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1 Introduction and background
Let K,y = {i < m:i e K C N}. Then the natural density of K is defined by o(K) =
lim,,, #IC,,,I provided the limit exists, where |C,,| denotes the cardinality of IC,,. A se-

quence 1 = (1;) is “statistically convergent” (see [9]) to s if for every € > 0

o1
lim—|{i<m:|n—s|>€}|=0
m m

and we write st —lim,,, n,,, = 6.

Let T = (0;) be an infinite matrix. It is said to be regular if it transforms a convergent
sequence into a convergent one with the same limit.

Let T = (0;) be regular matrix. A sequence ¢ = (¢;) is said to be T-statistically convergent

(see [10]) to the number s if, for any € > 0, lim; )

jinj—s1=€ 0% = 0, and denote st —lim7n = s.
If

g iS ”
0, = / (1.1)

1
]
0 i>j.

Then it reduces to statistical convergence.
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For a sequence of positive real numbers (p;), denote the corresponding power series
p(y) = Zlool p;iY ! which has radius of convergence R > 0. A sequence n = (n;) is convergent
in the sense of power series method (see [12, 21]) if lim,,_, z- . n) Z} ln,p,nf 1= £ forall

pn’ -0

holds for each j € {1,2,...} (see [2]). The power series method is more effective than the

1 € (0,R). Moreover, the power series method is regular if and only if lim,_, z-

ordinary convergence (see [22, 23]). For more summability methods, see [3-5, 7, 13, 15—
19].

We study a Korovkin type theorem for the Kantorovich type generalization of Szdsz
operators involving Sheffer polynomials via power series method. We determine the rate
of convergence for these operators. Furthermore, we give a Voronovskaya type theorem
for T-statistical convergence.

The multiple Sheffer polynomials {Sy, x, (¥)}; 4,0 are defined as follows. The generating

function is

k1 ko

t t
Aty )™ = ZZSM L (1.2)

Ik 1
k1=0ky=0

where A(t1, ;) and H(ty,t,) have series expansions of the form

£
Aty t5) —ZZ g, kzkl‘/z (1.3)
P ot k5!
and
t/qtkg
H(t1, 1) = Zthl Tt (1.4)
k1=0ky=0 2

respectively, with the conditions
A(O, 0) =ap,0 7!0 and H(O, 0) = 1’10,0 7{0

n [1], one defined the positive linear operators involving multiple Sheffer polynomials for
x € [0, 00) as follows:

H(11) 2 Sklkz mc) k1+k2
Gulf:) = 11) ZZ Ky 'ko! ( n ) (15)

k1=0ko=0

provided that the right-hand side of the above series converge, under conditions that:

(1) Sk (®) = 0,k1, ko €N,

(2) A(1,1) #0,H, (1,1) = 1, H,,(1,1) = 1,

(3) Series (1.2), (1.3) and (1.4) are convergent for |£1] < R, |£;| < R and (R, Ry) > 1.

In [6] one defined the Kantorovich variant of Szdsz operators induced by multiple Sheffer
polynomials as follows:

kq+ko+1

Sk ko (5) g
(S) _ Okpka\7y )
K> (f, %) = AL 1) E E k1!k2. iy f@t)dt, «x€l0,00), (1.6)

k1=0 ko=0

provided that the right-hand side of the above relation exists.
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Example 1.1 of [6], gives us the following expressions for moments of the Kantorovich
variant of Szdsz operators induced by multiple Sheffer polynomials:

K®(1,x) =1,

1 2aap; +2aa10 + aa
KS(t,x) = = - ol L0 %9 4 x,
2 aaoon

K (t2 x) B 1 3aagy + 3aao, + 3aaps + 6aai, + 3aap + adop
A 3 aagon®

X ﬂ&lo,ohhoyz + 261610_0hh1,1 + ﬂﬂo)ohhzyo + 2616{0,0 + 4&@0’1 + 461611_0 2
= + X

2 aaopon

The central moments of the Kantorovich variant of Szész operators induced by multiple
Shefter polynomials are [6]
1

KN —%,%) = (20, + 21,0 + 300) 52—
26l(),0}’1

I(r(ls) ((t - x)2,x) = (BZZO,Z + 6&1,1 + 3511,0 + 3(‘:1270 + 3510,1 + Zl()’())~—
3610,01’12

- - X
+ (hog + 2h11 + hog) —,
2n
K9 (¢~ x)%,%)

= (6210,2 + 4513,() + 6&2,0 + 4&1,0 + 4&0,3 + 12&2,1 + Zlo,o + 46~l()y1 + 12&1,2

+ 12;11,1) + (3510,01’10,2 + Zéo,oh(),g + 6210701’11’1 + 6;10,()]’[1’2 + 3&0’0]’[2'0

45!0,01’13

+ 6&(),()}12,1 + Zéo,ohg,() + 6210,11’1(),2 + 12&()’1}11,1 + 6210,1}12,0 + 6&1,01’10,2

+ 12&1,01711'1 + 6211,01712,0)

4&0]0112 )
Similarly, there exist constants Cy; (dependent only on 4;; and izi,j) such that

2

C44 JCC43 3x C42
S ato 37t 2
dapon 2a00n 4n

’

K9 (¢~ x)%, %)

2
KO ((f— )5 ) Css xCsq 5x*Cs3
n X)X - st - 3 = 37
661(),0}’1 12610'01’1 8@0,0}’1
2 2
]<(S) . 6 _ C66 xC65 5x C64 15x C63
n X)X = 3 + — 5 + — g + 3 -
7ap0n 2a00n dapon 8n

As a consequence of the above relations, we obtain

2&0’1 + 2&170 + ﬁ0,0
- =

lim nl(,gs)(t —X,X) = =
n—00 2(10’0

(hoy + 2h11 + hao)x

lim nKS ((t - x)%x) =
n— 00

’

" 2
lim n’K®((t - x)°,x) = E3x, lim n?K® ((¢ - %)%, x) = Eax?,
n— 00 n n— 00 n
lim #*K' ((t - x)°,x) = Esx®, lim n*K® ((t - x)%,x) = Eex?,

n—00 n—00
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where E3, Ey, E5, Eg are constant dependent on the derivatives of A(ty,£,) and H(ty, %) up
to order three at the point (¢,£) = (1,1).

2 Korovkin type results
The statistical form of Korovkin’s theorem was studied in [11] and the A-statistical version
was considered in [8] (see also [13, 17] for other summability methods).

Let B[0, o0) (C[0, 00)) be “the space of all bounded (continuous) functions” on the inter-

val [0, 00).

Theorem 2.1 Let T = (0;) be regular matrix and 1(,25) (f,x) be as in (1.6) on [0, M], for any
finite M. If

sts —lim |KP (f,x)e; —ei| =0 (i=1,2),
then

sts —lim | K (f,2)h b = 0,
b € C((0, M]), where |9 = supye(o,u1 ()]

Proof From Example 1.1 of [6], we have stz — lim,, ||K,<,S)eo —eg]| =0. Now

1 2 2
||K},S)el —e1 || < H 5 . aa,| + aa g +6m0,0

aaopon
Also lim,,_, o ||I(,(,s)el —e1|| = 0. Moreover,

[Kes —eo]

1 3aaoy + 3aap, + 3aaoy + 6aay,) + 3aayp + aaop
3 aagon?

X tfldoyohho,z + Zﬂao,othl + (l(lo,ohhz,o + 261610,0 + 4‘&1&10,1 + 4&1011,0 0
+ - — U,

2 aaoon

as 1 — 00. Now the proof follows directly from the statistical version of the Korovkin
theorem [11]. O

Example 2.2 ([14]) Under the conditions given in Theorem 2.1, set
N, (%) = (1 + u)K (h, %),
where

1, mP-m<n<m?-1,
Uy = #; n=m*%meN\ {1},

0; otherwise,
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then

Nn(607x) = (1 + Mn)v

1 2aag; +2aayo + aagy )
. +x

Nn(eli ) (1+Mn)(2

aaopon

1 3aaoy + 3aap, + 3aa, + 6aay,) + 3aap +aapp
Ny(ez,x) = (1 +u,)| - - 5
3 aapon

X ﬂdo'ohho,z + Zﬂﬂolohhlyl + ddo'ohhz,o + 261610,0 + 4-!1!10,1 + 46{6{1,0 2
- +x° ).
2 aaoyon

If the matrix ¥ is as in (1.1), then, by Theorem 2.1 we obtain stx — lim,, | N,,h — k|| =
but the operators N, (/,x), do not satisfy the conditions of the theorem in [11].

In the following result we use a power series method as in [20, 24]; the Abel summability

method was used.

Theorem 2.3 Let (K,(,S)) be a sequence of positive linear operators from C[0, M] into B[0, M]
(0 < M < 00) such that

t%Rp@)Eg e =0, i=0,1,2. (2.1)
Then, for ) € C[0, M],

L2 = 0. 2.2

Jlim p(t);; 20~ b)put” (22)

Proof Clearly, from (2.2) follows (2.1). Now we show the converse that (2.1) implies (2.2).
Let h € C[0, M]. Then there exists a constant K > 0 such that |h(u)| < K for all u € [0, M].
Therefore

[h() -h®)| <2K, ue[0,M]. (2.3)
For every given € > 0, there exists a § > 0 such that

b(w) - hx)| <e (2.4)
whenever |z — x| < 8 for all # € [0, M]. Define ¥ = v (1, %) = (4 — x)2. If |u — x| > 8, then

50 00| = 25y .. 2.5

From (2.3)—(2.5), we have |h(u) — h(x)| < € + 2X w(u x), namely,

K K
e TP R) <D0~ h) < S ) +e.
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By applying the operator K,(,S)(l,x), K,gs) (1,x) is a monotone and linear operator, we obtain
(©) ©) 2K
K (1,x)| —€ - —w <K (1, )(h(u) - h(x)) <K (1,%) S—Zw +e€,
which implies

—eK9(1,x) - %(Kff) (v (u), x) < K (b, %) — h(x)KP) (1, %)

< %Kf)(lﬁ(u),x) +eK9 (1, ). (2.6)
On the other hand
K9 (0,%) - h(x) = K (b, %) - h@)K(1,%) + h@) [K(1,2) - 1], (2.7)
From (2.6) and (2.7) we get
K9 (h,%) - h(x) < %K,Ss’(wu),x) +eK9(1,x) + hE)[KO (1,%) - 1]. 2.8)

Now we estimate the following expression:

K9 (¢ (w),x) = KO ((x - u)%, x) = KO ((«* - 250 + u?), x)

n

= le(,(ls)(l,x) — 22K (u, x) + K,(ls) (uz,x).

n

By (2.8), we obtain

K9 (0,x) - () < %( (2 [K0 (1,2) = 1] = 26K (01,2) ~ ]
+[K9 (2, x) - 2]} + €KL, %) + f)[KO (1, %) - 1]
=€ +€[KP(1,x) - 1] + h()[KP(1,x) - 1]

+ 25_[2<{x2[1<r(ls)(1;x) —1] - 24[ K (u, x) — ] + [K) (u?, %) — x*]}.

Therefore,

2KM?
IKO(h,%) - bx)| <€+ (6 + K+ )‘K,(,S)(l,x) -1

4KM

—x‘ + %‘Kf)(uz,x) —xzy.

From the above relations and the linearity of K, we obtain

[e¢}

Z U (520) = B) "

n=0

21<M2
<e+|e+K+——
(t)

Y (K W2 = 1)pat”
n=0

Page 6 of 13
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4??4“1) i: ) (143 %) — %) Jp " %mlv) i:, (K (%) = &°))pu”
Hence, (2.2) follows from the last relation and (2.1). O
3 Rate of convergence
The modulus of continuity is defined by
w(b,8) = sup b+ k) -b)], bx)eClO,MINE.
Note that
) - 0] < 0t05)( 520 1) (3.1)

Theorem 3.1 Let T = (a;) be regular and b € C[0, M]. If (at,,) is a sequence of positive real
numbers such that w(h, 8,) = stx — 0(w,), then

|K b = b| = stz — O(ey),
where

1
Su=1z
E

MI:H 1 aay, 0hh02 + 261610 ohh1 1t aay, 0hh20 + Zﬂﬂoo + 4&610 1+ 4-61611 0
+

I}

3aag + 3aap, + 3aags + 6aay) + 3aay o + aapp

aagon®

aadopon

2aa0, + 2aa10 + adao

aao,on

for any positive integer n.

Proof By (3.1), we see

|KS) (h; ) - b
<K (o) -

n

(®)];%)
'121‘1(11 00 00 ky+ko+1

_ne Sy (5 )/‘ Z [t — x|
ZZ T w(h,8)| 1+ 5 dt

k1=0ko=

7—H11 0o 00 ky+ko+1

1 ne Sklkz n
< (b, 8)|:1+3 ALD ZZ A fk1+k2 (It-xl)dt|, seel[6]

k1=0ky=0

1
= w(b,S)[l + SK;”(M —xl;x)].
By applying the Cauchy—Schwartz inequality, we have

KE9053) 0] = 00,9 1+ (K 1 -5759) |

Page 7 of 13
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From Example 1.1 of [6], we obtain

K9 ((u - x)%x)
= K,(IS)(ez;x) - 2x1(,(ls)(el;x) + le(,gs)(eo;x)

3aagy + 3aap + 3aagy + 6aai) + 3aag + aaoyg

aagon®

1
-3
1 bl(lo,ohho,z + 2(1(10,0]’11’[1,1 + (lﬂo,ohhz,o + 26!610,0 + 4(1(10,1 + 4(1611,0

|

2 aapon
d
By taking

|
=13

2aay, + 2aa 0 + aao

aadopon

deoz + 3d6l0,1 + 361610,2 + 66141,1 + 36[&1,0 + adpo

aagon®

I:H 1 aay, ()hho 2+ 261610 ohh1 1+ aay, ohhz() + 2616100 + 4-61610 1+ 4-6{611 0

It
we get ||K,(,S)[) - bl <2-w(bh,s,). Therefore, for every € > 0, we have

" IKDb-blize " 20 sn)ze

aadopon

2aay, + 2aa1 0 + aapn

ado,on

From the conditions that are given in the theorem, we have ||I(,(,S)[j - b|| = stz — O(;), as

claimed. N
Now, we obtain the rate of convergence for our method.

Theorem 3.2 Let ) € C[0, M] and let ¢ be a positive real function defined on (0,M). If
w(h, ¥ (1)) = O(@(u)), as v — R~, then we have

1 oo
o) = 0(p(v)),

) Z (K,(,S)ei - e,-)p,,v”
n=0

where the function v : (0, M) — R is defined by the relation

[T

Y(u) = { sup {K((u —x)z;x)}} .
£

Proof For any u € (0,R), x € (0, M) and § > 0, we have

> [KS(h;%) - b ]pav”
n=0

Page 8 of 13
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< KP([bw) - b)|sx)pav

B (B P
n=0

< w(h,d) ZI(,ES) (eo(u); x)pa" + w([)z,a) ZK,ES)((M - x)%5%)pu"

n=0 8 n=0
= pWw(h,8) + w(h;(s) sup {K ((u-x)%x)} anv”,
0<x<1 =0
neN

which leads to

<pWol(f,8) + w(Z;S) sup {K® ((u - x)%%) }p(v).

0=<x<1

> KD (f52) — £ ) ]pav”
n=0

If we set § = ¥ (u), then from the last inequality we have

[e¢]

Z b —b)p,”

S zw(h’ 8))

as required. d

4 Voronovskaya type theorems
It is well known that there is a Voronovskaya type theorem for the Kantorovich type gener-
alization of Szdsz operators involving Sheffer type polynomials and it is stated as follows.

Theorem 4.1 ([6]) For f € Cg[0,00),

nlggo n[K;ES) (f(@©),%) —f )] =f/(x)|:2210’1 +22;)1(;0 i Zloyo] ) |: oo +2h1 1 + hyp) = i|

for every x € [0, M] and any finite M.

We extend the Voronovskaya type theorem for the T-statistical method for these oper-
ators. Let us consider the following operators.

Example 4.2 Define the operators

NB,(1,x) = (1 + uy)K® (h,x),

where
L mr-m<n<m?®-1,
m
Uy = # n=m*meN\ (1},
0 otherwise.

Page9of 13
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Lemma 4.3 Let h € C[0, M] such that b, " € C[0, M], x € [0, M]. Then we obtain
nzNBEIS) ((y - x)4;x) ~ Eux*(st<) on [0,M].

Proof 1t follows directly from Remark 2.6 given in [6]. O

Theorem 4.4 Let by € C[0, M] such that ', 4" € C[0, M], x € [0, M], for any finite M. Then

2oy +2a10 +dop ] H'() (x(hoa + 201, + o)
+ (StT)’

n[NBY (b;x) - h(x)] ~ h/(’c)[ 200 2 2

on [0, M].

Proof Taylor’s formula gives
B0) = D) + (=2 () + 50— 070 + Oy~ 9y ), @.1)

where ¥ (y—x) — 0,as y—x — 0. After applying NBY on both sides of Eq. (4.1), we obtain

NBS(h) = (1 + u,)h(x) + (1 + )b (x) ((2510,1 + 210 + o) zz:ion)

h'x) (.- . . . L. 1
+ (1 +u,) (3aoy + 6a1,1 + 3a1o + 3dzo + 3do,1 + dop) ==
2 3610'01’12
~ ~ ~ X
+ (hoo + 201, + h2,0)2—> + (1 +x,)NB® (02 (y - x);%).
n
This yields
(s) : e 0F 4 )
nNB, () = n(1 + u,)b(x) + n(1 + u,)b’ ()| (2ao,1 + 2a1,0 + doo) ==
2610,01’1
" x B B B B B B 1
+ }’1(1 + uy,)h ( ) (Bdoyz + 66l1y1 + Bdlyo + 3612,0 + 3610,1 + ﬂ()'()) =
2 3610,0}’12

+(hoo + 201, + éz,o);—n) +n(1 + u,)NBE (D¢ (y — x); x).

Therefore,

n[NB® (h;x) - h(x) - b'(x) [(2Zzo,1 +2a10 + zzo,o)é}

2&10,0
h"(x)
2

- - . x
<(/’10,2 +2h,1 + hz,o)g) ’

22101 +26~110 +Zloo
<nKu, + nKiu,| ——————

221(),0}’1
1(2 3210,2 + 6;11,1 + 3;11,0 + 3&2,0 + 32!0,1 + (:lo,o

n—

2

+

32{(),0}’12

1(2 3210,2 + 6&1,1 + 3&1,0 + 3&2,0 + 3&0,1 + El(),()

+ nuy,

~ ~ - X
+ (hoo +2h11 + hog)—
3&0,07[2 ( 0,2 1,1 2,0) 27[
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+ n|NBff) ((y — %)Y (y - x);x) | + unn|NBff) ((y - %)Y (y - x);x)

’

where K = sup,c(o 1 [0®)], Ki = sup,cjo 16’ (®)| and Ky = sup, 047 57 (%)].
Now we have to prove that

lim n|NBJP (v~ )’y (y —x); x)| = 0.

By applying the Cauchy—Schwartz inequality, we obtain

D=
[T

HINBE (70— 053] < [#°NB (/- )]

Also, by setting 1,(y) = (¥ (y — x))2, we have n,(x) = 0 and n,(-) € C[0,M]. So

NBY® (n,) — O(stz) on [0, M].
Now from the previous relation, (4.2), (4.3), and Lemma 4.3, we obtain
n2NBff) ((y — %)%y (y - x);x) — 0(stgz) on [0,M].

From the construction of («,), it follows that n,, — 0(sts) on [0, M].
For a given € > 0, we define the sets

N N - 1
A= |{n: |n[NBY (h;%) - b(x) - h/(x)[(zao,l +2d10 + ﬂo,o)2~—i|
a0,0
- Y 2(x) ((ilo,z + 2511,1 + Ez,o)%) )
A= {n:|nu,| > i} ,
3K

’

Ay =|{n: [nNBY ((y — 2>y (y - x);x) | = %}

As = |{n: [nu,NBO ((y — )%y (y — %)) | > %”

From these relations we obtain A < A; + A, + A3. Hence the result follows.

Theorem 4.5 Let b, ', " € C[0,00). Then

”I(KV(,S)(brx) - h(x)) -b'(x) ((2510,1 + 2410 + dop) ! )

2510,01’1

b (x)
2

- - - - - - 1
. (3&0'2 + 6611'1 + 3611'0 + 3&2'0 + 36{(),1 + (l(),o) = 3
Bdoyol’l

~ - - X
+ (ho,z + 2]’11,1 + hz,o)—:| ’
2n

as n — 00, and for every x € [0, M], for any finite M.

[NBY (v5)]

Page 11 0f 13

(4.3)

(4.4)
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Proof From Taylor’s theorem, we have

//(x)

> (u - x)2 + R(u, x),

b(w) = bx) +b'(x)(u - %) +

where R(u,x) = W(u —x)?, for 6 € (4, x). Now we obtain

b”(x)
2

K(0,%) - 0(@) = b @K (14 - x)ix) = =K (= %)’s)

< K (|R(u, %)

%)

From this we get

n(K® (b, x) - h(x)) - h/(x)(
h//(x) 1

. [(3&02 + 6&1'1 + 3&1'0 + 3&2’0 + 3&0’1 + 50‘0) -
2 3&0,01’1

2210,1 + 2211,0 + Zloyo
2510_0

+ (ho + 201y + ilz,o)%c‘
< n-K,(,S)(|R(u,x)|,x).

By the properties of the continuity modulus, we have

" 9 _ " 1 9 _
O L0 )
2! 2! 1)
On the other hand
h"(0) - b"W) | _ w(h"); lu—x| <6,
2 ' ot,8); -] = 5.

For 0 < § < 1, we obtain

h//(e)z_‘ h”(x) ‘ E a)(h”,ﬁ) (1 + (I/t _x)4>,

84

which gives

4 6
|R(u,x)| < CU([’)//,S) (1 + (u ;496) >(u _x)z _ a)(f)”,(S) ((u —x)2 N (u ;496) )

By the linearity of K and the above relation we obtain

K,(ls) (|R(u, x)

,x) < w(h”,S) (K,(IS)((M —x)z,x) + S%K’SS)(W - x)6,x)).

Taking into consideration Remark 2.6 in [6], for every x € [0, M], we have

%) <w(h’,8) (o(%) + %o(%)) = O<%)w(h”,6).

For 8 =n"2, we complete the proof. O

K,SS) (|R(u, x)
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