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Abstract

In this article, we present the continuity analysis of the 3D models produced by the
tensor product scheme of (m + 1)-point binary refinement scheme. We use
differences and divided differences of the bivariate refinement scheme to analyze its
smoothness. The C° C' and C? continuity of the general bivariate scheme is analyzed
in our approach. This gives us some simple conditions in the form of arithmetic
expressions and inequalities. These conditions require the mask and the complexity
of the given refinement scheme to analyze its smoothness. Moreover, we perform
several experiments by using these conditions on established schemes to verify the
correctness of our approach. These experiments show that our results are easy to
implement and are applicable for both interpolatory and approximating types of the
schemes.
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1 Introduction
Refinement schemes are used for curve and surface modeling. These schemes require the
initial data or initial polygons/mesh as input, smooth the data several times by its recur-
sive refinement rules and give smooth limiting shapes as output. The goodness of the
refinement scheme can be measured by the order of its smoothness. For instance, a C-
continuous refinement scheme is superior over a C!-continuous scheme. In the literature,
the order of smoothness of the refinement schemes has been analyzed by various methods.
In the literature, inequalities have been used to present many important results. For in-
stant, Agarwal et al. [1] presented a strategy to prove some new Pdlya—Szego type integral
inequalities. They used these inequalities to formulate some fractional integral inequal-
ities of Chebyshev type. Zhang et al. [2] gave the sufficient conditions for the existence
and uniqueness of solutions for fractional differential systems by applying the general-
ized Gronwall inequality. Saoudi et al. [3] used inequalities to present the existence of
solutions to the boundary value problem for the nonlinear fractional differential equa-
tions. Sitho et al. [4] presented some new non-instantaneous impulsive inequalities us-
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ing the conformable fractional calculus. Jain et al. [5] discussed various estimates by the
Hermite—Hadamard inequality for functions whose absolute values of the second deriva-
tives to positive real powers are log-convex. Tomar et al. [6] established some generalized
Hermite—Hadamard inequalities for generalized convex functions. They also presented
certain interesting inequalities involving generalized arithmetic and logarithmic means.

The representation of the subdivision mask in form of the Laurent polynomials was in-
troduced in [7]. The well-known Laurent polynomial method was firstly introduced by
Dyn [7] to analyze the convergence and smoothness of the curves and surfaces gener-
ated by linear uniform refinement schemes. This method requires the subdivision mask
and factorization of the Laurent polynomial of the given refinement scheme. The Laurent
polynomial method with several modifications was used to analyze the smoothness of the
non-uniform linear binary refinement scheme by Levin [8]. Dyn and Wallner [9] analyzed
the smoothness of the subdivision curves produced by linear and its corresponding non-
linear refinement schemes. He used conditions on the smoothness of the linear scheme to
analyze the smoothness of its corresponding nonlinear refinement scheme.

Qu [10-12] introduced the “divided differences” and “cross difference of directional di-
vided differences” techniques to analyze the schemes. The analysis of the convergence
of curve refinement scheme based on the contractiveness of its corresponding difference
scheme was introduced by Dyn et al. [13]. They also give the smoothness analysis of the
univariate refinement schemes based on the “divided difference” The smoothness analysis
of the parametric refinement schemes was presented by [13-15]. Dyn et al. [15] presented

the analysis for the regular portion of the butterfly scheme. Gregory [16] showed that, for

1
' 12
Till then, the Laurent polynomial method was not mature enough to analyze the non-

o € (0, 75), the butterfly scheme produces the C'-smooth surfaces on regular grids.
stationary and non-uniform schemes. Dyn and Levin [17, 18] presented the updated
method based on Laurent polynomial for the analysis of non-stationary schemes. They
have used the “divided difference” technique [19] for the analysis of non-uniform schemes.
Guglielmi et al. [20] analyzed a 2-point Hermite refinement scheme in 2011. They have
used the joint spectral radius of the matrices.

Nowadays, the Laurent polynomial technique is commonly used, but this technique has
some limitations. In this technique, first a sequence of coefficients used in the refinement
rules of the schemes is converted into the polynomial. Secondly, the polynomial is fac-
torized. In this technique, multiplication, division, factorization of the polynomials are
involved. Furthermore, the computation of inequalities and the comparison of the terms
are also involved. In our technique, the comparison of four algebraic expressions is in-
volved to compute the order of continuity. Furthermore, these algebraic expressions are
made up of the constants used in the refinement rules of the schemes. Therefore our tech-
nique is easy to use. Our technique can be used to analyze the (m + 1)2-point Generalized
Tensor Product Binary Refinement Scheme (GTPBRS). It is based on the study of differ-
ences and Generalized Bivariate Divided Difference Refinement Schemes (GBDDRS). It
has been studied in a general setting up to C?-continuity. The extension to higher order
continuities can be done similarly.

The rest of this paper is structured as follows: In Sect. 2, the generalized expressions for
tenor product binary and its corresponding GBDDRS are given. The necessary conditions
for their convergence are also discussed in this section. In Sect. 3, the deviations between
successive levels of polygons are derived. In Sect. 4, the inequalities to estimate the conti-
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nuity analysis of the binary bivariate refinement scheme are presented. Implementation of
the proposed method is presented in Sect. 5. A summary and a conclusion of this research
are presented in Sect. 6.

2 Tensor product binary and its GBDDRSs

We start this section by introducing the GTPBRS. We fix m to be 3 and derive the first and
second order GBDDRSs of the 16-point tensor product refinement scheme. Moreover, we
generalize these GBDDRSs for (1 + 1)? points. Furthermore, we calculate the tensor prod-
uct of the first derivatives of Bernstein polynomials. We also compute the tensor product
of second derivatives of Bernstein polynomials. In the last part of the section, we prove
that the tensor product of first derivatives of Bernstein polynomials converges to the first
order GBDDRS. And the tensor product of second derivatives of Bernstein polynomials
converges to the second order GBDDRS.

2.1 The GTPBRS

Let ¢ be the mesh obtained by joining the points {¢}, , € RN : 01,0, € Z} where yy € N
and N is any integer whose value is restricted to be greater than 1. Then, for an arbitrary
m, the GTPBRS which is used to refine the given data is given below

Y+l _ m m v

§0201 209 Zrzo Zs:() PrPs@Poy +r,09+s
v+l _ m m Y

Doo1,20041 = Zr=0 Zs=0 PrXsPo1+r,09+s1 )
Y+l _ m m v

Poo1+1,209 = D re0 Dm0 XrPsPoy+ropts:

Y+l m m v
g0201 +1,200+1 — Zr:O Zszo XrXS(p(Tl +7,00+8>

where

Ylobr=2 00X =1,
Dori0 Demo PrPs = Do Do PrXs = L, )
Z:’io stio XrPs = ZZO ZT:O XrXs =1,

and m € N\{0}.

The GTPBRS defined in (1) uses three types of points to refine each quadrilateral face.
Thus in (1) gaggblm is the vertex point, <p;”;11+1,202 & gozw(:blzgz+1 are the edge points and
wz‘ﬁil,zgﬂ 1 is the face point. The bivariate refinement scheme (1) refines each quadrilateral
face by inserting nine new points at each refinement step. Four of these are edge points,
four are vertex points and one is the face point as discussed in Fig. 1.

If {(pgl,(72 : 01,09 € Z} defines the initial control points in RY, then in the limit k — oo,
the bivariate refinement scheme (1) gives an infinite number of points in RN, If ¢V =
{(21//’ o ,(pamz) : 01,09 € Z,N > 1, € N} is the mesh at the 1/fth refinement step, then
by using GTPBRS (1) one time we get the mesh ¢! = {(;747, 3727, 9Y/")) : 01, 02 eZ,N >

1,v € N} at the (¢ + 1)th refinement step. For instance, <p;/:;12(,2, gagf,:iz 2097 (,02(,1 20942 A0d
Y+l v v
®20,+2,20,+2 TePlaces the values (pg’lm, Poy 41,097 Poy,op+1 a0 <p(,1 +1,05+1 at the mesh points

1 1 1 op+l . . 1
(&, 2y (Al 02y (O 242) and (“;1; , ";7, ), respectively. The control points §0;€:1+1,202'

%’27 20 oy 27’11121# 7

+1 + +1 +1 . .

$201,2090417 P20y +1209417 Paoy+2,209+1 A0 Qo0 4195, are inserted at the new mesh points
o1+1 oo+l o1+l oo+l 0142 o2+l o1+l o9+2 :

(21//+1 4 2¢+1) (2lj/+1 2 oY+l /)y ) (21//+1 7 v+l )’ (211/+1 79U+l ) d (21//+1 7 v+l )’ respectlvely.
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Figure 1 Subdivision of a surface patch by using GTPBRS

Illustration of the old points and the new points by GTPBRS is shown in Fig. 1. In this
figure, red lines and red bullets represent mesh and points at the yth refinement step,
respectively, while black lines and black bullets represent the refined mesh and refined
points by GTPBRS at the (¢ + 1)th refinement step, respectively.

Remark 1 The GTPBRS defined in (1) is the tensor product version of the two univariate

schemes defined by
1
ARED Ry ) o
1
¢;/:7+1+1 = Z:Zo Xr(Pg[Hr:
and
Y+l v
¢)20’+2 = Z:ﬁo PsPay+s) (4)

v+l W
¢262+1 = Zsm=0 XsPoo+s-

The mask of GTPBRS is obtained by taking tensor product of the masks of univariate
schemes (3) and (4). That is, if V' = [xo po X1 £1 --- Xm Pwm] is a one dimensional array
containing the mask of the scheme (3) (this is also the mask of the scheme (4)), then the

mask V of (1) is a two dimensional array obtained by
V=veV=Vvvl
2.2 The first and second order GBDDRSs of GTPBRS

In this subsection, we derive first and second order GBDDRSs of the GTPBRS. Firstly, we
find the first and second order GBDDRSs for a fixed m and then for an arbitrary m.
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o

Lemma 1 Let ¢V = (3, 5,9, ,,) : 01,00 € Z, Y € N} be a given mesh. If

EY =2 Ao Aoy (5)

01,02

is the first order divided difference, then the first order GBDDRS for a fixed m = 3 is

Elzkaﬁ,lzzyz =22 212:0(®q1 Z?:o Ou1),
Elzpafzazu =2 Z?:o(e)ql Z?:o ©u2)s
Eg/a-:{rl,Zog =22 212:0(®q1 Z?:o Ou3),
E%b(r-:ld-l,ergH =2 Zzs:o(®q2 Z?:o Ou2),

(6)

! !
where © 1 = Zq=o(:01—q — Xi-q)» Op = Zq:O(XHI = Pi-g-1), Ou1 = ZZ:O(IOH - Xt’”)Efl+l,o’2+t’
O = Z;:()(Xt—u - pt—u—l)E:fl%gz” and © 3 = ZZ:O(Xﬁ—M - pt—u—l)E:/,/ﬁt'aﬁ['

Proof 1f we replace o7 by 207 and o, by 20, and ¥ by ¥ + 1 in (5), we obtain

v+l Y, 1 v+l
201,209 2 W+ )Aal A02¢201,202

_ 92(Y+1)( Y+l Y+l Y+l Y+l
=2 (‘P2a1 209 ~ 920120941 ~ P2o141,205 T Pooy +1,202+1)'

Now by using (1) for m = 3, we get

E11/+1

201,209

= 22('/”1)[(;00/00 — X000 — PoXo + )(0)(0)‘00\01,(72 +(p1P0 = X1P0 = P1X0 + X1Xo)<ﬂf1+1,az

+ (0200 = X200 = P2X0 + X2XO)P s 13,0, + (P3P0 = X300 = P3X0 + X3XO)P s 43,0,
+(pop1 = Xop1 — Pox1 + X0X1)<P:f'1,02+1 +(p1p1 = X101 — P11 + X1X1)<P:fl+1,az+1
+(p201 — X201 — P2X1 + X2X1)</’f1+2,02+1 +(p301 — X301 — P3X1 + X3X1)(/J:fl+3,02+1
+ (P02 = X002 = POX2 + X0X2)Prr gz + (P1P2 = X1P2 = P12 + X1X2)P o 410912
+ (0202 = X202 = P2X2 + X2 X2 Py 2,0pe2 + (0302 = X3P2 = P3X2 + X3 X2 Py 43,0042
+(Pop3 = Xop3 = Poxs + XoXs)ﬁl’fl,aﬁs +(p103 = X103 = P1X3 + X1X3)</’Z1+1,52+3

+(p2P3 = X2p3 = P2X3 + X2X3)<P:fl+2,02+3 +(p3p3 — X303 — P3X3 + X3X3)¢(ﬁ+3,02+3]-

After collecting the coefficients of (p(‘fwz, we get

1
Ey = 227D [{(00 - %0)(Po = X0)9Y, o, + (1 = X1)(P0 = X0)P 11,0,

+ (02 = X2)(00 = X0)P o120y + (93 = X3)(P0 = XO)Pr 30y}
+{(00 = %0) (1 = XD)Per yer + (01 = X1)(O1 = X)L s 1y1
+(p2 — x2)(p1 — Xl)(p(ﬁ+2,a-2+1 +(ps — x3)(p1 — X1)<Pfl+3,,72+1}
+{(p0 = %0)(P2 = X2)P 2+ (P1 = X1)(P2 = X2)OY: 11, 0p22

(02 = X2)(P2 = X2)B o 2mme2 (03 = X3)(P2 = X2)Pis 13,0912}

Page 5 of 31
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+ {(po = x0)(p3 — X3)<ﬂgf],gz+3 + (o1 = x1)(p3 = X3)<ﬂgf]+1m+3

(02 = X2)(03 = X3)Po 120903 + (93 = X3)(03 = X3)0r 13,0943 ) (7)

We want to find a recursive relation in E;, ,, of the form

v+l W v v {2 v
E2<71,2(72 = vOOE(yl,(yz + v10E<71+1,¢72 + v20E01+2,02 + v01E¢71,02+1 + vllEz71+1,r72+l
v 4 4 2
+ v21E01+2,02+1 + ‘)02E0'1,0'2+2 + v12E0'1+1,0'2+2 + v22E01+2,0'2+2' (8)

If we use the first order divided differences in (8), we get

Y+l 2 v v v
Ezgl,zaz =2 ‘”[{voowﬁfl,gz + (—voo + V01)<P01,02+1 +(—vor + Voz)%l,gﬁz - Vzo%ﬁg,@}

+{(=v00 + V10)0Y 4105 + (Voo = Vor = V10 + V11)@ L 10pe1 + (Vo1 = Vo2
-V + V12)<ﬂf1+1,02+2 + (Vo2 — V12)<Pf1+3,02+1} + {(—Vlo + Vzo)%ﬁﬂ,az
+(vig — Vi1 — v + Vﬂ)‘ﬂfﬁzﬁzﬂ + (Vi —vig — v + V22)<P:fl+2,02+2

+ (v - v22)</’:fl+2,@+3} + {—Uzoﬁl)gjﬁs,gz + (va0 — V21)§0:f1+3,62+1 + (v

14 14
- V22)‘Pal +3,09+2 + V22¢gl +3,00+3 }]‘ (9)

By comparing the coefficients of the wc‘flm in (7) and (9), we get

voo = 2%(p0 — x0)(P0 = X0)»

vio = 2%(00 — x0)(P1 + Po = X1 — X0);

V20 = 2%(00 — X0) (P2 + 1+ Po = X2 — X1 — Xo)»

vor = 2%(p1 + po — x1 — X0)(0 = Xo),

vi1 = 2%(p1 + o — X1 = X0)(P1 + Po — X1 = Xo);

Va1 = 2%(p1 + po — X1 — X0)(02 + P1 + Po — X2 — X1 — X0)>
voz = 2%(p2 + p1 + Po = X2 = X1 — X0)(Po — Xo)»

vy = 2%(02 + o1+ Po — X2 — X1 = X0)(P1 + Po — X1 = X0)»

vys = 2%(p2 + p1+ Po = X2 = X1 — X0)(P2 + 1+ Po = X2 = X1 = Xo)-
By substituting these values in (8), we get

1
Ey s = 22[(p0 = %0){(P0 = X0)EY, 4, + (01 + 0 = X1 = X0)Ewr 41,0, + (P2 + P1+ Po = X2

— X1 = XOVEY: 130y} + (01 + 00 = X1 = X0){(P0 = X0)Eb y01 + (01 + P0 = X1
~ XOEY 11 + (P2 + D1+ 00— X2 = X1 = X0)Em 42,091} + (P2 + P1+ 0 = X2
-X1- Xo){(Po - Xo)Efl,gﬁz +(p1+po— X1 — XO)E:/ylerl,aerz

+ (024 p1+ P0— X2 = X1 = XOEY 130042} -
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By simplifying, we obtain the following first refinement rule of the first order GBDDRS:

2 l 2 t
v+l 4
B 2y [zmq ey { S (o0 X)EH
1=0 Lgq=0 t=0 | u=0

Now, we calculate the second refinement rule of the first order GBDDRS. Therefore, we

replace o1 by 201, 03 by 207 + 1 and ¥ by ¢ + 1 in (5) and obtain

Y+l 2(+1)
E2<71,2(72+1 =2 A(71 A02¢201 209+1°

By adopting the procedure above, we get the following second refinement rule of the first
order GBDDRS:

E;#a:1202+1 = 2ZZ|:Z(:01 —-q Xl—q)Z{Z(Xt u ~ Pt-u— 1)E01+162+t}i|

=0

Similarly, the third and fourth refinement rules of the first order GBDDRS can be obtained.

Hence the lemma is proved. d
From Lemma 1, the following result can be obtained.

Lemma 2 Let ¢V = {(W ) o ,(pal 5y) 101,02 € Z, Y € N} be a given mesh and

EV =22 A, A

12
01,09 02 ('001 202

be the first order divided differences, then the first order GBDDRS for an arbitrary m is

=2 X500 15 0
Eg/(r-:lZangl = 22 ql Z; 0 Ou2);

E%baﬁl 209 = 2 Zzzo (®q1 tho Ous)s
El{aﬁil 200+1 = =22 Z[VZ()(®q2 Z:”:O Ou2),

(10)

i I
where © 1 = Zq:o(iol—q — Xi-q)» Op = Zq:O(Xl*q —Pi-g-1), Ou1 = Ztu:o(ptfu - XHt)E:fl oo +t?
O = Ztu:()(Xt—u - pt—u—l)E:le,aﬁt and Ou3 = Zzzo(Xt—u - pt—u—l)E:fﬁt’aﬁ['

Now we calculate second order GBDDRS of the GTPBRS.

Lemma 3 Let ¢V = {(zw ' o ,(pal 5y) 101,02 € Z, Y € N} be a given mesh and

HY =2 (@2)7AL AL

VO’1,0'2 EZ, (11)

(ptfl 03’
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be the second order divided differences, then the second order GBDDRS for a fixed m = 3 is

H;/;,lzaz =2* Zzio[Zé:o{AqlPl—q —ApXi-q}
X Y (ot Au P — A XeV H V),

H%ﬁl,zoz =2* Zlio[Z;:o{Aql/’Fq —Ag2Xi-q}

X Y ot Au Xt = Auo i HY, o0 V),
H;[;,lzazn =2* Zzio[Z;:o{Aqlpl—q —ApXi-q}

X Y Y ot Au X = Auopr-uHY 3],
Hggil,zozu =2* Zf:o[ZiFo{AqIXHI —Ag0Pi-q}

X Yt ool A Xt = Auopr-stH 11}

(12)

where Ayo =29, A =29+ 1, Ap=2q+2, A0 =2u,A,y =2u+1and Ay =2u +2.
Proof If we replace o7 by 201, 03 by 20, and ¢ by ¢ + 1 in (11), we obtain

Y+l A(P+1)g=2 A2 A2 Y+l 4(P+1) =2 (, Y+l Y+l v+l
H. :2(er )2 A01A02§0261'262:2(‘//+ )2 ((p201,202_ 90201+1,202+(p201+2,202

Y+l Y+l Y+l Y+l Y+l
- 2§0201,202+1 + 4(p201+1,2(r2+1 - 2(p201+2,202+1 + (p201,202+2 - 2(p201+1,202+2

Y+l
+ §0201 +2,202+2) .

Now by using (1) for m = 3, we obtain

Hyy = 2200272 (g — 2x0){ (0 = 2X0)9Y, 0, + (b1 + 00 = 2X1)PL 01
+ (024 1 = 2X2)PY: 3012+ (03 + 02 = 2X8)00 13+ P3P0 s )
+ (o1 + po = 2x1){ (0o — 2X0)<Pg/1+1,gz +(p1+ po - 2X1)<P:f1+1,02+1
+ (024 P1 = 2X2)0Y 1 1yer + (03 + P2 = 2X3)00: 11 0ye3 + P3P s 1ryea)
+ (02 + 1= 2x2){(P0 = 2X0)92 12,0, + (01 + PO = 2X1)Ph0 13,0701
+ (024 P1 = 2X2)0 1rpar + (03 + P2 = 2X3)00: 12,0ye3 + P3P s20ys )
+(p3 + p2 — 2x3){ (0o — 2)(0)(/’3”3,02 + (o1 + po — 2X1)(P:f1+3,q2+1
+ (02 + 1= 2X2)0 130pen + (03 + P2 = 2X3)00: 13,0703 + P3P s3ye )
+ 03] (00 = 2X0)0%: 10y + (01 + PO = 2X)P s4er + (02 + P1 — 2X2)
X 0 caayen T (03 02 = 2X8)00 1a0yes + P3P saryea) ) (13)

We want to find the refinement equation of the second order GBDDRS. Therefore, we are
seeking an equation of the following type:

v+l ¥ v v v 4
H201,202 = VOOHO'I,Uz + U10H01+1,02 + U20H01+2,02 + v01H01,02+1 + v11H01+1,02+1
4 v v v
+ l)211—101+2,02+1 + U02H01,02+2 + v12H01+1,02+2 + v22Hal +2,00+2° (14)

By substituting values and simplifying, we get

1 _
Hz‘ﬁ,z@ =29 2[\)00(#(151,02 + (—2vg + V01)€0gfl,az+1 + (voo — 2vo1 + VOZ)Q"g/szrz
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¥ ¥ ¥
+ (Vo1 = 2V02)@5, 5,43 + Y0280y 0y 44 + (=2V00 + V10)95, 11,5, + (4100
v
=210 = 2V01 + V1)@ 41,0941 + (=2V00 + V10 + 4v01 — 2v11 = 202
Yol (-2 4oy — 2v12)p), (-2
T V12)P5 11,0942 T (—2V01 + V11 + 3V02 — 2V12)P5, 11 6543 T (—2V02
¥ v
+V12)00, 41,0904 T (V00 = 2V10 + V20)¢5, 12,0, + (=2V00 +4V10 — 2120
v
+ Vo1 = 2V11 + V21)@, 425041 + (Voo = 2V10 + V2o — 2v01 + 411 — 2
¥

X Va1 + Vo2 = 2V12 + V22)@, 42,0y 42 + (Vo1 — 2011 + Va1 — 2v0p + 4
X Vg — 2v3)Y + (Vo2 — 2v12 + Vo) + (V1o — 2v90)

12 22)P o1 +2,09+3 02 12 22)P o1 42,09 +4 10 20

¥ ¥
X Q43,09 T (22010 + 4020 + V11 = 2021)0, 435,41 + (V10 — 2v20 — 2

v

X V11 + 401 + V12 = 2V2)@g 435,40 + (V1 = 2021 = 2012 + 4vp))

¥ v ¥ v
X @5143,0943 T (v12 - 2U22)(p01+3,¢72+4 T V2095, 44,00 T (_2‘)20 + V21)¢01+4,02+1

+ (v — 2V + sz)ﬁﬂfl%gﬂz + (Va1 - 2V22)<ﬂf1+4,02+3 + V22§0:f1+4,[,2+4]' (15)

Comparing coefficients of the go]qu in (13) and (15), we get

voo = 2*(po = 20)(Po — 2X0)»

vio = 24(00 — 20)(p1 + 3P0 — 2x1 — 4X0)s

Va0 = 2*(00 = 2x0) (P2 + 3p1 + 500 — 2x2 — 4x1 — 6X0),

vor =2*(p1 + 300 = 2x1 — 4x0)(Po — 2x0),

vi1 =241 +3po = 2x1 = 4x0)(p1 + 3p0 — 2X1 — 4x0),

va1 =2%(p1 + 300 = 2x1 — 4x0) (02 + 3p1 + 5p0 — 2x2 — 4x1 — 60)s

voz = 24(p2 + 3p1 + 500 — 2x2 — 4x1 = 6X0) (0 — 20),

viz =240y + 3p1 + 500 — 2x2 — 4x1 — 6X0)(P1 + 3P0 — 2X1 — 4x0),

vay =2%(p2 + 3p1 + 500 = 2x2 — 41 — 6X0) (02 + 3p1 + 5p0 — 2x2 — 4x1 — 6X0)-

Now we substitute all the above values in (14), we get the first refinement rule of the second
order GBDDRS, i.e.

2 [
Hyo =24 [Z [Qq+org—Cq+2)x14)
=0

I q=0

t=0

2 t
XZ[ {Qu+ 1)y — Qu+2) -1} f”,,wH

By adopting the same procedure as above, we find the following second refinement rule
of the second order GBDDRS:

2 I
H;/;:il 209 24 Z |:Z{(2q + l)pl—q - (261 + 2)Xl—q}
1=0 L g=0

t=0 L u=

2 t
X Z: {(2u + 1) xmu — 2U04y, }Hi+tm+l}:|'
0
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Similarly, the third and fourth refinement rules of the second order GBDDRS can be ob-

tained. Hence our result proved. d

Lemma4 Let ¢V = (5}, 5,02, ,,) : 01,00 € L,y € N} be a given mesh and

HY =2 @)7?AL AL ¢! ., Yoo €L,

01,02 o

be the second order divided differences, then the second order GBDDRS for an arbitrary m

is

H;g,lzc;z =2* Z?ZEI [Z;:O{Aqlplfq - ApXi-q}
X YT ol At e = A Xee S 1)

H;/:]—il,Zaz =2 ZZBI [ZiI:o{Aqlfol—q —ApXiq)

X YT oAt Ko = Auopeu Y o i1,
H%ﬁznu =2* ZZBl [Z;:O{Aqlpl—q —ApXi-q}

X YT oAt Xemu = AuoPeu Y 1)
H;[::rl,Zaerl =2* Zzal[ZiI:o{Aqul—q —AgPi-q}

X YT oAt X — AuoPeuHY o 1)

(16)

where Ago =29, A1 =29 +1,Ap =2q+2,A0=2u, Ay =2u+1land A =2u+2.

2.3 Convergence of the bivariate binary and its GBDDRS

In this subsection, firstly we calculate the derivatives of two Bernstein polynomials in r
and ¢. Secondly, we take the tensor product of these derivatives. Lastly, we prove that the
result converge uniformly to some continuous function. Throughout the article, I';g 2

denotes the set of continuous functions on the closed and bounded interval [0, #] x [0, ].

Lemma 5 Let ¢V = {(5}, 53,0Y, ,)) : 01,00 € Z,{/ € N} be a mesh produced by the GTP-
BRS at the th refinement level and EV = {(;—J,, ;—j,E‘/’ ):01,09 € Z,r € N} be a mesh

01,02

produced by the first order GBDDRS at the rth refinement level. Iflimy, _, o 9V = ¢ € T} 12,
and ¢ is the limiting model produced by GTPBRS then E = ¢'.

Proof Bernstein polynomials for r, ¢ € [0, n] are

by, (r) = 22[1:0 (é\i)(i)m(l _ %)N—m,

(17)
by, (t) = Z{fzzo (:i)(%)ﬂz(l LNy,

where N = 2V 5.

Hence the Bernstein polynomial patch for the points {%ﬁ,az} on [0,n] x [0,n] is

by (1) = [byy (1) X by, (0)]@L, - (18)
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If we take derivatives of the first and second equations in (17) with respect to r and ¢,

respectively, we obtain the following two equations:

- ()G ()

01=0 o1

NN\ [\ MVt
)G om0 "

o1=0
) N oIN 1\ /t\2! £\ N2
%“)-;(@)"2 JONEH
NOIN [\ AN
B e S

Now we calculate By, (, t) which is the mesh with basis functions b;h (r) x bih (1),

By(rt) = [b),(r) x b, ()]0 - (21)

Thus firstly we use (19) and (20) in (21), and then apply some simple algebraic operations

and obtain

BI/,(}", t) = B_l +B_2 +B_3 +B_4,

where
B - N2 3 (N - 1)! 7\ LT N-o1-1
1= n Ul:OGII(N—ol—l)! n n
- (N_ 1)1 £\ %2 t N-o09-1 "
x Z W n 1-- (p01+1,a'2+1’
= 0! N -0 =1)!\n n
B— N2 Jf N! 7\ 1 X , N-o1-1
2__n2 1=0 01‘(N_01_1)! n - n
Ai (N -1) £\ %2 ) \ N2l
02=0 02'(N — 02 — 1)‘ n (p01,172+1’
s N? N v-y N N-o1-1
’ n? ) Ul‘(N—Ul—l)! n h n
N N! £\ F\N-o2-1
X o - 7
02=0 GZ'(N — 02 — 1)' (}’1) ( ) (p¢71+1 )
B_ N2 N-1 N 7\ r N-op-1
o o1!N —o1 - 1)!'\n "
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This gives us

N2 N-1\ N\ VP& (N -
By(r,t) = — — 1-=
v n? 01 (”1) < ”) z;:o 02

o01=0

t oy t N-o07-1 " " "
X (;) <1 - ;) ((p<71+1,02+1 - (pal,02+l - (p01+1,02 + ¢(Ifl,a2)~

Since N2 = (2¥)%n2, we get

where

2 -2
EY =22V (1) A0 Agypl .
The Bernstein polynomial batches are uniformly convergent, therefore limy_, o By = ¢
and limy . By, = E on [0, 1] x [0,n]. Hence ¢’ = E € T'g 2. This completes our proof. [J

Similarly, the following lemma can be proved.

Lemma6 Let¢” = {(3}, 5%, ¢) ,,) : 01,00 € L,y € N} bea mesh produced by the GTPBRS
at the yrth refinement level and HY = {(5}, 33, HY, ,,) : 01,02 € Z,{r € N} be a mesh pro-

duced by the second order GBDDRS at the v th refinement level. If limy, _, o ¢V = ¢ € T'g 12,
and ¢ is the limiting model produced by GTPBRS then H = ¢".

3 The deviation of tensor product binary and its DD refinement schemes

In this section, first we introduce the inequalities to compute the deviation between two
consecutive points at the same refinement level. Then we introduce the inequalities to
compute the deviation between successive levels of meshes produced by GTPBRS and its
GDDBRSs.

3.1 The deviation of GTPBRS

In this subsection, we first introduce the inequalities to compute the deviation between
two consecutive points at the (1 + 1)th refinement level then we introduce the inequalities
to compute the deviation between the th and (¢ + 1)th level of meshes produced by
GTPBRS.

Lemma 7 Let ¢° = {(01,09,¢), ,,) : 01,02 € Z} be an initial mesh and ¢V*' = (GR350
@Il ): 01,00 € Z, Y € N} be a mesh produced by the GTPBRS at the ( + 1)th refinement
level. If we fix m = 3, then the deviations between two consecutive points at the (Y + 1)th
refinement step are

v+l 1 1 0 0
maXe) oy ||(p(71+1,(12 - (pc‘//;az ” = (T)w+ maXe) oy ||(pgl+1,<72 - (/7(71,(72 ”!

(22)
v+l 1 1 0
maxal,az ||(pg'1,a'2+l - (ﬂ(],pl;,z ” S (T)lﬂJr maXUI,fTZ ||§00'1,0'2+1 - (p21,<72 ”’
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where
T = mgax{Tg :0=1,2,3,4} (23)
and

T =| Z?:o ol Z?:o I3 o (Oeu = Xeid)],
T, =| Z?:o o1l Z?:o | Zizo(Xt—u = Pe—u-1),
Ty = | o 2l Xoto | Xto(Prs = el
Ty=| 213:0 xil Zio | Z;:o(Xt—u = Pr-u-1)|-

(24)

Proof To prove this lemma, we have to calculate distances between every two consecutive
points in o7 direction and similarly in oy direction. So by Fig. 1, we have to calculate 12
differences to prove the required result.

First, we calculate the difference between second and first refinement rules of the GTP-
BRS defined in (1) for a fixed m = 3, thus we get

3 3 3 3
v+l Y+l
(p2crl+1 209 (p201 209 = Z Z ers(p;/'jl+r,o'2+s - Z Z prps(pgjﬁr,aﬁs
r=0 s=0 r=0 s=0
3 3
= Z Z(XV - Pr),Osﬁﬂffl +r,00+s*
r=0 s=0

By expanding the above expression, we get

Y+l Y+l 14 14 14 14
(p2r71+1 209 (p2¢71,2(72 = 0o {C()() ((p01+1,¢72 - (p(];{[l,az) T w1 ((p(q +2,09 (p(71+1,r72) T w2 (€001+3,02

- ‘PZIQ,@) + ws‘ﬂﬁg,@} + 01 {wo (‘Pfl”,aﬂl - wfwﬁl) + w1
X (¢<]rpl+2,¢72+1 - (ptlrpl+1,ag+l) + wz(w:fl+3,02+l - §0z1f1+2,c72+1) + w3
X q)z‘fl+3,02+1} + pz{a)o (wz‘fl+1,02+2 - gpgjl,ozﬂ) +w ((p<‘§[1+2,02+2
- <p:f]+l,(72+2) T wy (q):fl +3,00+2 (/)rlfl+2,(72+2) + w3(pg/1+3,<72+2} + 03
X {a)() (wz‘fl+l,02+3 - ¢¢Ifl,02+3) + w1 (€0:f1+2,a2+3 - (p(lfl+1,az+3) + w3

v v v
X ((p01+3,¢72+3 - (p01+2,02+3) + a)3(p01+3,¢72+3}’

where

wo = (Z?:() pPL— Z?:() X0 w1 = (211:0 P~ 211:0 X0

2 2 3 3 (25)
wy = (Zz:o pPr— Zz:o X1) w3 = (leo pPr— Zz:o X0)-

Since w3 = 0 by (2), we get

3

v+l Y+l _ v
(p2{71+1 209 (p2¢71,2r72 = Z|: Z { Z(,Ot— - Xe- 14 (p01+t+1 oo+l (p01+t,c72+1) }j|

=0
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Now by calculating the infinity norm, we get

30120 = @0y | < Tmaxi o), -

(26)

14
q)m 02 117

where

3

2

2 t

Zu:

T, =

(Ot—u = Xt-u)|-
0

Similarly, by using (1) for m = 3 and adopting similar procedures to above, we get the

following 11 inequalities:

”(p;ba-:iZZcfz §02<71+1 209 || <T max||(p<71+1 09 (p:flydz ’ (27)
where
3 3] ¢
= Zpl Z (Xt—u - )Ot—u—l) ’
1=0 =0 | u=0
“‘/’Z:lil,zazu ‘/’é@i,lz(ml | <15 {7111?7)2(”(/)“51*1’“2 - ‘/’;01,52 ) (28)
where
3 2| ¢t
T3 Z Z Z Pt—u — Xt- u
=0 =0 | u=0
||(p2c71+2 209+1 gog?iil 209+1 || S T4 Lrll%)z(”(p(ﬁ+l,az - (pawl,az ’ (29)
where
3 3] ¢t
ZZ ZZ(Xtu Pr-u-1) s
=0 t=0
||90;p¢7+1}+1,202+2 §0;/2;+112a2+2 ” =T 211%’2‘||‘ﬂfl+1,02+1 - (30)
where
3 2| ¢t
Tl = Zpl Z Z(pt—u - Xt—u) ’
=0 =0 | u=0
”‘P;I:;imayz <P£’ff11+1 202+2H =T g}%’;”‘ﬁ(ﬁumu - (31)
where
3 t
TZ = Z,Ol Z Z Xt-u — pt—u—l) ’
=0 t=0 | u=
||(p;0<;,1202+1 90;{7:120*2 ” =T maXH go;ﬁ,aﬁl ~Por,00 |17 (32)

01,02

Page 14 of 31
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where

2

2

t=0

t

Z Pts = Xt-u) s

u=0

nefge

Y+l Y+l 14
||90201,202+2 §0201 209+1 | = T2 211%)2(||§001,02+l - (pgfl,az ’ (33)
where
3 3| ¢
S a3l e
=0 | u=0
Y+l Y+l
|| (p201+1,2c72+1 90201 +1,209 || = T3 1(’71}2(17)2( || (p61,<72+l - (pc;ﬁl,cu ’ (34)
where
3 2| ¢t
= ZX[ Z Z(pt—u - Xt—u) )
I=0 t=0 | u=0
Y+l Y+l 12
”(p201+1,202+2 Voo +1,200+1 ‘ <Ts 2}%’2(”‘/701,02+1 - ‘/’:fl,az ’ (35)
where
3 3] ¢
Ta= > x| DD (Xmu = prut),
1=0 t=0 | u=0
v+l el v v
||(p201+2,202+1 Pa51+2,209 ” =T E}%)Z(“(pal,apl ~%o1,00 7 (36)
where
3 2| ¢t
Ti= > 0| D D (P xe-a)),
1=0 =0 | u=0
v+l v
|03 220312 = Phom 220 | < T {}}3},’2‘||‘/’m,az+z ~ 0ol (37)
where
3 3] ¢
1= |20 S =
1=0 u=0

Now by combining (26)—(37), we get

Y+l 2 W
maX”(pa +1,0 Doy 0 = T 'max Py +1,09 Py oo 7
1+1,02 1,02 01,09 1 701102 1,02

ool = Tmax g, -
max ” (pol 02+1 (p(rl o)) < T'max (prrl,172+1
01,02 1,02

W
9001 02 117

where

T= max{Tl, Tz, Tg.T4}.
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This further implies that

¥+l Y+l Y+l 0 0
maX“(paﬁLfrz = %o1,02 ” =(T) maX”(paﬁl,az = %o1,02
01,02 01,02

’

Y+l Y+l Y+l 0 0
max||(p01,02+1 ~%s1,02 “ =(T) maX”(pGLGzH ~%o1,02 ||
01,02 01,02

This completes the proof. O

Lemma 8 Let ¢V = Gy ;—j,wf‘flm) 101,09 € 2,y € N} be a mesh at the yth refinement
step and ¢V = (5747, 7721, 02, 5,) 1 01,02 € L, € N} be a mesh produced by the GTPBRS
at the (Y + 1)th refinement level. If we fix m = 3, then the deviation between two consecutive
meshes at the yth and (W + 1)th refinement steps is

¥ =¥ = 8{max| ) 1., = 0 |+ max|l@l 1 = |} (38)
where
§= m@ax{&; :0=1,2,3,4}, (39)
81 =13 = (o2 +2p1 + 3p0)|,
83 =13 = (o2 +2p1 + 3p0)l, (40)

83=12 = (x2+2x1 + 3x0)l,
8a=15 - (x2 +2x1 + 3%0)I.

Proof To find the deviation between two consecutive meshes at the th and (¥ + 1)th
refinement steps, we have to calculate

o - "] < max{n 0 .
where

v v+l
Nl = MaXs) 0y ||(p2r71,2172 - (pgjl,az ||’
v Y+l 1 v
N2 = MaXo,,5, ||(p251+1,2<72 - E((pa‘//l,az + waﬁl,oz)”’

(42)
v Y+l 1 14
N3 = MaXe, 0y ||(p201,2c72+1 - i(wtlfpl,az + ¢01,02+1)”'

v v+l 1 v v v
Ny =maXo, o, 1€05,41,20941 = Z((p:fl,tm + Pori1,0y T Porope1 + Porroyet) -
By using the refinement rule of (1) for a fixed m = 3, we obtain
3 3
Y+l
¥201,207 ~ %ﬁm = Z Z ’Or’os(pgfﬁrvozﬂ - (pt‘fl,ﬁz'
r=0 s=0

By expanding the above expression, we get

90;:;;}202 - q);[—/l,o'z = Ml + A_/IZ + M3) (43)

Page 16 of 31
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where
1

v v § : v v
Ml = (1 - pOPO)(§001+1,02 - %ﬁ,@) + (1 — 0o ,01) (‘p01+2,02 - (pal+1,02)
=0

2

v v v v

+ (1 — Po Z )01) (‘p01+3,az - (p<71+2,z72) + 01 {_po((pal+l,az+l - ¢al,az+1)
=0

1 2
- Z pl((pz,ﬁlaﬁl - w(‘flJrl,Uerl) - Z pl(¢(‘f1+3,(72+1 - (pgll+2,<72+1) }’
1=0 1=0

v 14 14 12 14
M2 = P2 {—,00 ((/)gl+1,g2+2 - (po“l,o“2+2) - Z Pi ((p01+2,02+2 - (p01+1,¢72+2)

1=0
2
14 1 v v
- Z o ((pr71+3,02+2 - (pr71+2,(72+2) } + 03 { —Po (¢al+1,02+3 - (prfl,172+3)
=0

1 2
- Z 12 ((p:fl+2,02+3 - w:fl+1,02+3) - Z pl(w:fl+3,02+3 - §011f1+2,(72+3) }’
=0 =0

and

3 1 3
Ms = <1 ~po Y. pz) (0 30ye1 = Porszn) + (1 -> n sz)

1=0 =0 1=0
3

2
X (‘p(]fl+3,az+2 - (p:fﬁS,aerl) + (1 - Z 1Y) Z pl) ((pg]ﬁ&nzﬂ - w(ﬁ+3,o’2+1)

=0 =0
3

3
+ (1 >y pz) (00 30723 = o s30942)-

=0 1=0

We know that 1 — (Zizo 0r)? = 0. Hence if we take the infinity norm of (43), we obtain

[3m202 = b | = 1 X071, = 02 | + 81 maX 071 = 0,

b
where

81 = |3 (p2+2p1 +3p0)|.

Similarly, we calculate the following three inequalities:

1
Y+l 14
§0201+1,202 - 5 (‘beaz + (pa1+1,02)

’

= 8amax| 05, 0y01 = b, | + 3 max|ert 1, = 9

where

82=[3=(p2 +2p1 +3p0)

’

(44)

(45)

Page 17 of 31
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’

5
33 = 3~ (X2 +2x1 + 3%0)
v+l Lo v
§0201,20'2+1 - E ((po'l,o'z + ¢0‘1,0‘2+l)

’

= 8 max 5, 0,11 = b, | + S2maxleny 1, = 0,
where

’

5
83 = '5—(Xz+2X1+3X0)

82=[3=(p2 +2p1 +3p0)

)

v+l Loy v v v
¢201+1,202+1 - ZL ((pcl,az + (p0’1+1,(72 + (/701,02+1 + ¢01+1,32+1)

= Samax[ g o1 = 90, | + Bamax |y, = 0 | (46)
where
5

84 = 'E = (X2 +2x1 + 3x0)|-
By combining inequalities in (44)—(46), we get

lo¥* =¥ o = 8{max]lo 10, = 0% |+ maxl ol 1 = 02 .
where

= max{81, 52, 83, 54}
This implies that

07" =¥ = 8{max][98, 1, = 08, | + max| ot 01 = 00 -
This completes the proof. O

3.2 The deviation of first order GBDDRS

In this part of the article, we first introduce the inequalities to compute the deviation be-
tween two consecutive points at the (¥ + 1)th refinement level then we introduce the
inequalities to compute the deviation between the yrth and (¢ + 1)th level of meshes pro-
duced by first order GBDDRS.

Lemma9 Let E° = {(Ul,ag,Eglm) : 01,09 € Z) be an initial mesh and EV*! = {(GAT 370

EV*1Y: 01,04 € Z, € N} be a mesh produced by the first order GBDDRS at the ( + 1)th

01,02

refinement level. If ] = 0 and we fix m = 3, then the deviations between two consecutive
points at the (W + 1)th refinement step are

Y+l 0

maXe) oy ||E<71+1,¢72 _E:rp;,rr}z I < (G)erl maXe, o) ||E(71+1,(72 _Ef?l:”z”’ (47)
Y+l 1 1 0

MaXg, o, [|Ey 5, 1 = EL e | < (G maxe, o, |EQ, 5y41 = ESy o lls
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where
G= méax{Gg :0=1,2,3,4}, (48)

G1 =22 X o(Xgeo(orq = X)) g | of 2t + Dy = 21+ 2) xeu},
G, =22 Z;z:o(Zﬁ,zo(pz_q P | DI SN (0755 | PR Y7 1

(49)
G = 22 Lo (X0t = Prg-D) g | ot (20 + 1)prcs = 201+ 2) xema),
Ga =22 27 0(Xgeo(Xing = g D) Xt | Erpeo 2+ 1)t = 2},
and
3
J = {@t+ Dy —2tps ). (50)
t=0

Lemma 10 Let EV = {(zw, S5 Ex 02) 01,05 € Z,y € N} be a mesh at the Vth refinement
step and EV*' = (3751 Zwﬂ,Eg’l*@) 01,00 € 2, € N} be a mesh produced by the first

order GDDBRS at the ( + 1)th refinement level. If J; = J> = J3 = 0 and we fix m = 3, then
the deviation between two consecutive meshes at the Wth and ( + 1)th refinement steps is

|EV - EY <A[max|| ~E}y | + max|[E} .~ B,

o1+1,09 01,02 01,00+1 01,02

! (51)
where
A= mgx{)\g :0=1,2,3,4}, (52)

Ay =22 l — (o1 +3p0— x1—3x0)(P2 +2p1 + 3P0 — X2 —2X1 — 3%0)|,
Ay =272 = (2 +2p1 +3p0 = X2 = 2X1 — 3x0)(x2 + 3X1 + 6 X0 — p1 = 3p0)1,

(53)
Az = 22|i _ (pl + 300 -1 _SXO)(X3 + 2X2 + 3)(1 + 4)(0 — P2 — 2,01 _3100)|7
ha =22 = (X2 +3x1 +6X0— 1 = 300)(x3 + 22 + 3x1 +4x0 — P2 — 201 = 3p0)],
and
Ji= 5_% + (2 +2p1 +3p0 — X2 — 21 = 3x0)%
= ;_21 +(p2+2p1 +3p0 = X2 = 2X1 = 3Xo0) (54)

X (X3 +2x2+3x1 +4x0— p2—2p1 —300),
Js = ;—21 + (X3 +2x2 +3x1 +4x0 — p2 = 201 — 3p0)*.

3.3 The deviation of second order GBDDRS
Here, we first calculate the inequalities to compute the deviation between two consecutive
points at the (¢ + 1)th refinement level; then we introduce the inequalities to compute

the deviation between the vth and (¢ + 1)th level of meshes produced by second order
GBDDRS.

Lemma 11 Let H° = {(01, 09, H o1, [,2) 01,03 € Z} be an initial mesh and H'*' = {7
s HY ') 201,00 € 2,y € N) be a mesh produced by the second order GBDDRS at the

01,02
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(¥ + 1)th refinement level. If M = 0 and we fix m = 3, then the deviations between two

consecutive points at the (W + 1)th refinement step are

%010, 1oy 0y = HE | < (DY Moy [1HG, 1,07 = Ho o (55)
MaXo, gy [y, )y = HESL | < (L)Y maxe, o, 1H, )00 = HO o Il
where
L= maax{Lg :0=1,2,3,4}, (56)
Ly =24 20 (gm0 {2q + Dpig — 24+ 2)x1-q))]
X 3o I+ 1){Qu + 1) pry — Qut+ 3) 3},
Ly=24 Y1 o(X0 {29 + 1)pig — (29 + 2) x1-g})]
x 32 oIt o Qu+ DI+ 1) xeu — tpru}ls 57)
Ly =24 Y0 o (X0 o{(2q + Dty — 24014}
X 3o | o+ 1){(2u + 1) oy — et + 3) xei},
Ly=24 Y7 o(X0 {20 + Dxig — 24014}
x 321t o Qu+ DI+ 1) xeu — tpru}ls
and
3
M=} {0+ s~ (20 ~Dpas ). (58)

o=1

Lemma 12 Let HY = {(W 211, Hy az) 01,09 € Z, ¥ € N} be a mesh at the th refinement
step and H'*' = (3341, 3721, HY')) 1 01,00 € Z, € N} be a mesh produced by the second

order GDDBRS at the ( + 1)th refinement level. If My = My = M3 = 0 and we fix m = 3,

then the deviation between two consecutive meshes at the Yth and (Y + 1)th refinement

steps is

”H]/,Jrl Hw” <n{max|| o1+L,09 Hg’ly02||+max|| 01,02+1 H:Ipl(m

b (59)
where

n= meax{ng :0=1,2,3,4}, (60)

m =2%35 = (p2 +4p1 + 900 — 2X2 — 61 — 12x0) (1 + 500 — 21 — 80),
Ny = 24| —(x1+5x0—200)(p2 +4p1 + 900 — 22 — 6x1 — 12%0)|, 61)
N3 = 24 —(p1+500 —2x1 —8x0)(X2 +4x1 +9%0 — 201 — 600)I,

774—24| — (X1 +5x0 —200)(x2 +4x1 + %0 — 201 — 600)|,
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and

M = 55 + (02 + 401 +9p0 — 2X2 — 6)1 — 12x0)%,

My =51 + (2 +4p1 +9p0 — 2x2 — 61 — 120) .
X (x2 +4x1 +9%0 — 201 — 600),

Ms = 5t + (o +4x1 +9%0 — 201 — 60).

3.4 Generalization of Lemmas 7-12

In this section, we generalize Lemmas 7—12 for an arbitrary m. Thus, we get the follow-
ing lemmas for the (m + 1)2-point tensor product binary scheme and its corresponding
GBDDRSs.

Lemma 13 (Generalization of Lemma 7 for an arbitrary m) Let ¢° = {(01,024021,02) :

01,09 € Z} be an initial mesh and ¢V*' = {(2,,,4 ) 2¢+1 ,QDX’IJ'JZ) 01,09 € Z,r € N} be a mesh

produced by the GTPBRS at the (W + 1)th refinement level. Then the deviations between

two consecutive points at the ( + 1)th refinement step are

1

maxol,oz ”‘pf;;l oy (P(]ffo}z ” =< (T)vﬂ—l maXUl a2 ||(p21+1 oy q)gl,oz ” (63)

maxal,az ||(pal,az+1 (7‘//1T¢712 ” =< (T)¢+l maxo'] oy} ”(pgl ,00+1 (ﬂgl,gz ”
where

T=max{Ty:60 =1,2,3,4) (64)

and

T =| Z;ZO ol Z:ZZ)I | Zf{:o(ﬂpu = Xe-u)l>

To= Y ool Xt 1 >t (Xemu = Pe—u1)ls (65)

T3 = | Z;ZO Xl| ZﬁBl | Zi:o(pt—u - Xt—u)|’
Ty =| Z;ﬁo xil Z:n:o | Ztu:o(Xt—u — Pr—u-1)l.

Lemma 14 (Generalization of Lemma 8 for an arbitrary m) Let ¢V = {(;},, ;ﬁ,wal o)

01,00 € Z,r € N} be a mesh at the yth refinement step and ¢V*! = (G731 ROASRE

01,02

01,03 € Z,y € N} be a mesh produced by GTPBRS at the ( + 1)th refinement level. Then

the deviation between two consecutive meshes at the Wth and (W + 1)th refinement steps is

6%t = 0" | = 3{max |21, = |+ 0505, 1 = 02, (60

where

§= m@ax{&; :0=1,2,3,4} (67)
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and

81 =|m— Z:,n:_ol(ff + 1)Pm—1—a|,
8= |m=Y"0(0 + 1) pmi-ols

2m-1 m-1 (68)

33 = =5 - Z(ﬁo (0 + 1) Xm-1-051,

8y =12 = 320500 + Domo16 .
Lemma 15 (Generalization of Lemma 9 for an arbitrary m) Let E° = {(‘717‘727E21,02) :
01,0 € Z} be an initial mesh and EV*' = {(3347, 5727, EY),) : 01,00 € Z, { € N} be a mesh

produced by the first order GBDDRS at the (Y + 1)th refinement level. If ] = 0, then the

deviations between two consecutive points at the (W + 1)th refinement step are

1
MaXs, o) ”Er‘f;:rl,az _Eg/;;z I < (G)l/”l MaXs, 0, ||E21+1,¢72 _Egl,O'ZH’ (69)
Y+l 0
MaXs),0) ”Ea:azn _E:rplf;z I= (G’ MaXey,0; [1E£g, 041 _Egmz Il
where
G =max{Gy:60=1,2,3,4}, (70)

G1 = 22 7 (gm0 = 2-a )l 00" | ot at + Do = (204 D xemal,
Go =22 2% (Cgo(pig = X1l X020 | ot Qut + D) e = 201},

(71)
Gs =22 Yo (Xt o (Ximg = Pr-g-D) Yoo | o {(20t + 1)y — (204 + 2) xeils
Ga =22 Y1 o(X g0 (Ximg = Prg- D vt | o 2t + 1) oo — 261},
and
J =Y @+ D)smse = 2t} (72)

t=0

Lemma 16 (Generalization of Lemma 10 for an arbitrary m) Let EV = {(;’—1}, ;’—,/%,E(fmz) :

01,09 € Z,{r € N} be a mesh at the yrth refinement step and EV*' = {(5741, 3757, EL5,)

01,02

01,092 € Z, Y € N} be a mesh produced by the first order GDDBRS at the ( + 1)th refine-

ment level. If ] = J; = J3 = 0, then the deviation between two consecutive meshes at the yrth

and (Y + 1)th refinement steps is

| - E¥ | < 2 {max | E) o, — Bl | + max|[ED 1~ B

01,02 01,02+1 01,02

) 73)
where

A= mglx{kg :0=1,2,3,4}, (74)
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da = 10m = 1) = (203 E D (0,5 = Jin2-0)
x (302 (0+1) Pm-1-6 = Xm-1-0))],

A2=|M—(Z “1 M0 +2)Xmto = 0Pm1-0))
x (000 + D(om-t-0 = Xm-1-0))]»

ha = 10m=1) = (03 T (0,55 = Kon2-0)
x 0ol@ + 1) Xm0 = 0pm-o N

Ay = |M—(Zm l(ﬁl {(0 +2)Xm-1-0 = TPm-1-0})

X (Z{,:O{(U + l)Xm—a —0Pm-o s

(75)

and

Ji= (Z:’io tH{om-t — Xm—t})2 ~ 52
]2 = (Z;no t{pm—t - met})(zzno{(t + l)Xm—t - tpm—t}) - 2%; (76)

]3—(Zt 0{ £+ 1) Xm-t — Lom- t}) L2

Lemma 17 (Generalization of Lemma 11 for an arbitrary m) Let H® = {(‘717‘7271_[21,02) :
01,09 € Z} be an initial mesh and H?+' = {(2%1 , 2¢+1 ,H(‘,/’l*(}z) 01,0, € 7,V € N} be a mesh
produced by the second order GBDDRS at the (V + 1)th refinement level. If M = 0, then the

deviations between two consecutive points at the (Y + 1)th refinement step are

MaXoy,0, [|HY 3y = HLL I < (L)Y MaXe, o |H. gﬁl or ~ Hopo s )
MaXo, gy [y = HESL | < (L)Y maxe, o, 1H, )01 = HO o |l
where
L= maax{Lg :60=1,2,3,4}, (78)
Ly =2 Y1 (0ol 2 + Dpig — (20 + 2)x1-g)})|
X SIS o+ DIQu + 1) oy — 20+ 3) xeu,
Ly =24 Y70 (ol @a + Doy — (20 + 2 x1-q))|
x S I o+ D+ 1) oo — upeil, 79)
Ly=2% 2"“ (X! o{2q + Dxig — 2qp1-g))|
x Y o+ D){u+ 1) oy — Qu+3) xesu},
Ly= 24' Z (Zq 0{(2q + l)Xl—q - qul—q}”
S Z | Zu 0 2” + 1){(” + I)Xt—u - Mpt—u}lr
and
m
M=) "0{20+1)xXmo — (20 = 1)pms }. (80)

o=1

Lemma 18 (Generalization of Lemma 12 for an arbitrary m) Let HY = {(21,, , 2¢f ,H(‘fl o)
01,02 € Z, € N} be a mesh at the rth refinement step and HV*! = {57 3t ,Hc‘flfglz) :
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01,05 € Z, ¥ € N} be a mesh produced by the second order GDDBRS at the ( + 1)th re-
finement level. If My = My = M3 = 0, then the deviation between two consecutive meshes at
the Yth and (¥ + 1)th refinement steps is

[E T H | <,,{max|| vt =Y |+ max [, - H

b (81)
where
n= meax{ng :0=1,2,3,4}, (82)

m=1m—1) = (X0 + D{0 +1)pmio — (0 +2) Xm1-0))
X (Y040 + 1)pmz-o — (60 +2) Xm-2-0})];

M2 =222 — (X030 + DI + Dpmot-o = (0 +2) Xmo1-0})
X (X040 + 1) Xom2-0 — 60 P20},

(83)

N3 = (m—1) — (X000 + {0 + 1) )Xme1-0 — OPm1-0))

X (Z -0 {(40 + l)pm—2—a — (60 + 2)Xm—2—cr})|’
N =222 = (L0550 + D0 + D) Xm-1-0 = OPm-1-0))

X (Zg 0{ (40 + 1) Xm-2-6 — 60 Pm-2-5})|,

and

My = Qo oy — EE+ 1) X)) — >
M; = (Z:n:(){(tzpm—t —t(t+ 1) xm=t}) (84)

X (oA xmet — 8t = D) pt}) — 51
Ms = (3o {8 Komes — t( = 1) pue})* — L4

4 The smoothness of the models produced by the GTPBRS

Let {Ffo,n]”'( =0,1,2} be the set of C*-continuous functions on a closed and bounded
interval [0,#n] x [0,n]. A bivariate function is called C*-continuous if its «th order par-
tial derivatives are continuous. The common class of continuous function is C = C°. The
graphs of C2-continuous functions are smooth, while the graphs of C°-continuous func-
tions are comparatively rough. In Fig. 2, red bullets and red lines represents initial con-
trol points and initial meshes. Figure 2(a) and Fig. 2(b) show the C°-continuous and C2-
continuous meshes produced by the bivariate schemes after three refinement levels, re-
spectively. In this section, we give some basic results for C*-smoothness of the GTPBRS,
where k =0,1,2.

Theorem 1 Let ¢° = {(01,02,¢7, ,,) : 01,02 € Z} be an initial mesh and ¢V*' = (7,
2%1 ,q)gl (,2) 01,05 € Z, € N} be a mesh produced by the GTPBRS after ({ + 1) refine-
ment steps. If T < 1 then limy oo 9V =@ € T}y ;2 = T

0,12

Proof We use (66) to get the following result:

!

lo¥* =¥l = 8{max]l g 10, = 0%, | + maxle 1 = 0k,

where § is defined in (67).
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()

Figure 2 Surfaces generated by the tensor product schemes. (c)-(d) are the mirror images of the parts inside
the blue rectangles of (a)-(b), respectively

Now by using (63), we obtain

!

vl _ v 0 0 0 0
%" = | o <8 {max][g8, 1, = 0,05 | + max]95, 5,11 = 45,
where T is defined in (64).
Let T < 1. This implies that {(p‘/’};ozo is a Cauchy sequence on I'jg 2. Thus, it is conver-
gent. Therefore,

lim ¢¥ =@ e Tyy,p2.
1/,1_?30(0 @ € L2

This completes the proof. O

Lemma 19 If E° = {(01,02,E), ,,) : 01,02 € Z} is an initial mesh and EV*' = {(57i,

01,02

2 EV*1Y): 01,00 € Z,Y € N} is a mesh produced by the first order GBDDRS at the

2V+1 701,09

(¥ + 1)th refinement step. If ],J1,J2,]3 = 0 and G < 1 then limy oo E¥ =E €T,z =T

0
[0,n)%"

Proof By (73), we have

l

01,02+1 01,02 ‘

£¥t =B | = A max| £, 1, = Ely g |+ max | Y, 0o~ B

where A is defined in (74).
Now by using (69) in the above inequality, we get

01,02+1 01,02 ‘

[ B < O {max[ES, 0y~ B |+ max D s B2

l

where G is defined in (70).
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If G <1, then {E‘/’}ff:o is a Cauchy sequence on I'g ;2 and hence

lim EY = E € T 2.

Y —00

This completes the proof. O

Theorem 2 Let ¢ € I’y 2 be the limit function of GTPBRS defined in (1). If ],]1,)2,J3 = 0,

and G < 1, then we have ¢ € F[IO -

Proof By Lemma 19, we have limy,_, o EY = E € T ;2. By Lemma 5, we have E = ¢/, where
¢ is the limit function of the GTPBRS defined in (1). This implies that ¢ € F[l |

0,1]2"

Lemma 20 If H° = {(01,09,H)), ,,) : 01,05 € Z} is an initial mesh and H'*' = {(57

v+l
s HY ) 201,00 € Z,y € N} is a mesh produced by the second order GBDDRS at the
(Y + 1)th refinement step. If M = My = My = M3 =0 and L < 1 then limy,_, o HY =H €
94 v
0
F[O,n]z = F[O,Vl]z.

Proof By (81), we have

[0 | = nmax [ | X 8 s~ )
where 7 is defined in (82).
Now by using (77) in the above expression, we obtain
”1—1\erl -H" ”oo = 7’)(L)¢ {E,I;%)Z(HHSHLUZ - thaz ” + {71}%)2(”]—121,02+1 _H((f)1,02 | }’

where L is defined in (78).
If L <1, then it follows that {HY }i-o gives a Cauchy sequence on I'g 12 and thus

lim HY = H € T,

Y—00
This completes the proof. d

Theorem 3 Let ¢ € Iy ,2 be the limit function of the GTPBRS defined in (1). If M, M1, M5,
M3 =0and L <1, then we have ¢ € F[zo Y
Proof By Lemma 20, we have limv,_,ooH‘/’ = H € I'jp,2. Lemma 6 shows that H = ¢,
where ¢ is the limit function of the GTPBRS defined in (1). This implies that ¢ € F[zo 2 g

5 Applications of the proposed method

In this section, we analyze the tensor product schemes of the binary refinement schemes
proposed by [21-24] by proposed method. We use Theorem 1 to analyze the C°-
continuity, Theorem 2 to analyze the C!-continuity and Theorem 3 to analyze the C*-

continuity of the tensor product binary refinement schemes.
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Corollary1 Let go{'f’l 1o} 01,02 € Z bethe control points at the s th refinement step and A

01,02°

01,09 € Z be the refined data/points at the ( + 1)th refinement step which are refined by
using the following interpolatory tensor product scheme of the scheme [21]:

Y+l 3 3 v
¢201,202 = Zr:O Zs:O p’ps(pﬁl +r,02+87
Y+l 3 3 v
Pr01.20311 = Dore Dse0 PrXsPay +r.0+45) (85)
Y+l 3 3 v
¢201+1,202 = Zr:O Zs:() ers(p(71+r,02+s;
oS 3 3 v
g0201 +1,200+1 — Zr:O Zs:() XrXS‘Pal +r,09+8?
where
po =0, p =1 p2=0, p3=0,
. ) (86)
Xo=—w, X1=5+1t0, X2=5+1t0, X3 = 0.

Then the surfaces produced by the scheme (85) are C'-continuous for parametric interval
w € (0, %). But they are not C?-continuous.

Proof 1t is easy to see that

Also from (65) and (86), we have

T = | Z?:o ol Z?:o | Z;:O(pt—u - Xl < 1,
T =| Z?:o ol Z?:o | ZZ:O(Xt—u = Prou-1) < 1,
Ts = X0 Xl Xto) Xtco(Preu = Xe-a) < 1,
Ty =| ZIS:O Xil Zf:o | Ztu:()(xt—u - Pr-u-1) < 1,

for the common interval ’Tl <w< i. Hence

T:m;ix{Tg :0=1,2,3,4} <1,

for ‘Tl <w< i. So by Theorem 1, the tensor product scheme (85) produces C°-continuous
surfaces/models when the values of w lies between 7?1 to i. Now from (72), (76) and (86),
we have

J=30 ot + ) xa —2tps} =0

Ji= (0 ooz e — x3-e))? - 2% =0,

I = (Z?:o t{p3-s — XB—t})(Zio{(t + 1) 3ot — tp3—t}) — Ziz =0,
Js= (0 o{(t+ D) xse — tpse))* = 5 =0.

Also from (71) and (86), we have

Gr =22 2 (oo (Piog = - 2t | Y of Qa4 Dpu = Qi+ 2) i} < 1,
Ga =22 25 (Ego(Pig = X1-g)l 200 | X hcof at + Do = 2up1 i} < 1,
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for%l<w<%and

G = 22 Y70 (o (Xig = Prg DI g | g {20+ 1) e = Qu+ 2y}l < 1,
Gy = 22| ZZO(Z{F()(XI—L{ - pl—q—l))l Z?:)l | Z;=0{(2” + 1) xeeu = 2upp0}] < 1,

forO<w < i. Hence G = maxg{Gy :0 =1,2,3,4} < 1,for0 < w < %. Then, by Theorem 2, the
tensor product scheme (85) produces C!-continuous surfaces/models when the values of
w lie between 0 to é. By (80), (84) and (86), M = M, = M, = M3 # 0. Hence, by Theorem 3,

the models produced by the tensor product scheme (85) are not C?-continuous. 0

Corollary2 Let wt‘fb@: 01,05 € Z be the control points at the rth refinement step and ¥ ** :

01,02°

01,0, € Z be the refined data/points at the (W + 1)th refinement step which are refined by
using the following 9-point approximating tensor product scheme of the scheme [24]:

v+l _ 2 2 v
Doy 207 = Zrzo Zs:o PrPsPoy+r,00+s

Y+l 2 2 ¥
¢201,202+1 - Zr:O Zs:O PrXs@Poy+r,00+s>

Y+l 2 2 ¥
Poo1+1,209 = D rm0 2_s=0 XrPsPoy+r0pts)

Y+l _ 2 2 2
¢20’1 +1,209+1 — Zr:O ZS:O Xr Xs@Poy+r,09+s9

(87)

where

_29 _ 2 _1

Po = 335 P1 =35, P2 = 355
22

X0 =33, X1= 33 X2 = 33-

Then the models produced by the bivariate scheme (87) are C*-continuous.

Corollary3 Let goffl 0,° 01,02 € Z bethe control points at the {r th refinement step and A

01,02°

01,09 € Z be the refined data/points at the ( + 1)th refinement step which are refined by
using the following 16-point approximating tensor product scheme of the scheme [23]:

P+l 3 3 v

Py ,200 = D20 2520 PrOs@oy s,z s
Y+l _ 3 3 v

¢261,202+1 - Zr:O Zs:() PrXsPoy+r,09+s) (88)
v+l _ 3 3 v

Pooy+1,209 = Zr=0 Zs=o XrPsPo1+r,09+s1

vl 3 3 v
P201+1,209+1 = Zr:O Zs=0 Xr XsPo1+r,00+sr

where

Po=1c+3,  p1=2-5u,  p=HM p3=Lh

Xo=I  X1= M Xa= it X3= 15+ 3N

Then the shapes produced by the tensor product refinement scheme (88) are C*-continuous
1 3 )

if we choose w from an open interval (35, 35).
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Corollary4 Let go{'f’l 1o} 01,02 € Z bethe control points at the s th refinement step and @fl;}z:

01,03 € Z be the refined data/points at the ( + 1)th refinement step which are refined by
using the following 36-point approximating tensor product scheme of the scheme [22):

% — 5 v
Do61,200 = D220 2o=0 PrLsPoy 4r,y 450
v+l 5 5 v
¢201,2G2+1 - Zr:O Zs:() PrXs@Poy+r02+s» (89)
Y+l 5 5 v
Pooy+1,209 = Zr:O Zs:() XrPsPor+r,09+s1
Y+l _ N5 5 v
P2o1+1,209+1 = Zr:O Zs:O Xr XsPoy+r,09+s
where
_ 81 _ 15349 _ 31,927
£0 = 30,960° P1 = 122880° P2 = 61,4407
_ 6719 _ 3119 _ 1
P3 = 30480’ P4 = 133880 P5 = 133880°
o1 _ 3119 _ 6719
X0 = 1338807 X1 = 1338807 X2 = 30480°
_ 31,927 _ 15349 _ 81
X3 = 51,440 4= 122,880° X5 = 30,960°

Then the scheme that is defined in (89) produces the C*-continuous limiting shapes.

6 Summary and conclusion
In this paper, we have presented some simple conditions to analyze the smoothness of the
tensor product version of the (m + 1)-point binary refinement scheme. The summary of
the conditions is given by:
+ The GTPBRS defined in (1) is C°-continuous if T = maxy{7Ty : 0 = 1,2, 3,4} < 1, where
Ty: 0 =1,2,3,4 are taken from (65).
+ The GTPBRS defined in (1) is C!-continuous if G = maxg{Gy : 6 = 1,2,3,4} < 1, where
Gy: 0 =1,2,3,4 are taken from (71) and J, /1, /> and /3 defined in (72) and (76) are zero.
+ The GTPBRS defined in (1) is C?-continuous if L = maxy{Ly : 0 = 1,2, 3,4} < 1, where
Lg: 0 =1,2,3,4 are taken from (79) and M, M1, M, and M3 defined in (80) and (84)
are zero.
Our method of continuity analysis is basically a generalization of the dyadic parametriza-
tion method. This method was firstly used by Qu [10-12]. However, he does not provide
any general formula. He had just used this method for the analysis of a few particular re-
finement schemes. The analysis of the bivariate schemes by our method is quite different
from the Laurent polynomial method. Because, if the complexity of a refinement scheme is
large, then the factorizations of its Laurent polynomial and norms of its mask is difficult to
calculate. And in surface case, the computational cost of the Laurent polynomial method
is greatly increased. On the other hand, our method provides some simple inequalities
which requires mask of that particular scheme.
Our method is superior over other methods because:
« The implementation of our method is very simple and easy even when complexity of
the scheme is large.
+ Our method is very efficient.
+ The formulas involved in our method are of explicit type.
« Our method just requires the mask of the refinement schemes as input.
+ Our formulas are free from polynomial algebraic operations.
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