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1 Introduction
The standard Ambartsumian equation (SAE) was derived by Ambartsumian [1] more than
two decades ago. This equation describes the absorption of light by the interstellar matter.

In this paper, we consider the fractional Ambartsumian equation (FAE) in the form:

$130 -0+ (3 ), 0<az1EnL "

where £ is a constant and « is the arbitrary order of the Caputo fractional derivative with

the following initial condition (IC):

9(0) = A. (2)

The FAE reduces to the SAE as @ — 1. The SAE has been investigated by Kato and McLeod
[2] for existence and uniqueness. Later, Patade and Bhalekar [3] solved the SAE using the

power series approach, and the obtained power series solution was proved for conver-

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03235-w
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03235-w&domain=pdf
mailto:aebaid@ut.edu.sa
mailto:halimgamil@yahoo.com

Ebaid et al. Advances in Difference Equations (2021) 2021:88 Page 2 of 18

gence. In addition, Bakodah and Ebaid [4] obtained the exact solution for the SAE. Re-
cently, Alatawi et al. [5] applied the homotopy perturbation method (HPM) to obtain the
approximate solution of the SAE in terms of the exponential functions, while Khaled et
al. [6] provided the solution using the conformable derivative. Very recently, Kumar et al.
[7] obtained the approximate solution for the FAE using the homotopy transform analysis
method (HTAM). It can be observed from Ref. [7] that the series solution is expressed in
terms of t* which converges in certain subdomains.

The objective of this paper is to obtain the exact solution of the FAE in terms of the one-
parameter Mittag-Leffler function which converges in the whole domain ¢ € [0, 00). Our
approach utilizes the Laplace transform (LT) combined with the Adomian decomposition
method (ADM) [8-12]. The ADM [8-12] has been extensively used to solve various inte-
gral/differential equations and IVPs/BVPs [13-27]. The FC approach has been extended
successfully to include several phenomena in physics, engineering, and biology [28—-38].
In order to achieve the target of this paper, the Heaviside expansion formula in CC is ex-
tended in view of FC. The extended Heaviside expansion formula is applied to calculate
the inverse LT of specific fractional expressions. Furthermore, it is shown that the present
exact solution reduces to the corresponding one in the relevant literature as « — 1. Be-
sides, the convergence of the present solution is theoretically proved. Moreover, numeri-
cal comparisons with the existing approach in the literature are performed to indicate the
advantage and effectiveness of the present analysis.

2 Preliminaries and analysis
The Riemann-Liouville fractional integral of order « is defined as follows [39]:

v L1 y(@)
Olty(t)_r'(oz)_/o T dr, a>0,t>0. (3)

Let a # 0 denote the order of the derivative in such a way that 7 — 1 < ¢ < n. Then the
Caputo fractional derivative of a function y(¢) is defined by [39]

oy - 490 _ [ =0y itn-tcacn
0t di d;‘ly(t)
tYl

(4)

ifa=n.

In applied problems, it is required to use the definitions of fractional derivatives that allow
the utilization of interpreted initial conditions. It is clear from Eq. (5) that definition (4)
satisfies these demands

a° n-1
L{ dzc(f) } =Y () - ;sa’m’ly(”’)(O), (5)

where Y (s) is the Laplace transform (LT) of y(¢). When solving fractional differential equa-
tions, the following relations for the inverse LT in terms of Mittag-Leffler functions can
be used, see [39] for detalils:

1{ mls® B

_ jam+B—1 p(m) o
(s* F a)m+l } = Ea,ﬂ (i‘lt )’ (6)

L"l{ so-1 }:Ea(—ta)’ )

s+ 1
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L_l { SD‘% } = ta_lEa,a (—ﬂta), (8)
-1 371 a o
L < 1a =1 Ea,aJrl(_at )’ (9)

where the Mittag-Leffler functions of one parameter and two parameters are defined by

oo

Zm
zzir(am+1)’ a>0 (10)
m=0
5] Pz
Ea'ﬁ(z) = ; m (a >0, ,3 > 0) (1 1)

Some useful properties are given by

Eop(2) = zZEgup(2) + == I‘(ﬁ) (12)
Ey(2) = zEq011(2) + 1, (13)
Eoc,l(z) = Ea(z)» El(z) = ez’ (14‘)

and

/ 7 E,, (at®)(t — 1) Eq 5[ b(t - 7)* ] dT
0

Brv-1

= n [(lEo,,ﬁﬂ/ (at‘)‘) - bEa’ﬁﬂ, (bta)]. (15)

The Heaviside expansion formula in CC is a well-known formula which is frequently used
to calculate the inverse LT of specific expressions, the statement of such a formula is in-
troduced below.

Theorem 1 (Heaviside expansion formula in CC) Let H(s) and G(s) be two polynomials
such that the degree of H(s) is less than the degree of G(s), also assume that G(s) has n
distinct zeros oy, k=1,2,3,...,n, then

L[HE) s~ Hl) | .
AR e
Proof See please Ref. [40] (pages 61-62). O

3 Analysis
In this section, the Heaviside expansion formula is extended, and a generalized form of
Eq. (16) is derived by the next theorem.

Theorem 2 (Extended Heaviside expansion formula) Let0 < o < 1 and suppose that H(s*)
and G(s*) are two polynomials in s* such that the degree of H(s*) is less than the degree of
G(s¥). If G(s*) has n distinct zeros oy, k =1,2,3,...,n, then

-1 Hi(s _ gl H(oy)
oG ZG/(ak) «ont”). )
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Proof Since G(s%) is a polynomial with # distinct zeros o1, 03,......, 0, then we can write
H(s%)
G(s¥)

according to the method of partial fractions as follows:

H(s*) . a

2
= +
G(s%) s*-o

Ck Cn
NS 4o+
s¥ — 0y

s¥ — oy s¥ — oy,

(18)
Multiplying both sides of Eq. (18) by s* — 07 and letting s* — o, we find, using L'Hospital’s
rule,

¢; = lim (s"‘ - JI)H(S )

s¥—o0 G(s"’)’
. . |-
lim H(s* 1 ,
o @”wﬂjam}
d (.
8§ —0
=H(o1) x lim {M}
s¥—o1 WG(S“)
H(oy) x i L
=H(o7) x lim { —— 1,
! s*—o1 | G'(s%)
_ Ho)
G'(o1)

(19)
Similarly, the general term ¢ can be calculated as follows:

¢ = lim (s“ —Gk)H(S )

Y=oy G(SD‘) ’
. o . ¢ —ox
SO(]I_I)I(IT](H(S ) x sO‘h—I}rlIk{ G(Sa) },
d (.
- \8 — O,
= H(og) x lim {M},
st=o | 5 G(s¥)
H(oy) x lim 1
= H(o, i —t,
k Aoy G/(Sa)
H(oy)
. (20)
G'(o%)
Therefore, Eq. (18) can be expressed as

H(s*) H(op) 1 H(op) 1 H(ox) 1
= + 4ot
G(s®) G(o1)s*—0o1 G(oy)s¥ -0y

H(On)
G0 s —or  Gloy)
bt (21)
s¥ —oy
or
H(s*) <~ H(ox) 1
am‘ggmﬁ

S"—O‘k'

(22)
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Applying the inverse LT on Eq. (22), we obtain

GfHE) s~ Ho) 4 1

t {G(sa)}‘ée(m“ ool 29
and this yields

-1 H(s%) }_ o1 H(oy)

Ak ZG/(ak) Euaont”). ey

Lemma 1 The extended Heaviside expansion formula (17) reduces to the original Heavi-
side expansion formula (16) as o — 1.

Proof From Eq. (17) provided by Theorem 1, we have as « — 1 that

L [HE) | N~ Hlow —~ H(oy)
L — Eq(oxt) = o, 25
{G(s)} ZG/( [ Bl = 3 g xe (25)
which is the original Heaviside expansion formula (16). O

Lemma 2 (Special case of the extended Heaviside expansion formula) If H(s*) and G;(s%)
are two polynomials in s* such that

i

H(s)=s",  Gi(s*)=]](s“+&™), i=1,0<a=<1, (26)
k=0
then
_f H( o gk e
I{G(ia)}_ IZG/( g)_—ka) ( g:kt)' (27)

Proof From the definitions of H(s*) and G;(s%), it is clear that H(s*) has a degree less than
that of G;(s*) Vi > 1. Besides, G;(s%) has i + 1 distinct zeros oy = 7%, k=0,1,2,3,...,i
Applying Theorem 2 and substituting o3 = —& % into the extended Heaviside expansion
formula yields

L HC H(=£™)
1{G(Za)} ZG/ RO * Eaa-57). 29

k=0

However, the definition of H(s%) gives H(—£ %) = =& %%, hence,

- H(S 1o %—ka —ka g
1{G(s")}_ IZG/(SW) (£ (29)

4 The exact solution

This section is devoted to obtaining the solution of FAE (1)—(2) in an exact form in terms
of the Mittag-Leftler functions. The previous theorems and lemmas are applied in this
section to derive such exact solution.
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4.1 Solution in terms of two-parameter Mittag-Leffler function
Applying the LT on Eq. (1) and noting that L{(%y(é))} = Y(&s) yield

AL Y (Es)

Y(s) = . 30
) s°‘+1+s°‘+1 (30)
The ADM assumes the solution of (30) in the series form
Y(s)= ) Yi(s), (31)
i=0
which leads to
)\Sa—l
Yo(s) = —, (32)
s+ 1
Y
vt = Y0169 oy (33)
s +1
The recurrence scheme (33) gives
v Y€ rE9t el
YT 1 T (s 1)Es 1) [Th (ks 1)
Y(s) Y1(§5) A(E%s)* ! A(E%s)* !
208) = = = ,
s 41 (s + 1)(E%s + 1)(E%s¥ +1)  [[r_(Ekese + 1)
Yo (Es A 3.5' a1 A ZS a1
v < 269 _ G e g
s*+ 1 (s +)(EYs* + 1)(E> s + 1)(Es* +1) [T ks + 1)
and hence the general component Y;(s) can be obtained as
A(E's)*! .
Yi(s) = , , i>1. 35
s) (s* + 1)(E@s® + 1)(E22s® +1)...... (Elrs® 1+ 1) = (35)
Therefore, Y;(s) can be written as
A(g%s)* ! .
Yi(s) = i>1 (36)

Also, we note that
i i
H(Skasa 1) = gilirDar2 l—[(sa + s—ka)' (37)

k=0 k=0

Inserting (37) into (36) and simplifying lead to

i>1. (38)

Yi(s) =)\$m(1_")/2"i<1 X ol >, >
s Hk:o(‘ga +E—ka)

Assume that H(s*) and G;(s%) are defined as in Lemma 2, then Eq. (38) is expressed as

1 Hw)), i>1. (39)

YI(S) _ )‘Eia(l_i)/z_i<; % G’(sa)
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From (32), it then follows

Y(s) = Yo(s) + ) Yis), (40)
i1
ie.,
_ st = wiiyaif 1 _ H(s")
Yis) = @il )\ZE (; % Gi(Sa))‘ (41

i=1

Applying the inverse LT on the last equation, we get the solution y(t) of the current model

-1 N iwiiioif 11 L[ HGY)
io(1-i)/2—i 1)~ 1
e (iG] ®

)\' o
y(t) =L‘1{ -
sY +

as

where (x) refers to the convolution operation. From the results of Lemma 2, we have

i —ka
y(t) = Ao (—£*) + AZS‘“ e ‘(1 * {t"‘ S —G/fg—ka) X Eq (—sk%")}) (43)
k=0 iv

or

ko
() = AE. +AZZSW<1 /2 z/ ( LHG’ZSS = x E, (—g"“"r“)) dr, (44)

i=1 k=0

which can be written as

y(t) = AE, +)“ZZSW(1 i)/2—i G/ ka)/ a— Ianc —ka a))d . (45)

i=1 k=0

Using the integral formula (15) when y = a, B = 1, a = £ %%, and b = 0, we obtain

t
/ Ta_lEa,a (_g—kal.a) dT = taEa,aJrl (_E_kata)- (46)
0

From (45) and (46), we can write
io(1-i)/2—i
y(t) = AE, ”ZZ G (=& 1" Equr (- 72%)). (47)

i=1 k=0

4.2 Solution in terms of one-parameter Mittag-Leffler function
Implementing property (13) for z = —£ %%, we have

Eq(—&7¢) = £ Ey i1 (~E7¢%) + 1, (48)
hence,

—E MU E g (<57) = Eo(-£70%) - L. (49)



Ebaid et al. Advances in Difference Equations (2021) 2021:88 Page 8 of 18

Inserting (49) into (47) yields

g_-wz(l i)/2—i

y(t) = +AZZG,( = (Ea(=£7%¢%) - 1), (50)

i=1 k=0

which is the required exact solution. However, we can rewrite Eq. (50) as

o i %-wt i)/2— iE, (-&- —ka o ga) o Sza —i)/2—i
=AE,(-t%) + A 51
y(t) ( ¢ )+ (;g G;(_%— ka ;g G/( g_— ku)) ( )
or
o i “;‘i”‘(l‘i)/2‘iEa(—§‘kat"‘)
=AE,(—t%) + A -S, 52
y(t) ( L )+ (; - G(—& ) ) (52)

where S is the sum defined by

i:wt i)/2—i

S= ZZ G/( S ka) (53)

i=1 k=0

5 The solution in a simplest form
Here, we show that the sum S in Eq. (53) vanishes, and hence the right-hand side of Eq. (52)

can be further simplified. To do that, we express S as

S= Z‘i__za i)/2— zZ G/( %_ ka Zg_—wz ')/2—i1/[i, (54)

where
;= Ei 71 55)
" k=0 Gi(-& k)’ (

From (54), we have

S=E Y+ & 7 4 (56)

It is clear from (56) that S vanishes when each ; vanishes, i.e., ¥; = 0, Vi > 1. For 1, we
find

1

1 1 1
_ ] | 5
e G EeD G (57)

From the definition of G;(s*), we have at i = 1 that

1
= 1_[ ¥+ ET k“ (s*+1)(s* +£7), (58)
k=0
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ie.,

Gi(s*) = (%) + (1 +&7)s" + 7, G (%) = 26" + (1 +£79), (59)
and hence,

Gi(-1)=-1+&77, G (-E7%)=1-¢&" (60)

Substituting (60) into (57), we obtain

1 1

= gy + ¢ =0. (61)

12}

Similarly, we can prove that vy, = 0, in this case we have

2

1 1 1 1
) ) 62
V2 ; Gy(—=&*)  Gh(-1) * Gh(—£—) * Gy(—£22) (62)
and
2
Gals") = [T+ &) = (4 (57 )57 67, )
k=0
ie.,

Ga(s?) = (s°)° + (1 + &+ £72) (%) + (7 + 672 4 £730)s% 4 £75, (64)
Gy(s%) =3(s%)* + 2(1 + E7¢ + E72)s 4 (679 + £72 4 £7%), (65)
Gy(-1) = (1+£9)(1-£7)°, (66)
Gy(~&) =& (1-£)’, (67)
Gy(-&) =g (1+5)(1-6)" (68)

Substituting (66)—(68) into (62), we obtain

1 1 1
L+ E o) 1-E*2  —E“(1-£P E“1+E1-§<)7
o E -+ +1
CE(l+E)(1-E)
=0. (69)

Yo =

It can be proved by induction that y; = 0, Vi > 1, and hence the sum S in (56) vanishes.
Formulas (59), (64), and (65) can also be obtained directly using the g-calculus [41], see
the appendices. Therefore, solution (52) takes the form

) 3 oo i %-ia(l—i)/Z—iEa(_%-—ka £9)
y(t) = hEo (=£°) + 1)) SR

i=1 k=0

(70)
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Indeed, expression (70) can also be put in a simpler form by writing the initial component
AE,(—t%) as

i io/(l—i)/Z—iEa _g—kaya
MEq (~1°) = 4 [Z : Gf(_g,(kf) : )] ’ 1)
k=0 l i=0

where

[Eo(=67 ) ]y = Bu(-2), ["077] =1,

(72)
[Gg(_f_ka)]ho,i:o =Go(-1) =1.
In view of (70) and (71), we obtain the solution in the simplest form:
%-zot(l—t)/Z—zEa (_&-—kata)
=1y > ) (73)

7(_g—k
i=0 k=0 Gi(-§7)
6 Validationasa — 1
Here, it is shown that the exact solution obtained by Bakodah and Ebaid [4] for the SAE
can be recovered as a special case of our exact solution (73) @« — 1. In such a case, Eq. (73)

reduces to
o i Ei(l—z’)/Z—iEl(_g—kt)
=A , 74
() ZO ; Ge™ (74)
ie.,
o i E—L’(lﬂ)/ze—é‘kt ., i o
y(t)zkggw, [Gi(s )]lee,-(s):g(ﬂg ). (75)
However, G;(s) can be written as
Gils) =] [(s+&™) =T [ [ [(E"s+ 1) = 672Quts), (76)
k=0 k=0 k=0
where Q;(s) is defined as
Qi(s) = [ [(&*s +1). (77)
k=0
From (76), we obtain
Gi(s) = 72 Q(s), (78)

which leads to

G;(_%.—k) _ %.—i(lﬂ')/ZQ;(_%-—k). (79)
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Substituting (79) into (75), we obtain

oo i —Eikt
Y =2y > @ (80)

i=0 k=0

which is the corresponding solution obtained by Bakodah and Ebaid [4] for the SAE. Here,
it may be important to refer to that the present exact solution (73) for the FAE is introduced

for the first time. Moreover, the current analysis was not previously reported on the FAE.

7 Convergence analysis
Theorem 3 For «a € (0,1], the closed-form series solution (73) is convergent¥ & > 1, ¢ > 0.

Proof Firstly, we rewrite (73) as

=) c (81)
i=0

where ¢; is defined by

4 sia(l—i)/Z—iEa (_5 —ka tot)

=1y =0y (82)
k=0
The series coefficient ¢; can be rewritten as
L i(1-i)/2+ila k
q Ea(_q T) —
Cl‘:)\. ) q=§u,f=ta« (83)
kZO: Gi(-4")
Accordingly,
i+l (i+1)(i/2+1/a) E (g~
Ciy1 = A 9 a(q T) (84')
Gror (4
k=0 i1\—q
or
i (+D2+) | (L k (+D2+1 ) | (L it]
=251 : 0;(( 77, .4 : (Z(lq 7) (85)
=0 Gl (=49 Gia(=q"")
From the definition of G;(s*) in (26), we find that
i i+l
Gi(s") = H(s"‘ + qk), Gm(s"‘) = H(s"‘ + qk) = (s"‘ + q”l)Gi(s"), (86)
k=0 k=0

and

Gl (s%) = (s + q”l)G;(s") +Gi(s¥). (87)
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Hence,

Gin(-4) = (4" +4")G/(-4") + Gi(-d") = (¢"" - 1) Gi(-"), (88)

where Gi(—¢*) = 0 (Vk = 0,1,...,i). Moreover, we have from (87) that G/, ,(-¢"*!) =
G;(-¢"*") and, consequently,

i q(i+1)(i/2+1/a)E( qkt) q(i+1)(i/2+1/a)Ea(_qi+lr)

Civ1 =X » ; + , (89)
~ (g™ -4"Gi(-4") Gi(-q"")
From (83) and (89), we have
e i M(i+1)(i/2+l/a) el Ea(—qkr) N q(i+1)(i/2+1/a)Ea(_qi+l.L_) (90)
A AN G/(-q") Gi(~q™) ’
which can be simplified as
L QirEo(—qF , E, (g
Civ — ¢; = A VN # +A <”1>/°fi(#, (91)
o Gi-) [Teco(@ = g*+1)
where
k 1/ay i
7 -0-9")q i1y _ gl
Qiy = _W’ Gi(~q 1 i+1)/2 1—[ i~k 1 (92)

Using g-calculus notations, we have [];_o(1 — ¢"**!) = ]_[;zo(l -q.4)=(q:q)in (see Ap-
pendix A). For a fixed integer i > 1, we have from (91) that

i

Civl — CL| < qu(L )/ 2+ila Z
k=0

A (i+1)/a

_k M
[Eal-a"e)] + 1(q: q)isl

Qi
Gi(—4*)

Eo(-¢"*'7)]. (93)

Applying the property 0 < E,(—yt) <1 (y >0, 7 > 0) on (93), it then follows

i

(i+1)/a
Civl — Cl| < )\ql(l )/ 2+ila Z
k=0

Qi
+
Gi(—4")

A
|(61 : Q)Hl | '

(94)

As i — oo and since g < 1, then g/-D/2+il« . 0 gDl 0 (Vo € (0,1]) and 0 < (g : @)oo <
1, hence |c;;1 — ¢;| = 0 which completes the proof. O

8 Numerical results and discussions

This section is devoted to performing several comparisons with the existing solution in
the relevant literature using the CAS Wolfram Mathematica. For numerical purposes, we
define the n-term approximate solution o, of series (73) as follows:

n=l i ja(1-i)2—ip (_ g —ka s
Gn(t)zkzzg : G/,(fgfkf) ) s (95)

i=0 k=0
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an(t)
1.0
0.8 — oult)
os(t
o 5(t)
— o7(t)
04F — 010(t)
— o12(t)
0.2F
: ‘ : : — t
10 20 30 40 50

Figure 1 Convergence of current approximate solutions oy (t), n=4,5,7,10,12,at A=1, =15 and @ = 0.5

an(t)
1.0t
0.8 — oult)
o5(t
osl 5(t)
— or(t)
04F I 010(t)
— o12(t)
0.2}
| | T ————— t
10 20 30 40 50

Figure 2 Convergence of current approximate solutions o, (1), n=4,5,7,10,12,at A=1, =25,anda =1

Figures 1 and 2 display the convergence of current approximate solutions o,(t), n =
4,5,7,10,12,at A = 1, £ = 2.5, & = 0.5 (Fig. 1), and « = 1 (Fig. 2).
In the literature, Bhalekar and Patade [42] solved the initial value problem (IVP)
SDYy(t) = Ay(t) + By(Ct), y(1)=1,0<a<1,AeR,BeR, (96)

where C is a constant and C € (0, 1). In [41], the solution of IVP (96) was given as

[ed] i i-1
— L ak
y(t)—1+i2=1:r(ia+1) 0(A+BC ). (97)

x>
Il

Comparing (96) with Egs. (1)—(2), we find that A =1,A=-1,and B=C = % Accordingly,
Eq. (97) becomes

00 o i1
y(t) = 1+Zm1—[(5_ak4—1), (98)
i=1 k=0
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— 0q2(t)
012(t)
024(t)

— 636(t)

0 5 10 15 20

Figure 3 Comparison between a7, (present) and 01, 654, and B3¢ in Ref. [42]at A =1,& =1.5,and @ =0.5

— o12(t)
612(t)
624(t)

— B36(t)

0 5 10 15 20

Figure 4 Comparison between a7y, (present) and 6y, 64 in Ref. [42],and O3 at A =1, =25, anda =1

with the n-term approximate solution 6,(¢) defined by

n i i-1
_ " —ak-1 _
0,(t) =1+ ;:1 TGasD k|:0| (& 1), n>1 (99)

Now the task is to compare the present approximation (95) and the corresponding one
in Ref. [42] given by (99). For fixed A = 1 and & = 1.5, the comparisons between the present
012 and 613, B4, 036 of Ref. [42] are depicted in Figs. 3, 4 at « = 0.5 and « = 1, respectively.
Figures 3 and 4 show that the approximation 6;, coincides with the present one o1, on the
interval [0,5), while 6,4 coincides with our 075 on a slightly wider interval [0,10), and 636
leads to a coincidence on the interval [0,15). It is observed that the number of terms needed
from 6, to achieve a coincidence with our exact solution is multiplied by the present num-
ber of terms of o,,. Therefore, the obtained results confirm the effectiveness and efficiency
of the present approach.
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9 Conclusions
The Heaviside expansion formula in CC was extended in this paper in view of FC. Sev-
eral theoretical theorems and lemmas were proved for the extended Heaviside expansion
formula and then applied on particular expressions in FC. Accordingly, the solution of
the FAE was obtained based on Caputo’s fractional derivative. The solution was derived
in a simplest form in terms of a one-parameter Mittag-Leffler function. Besides, the con-
vergence of the obtained solution was theoretically proved. Furthermore, it was shown
that the exact solution obtained by Bakodah and Ebaid [4] for the SAE was recovered as a
special case of the present exact one for the FAE when the fractional order tends to one.
In addition, graphical comparisons with another approach in the literature were per-
formed. The advantage of the present analysis over the existing one in the relevant liter-
ature was discussed and analyzed. It was also shown that the current solution converges
in the whole domain, as consequences of the properties of the Mittag-Leffler functions,

while the solution in Ref. [42] converges in subdomains.

Appendix A: Concepts of g-calculus
For g € (0,1) and x € N, the g-version of x is defined as (see [41])

[x]q = % and ;Ln}[x]q =Xx. (A.1)

For i,k € N, the g-binomial (,i)q is defined by

A P UL N (8
(k>q_[k]q![i—k]q! and (o)q‘(,«)q—l’ (A2)

where [i],! is the g-factorial of i:
[i]4! = [1]14.1214.13]4. ... [{]; and ;i_)rr}[i]q! =[i]! (A.3)

The g-shifted factorials are defined by

-1
(a:q)i= l_[(l ~aq"), where(a:q)y=1, and

0 N (A4)
(@:q)ee = lim (a: q); = [ [(1 - ag").
k=0

For u,v € R and i € N, the g-binomial theorem is given by

i-1 i

(o + v)f] = l—[(u + qu) = Z q(g) (;) u v, (A.5)

k=0 r=0 q
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Appendix B: Properties of G;(s“) in view of g-calculus
Here, we show that the g-calculus can be implemented to derive some obtained results in

Sect. 5. Firstly, we rewrite G;(s*) in Eq. (26) in view of g-calculus as follows:
Gi(so‘) :H(s“+qk), 0<g=£6"%<1. (B.1)
k=0

Substituting # = s* and v = 1 in (A.5) and replacing i with i + 1, we obtain

i i+1

()7 =TT+ ) = 3 q® (’ + 1) (), (B.2)
k=0 r=0 " /Jq
In view of (B.1) and (B.2) we have the following series form for G;(s*):
LN ES! :
Gi(s) =Y q® ( . > (s)" (B.3)
r=0 q

Differentiating (B.3) once with respect to s*, we get
i

(i—r+ 1)(Sa)” - Zq%<r—1> (i : 1) (i-r+ 1)(s°‘)”. (B.4)

q r=0 q

v ol nf{i+1
Gi(s ):Zq@( ' )
r=0

This is a unified formula to calculate G;(s*) for fixed i. For example, at i = 1, we obtain

G(s) = iq%“*” (i) 2-n()"" = (3)q(s"‘) + (f)q (B:5)

r=0 q

and hence,
G(s*)=2(s") +(L+q) =2(s*) + 1+ &7, (B.6)

which is the same expression in Eq. (59), where

<2> =1, <2> =l+g=1+&"° (B.7)
0/4 1/,

Similarly, at i = 2 we have

6, = 2 (%) G - (o) 60 2(3) €)+a(5) . @9

r=0 q

G,(s%) 3(3“)2 +2(1+q+ qz) (s*)+q(1+q+ qz),

=3(s) " +2(1 457+ £72) (s°) + (7 + &2 4 57), (B.9)
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where

R I ) R
-1, - =l+g+qi=1+E+E2 (B.10)
<O q 1/, \2/,

The expression given by Eq. (B.9) agrees with the previous one in Eq. (65). Indeed, the
unified formula (B.4) for Gj(s%) is easily programmable by any software when compared
with the preceding one in Sect. 5. This of course reflects the advantages of the g-calculus.
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