
Shi et al. Advances in Difference Equations         (2020) 2020:94 
https://doi.org/10.1186/s13662-020-2500-y

R E S E A R C H Open Access

A new class of travelling wave solutions for
local fractional diffusion differential
equations
Ziyue Shi1, Wei Qi2* and Jing Fan1

*Correspondence:
youaaaa@163.com
2Department of Physics, China
University of Mining and
Technology, Xuzhou, China
Full list of author information is
available at the end of the article

Abstract
In this paper, we investigate a 3-D diffusion equation within the scope of the local
fractional derivative. For this model, we establish local fractional vector operators and
a local fractional Laplace operator defined on Cantor-type cylindrical coordinate and
Cantor-type spherical coordinate, respectively. With the help of the spherical
symmetry method based on those operators, we obtain exact traveling wave
solutions of the 3-D diffusion equation. The results reveal that the proposed schemes
are very effective for obtaining nondifferentiable solutions of fractional diffusion
problems.
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1 Introduction
In recent years, classical mathematics has been greatly enriched because of the advance-
ment and application of fractional calculus. Numerous researches have shown that the
models with fractional calculous are able to describe the reality more accurately than the
classical models with integer-order derivatives [4, 13]. Consequently, fractional calculus
has been widely employed in the mathematical modeling of issues in various branches
of science [2, 3] and engineering [18]. Various fractional calculus operators, such as
Riemann–Liouville, Caputo, and Atangana–Baleanu calculus [25], are introduced and
studied in a wide variety of literature. Many approaches, such as the Laplace and Fourier
transform methods, are introduced to get analytical solutions of fractional-order differen-
tial equations. However, the fractional-order differential equations derived from the real
world are often nonlinear and extremely complex, and most of them cannot get accurate
analytic solutions. As a result, the Adomian decomposition method [1], homotopy analy-
sis transform method [16], and fractional Laplace decomposition technique [17] are used
to get numerical solutions of the models.

Although most fractional calculus operators have good properties of describing dynamic
systems, they also have some limitations. For example, they can only deal with differen-
tiable problems. Recently, a new approach, local fractional calculus (LFC) (a kind of fractal
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calculus), which was originally proposed by Kolwankar and Gangal [5, 6], was presented
to resolve nondifferentiable problems in a fractal time-space, and its important properties
were developed. In recent years, local fractional calculus has become increasingly popular
and gained important advancement due mainly to its outstanding properties in modeling
complex nonlinear dynamical systems in different branches of mathematical physics, such
as nanoscale flows [19], heat transmission [36], diffusion on Cantor sets [34], and others.
Several analytical methods, such as the local fractional homotopy perturbation Sumudu
transform method [26], local fractional variational iteration algorithm [37] and local frac-
tional Fourier series [33], have been proposed to address local fractional partial differential
equations.

There has been a growing interest in the fractional diffusion phenomenon [14, 20, 22]
that describes changes in the net moment concentration of substances such as solids, liq-
uids, gases, and so on [15]. Fractional calculus theory was widely employed to describe the
diffusion phenomenon in engineering, and fractional diffusion equations were discussed
in the literature [7, 11, 21, 23, 24, 27, 28, 31].

In this paper, we consider the 3-D diffusion equation defined on Cantor sets with local
fractional derivative given by

∂αu(x, y, z, t)
∂tα

= μ

[
∂2αu(x, y, z, t)

∂x2α
+

∂2αu(x, y, z, t)
∂y2α

+
∂2αu(x, y, z, t)

∂z2α

]
, (1.1)

where α (0 < α < 1) is a fractal dimension, μ is a constant, and u(x, y, z, t) is the local diffu-
sion model with respect to space (x, y, z) and time t.

The main our objective is determining the exact traveling wave solution for the frac-
tional diffusion (Eq. (1.1)) in 3-D Cantorian coordinate systems. The problem has not
been solved for the time being, and the authors try to take inspiration from the theory
of integer-order differential equations.

As we know, the spherical symmetry method in the differential equation of integral order
can be described as follows:

∂u
∂t

= a2
(

∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2

)
, (1.2)

where a is a constant, and u(x, y, z, t) is a function with respect to space (x, y, z) and time t.
If u(x, y, z, t) is spherically symmetric with respect to (x, y, z),

u(x, y, z, t) = u(r, t), r =
√

x2 + y2 + z2, (1.3)

we find that Eq. (1.2) can be rewritten in the form

∂u
∂t

= a2
(

∂2u
∂r2 +

2
r

∂u
∂r

)
. (1.4)

Thus we obtain from Eq. (1.4) the 1-D differential equation of integer order

∂(ru)
∂t

= a2
(

∂2(ru)
∂r2

)
. (1.5)
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Motivated by these ideas, we try to reduce the 3-D diffusion equation with local frac-
tional differential operator into a 1-D one utilizing the method of spherical symmetry
of fractional order, which is similar to the spherical symmetry method of integer order.
However, we cannot get a satisfactory result by using the Cantor-type spherical coordi-
nate method, which was set up on fractals first constructed in [32].

In this paper, we derive local fractional vector operators and the Laplace operator in
the Cantor-type cylindrical coordinates and Cantor-type spherical coordinates according
to the theories of local fractional calculus. The results have some differences from those
presented in [32]. The advantage of the method is that it helps degrade the dimension of
the 3-D diffusion equation (1.1), which is a key step in seeking for the exact traveling wave
solution for the equation. Finally, we present the graph of the traveling wave solution of
the diffusion equation.

The structure of this paper is as follows. In Sect. 2, we present basic theories of lo-
cal fractional derivatives (LFDs) and local fractional integral (LFI). In Sect. 3, we reduce
the transformations of vector operators and he Laplace operator between Cartesian co-
ordinate system and Cantor-type cylindrical or spherical coordinates, respectively. Then
we prpose the symmetric Cantor-type cylindrical and symmetric spherical coordinates.
In Sect. 4, we investigate a new class of traveling wave solutions for the 3-D fractional
diffusion equation (1.1) defined on Cantor sets. Then we give an example of an initial
value problem of a 3-D fractional diffusion equation to demonstrate the proposed meth-
ods.

2 Preliminaries
In this section, we introduce the basic definitions and properties about local fractional
calculus [35].

Let Cα(a, b) be a set of nondifferentiable functions (NFs).
Let f ∈ Cα(a, b). The local fractional derivative of an NF f of order α (0 < α < 1) at the

point x = x0 is defined by

D(α)f (x0) =
dαf (x)

dxα

∣∣∣∣
x=x0

= lim
x→x0

�α[f (x) – f (x0)]
(x – x0)α

, (2.1)

where �α[f (x) – f (x0)] ∼= Γ (1 + α)[f (x) – f (x0)] with the Euler gamma function Γ (1 + α) :=∫ ∞
0 μα–1 exp(–μ) dμ.
Suppose that D(α)f (x0) exist for all x0 ∈ (a, b),. In this case, Dα(a, b) is called the local

fractional derivative set.
Let f , g ∈ Dα(a, b). The properties of the LFDs are as follows:

D(α)[f (x) ± g(x)
]

= D(α)f (x) ± D(α)g(x), (2.2)

D(α)[f (x)g(x)
]

= g(x)D(α)f (x) + f (x)D(α)g(x), (2.3)

D(α)[f (x)/g(x)
]

=
[
D(α)f (x)

]
g(x) –

[
D(α)g(x)

]
f (x)/g2(x), (2.4)

provided that g(x) �= 0.
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Suppose that f (x) = (φ ◦ ϕ)(x), x ∈ (a, b). The local fractional chain rule via the inter-
changing operator of nondifferential functions are as follows:

dαf (x)
dxα

= φ(α)(ϕ)
[
ϕ(1)(x)

]α (2.5)

if φ(α)(ϕ) and ϕ(1)(x) exist.
The generalized functions defined on Cantor sets are given by

Eα

(
xα

)
=

∞∑
n=0

xnα

Γ (1 + nα)
. (2.6)

The sine and cosine functions on a fractal set are given by

sinα

(
xα

)
=

Eα(iαxα) – Eα(–iαxα)
2iα

=
∞∑

k=0

(–1)kμ(2k+1)α

Γ (1 + (2k + 1)α)
, (2.7)

cosα

(
xα

)
=

Eα(iαxα) + Eα(–iαxα)
2

=
∞∑

k=0

(–1)kμ2kα

Γ (1 + 2kα)
, (2.8)

where μ ∈ R, 0 < α < 1, and iα is a imaginary unit of a fractal set.
There are several formulas of the LFDs of NFs:

D(α)[xnα/Γ (1 + nα)
]

= x(n–1)α/Γ
(
1 + (n – 1)α

)
, (2.9)

D(α)[Eα

(
xα

)]
= Eα

(
xα

)
, (2.10)

D(α)[Eα

(
Cxα

)]
= CEα

(
Cxα

)
, (2.11)

D(α)[Eα

(
x2α

)]
= (2x)αEα

(
x2α

)
, (2.12)

D(α)[sinα

(
xα

)]
= cosα

(
xα

)
, (2.13)

D(α)[cosα

(
xα

)]
= – sinα

(
xα

)
, (2.14)

D(α)[sinα
α

(
xα

)]
= Γ (1 + α) cosα

(
xα

)
, (2.15)

D(α)[cosα
α

(
xα

)]
= –Γ (1 + α) sinα

(
xα

)
. (2.16)

Let f ∈ Cα(a, b). The LFI of the NF f (x) in the interval [a, b] is defined by

aI(α)
b f (x) =

1
Γ (1 + α)

∫ b

a
f (x)(dx)α

=
1

Γ (1 + α)
lim

�x→0

i=N–1∑
i=0

f (x)(�x)α , (2.17)

where �x = xi+1 – xi, i = 0, 1, . . . , N – 1, x0 = a, and xN = b.
The properties of the LFI are as follows:

1
Γ (1 + α)

∫ x

a

[
D(α)f (x)

]
(dt)α = f (x) – f (a), (2.18)

D(α)
[

1
Γ (1 + α)

∫ x

a
Φ(t)(dt)α

]
= Φ(x). (2.19)
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3 Local fractional operators in Cantor-type cylindrical and spherical
coordinates

Certain shapes, like circular or spherical ones, are more easily determined in cylindrical
or spherical coordinates than in Cartesian coordinates. Both classical and fractional dif-
ferential equations in the coordinate system are switched between Cartesian, cylindrical,
and spherical coordinates [8]. In this section, we describe the Cantor-type cylindrical co-
ordinate method and Cantor-type spherical coordinate method to investigate a family of
local fractional differential operators on Cantor sets, such as the local fractional gradient
operator, local fractional divergence operator, and local fractional Laplace operator.

3.1 The Cantor-type cylindrical coordinate system
Let us consider the coordinate system of the Cantor-type cylindrical coordinates

r = xαeα
1 + yαeα

2 + zαeα
3

= rReα
R + rθ eα

θ + rzeα
z , (3.1)

where 0 < α < 1, eα
i , i = 1, 2, 3, are the directions of the local fractional vector functions,

rR = r(R, θ , z) · eα
R,

rθ = r(R, θ , z) · eα
θ ,

rz = r(R, θ , z) · eα
z ,

r(R, θ , z) = r · (eα
R + eα

θ + eα
z
)
,

r = Rα cosα

(
θα

)
eα

1 + Rα sinα

(
θα

)
eα

2 + zαeα
3 ,

and

⎧⎪⎪⎨
⎪⎪⎩

xα = Rα cosα(θα),

yα = Rα sinα(θα),

zα = zα ,

(3.2)

with R ∈ (0, +∞), θ ∈ (0, 2π ), z ∈ (–∞, +∞), and x2α + y2α = R2α .
In this case, we have that

∂α

∂Rα
=

(
∂x
∂R

)α
∂α

∂xα
+

(
∂y
∂R

)α
∂α

∂yα
+

(
∂z
∂R

)α
∂α

∂zα

= eα
R · ∇α

= ∇α
R , (3.3)

∂α

∂θα
=

(
∂x
∂θ

)α
∂α

∂xα
+

(
∂y
∂θ

)α
∂α

∂yα
+

(
∂z
∂θ

)α
∂α

∂zα

= Rαeα
θ · ∇α

= Rα∇α
θ , (3.4)
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∂α

∂zα
=

(
∂x
∂z

)α
∂α

∂xα
+

(
∂y
∂z

)α
∂α

∂yα
+

(
∂z
∂z

)α
∂α

∂zα

= eα
z · ∇α

= ∇α
z . (3.5)

We have

⎧⎪⎪⎨
⎪⎪⎩

∇α
R = eα

R · ∇α = ∂α

∂Rα ,

∇α
θ = eα

θ · ∇α = 1
Rα

∂α

∂θα ,

∇α
z = eα

z · ∇α = ∂α

∂zα ,

(3.6)

where

eα
R =

((
∂x
∂R

)α

,
(

∂y
∂R

)α

,
(

∂z
∂R

)α)

=
(
cosα

α

(
θα

)
, sinα

α

(
θα

)
, 0

)
, (3.7)

eα
θ =

((
∂x
∂R

)α

,
(

∂y
∂R

)α

,
(

∂z
∂R

)α)

=
(
– sinα

α

(
θα

)
, cosα

α

(
θα

)
, 0

)
, (3.8)

eα
z =

((
∂x
∂z

)α

,
(

∂y
∂z

)α

,
(

∂z
∂z

)α)

= (0, 0, 1), (3.9)

∇α =
(

∂α

∂xα
,

∂α

∂yα
,

∂α

∂zα

)
. (3.10)

The local fractional gradient operator in the Cantor-type cylindrical coordinates reads
as

∇αu =
(
eα

R∇α
R u, eα

θ ∇α
θ u, eα

z ∇α
z u

)

=
(

eα
R
∂αu
∂Rα

, eα
θ

1
Rα

∂αu
∂θα

, eα
z
∂αu
∂zα

)
. (3.11)

We obtain the local fractional divergence operator in the Cantor-type cylindrical coor-
dinates

∇α · r = eα
R · ∂αr

∂Rα
+ eα

θ · 1
Rα

∂αr
∂θα

+ eα
z · ∂αr

∂zα

=
∂αrR

∂Rα
+

Γ (1 + α)rR

Rα
+

1
Rα

∂αrθ

∂θα
+

∂αrz

∂zα
. (3.12)

We get the local fractional Laplace operator in the Cantor-type cylindrical coordinates:

∇2αu =
(

eα
R

∂α

∂Rα
+ eα

θ

1
Rα

∂α

∂θα
+ eα

z
∂α

∂zα

)
·
(

eα
R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
z
∂αu
∂zα

)
, (3.13)
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where

eα
R · ∂α

∂Rα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
z
∂αu
∂zα

)

= eα
R ·

(
∂αu
∂Rα

∂αeα
R

∂Rα
+ eα

R
∂α

∂Rα

(
∂αu
∂Rα

)
+

1
Rα

∂αu
∂θα

∂αeα
θ

∂Rα
+ eα

θ

∂α

∂Rα

(
1

Rα

∂αu
∂θα

)

+
∂αu
∂zα

∂αeα
z

∂Rα
+ eα

z
∂α

∂Rα

(
∂αu
∂zα

))

=
∂2αu
∂R2α

, (3.14)

eα
θ · 1

Rα

∂α

∂θα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
z
∂αu
∂zα

)

=
1

Rα
eα

θ ·
(

∂αu
∂Rα

∂αeα
R

∂θα
+ eα

R
∂α

∂θα

(
∂αu
∂Rα

)
+

1
Rα

∂αu
∂θα

∂αeα
θ

∂θα
+ eα

θ

∂α

∂θα

(
1

Rα

∂αu
∂θα

)

+
∂αu
∂zα

∂αeα
z

∂θα
+ eα

z
∂α

∂θα

(
∂αu
∂zα

))

=
1

Rα
eα

θ · ∂αu
∂Rα

∂αeα
R

∂θα
+

1
R2α

∂2αu
∂θ2α

=
1

Rα

∂αu
∂Rα

eα
θ ·

(
∂α cosα

α(θα)
∂θα

,
∂α sinα

α(θα)
∂θα

,
∂α0
∂θα

)
+

1
R2α

∂2αu
∂θ2α

=
1

Rα

∂αu
∂Rα

eα
θ · (–Γ (1 + α) sinα

α

(
θα

)
,Γ (1 + α) cosα

(
θα

)
, 0

)
+

1
R2α

∂2αu
∂θ2α

=
Γ (1 + α)

Rα

∂αu
∂Rα

+
1

R2α

∂2αu
∂θ2α

, (3.15)

eα
z · ∂α

∂zα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
z
∂αu
∂zα

)

= eα
z ·

(
∂αu
∂Rα

∂αeα
R

∂zα
+ eα

R
∂α

∂zα

(
∂αu
∂Rα

)
+

1
Rα

∂αu
∂θα

∂αeα
θ

∂zα
+ eα

θ

∂α

∂zα

(
1

Rα

∂αu
∂θα

)

+
∂αu
∂zα

∂αeα
z

∂zα
+ eα

z
∂α

∂zα

(
∂αu
∂zα

))

=
∂2αu
∂z2α

. (3.16)

Hence the local fractional Laplace operator in the Cantor-type cylindrical coordinates
can be written in the form

∇2αu =
∂2αu
∂R2α

+
Γ (1 + α)

Rα

∂αu
∂Rα

+
1

R2α

∂2αu
∂θ2α

+
∂2αu
∂z2α

. (3.17)

3.2 The Cantor-type spherical coordinate system
We consider the coordinate system of the Cantor-type spherical coordinates

r = xαeα
1 + yαeα

2 + zαeα
3

= rReα
R + rθ eα

θ + rϕeα
ϕ , (3.18)
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where

⎧⎪⎪⎨
⎪⎪⎩

xα = Rα sinα(θα) cosα(ϕα),

yα = Rα sinα(θα) sinα(ϕα),

zα = Rα cosα(θα),

(3.19)

with R ∈ (0, +∞), θ ∈ (0,π ), ϕ ∈ (0, 2π ), and x2α + y2α + z2α = R2α .
In this case, we have that

∂α

∂Rα
=

(
∂x
∂R

)α
∂α

∂xα
+

(
∂y
∂R

)α
∂α

∂yα
+

(
∂z
∂R

)α
∂α

∂zα

= eα
R · ∇α

= ∇α
R , (3.20)

∂α

∂θα
=

(
∂x
∂θ

)α
∂α

∂xα
+

(
∂y
∂θ

)α
∂α

∂yα
+

(
∂z
∂θ

)α
∂α

∂zα

= Rαeα
θ · ∇α

= Rα∇α
θ , (3.21)

∂α

∂ϕα
=

(
∂x
∂ϕ

)α
∂α

∂xα
+

(
∂y
∂ϕ

)α
∂α

∂yα
+

(
∂z
∂ϕ

)α
∂α

∂zα

= Rα sinα
α

(
θα

)
eα

ϕ · ∇α

= Rα sinα
α

(
θα

)∇α
ϕ . (3.22)

We have

⎧⎪⎪⎨
⎪⎪⎩

∇α
R = eα

R · ∇α = ∂α

∂Rα ,

∇α
θ = eα

θ · ∇α = 1
Rα

∂α

∂θα ,

∇α
ϕ = eα

ϕ · ∇α = 1
Rα sinα

α (θα )
∂α

∂ϕα ,

(3.23)

where

eα
R =

((
∂x
∂R

)α

,
(

∂y
∂R

)α

,
(

∂z
∂R

)α)

=
(
sinα

α

(
θα

)
cosα

α

(
ϕα

)
, sinα

α

(
θα

)
sinα

α

(
ϕα

)
, cosα

α

(
θα

))
, (3.24)

eα
θ =

1
Rα

((
∂x
∂θ

)α

,
(

∂y
∂θ

)α

,
(

∂z
∂θ

)α)

=
(
cosα

α

(
θα

)
cosα

α

(
ϕα

)
, cosα

α

(
θα

)
sinα

α

(
ϕα

)
, – sinα

α

(
θα

))
, (3.25)

eα
ϕ =

1
Rα sinα

α(θα)

((
∂x
∂ϕ

)α

,
(

∂y
∂ϕ

)α

,
(

∂z
∂ϕ

)α)

=
(
– sinα

α

(
ϕα

)
, cosα

α

(
ϕα

)
, 0

)
, (3.26)

∇α =
(

∂α

∂xα
,

∂α

∂yα
,

∂α

∂zα

)
. (3.27)
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The local fractional gradient operator in the Cantor-type spherical coordinates is writ-
ten as follows:

∇αu =
(
eα

R∇α
R u, eα

θ ∇α
θ u, eα

ϕ∇α
ϕ u

)

=
(

eα
R
∂αu
∂Rα

, eα
θ

1
Rα

∂αu
∂θα

, eα
ϕ

1
Rα sinα

α(θα)
∂αu
∂ϕα

)
. (3.28)

Hence we get the local fractional divergence operator in the Cantor-type spherical co-
ordinates

∇α · r = eα
R · ∂αr

∂Rα
+ eα

θ · 1
Rα

∂αr
∂θα

+ eα
ϕ · 1

Rα sinα
α(θα)

∂αr
∂ϕα

=
∂αrR

∂Rα
+

2Γ (1 + α)rR

Rα
+

1
Rα

∂αrθ

∂θα

+
1

Rα sinα
α(θα)

(
∂αrϕ

∂ϕα
+ Γ (1 + α)rθ cosα

α

(
θα

))
. (3.29)

The local fractional Laplace operator in the Cantor-type spherical coordinates is pre-
sented as follows:

∇2αu =
(

eα
R

∂α

∂Rα
+ eα

θ

1
Rα

∂α

∂θα
+ eα

ϕ

1
Rα sinα

α(θα)
∂α

∂ϕα

)

·
(

eα
R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
ϕ

1
Rα sinα

α(θα)
∂αu
∂ϕα

)
, (3.30)

where

eα
R · ∂α

∂Rα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eϕ

1
Rα sinα

α(θα)

α ∂αu
∂ϕα

)
=

∂2αu
∂R2α

, (3.31)

eα
θ · 1

Rα

∂α

∂θα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
ϕ

1
Rα sinα

α(θα)
∂αu
∂ϕα

)

=
1

R2α

∂2αu
∂θ2α

+
Γ (1 + α)

Rα

∂αu
∂Rα

, (3.32)

eα
ϕ

1
Rα sinα

α(θα)
· ∂α

∂ϕα

(
eα

R
∂αu
∂Rα

+ eα
θ

1
Rα

∂αu
∂θα

+ eα
ϕ

1
Rα sinα

α(θα)
∂αu
∂ϕα

)

=
Γ (1 + α)

Rα

∂αu
∂Rα

+
Γ (1 + α)

R2α

cosα
α(θα)

sinα
α(θα)

∂αu
∂θα

+
1

R2α sinα
α(θα)

∂2αu
∂ϕ2α

. (3.33)

Thus the local fractional Laplace operator in the Cantor-type spherical coordinates takes
the form

∇2αu =
∂2αu
∂R2α

+
2Γ (1 + α)

Rα

∂αu
∂Rα

+
1

R2α

∂2αu
∂θ2α

+
Γ (1 + α)

R2α

cosα
α(θα)

sinα
α(θα)

∂αu
∂θα

+
1

R2α sinα
α(θα)

∂2αu
∂ϕ2α

. (3.34)

Remark 3.1 We have the Cantor-type cylindrical and spherical symmetries as follows:
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Adopting Eq. (3.17), the Cantor-type cylindrical symmetry form of local fractional
Laplace operator is presented as

∇2αu =
∂2αu
∂R2α

+
Γ (1 + α)

Rα

∂αu
∂Rα

. (3.35)

Adopting Eq. (3.34), the Cantor-type spherical symmetry form of the local fractional
Laplace operator is presented as

∇2αu =
∂2αu
∂R2α

+
2Γ (1 + α)

Rα

∂αu
∂Rα

. (3.36)

4 Exact traveling wave solution of nondifferentiability
Fractional diffusion theories have stimulated a growing interest and importance in com-
plex systems due mainly to its widespread applications in numerous kinds of materials in
nature, such as turbid material [12], superconducting alloys [29], and lattice [30]. In this
section, we investigate the exact traveling wave solutions for the 3-D fractional diffusion
equation (1.1) defined on Cantor sets with local fractional differential operator.

In view of Eq. (3.34), we change Eq. (1.1) into the 3-D fractional diffusion equation in
the Cantor-type spherical coordinate system

dαu
dtα

= μ

[
∂2αu
∂R2α

+
2Γ (1 + α)

Rα

∂αu
∂Rα

+
1

R2α

∂2αu
∂θ2α

+
Γ (1 + α)

R2α

cosα
α(θα)

sinα
α(θα)

∂αu
∂θα

+
1

R2α sinα
α(θα)

∂2αu
∂ϕ2α

]
. (4.1)

Using Eq. (3.36), the Cantor-type spherical symmetry form of the diffusion reads

dαu
dtα

= μ

[
∂2αu
∂R2α

+
2Γ (1 + α)

Rα

∂αu
∂Rα

]
, (4.2)

which is rewritten in the form

Rα dαu
dtα

= μ

[
Rα ∂2αu

∂R2α
+ 2Γ (1 + α)

∂αu
∂Rα

]
. (4.3)

Due to the chain rule of the LFD (see Eq. (2.5)), Eq. (4.3) becomes

∂α(Rαu)
∂tα

= μ
∂2α(Rαu)

∂R2α
. (4.4)

Take

Ω(R, t) = Rαu(x, y, z, t), (4.5)

where R2α = x2α + y2α + z2α .
Thus we obtain from Eq. (4.4) the local fractional diffusion model, which is nondif-

ferentable in time t and space R:

∂αΩ

∂tα
= μ

∂2αΩ

∂R2α
. (4.6)
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Therefore the solution of the local fractional 3-D diffusion equation (1.1) can be written
as

u(x, y, z, t) =
1

Rα
Ω(R, t), (4.7)

where R2α = x2α + y2α + z2α .
To find the exact traveling wave solutions of Eq. (1.1), the diffusion model Eq. (4.6)

should be solved first. We consider

ϕα = Rα – vαtα , (4.8)

where

lim
α→1

= R – vt (4.9)

with the wave speed v.
Due to the chain rule of the LFD (see Eq. (2.5)), we have

∂αΩ

∂tα
=

∂αΩ

∂ϕα

(
∂ϕ

∂t

)α

= –vα ∂αΩ

∂ϕα
, (4.10)

∂αΩ

∂Rα
=

∂αΩ

∂ϕα

(
∂ϕ

∂R

)α

=
∂αΩ

∂ϕα
, (4.11)

∂2αΩ

∂R2α
=

∂2αΩ

∂ϕ2α
, (4.12)

where vα is the fractal wave speed.
Substituting Eqs. (4.10)–(4.12) into Eq. (4.6) gives the local fractional diffusion model

vα ∂αΩ

∂ϕα
+ μ

∂2αΩ

∂ϕ2α
= 0, (4.13)

which is rewritten in the form

vα

μ

∂αΩ

∂ϕα
+

∂2αΩ

∂ϕ2α
= 0. (4.14)

From Eq. (4.14) we obtain

∂α( vα

μ
Ω)

∂ϕα
+

∂α

∂ϕα

(
∂αΩ

∂ϕα

)
= 0. (4.15)

Finding the LFI of Eq. (4.15) with respect to ϕ yields

vα

μ
Ω +

∂αΩ

∂ϕα
= C1, (4.16)

where C1 is a constant.
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Taking C1 = 0, from Eq. (4.16) we obtain

vα

μ
Ω +

∂αΩ

∂ϕα
= 0. (4.17)

Thus we easily obtain Eq. (4.17) when the LFI of Eq. (4.15) yields a term that decays.
To find the exact traveling wave solution of nondifferentiable type of Eq. (4.6), we derive

∂α[aEα(bϕα)]
∂ϕα

= abEα

(
bϕα

)
= b

[
aEα

(
bϕα

)]
. (4.18)

In view of Eq. (4.18), we have

Ω = aEα

(
bϕα

)
(4.19)

such that

∂αΩ

∂ϕα
– bΩ = 0. (4.20)

Taking a = 1 and b = – vα

μ
, we have

Ω(ϕ) = Eα

(
–

vα

μ
ϕα

)
. (4.21)

Thus, in view of Eq. (4.8), the exact traveling wave solution of Eq. (4.6) takes the form

Ω(R, t) = Eα

[
–

vα

μ

(
Rα – vαtα

)]
. (4.22)

Therefore the exact traveling wave solution of nondifferentiable type of Eq. (1.1) can be
written as

u(x, y, z, t) =
1

Rα
Eα

[
–

vα

μ

(
Rα – vαtα

)]
, (4.23)

where R2α = x2α + y2α + z2α .

Remark 4.1 We consider the following initial value of Eq. (1.1):

u(R, 0) =
1

Rα
Eα

(
Rα

)
, (4.24)

where R2α = x2α + y2α + z2α .
By Eq. (4.23) we have

u(R, 0) =
1

Rα
Eα

(
–

vα

μ
Rα

)
. (4.25)

Taking

Rα = –
vα

μ
Rα , (4.26)



Shi et al. Advances in Difference Equations         (2020) 2020:94 Page 13 of 15

Figure 1 The solution graph for local fractional diffusion equation when μ = 1

we have

vα = –μ. (4.27)

Therefore we obtain the exact traveling wave solution of the fractional diffusion equation

u(x, y, z, t) =
1

Rα
Eα

(
Rα + μtα

)
, (4.28)

where R2α = x2α + y2α + z2α .

In Fig. 1, we show the graph of the solution for the local fractional diffusion equation
when μ = 1.

5 Conclusion
In this paper, we investigated a 3-D fractional diffusion equation defined on Cantor sets
with local fractional derivative, which is quite useful in solving nondifferentiable problems
in fractal time-space. We have derived transformations of local fractional vector opera-
tors and the local fractional Laplace operator in the Cantor-type cylindrical and spheri-
cal coordinates, and those operators are little different from the existing research results.
In addition, the operators in Cantor-type coordinates are slightly different from those in
Cartesian-type coordinates, but they are unified when the fractal dimension α = 1. Then
the exact non-differentiable traveling wave solutions for a 3-D diffusion equation with
local fractional derivative were obtained by the spherical symmetry method, which de-
pends on the local fractional differential operator transformations derived above. To have
a better understanding of the method, we discussed the traveling wave solution for the
initial value problem of a 3-D fractional diffusion equation. The result indicates that the
suggested schemes are very simple and computationally attractive to handle similar kinds
of differential equations. As a future research direction of this paper, the new methods
derived in this manuscript can be extended to get analytical solutions of other models
presented in other works published recently associated with high-dimensional fractional
equations [9, 10].
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