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Abstract

In the present paper, by using the concept of convolution and g-calculus, we define a
certain g-derivative (or g-difference) operator for analytic and multivalent (or p-valent)
functions. This presumably new g-derivative operator is an extension of the known
g-analogue of the Ruscheweyh derivative operator. We also give some interesting
applications of this g-derivative operator for multivalent functions by using the
method of differential subordination. Relevant connections with a number of earlier
works on this subject are also pointed out.
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1 Introduction, definitions, and motivation

Let A(p) denote the class of multivalent (or p-valent) functions of the form:

o]

fe) =2+ Zamp,lz”*p’l (reN={1,2,3,..1}),

n=2

which are analytic in the open unit disk U given by
U= {z:ze(Cand |z] <1}.
We note that

AQ) = A.
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Definition 1 The Hadamard product or convolution of the following two functions fj(z) €

Alp) (=1,2)

D=2+ anp1;2"" (peN)

n=2
is given by
00
(fl *fZ)(Z) = Zp + Z “n+p—1,lan+p—1,22n+p71~
n=2

Definition 2 For two analytic functions f; (j = 1,2) in U, the function f; is said to be sub-
ordinate to the function f, which is written as follows:

h=fr or filz)<fz) (z€D),

if we can find a Schwartz function w, analytic in U, with
w(0)=0 and |w(z)| <1,

such that
£i(2) = fo(w(2)).

Further, if the function f; is univalent in U, then the following equivalence relation holds

true:
h@) <filz) (zel) <<= f0)=£0) and fi(U) Cf(U).
We denote by P(8) the class of functions of the form
@) =1+cz+cz® +---, (1.1)
which are analytic in U and satisfy the following inequalities:
R(pk))>B (O=B<1).
It can be seen that
P0)="P,

where P is the well-known class of Carathéodory functions (see, for details, [6] and [49]).
We next define the function 4(A, B; z) given by (see [3])

1+Az
1+Bz

h(A,B;z) = (zeU;-1<B<AZ).

Page 2 of 14



Khan et al. Advances in Difference Equations (2021) 2021:279

This function /4(A, B; z) is known to be the conformal map of the unit disk U to a circle
which is symmetrical with respect to the real axis having the center at % (B#=1) and
the radius equal to % (B #=£1).

In order to present some of the noteworthy and useful details of the definitions and

principles of g-difference calculus, we assume throughout this article that
0<g<1 and peN={1,23...}.

Definition 3 For f € A, the g-difference (or the g-derivative) operator D, in a given sub-
set of the set C of complex numbers is defined by (see [9] and [10])

f(2)-f(q2)
D f)z) = -7 =70) (1.2)
/(0 (z=0),

provided that f/(0) exists.

It is readily observed from equation (1.2) that

. . fl)-flgz)
lim (9D,f)(z) = lim ————— =f'(z
Jim (0412 = lim == <)
for a differentiable function f in a given subset of the complex space C (see also [37], [39]
and [40] for some recent applications of the g-difference operators in the theory of g-series

and g-polynomials).

Definition 4 Let g € (0,1) and define the g-number [7]; as follows:

L (reO),
[tly= ke d" (t=neN),
0 (r =0).

It follows from Definition 4 with t = n (n € N) that

(l’l = 0):

[n]q' = "
[Tk, (meN).

Definition 5 The generalized g-Pochhammer symbol given by
[tlg (t€CneNy:=NU{0}lg|<1)

is defined as follows:

oy, = @5 )1 (n=0)
M (1-g) [tlglr + 1 [t +2],-- [t +n-1], (meN).
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Moreover, the g-gamma function I';(2) satisfies the following recurrence relation:
Fy(z+1)=[z],T4(z) and T,(1)=1,

where

o0 _ o+l
F‘I(z) = (1 —4)12H<1 _Z;ﬁz)'

n=0

The intensive applications of the g-calculus in exploring new directions in various di-
verse areas of mathematics and physics have fascinated a number of researchers to work
in several distinctive areas of the mathematical and physical sciences. The g-derivative
(®,) operator’s versatile applications makes it significantly more important. Initially, in
the year 1990, Ismail et al. [8] presented the idea of a g-extension of the class S* of starlike
functions. However, historically speaking, in the article [32] published in 1989, Srivastava
gave a firm footing of the usages of the g-calculus and the basic (or g-) hypergeometric

functions:
v ®@s(0,5 €Ny ={0,1,2,...})

in the study of geometric function theory (GFT) (see, for details, [32]). More recently, the
state-of-the-art survey and applications of the operators of the g-calculus and the frac-
tional g-calculus, such as the g-derivative operator and the fractional g-derivative opera-
tors in geometric function theory of complex analysis, were investigated in a survey-cum-
expository review article by Srivastava [33]. In this same survey-cum-expository review
article, Srivastava [33] revealed and exposed the triviality of the so-called (p, g)-calculus
associated with an obviously redundant and inconsequential additional parameter p (see,
for details, [33, p. 340]).

The aforementioned works [8] and [33] have inspired a number of researchers to con-
tribute significantly in geometric function theory of complex analysis. Several convolu-
tion and fractional g-operators, which have been already defined, were surveyed in the
above-cited work [33]. For example, Kanas and Raducanu [11] introduced the g-analogue
of Ruscheweyh’s derivative operator and, by using the concept of the Hadamard prod-
uct (or convolution), Srivastava et al. [45] introduced a g-extension of Noor’s integral
operator and studied some of its applications. Aldweby [2] and Sokdl [21] studied some
classes of analytic functions defined by means of the g-analogue of Ruscheweyh’s deriva-
tive operator. Many g-derivative and g-integral operators can be written in terms of the
Hadamard product (or convolution). For details, we refer the reader to the earlier works
[1, 7, 18, 21, 23]. Moreover, several authors (see, for example, [13, 19, 42, 47, 48]) have
concentrated upon the classes of g-starlike functions related with the Janowski and other
functions from several different viewpoints and the references cited therein. For some
more recent investigations involving g-calculus, we may refer the interested reader to
[4, 5,12, 14-17, 20, 22, 2628, 31, 34-36, 38, 43, 46].

In this paper, we first define an extended g-analogue of Ruscheweyh’s derivative oper-
ator for multivalent (or p-valent) functions. In order to define this extended g-analogue
of Ruscheweyh’s derivative operator, we use the concepts of the Hadamard product (or
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convolution). We then give some interesting applications of this operator for multivalent
functions by making use of the method of differential subordination. The extended g-

analogue of Ruscheweyh’s derivative operator is defined below.

Definition 6 For f € A(p), the extended g-derivative operator ng L A(p) > A(p) for
multivalent functions is defined as follows:

Ry (2) = Q& (2 #f(2)

A+ pl, [A+Plupg
p n+p-1 _
E b= pl,! Apip-12 (A>-1), (1.3)

where

Qﬁq(z) P 1<Z+Z )x+p —pqzn>

= n-plg
The following identity can easily be verified by using (1.3):

72D Ry (@) = [k + ply Ry (2) - MRy (2). (1.4)

It can also be seen that, by putting p = 1 in (1.4), we have
s Pl — el A

7 2DRY(2) = [+ 11gRE () - LR )
which is the well-known relation studied by Kanas [11].
Remark 1 1t is easily seen that, upon setting p = 1, the extended g-analogue of Rusche-
weyh’s derivative operator R;w _lf (2) reduces to the g-Ruscheweyh derivative operator
which was studied by Kanas [11]. For p = 1 and ¢ — 1-, the extended g-analogue of

Ruscheweyh’s derivative operator R;er _lf (2) reduces to the familiar derivative operator

introduced by Ruscheweyh [30]. Moreover, if we put p = 1 and A = 0, we have

Ry (2) = Ref () = f @)

2 Aset oflemmas

To prove our main results, we need the following lemmas.

Lemma 1 (see [25]) Let ¢; € P(B;) be given by (1.1) for (0 < B < 1;j = 1,2). Then

@1 % @y € P(B3),

where

Ba=1-(1-p1)1-pB).
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Lemma 2 (see [24]) Let the function ¢, given by (1.4), be in the class P(B). Then

2(1-8)

1+ |z|

Eﬁ(go(z)) >28-1+ 0 B<1).

Lemma 3 (see [29]) The function given by
(1-2)7 =507 (y #0)

is univalent in U if and only if y is either in the closed disk |y — 1| < 1 or in the closed disk
ly +1| = 1.

Lemma 4 (see [3]) Let the function h(z) be analytic and convex univalent in U with h(0) =
1. Also, let the function g(z) given by

8@)=1+biz+byz* + -

be analytic in U. If

g(2) + % <h(z) (ze€eU;c#0),

C

then, for R(c) = 0, the following subordination relation holds true:

a2 << / £ Uh(t) dt.
z¢ 0

Lemma 5 (see [3]) Let the function u(z) be univalent in U, and let the functions 6(w) and
@(w) be analytic in the domain D containing u(U) with ¢(w) # 0 when w € u(U). Set

Qlz) =20 4(u(2))p(u(z)) and h(z) =60(u(2) + Qz))

and suppose that

(i) Q(z) is starlike univalent in U.

ey oy 29qh(2) 20 460(u(z)) 29 ,Q(z)
(i) (=) =M (e )+ (o ) >0
If m(z) is analytic in U,

m(z) =u(0) and m{U)cCD
and

0(m(2)) + 20, (m(2))p(m(2)) < 0(u(z)) + 2D, (u(2)) @ (u(2)) = h(z2),
then

m(z) < u(z) (zeU)

and u(z) is the best dominant.
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3 Mainresults
Our first main result in this section is stated as Theorem 1.

Theorem 1 Let A >0, >0, and -1 £ B< A < 1. Iff € A(p) satisfies the following subor-
dination relation:

Ri"f@) , R

(1-a) < h(A,B,z),
zr
then
“‘({ Ry @) })
¢
[A+p]q 1 (%)—1 1-Au "
2 (S [Fuere™ (5 )z, (1)

The result is sharp.

Proof Let

At+p-1
2(2) = R‘IT/((Z)'

(3:2)
Then, for f € A(p), the function g given by
g@)=1+biz+bZ?+--- (zel)

is analytic in U. By using the logarithmic g-differentiation on both sides of (3.2) and mul-
tiplying the resulting equation by z, we have

29,2@) 2R, f@)
g2 REP(z)

(Plg-

By making use of (1.4), we obtain

29,g@) +ply R{TfR) D,

= ~ ..
g(2) 7 REV@ ¢ !

Taking into account that

(A +plg = [Mg + Plyd"s
we get

7 +p]qz©q(g(z)) +g(2) = pra (3.3)
Also, from (1.4), (3.2), and (3.3), we have

aq'lpl
g(z) + z290,8(z) < h(A, B, 2). (3.4)

A+ plg
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Now, by applying Lemma 4, we find that

)\‘ + _ [A+p]q_ 1 ( [)~+p]q )-1 1 +At
g(2) < ([qu [I‘Ijqz alplgq* f u @WPlad" (1 " Bt)dt. (3.5)
q 0

Also, by making use of the concept of subordination on (3.5), we have

Re"f@\ _rplg 1 Gl (1 Auwe)
( . )_aqk[p]q/()u g (TW(Z))(W. (3.6)

It follows from (3.6), together with -1 £ B<A < 1and A > 0, that

Atp-1 1 +plg | _
5)’%(72[] f(z)) > [+ plg / u(a[pJqq‘) 1(1 Au)du. (3.7)
z aq*[ply Jo 1-Bu
Since
Rwn) = (R} (Bw) > 05n 2 1), (3.8)

by making use of concept (3.8), the inequality in (3.1) follows directly from (3.7).
In order to show the sharpness of (3.1), we define the function f € A(p) by

Ry f@) _D+ply /1u<;;;;1qa>-1 L+ Auz) 69)
7 aq*ply Jo 1+ Buz ’ )

For this function f involved in (3.9), we find that

R f(2) o RqyTf(2) 1+Az

(1-a) =
/4 zP 1+Bz

and

rp-1 1 [+plq _ _
Ry @) [/\:p]q/ e 1<1 A”)du (z— 1.
b/ oq [p]q 0 1-Bu

This completes the proof of Theorem 1. O

Remark 2 1f we set p = 1 in Theorem 1, we are led to the results similar to those given by
Aldweby and Darus [3].

We next state and prove Theorem 2.

Theorem 2 Let A=1-2a,B=-1,0,A>1,n21,and 0 =< B < 1. If the function f € A(p)

satisfies the following subordination condition:

Ry (2) . Ryf(2) .

1-a) o o o h(1-2a,-1,2),
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then

n ({ ; a;erilf(z) } %)
' /g
Lowplg y o

[A+plg 2(1 = A 1 (Q[P]qq)‘ %
> (28 - Vel + (1-B)+ply / u Y
a[plyg* o l+u

Proof Following the same steps as those in the proof of Theorem 1 and considering the

function g given by

) R2+p—lf(z)
g(z) - T)

the differential subordination in (3.4) becomes

aq*[plq

1+(28-1)z
[x +17]q ’

1+z

g(2) +

z9,48(2) <

Therefore, we have

%({ Re? () } 5)
) 27

A+ply 1 (J?p"]’:q‘am 1+(2B8-1)u 4 "
><aq*[p]q/ou ( l+u )u)

_([+pl, 1 ((X[MZ];)—I 2(1-B)u "
‘<aqx[p]q/0 e <(2,3_1)+71+u )du)

gl L (e
(2P 1 21— B)[A+ y @lPlgd” 7
) <(2ﬂ— T L / du> .
aq*lply 0 1+u
Our demonstration of Theorem 2 is now completed. d

Theorem 3 Let A >0 and 0 < p < 1. Also, let the parameter y € C \ {0} satisfy either

o )|
q

or

o)
q

Iff € Alp) satisfies the following inequality:

Rqf(2) )
R —L L , 3.10
<R;+P_lf(z) > p ( )
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then

Atp-1
m(R’f ’ f(z)>y < ! (3.11)

b 2 (1-p) 220
(1-z) " arbla

where u(z) is the best dominant.

Proof Let

Ap-1
m(z) = (W)y.

Then, by making use of (1.4), (3.10), and (3.11), we obtain

7'pl; 29, L 1+(-2pk
vA+pl, g2) 1-z

(3.12)

We now assume that

Py
u(z) = ;, Ow)=1 and ¢(w)= qi[p]q.
y [+ plgw

[2+plq
2v(1—
1-2) 700 g

Then, by Lemma 3, u(z) is univalent in U. Further, it is easy to show that the functions u(z),

0(w), and ¢(w) satisfy the condition of Lemma 5. We note also that the functions given by

Qlz) = 20, (u(2))p(u(2)) = Z(%KZ))Z
and
H) = (u(2) + Q) = 120

are univalent starlike in U. Hence, by finally combining (3.12) and Lemma 5, we get the
assertion of Theorem 3. O

Remark 3 If we set p = 1 in Theorem 3, we are led to the results similar to those given by
Aldweby and Darus [3].

Theorem4 Let) >0, <1,and -1 < B S A; < 1(j = 1,2). Ifeach of the functions f; € A(p)
(f = 1,2) satisfies the following subordination condition:

Ry"f@) | RahE)

1-)—7> P

h(Aj,Bj,Z) (j= 1,2),

Ry7'OGR) RO
- + o
¥ ¥

<h(l1-2y,-1,2),
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where
O(z) = R (fi % £2)(2) (3.13)
and
D+plg
4(A1 — B1)(A3 — By) (1 (A +pl, /1 u 7Plg 4 )
= | 1- u).
(1-B1)(1-B,) a[plyg 1+u
Proof We define the functions /; (j = 1,2) by
(3.14)

-1 R
! 2 7z

where f; € A(p) (j = 1,2). We have h; € P() (j = 1,2), where

(=1,2).

By making use of (1.4) and (3.14), we obtain

i [)»+p] 1 plg y 1 (aﬂ?]q
RMP-1E(5) = 1, q[l’]q/ lplq htdt 1,2
) = o i (et (=1,2)

which, in light of (3.13), shows that

A ]q) 1([}~+[7]q7
R;PO(2) = Vool ! KT f £Vl ho(d) dt
aq*[pl, 0

where, for convenience,

A+p-1 Ap
(C] ®
ho=(1—a)yRe 9@, Ry 6@
zr zr

A+ p]q) 1 ([Mp]q)l
_rply e / £ 70 1y 5 ho)(£) dit.
ag [P]q 0

If we apply Lemma 1, we get (k1 * /15) € P(B3), where

B3 =1-2(1-p1)(1 - ).

Now, with an application of Lemma 2, we have
A 1 ([)\‘rp]q -1
{(ho(2)) = [ i‘n]‘f / u TV Ry * hy)(uz) du
aq [p]q 0
2(1 - B3)

A 1 [+plgy
[ ‘;P]q/ T (2Bs-1)+ ————= ) du
ag*(ply 1+ ulz|

v
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1 [p)]
S M/. u(mz)‘l ((gﬁg “1)+ 2(1;53» du
0

aq*ply 1+
[)»ﬂ’]q )71
4(A1 — B1)(Ay - By) <1 [A +p]q /1 u Plg d )
_1_ - U
(1-B1)(1-By) alplyg* Jo  1+u
= )/,
which leads us to the desired assertion of Theorem 4. O

Remark 4 If we set p = 1 in Theorem 4, we are led to the results similar to those given by
Aldweby and Darus [3].

4 Conclusion

In our present work, we are motivated by the well-established usage of the basic (or g-) cal-
culus and fractional basic (or ¢g-) calculus in geometric function theory of complex analysis
as described by Srivastava’s survey-cum-expository review article [33]. The extended g-
version of the g-Ruscheweyh type derivative operator for p-valent functions in U has been
introduced here. We have also derived several interesting results for this newly defined
g-operator. The importance of the results demonstrated in this paper lies in the demon-
strated fact that these results would generalize and extend various previously known re-
sults derived in many earlier works.

Basic (or g-) polynomials and basic (or g-) series, especially the basic (or g-) hypergeo-
metric functions and basic (or g-) hypergeometric polynomials, are relevant specially in
many areas (see, for example, [41, pp. 350-351]; see also [28, 44], and [16]). Moreover, as
we remarked above and in the introductory Sect. 1, based upon the recently-published
survey-cum-expository review article by Srivastava [33], the so-called (p, g)-calculus is a
relatively insignificant and inconsequential translation of the traditional g-calculus, the
extra parameter p being redundant or superfluous (see, for details, [33, p. 340]). This ob-
servation by Srivastava [33] will indeed apply also to any attempt to produce the rather
straightforward (p, g)-variations of the results which we have presented in this paper.
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