 9 e f :=lab, (1.1)
m-2

2a)=za+p),  z(b)=z+ Y hizi(54), (12)
i=1

where z; = g—l, and Dagi’gzg is the & -Hilfer FD of order ¢; € (1,2) and type 03 € [0,1], 24,25 €
R, i>0,a<x<bi=12,...,m-2, ZZIZAizé(%,') i=d<l,and F: 7 x # — X and
p:C(_¥, %) — Z are continuous.

Remark 1.1 Our results for problem (1.1)—(1.2) remain true for the following cases:

+ RL-type problem for (&) = ¥ and o, = 0.

« Caputo-type problem for £(¢) = ¢ and o, = 1.

« £-RL-type problem for g, = 0.

+ £-Caputo-type problem for o, = 1.

+ Hilfer-type problem for £ (¥) = 9.

« Hilfer—Hadamard-type problem for £ () = log ¢.
» Katugampola-type problem for £(¢) = ¥*.

Remark 1.2 Results acquired for problem (1.1)—(1.2) include the results of Zhong and Lin
[33] and Asawasamrit et al. [34], in particular:
(1) For &(¢) =¥ and g, = 1, the outcomes obtained in the present work incorporate the
results of Zhong and Lin [33] for Caputo-type nonlocal and multiple-point BVP.
(2) If, in problem (1.1)—(1.2), £ (¥#) = ¥ and replacing conditions
z(a) = 0,z(b) = 31", M L% () with (1.2), then our current results cover the results of
Asawasamrit et al. [34] for Hilfer nonlocal BVP.

The main contribution of the current work is to determine the equivalent fractional inte-
gral equation to & -Hilfer type FDEs (1.1)—(1.2) and to explore the existence and uniqueness
results. Further, we discuss the Ulam—Hyers stability result to such equations. Observe
that, with the above discussions, problem (1.1)—(1.2) not just incorporates the previously
specified BVPs in the literature, yet additionally nontrivially extends the status to a more

comprehensive class of nonlocal BVDPs, i.e., for various values of ¢, and &, our considered
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problem covers the problems referenced in Remark 1.1. Consequently, problem (1.1)—(1.2)
studied in this paper is novel and is the first to investigate fractional nonlocal problems of
&-Hilfer type.

Here is a brief outline of the paper. Section 2 provides the definitions and preliminary
facts that we will need for our forthcoming analysis. In Sect. 3, we prove the existence,
uniqueness, and UH stability results for problem (1.1)—(1.2). Two examples are given in

Sect. 5. This work closes with a conclusion.

2 Preliminaries
In this section, we give some notions regarding the fractional integrals and derivatives
with respect to another function &. For more details, we refer to [1-3, 5].

Let ¢ =[a,b] C %Z.Denote by C := C(_#,R) the Banach space of continuous functions
w: _# — % with the norm

lolleo = sup{|e(®)],9 € #}.
Let £, € C” such that & is increasing and £'(¢%) #0 forall ¥ € _7.

Definition 2.1 ([9]) The &-Hilfer FD of a function w of order ¢; € (n — 1,#] and type
02 € [0,1] is defined by

Dgr@z:éw(ﬁ) _ Igz(nfm);é Dg’ I‘(lifgz)(nfm):éw(ﬁ), (2.1)

1
§(®)

where n=[01] +1,n €N, and D} = ( %)”. Relation (2.1) can be written as

D212 p(19) = TV OVERLDYE (9), (2.2)

with y = 01 +02(n—01), 27 % (-) and R-DLZ (-) are the £-RL fractional integral and deriva-
tive defined by (see [1])

‘ | _
Isfww):@ / Es)(E®) - () wls) ds (2.3)
and
KDY w(x) = DI w(9), (2.4)

respectively. Furthermore, the §-Caputo FD is given by (see [8])
DI w(9) = I, D} o(®), (2.5)
where 6 € {y - 01,¥,01}.

Remark 2.2 If we set £(©%) = ¢ in relations (2.1), (2.3), (2.4), and (2.5), we obtain the clas-

sical fractional operators introduced in [1, 5, 35].
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Lemma 2.3 ([1,9]) Let 01,02 >0 and w € C. Then
TOIE 702 p(19) = TC1+02 ()

and
DOV TRLE )(9) = w (D).

Lemma 2.4 ([1,9]) Let 01,02 >0 and § > 0. If Y () := (£(8) — &(a))’!, then
(1) T Y ) = 5 E @) - £ @)+

' (01+9)

(2) Doy (9) = 1;(6@1 EW)-E@) L, 8>y =01 +02(n—01);

(3) DLy (9)=0fors=y.

Lemma 2.5 ([9]) Leto; € (n—1,n] (neN), 0 € [0,1) withy = 01 +02(n—01) and w € C".
Then

015 1401,02:€ _ - (g(ﬁ)_%_(a))y_k n (7(1-02)(n-01)&
(T2 Do ) (9) _a)(v“)—;—r Y D} (T, w)(@).

In particular, if 1 < 01 < 2,0 <y < 1,where y = 01 + 02(2 — 01), then

(Isi;gpii,gz;éw)(ﬁ) _ a)(l?) _ (E(ﬁ) - g(ﬂ))V7 ( 1 yi& )(d)

I'(y)
— y-2
- (S(U}) (yé—(j))) (T 1”Ew) (a).

Lemma 2.6 ([1]) Letn—1<p;<nand w €C. Then
(Z&*w)(@) = lim (Z¢Fw) @) =0.
—a+

Lemma 2.7 Let 01,0 > 0. Then, for all 0 € ¢, we have

HED)-E@)

If}if E@)-¢() < oo

Proof From equation (2.3), we have

TOU HED)-5(a) _ 211 0E(9)-5 (@) g,
o, - )/ £6)(E0) - £(5) ds

By utilizing the change of variables y = £ (%) — £ (s), we obtain

OLE (ED)-E(@) e/ E)-4(a) §()-£(a) L
Tt /0 yo11e0dy. (2.6)



Shatanawi et al. Advances in Difference Equations (2021) 2021:294 Page 5 of 19

Again, by utilizing the change of variables v = 0y in (2.6), we attain

HEDE@) OED)-£@)
TOUE HED)E@) _ / varle vy
‘ I'(e1)6er Jo

HED-E@) poo
< —/ verle™vdy
I'(e1)6°r Jo
HE)-E@)
ge1 ’

This completes the proof. d
Let us now conclude this section by recalling the following fixed point theorems.

Theorem 2.8 (Banach [36]) Let £ be a nonempty closed subset of a Banach space X and
H :E — & be a strict contraction mapping, i.e., ||Hz — Hy|| < kllz —y|| for all z,y € £ and
for some k € (0,1). Then H possesses a unique fixed point.

Theorem 2.9 (Kransnoselskii [37]) Let X be a Banach space. Let S be a nonempty convex,
closed, and bounded subset of X, and let H1,H, be mappings from S to X such that:

() Hiz + Haoy € S whenever z,y € S;

(it) H1 is continuous and compact;

(iii) Hy is a strict contraction. Then there exists z € S such that z = Hi1z + Haz.

3 Main result

The next lemma transacts with a linear form associated with problem (1.1)—(1.2).

Lemma 3.1 Let1<p; <2,0<0;<1,wherey =01+ 022-01)and heC.If

a [[S(br) (—ys_wl))w RSN [swli)(; d (g]ﬂ] 0 -
then the function z € C is a solution of the linear-type problem
DO (9) = h(9), 01 €(1,2),0€ 7 = 52)
2a)=z,+p@),  ZB) =2+ X1 M Zg(%z)
if and only if
2() = TE* h(9) + W |:z;, + T3 () + Z I ”h(m)] (33)

s [z, + p(2)] [[S(b) E@] 2+ I MEG) —E(@]7 3 . [S(ﬁ)—é(a)]”]
A C'(y-2) C(y-1)

Proof The first equation of (3.2) can be written as

IZ 015 ED2§II 02)(2-01); Z(l?) h(l?)
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Applying the operator Z.! %, we get

IQI EIZ 015 EDZSII 02)(2-01); Z(‘l?) IQ“Eh(ﬁ)
a+ ’
which implies
TVERDIE2(0) = THEh(), ¥ =01+ 022~ 0).
By Lemma 2.5 and setting Iz ") = a1, Il % 2(a) = ¢y, we have

2 [e@)-£@] "+

)= I'(y)

e 1)[5(19) £@] 7 + I8 h(o). (3.4)

Differentiation of (3.4) with the fact that D’gIZ 5 I;Tfk’g fork=0,1,...,n—1,0 > k (see
[12]) leads to

Z0) oy -1)

_ 2, aly -2)
§'() I'(y)

D E@®)- @] 7+ TU h).

25(19)

[£0) -£@)]

From the boundary conditions of (3.2), we obtain ¢; =z, + p(z) and

C2

I'y-1)

m-2
“ae 2| G- @]+ ) e
i=1

2 [za +p(2)]
+
I'(y-2)

[£(b) - £(a)]” [6(0) - 6@] ™ + I8 h(b)

I'(y-2)

+ U h(%,-)].

It follows that
[EB) - @) 3. [EGw) -£@]
Iy -1) pt Iy -1)
[‘;‘f bz [ZA £Ga) - @] - [50) - s(a)]”}
m-2
vzp+ Y MID T h(s) - I8 h(b).
i=1

Therefore,

>

[ MZA IO h(sg) - T8 h(b)
i=1

[z + p(2)] _
+ §(+ : (ZA EGa) - @] - [E0) - £@)] 3)]

Page 6 of 19
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Substituting the values of ¢;, ¢ into (3.4), we get

2(9) = T h() + % [ zp + Zx T h(g) - T8 h(b):| (3.5)

L [zt p(@)] [(Z AilE(a) —E@]7° - [E(b) - (@] )

A I'(y-2)
. [£(®) —E(ﬂ)]y'z}
ry-1 |

Note that

5h(9) = % / EG[E) -£60)] A6 ds, 6 € (01,01~ 1), andx € {9, b, 5.

The converse follows by direct calculation with the aid of the results in Lemmas 2.4, 2.5.

This finishes the proof. O

To follow up, we need the following assumptions.
(Gl) F: 7 xZ— % and p :C — Z are continuous.
(G2) There exist constants £, L, > 0 such that
| F(9,2) - F(9,2)| < L1lz-2l, zZ€eR,
and
p(2) - p®@)| < Loz -2, zZzeC.

(G3) There exist positive functions ¢, ¢ with bounds ||¢|| and ||¢||, respectively, such that:

| F(®,2)| <e®), YV@®,2e 7 xR,
p@)| <¢®), V(@2 e 7 xC.

For simplicity, we denote

M := sup |]:(19,0)|, |p(0)\ = Po,
v €la,b]

ni| o (EO -E@2  [E0) -E@)!
1T T+ AT (y)

+Z)\,i

@ -s@ K EGa) - @)
I'(e1) P I'(e1)

[£0) - 5@) 2+ Tr P LlECa) - E@P 7 [E() - g(a)]y_zﬂ (3.6)

' 52[ AT(y —2) PTG -

AT (y) I'(01) —~ T()

o:- [cl([f(“ ~ 5] [(é(b)—é(a))“l 5 AMD
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. Ez[ [£() ~E@V 2 + Y Ml Ca) ~E @] [£(0) -& (“””H, (37)
AT (y -2) Al(y -1)

[E@) - &@)!

w() = T()’ (3.8)
o() = [[E(b) E@] 2+ 31 MlEG) - (@) . [S(ﬁ)—é(ﬂ)]’”‘q’ (39)
AT(y -2) AT(y - 1)
Ao ED) -E@) [ EB) -g@)! 2 (EG) - @)
1:= + + Y A———",

(o1 +1) I'(01) =Y I'(e1)

Ay =17, Az = utlzp| + v¥z4), (3.10)
£' ()W) -£(s) !

G (9,) = M) , x>0, (3.11)

w = oe%,

V" = max|v(®)].

In what follows, we present the needful lemma that represents the equivalent solution
to problem (1.1)—(1.2).

Lemma 3.2 Assume that F : 7 X £ — %, p:C — X are continuous. A function z(1)
solves system (1.1)—(1.2) if and only if it is a fixed point of the operator H : C — C defined
by

Hz(9) = I8 F(9,2(9)) + u(z?)|:zb + I8 F (b, 2(b)) Z,\ TUEF( %l,z(%,-))j|
+v()[z4 + p(2)]- (3.12)

3.1 Uniqueness results via Theorem 2.8
Theorem 3.3 Assume that (G1)-(G2) hold. If

A= [.:11\1 + £2A2 < 1, (313)
then there exists a unique solution for (1.1)—(1.2) on _#, where A is given by (3.6).

Proof According to Lemma 3.1, we consider the operator H : C — C defined by (3.12).
Then we prove that H has a fixed point due to Theorem 2.8. First, we define the closed

ball Br ={zeC:|lz]| <R} C Cwith R > % Then, for z € By, we have

|[Fs,2(5)| = | F(s,2(5)) = F(5,0) + F(s,0)]
<|F(s,z(s)) = F(s,0)| + | F(s,0)|
= (Li]=9)] + | (s, 0])
<LiR+ M.

Page 8 of 19
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Similarly, we obtain
|p(2)| <LyR.

Hence

| Hz(®)| = v()[lzal + [p(2)|] +

+u(ﬁ)[|zb|+/ ot

+ Zx / G (o 5)| F

F(s,z(s))| ds

va (s, z(s)) | ds

s z(s))| ds:|
<v([lzal + L2R] + (L1R + M) / G (9,5)ds

(79)|:|zb|+(£172+j\/1)</ ge 1bs)ds+Zk/ Ge~ 1(%,-,s)ds>i|

< v*[|zﬂ| + EzR] + (LR + M)—(S(b) —§@)

(o1 +1)
ED) -E@)2" X (EGa) - @)
* LR i
+ 1 |:|zb| + (L4 +M)< o) + 2 A T >:|

(&(b) - §(a))*

=R+ M)[ Mo+ 1)

, ((S(b) @) 22 (60 - @) ﬂ
— =, 5  t N———

T(e1) o i I'(e1)

+V [LaR] + p¥lzp| + 1"zl
< (£1R + M)A1 + (ﬁzR)Ag +A3 <R,

which implies that || Hz|| <R, ie., HBr € Br.
Now, we show that H is a contraction. Let z,y € C. Then, for every ¥ € ¢,

[(Hy) (@) = (H2)(®)| = v()[[p() - p(2)|] +

+u(f})[[ G,
+ZA/ G (54,5)

<v(@®)[La]y(s) - 2(5)]] +/ G (9,5)L1]y(s) - (s)| ds

]-"(s,y(s)) - ]-'(s, z(s)) | ds

s,y(s)) - f(s, z(s)) | ds

Fls, y(s)) (s z(s)) | ds:|

+ u(ﬁ)[ / G (b,5)La [y(s) — 2(s)| ds
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m=2 »;
£y / G834, 9) La]y(s) —z(s)|ds}
i=1 a

9
<lly-zl |:£2v(19) + L (/ G (9, 5) ds + u(9)

U G& (b, s)ds+ZA/ ger 1(%i,s)ds:|>:|.

Also note that

(&(b) —§(a))*
/95(19 s)ds < F( ) x > 0.

Using the above arguments, we get

My - Hzlloo

b) - 01
< IIy—ZIIOC[Ezu* + 1;1(%

JEB) -g@)nt R (EGa) @)
“[ foy T2 T m

= Ally -zl -

As A < 1, we deduce that H is a contraction. Hence, Theorem 2.8 shows that BVP (1.1)—
(1.2) has a unique solution. This completes the proof. d

Remark 3.4 We would like to point out that the strong condition A < 1 can be removed if
we use the well-known Bielecki norm.

In fact, just like the discussion in Theorem 3.3, we only prove that H defined as before
is a contraction on C via the Bielecki norm. Given z,y € C and ¢ € _¢#, using (G2) and

Lemma 2.7, we have

[(Hy) () - (H2)(9))|

)[[p») - p(2)[] fgglﬂspf(s, s)) — F(s,2(s))| ds

+ () |:/ G LB, ) )| F (s, 5(5)) = F(s,2(s))| ds

+ ZA f G ' (54,8)| F (5,9(5)) = F (5, 2(5)) | dsi|

Laly(®) =z ¢ 0)-£(a))
(l’)[we

/ g o )Elb/(ss)) E(Z)()S”ee @ ds
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o[ e

L
+ZA/ g@l (g, s %&(ﬁf}s)'eé) g(a)d:|
< |:v(15‘)£2[ R e / Ge 19, 5)e? ED-E@) g

b
+ @)L [ / G (b, 9)e" W ds
s Z’\ / G0 (565 5)e O£ dsﬂ Iy =zl

L1
* ~ (£(9)-4(a))
< |:< Lo+ e 1)9

m-2

,Ll/*ﬁl _ ‘CLU/ 2
+ T HEWb)-§@) | Z)Li e —e HEGa)-§a ||)/ zllo»
i=1

where
|z(2)]

llzllo = SUP o E@” 6 >0,
pe g EEO1EG)

denotes the Bielecki-type norm on the Banach space C. Thus, we obtain

Hy —Hzllg < |:/32U +£1<9T+ gor-1 +Z ‘goi- 1):|||J’—Z||9.

Taking 0 > 0 large enough such that

|:£2v +£1(9Q1 ol Z >:| 1,

it follows that

IHy = Hzllo < Ily — zllo-

This means that H is a contraction with respect to the Bielecki norm. Hence, Theorem 2.8
shows that BVP (1.1)—(1.2) has a unique solution.

3.2 Existence result via Theorem 2.9
Theorem 3.5 Assume that (G1)—(G3) hold. Then (1.1)—(1.2) has at least one solution on
J , provided

O<1, (3.14)

where © is given by (3.7).
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Proof By assumption (G3), we can fix
p = llellAr + 1@l Az + As,

where B, = {z € C : ||z|| < p}. Let us split the operator H : C — C defined by (3.12) as
‘H ="H1 + Hy, where H; and H, are given by

9
Hiz(9) = / G (9,5)F (s, 2(s)) ds,

b m=2 b2}
Hayz(8) = n(9) |:zb + / G¢'(b,s)F (s,2(s)) ds + Zki/ G (5, 8) F (s, 2(s)) dsj|
a i1 a
+ v(z?)[za + p(z)].

The proof will be split into numerous steps.
Step 1: H1(z) + Ha(z1) € B,,. Indeed, for each z,z; € B, and ¢ € _¢Z, then

Hiz + Hoza |

= sup |(7—l1z)(19) + (szl)(ﬁ)‘
ve g

/ Q (,s |.7-' s z(s))|ds+u(19)

|:|zb| +/ G&H(b,5)| F (s, 2(5)) | ds

+Z,\ / Gev 1(%Lr,s)|}"(s,z(s))}ds:|

+v(®)[|zal + [p(2)]]

EB) -E@) [EB) -E@) . (EG) - E@)P!
slel|—FVw—Ftrv'|—F > — i

For+1) Fen &7 T

+ 1 @Iv* + |za V" + 1"z

<llellAr+ oAz + As < p.
Hence
||H12 + HzZl || <p,

which shows that H1z + Hjz; € B,,.
Step 2: H, is a contraction map on B,.
Due to the contractility of H as in Theorem 3.3, H; is a contraction map too.
Step 3: H, is completely continuous on B,,.

From the continuity of (-, z(-)) it follows that #; is continuous.
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Since

D2
[ Hizl = su;|7-[lz(l9)| S/ GE (9,5)| F(s,2(s)) | ds
Ve a

@) -E@)

< 1 EB,
=lel T+ 1) P, z€B),

we get ||’H1z|| < p, which emphasizes that 7{; uniformly bounded on B,,.
Finally, we prove the compactness of #;.

Forze B, and ¥ € _#, we can estimate the operator derivative as follows:

9
06200 < [ 6270, (5,26 ds

-4

((b) - £(@)t
< llell (o) :
where we used the fact

1
£'(9) dv

, -k, k
DET = 707, @Rm=(
Hence, for each ¥,,9, € _# with a < ¥, < ¥, < b and for z € B,,, we get

L)
|(H12)(2) — (H12) ()| = /0 |(H12)'(s)] ds < £(, — 1),

where (9, — 1) tends to zero independent of z. So, H; is equicontinuous. In light of the
previous arguments along with the Arzela—Ascoli theorem, we derive that 7{; is compact
on B,. Thus, the hypotheses of Theorem 2.9 hold. So there exists at least one solution of

(1.1)-(1.2)on ¢Z.

Remark 3.6 In Theorem 3.5, we can exchange the roles of the operators H; and H; to

obtain a second result by replacing (3.14) with the following condition:

E(E@;ﬂ@ﬂ>d
! F(o1+1) '

4 UH stability analysis

In this section, we discuss UH and generalized UH stability of (1.1)—(1.2). Let ¢ > 0. We

consider the following inequality:

D25 5(9) - F(9,209)) | <6, D e 7.

Definition 4.1 FDE (1.1)—(1.2) is UH stable if there exists cx € R* such that, for any ¢ > 0
and for each solution z € C of inequality (4.1), there exists a solution z € U of 1.1)—(1.2)

with

2(9) —2(9)| <ecr, Ve 7.

k
) w(®) fork=0,1,...,n-1.
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Definition 4.2 FDE (1.1)—(1.2) is called generalized UH stable if there exists ¢r €
C(Z.,Z#.) along with ¢£(0) = 0 if, for any ¢ > 0 and for each solution z € C of inequal-
ity (4.1), a solution z € C of (1.1)—(1.2) exists uniquely for which

|20) - z(9)| < prle), Ve 7.
Remark 4.3 A function z € C is a solution of (4.1) iff there exists a function v € C (which
depends on solution z) such that
Lv@)<ede 7.
2. DO 5(9) = F(9,2(0)) + v(®),0 € 7.

Theorem 4.4 Let A < 1 and hypotheses (G1) and (G2) be satisfied. Then FDE (1.1)—(1.2)
is UH stable on 7 and consequently generalized UH stable.

Proof Let ¢ >0 and Z € C satisfy inequality (4.1), and let z € C be the unique solution of
the following problem:

DU L(9) = F(9,2(0), ®e F:=
z(a) = z, + p(2), zé b)=zp + Zi’:f Lizg (5.

By Lemma 3.1, we have
2(9) = I8 h(9) + u(9) |:zh + I8 n(b) + Zx I8 h(s) } + ()24 +p(2)]
/ g (9, s)]-" s z(s))

+pc(19)|:zb+ / G877 (b, 5) F (5,2(s)) ds+ZA / G 1(%i,s)]-"(s,z(s))dsi|
+v(9)[z + p(@)]. (4.3)

Since we have assumed that 7 is a solution of (4.1), we have by Remark 4.3

{Dji’m;g?(??) =F»,Z0)+v®), Ve f:= (4.4)

Ha) =z, +p@),  Z(b) =z + Y1 ME (.
Again by Lemma 3.1, we have
zZ() = / Q (9, s)f s z(s) ds + / Q L, s)u(s)ds

b
+M(19)|:zb+ / G&' (b, 5)F (s,2(s)) ds + / G& " (b, s)u(s) ds

a

+Z)‘/ gm 1%“5 5, ds+ZA/ Q %,,s)v(s)ds:|
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+v()[za + 9@
Consequently, for each © € _#, we have
|E(19) - z(t?)|

9
/ G (v, 8)| F(s,2(s)) = F (s, z(s))|ds+/ G (0, 5)u(s) ds

+ () |:/ ggl Y, s)|.7-" (5,2(s)) = F(s,2(5)) |ds+/ QQI Y(b,s)u(s)ds
+ZA / ggl 1(%,f,s)|]-"(sfz'(s)) —]:(s,z(s))|ds

+Zk/cﬂ%% @@]
v(®)[p® - p(a)]- (45)

From Remark 4.3 and (G2), we derive

|E(19) —z(ﬁ)|
< Alz-z]
. (&(b) - &(a)) o (D) - E(a))r! . = )\A(E(%i)—é(a))gl‘l .
(o1 +1) T(01) " T(o1)
= A|Z-z| + As,

where A is defined in (3.6). In consequence, it follows that

Z—2Z|loo < .
I loo < a-A)

Ifwesetcr = ﬁ’ then the UH stability condition holds. Moreover, for ¢ z(¢) = (lff—z) with
¢7(0) =0, the generalized UH stability condition holds too. This completes the proof. [J

5 Examples

In this section, we consider two examples to better illustrate our main results.

Example 5.1 Consider the following BVP for FDE:

gf’”z(a) F,29), 0e 7:=[01], )
20)=3+ X1, g2(9),  zy(1) =3+ 5723+ :2(3),
where
3
1=y =7 Q2=07 b:l, a=0, ‘é;:(l?)
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1 2 N 1 N 1

Zq= =5 Zp = =5 =T =T

“"5 b= 7 " 10 27 15

1 2

= =y (5.2)

Using the given data, we find that
b _ y-2 m-2 . y-2
a=| LAl Z 5, Bamal T 63460 0,
Fy-1 4% T@k-1
In order to illustrate Theorem 3.3 and Theorem 3.5, we take
92 -1 |z(2)] )
%,z(9)) =
f( ( )) (2 —sin? 7 9)3 (1 + |z(9)]
n (5.3)
p(Z) = Z CjZ('l?i),
j=1
in (1.1), where 0 < % < ¥y < --- < ¥, < ¢j, j = 1,...,m, are given positive constants with
Y71 ¢ < 2, and note that
1
lr@,2-f@.] < glz-vi,
n (5.4)
Ip@) - pM)] =D cillz=vl.

j=1

Hence conditions (G1)—(G3) hold with £; = %, Ly = % Further, from the above given data
it is easy to calculate

®~0.1325<1.

By Theorem 3.5, problem (5.1) with data (5.2) and (5.3) has at least a solution z. Further-
more A >~ 0.2265 < 1. Hence, by Theorem 3.3, problem (5.1) with data (5.2) and (5.3) has
a unique solution.

Example 5.2 Let us consider BVP for FDE (1.1)—(1.2) with

£(9) =2 5 1 16
- ’ Ql—g; Q2—31 )/—9,
1 2,12
Zﬂ—s) Zb—7! 1—51 2—77

3 2
=, =, b=1, a=0
4 5

In order to illustrate Theorem 3.3 and Theorem 3.5, we take

—21

f(®,2(9)) = m(sin|z(ﬁ)

),

n (5.5)
p@) =) cz(®)

j=1
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in (1.1), where 0 < ¥ < ¥ < --- < ¥, < ¢j, i = 1,...,m, are given positive constants with

Z;’zl ¢ < 1—25, and note that

3,2 ~f0.9)] = 5 lle =,
(5.6)

[p@ - p0)] =D giliz—vl.

Jj=1

Hence conditions (G1)—(G3) hold with £; = % and £; = % Further, from the above given
data, it is easy to calculate

®~0.7967 < 1.
Using the given values of the parameters in (3.1), by the Matlab program, we find that

A= M_m_z M ~0.3449 #0
| Tw-1) &7 ry-y |7 '

Hence condition (G2) holds with £; = %, Ly = 2—14. We shall check that condition (3.13)

is satisfied. Indeed, using simple calculations, we can find
A~0.8811<1.

Hence, by Theorem 3.3, BVP (1.1)-(1.2) has a unique solution on _¢. Moreover, Theo-
rem 4.4 ensures that BVP (1.1)—(1.2) is HU stable and generalized HU stable.

6 Conclusion

By using standard fixed point techniques, we have established some advantageous results
about the existence, uniqueness, and stability of the Ulam—Hyers type of the BVP for non-
linear FDEs involving a &-Hilfer FD under nonlocal boundary conditions. The acquired
results have been justified by two examples. Furthermore, problem (1.1)—(1.2) not just
incorporates the formerly specified BVPs in the literature, but it does cover as many prob-
lems as special cases for various values of o, and &, as referenced in Remarks 1.1, 1.2. Con-
sequently, the fixed point technique is a powerful approach to investigate diverse nonlinear

problems, which is very important in many theoretical and applied fields.
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