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1 Introduction

In many applications of probability theory the essential problem is determining an ap-
propriate measure of distance (or divergence) among two probability distributions. Con-
sequently, many different divergence measures were introduced and extensively studied
by various authors, for instance, the Csiszar f-divergence (Kullback-Leibler divergence,
Hellinger distance, and total-variation distance), Rényi divergence, and Jensen—Shannon
divergence; see [9, 13, 18, 20].

Csiszar [6] introduced the following:

Definition 1 Let f : R* — R* be a convex function. Let t = (r1,ry,...,7,) and § =
(s1,82,...,8,) be such that Zle r, =1 and Z'jzl sy = 1. Then the f-divergence functional
is defined as

(58 = stf(:—”),

v=1

where f satisfies the following conditions:

6—0%

£(0):= lim £(0); Of(g):=o; 0f<‘6’>:= lim 9f<g), a>0.

Dragomir [7, 8] has done a plenty of work giving different types of bounds on the dis-
tance and divergence measures. Jensen’s inequality plays a vital role to get inequalities
for divergences between probability distributions. Horvath et al. [11] introduced a new
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functional based on the f-divergence functional and obtained some estimates for the new
functional, the f-divergence and Rényi divergence by utilizing cyclic refinement of Jensen’s
inequality. Recently, Adil et al. [12] obtained some inequalities for convex functions and
their applications to Csiszar divergence.

The main objective behind the theory of time scales is unifying continuous and discrete
analysis introduced by Stefan Hilger in 1988 and established in the comprehensive books
[4, 5]. Various dynamic derivatives on time scales not just give a helpful route in useful
applications, but also demonstrate their extraordinary appearance in approximations. It
may be beneficial to examine if such useful features can be kept up or even improved
in a specific way while different dynamic derivatives are utilized in the same application
simultaneously.

Guseinov [10] examined the process of Riemann and Lebesgue integration on time
scales. Many authors established time scale version of linear and nonlinear integral in-
equalities [1, 17, 19]. The time scale integral inequalities have been used to study the
boundedness, uniqueness, and so on of the solutions of different dynamic equations
[14, 16]. Ansari et al. [2] introduced the differential entropy of a continuous random vari-
able on time scales and established some Shannon-type inequalities on arbitrary time
scales. It was shown that the obtained inequalities are used to estimate the bounds of dif-
ferential entropy for some particular distributions. Some classical inequalities and their
converses for multiple integration on time scales were investigated in [3].

The setup of this paper is as follows. Section 2 is confined to the basic definitions and
preliminary results of time scales calculus. Our aim in Sect. 3 is deriving some new in-
equalities for Csiszar f-divergence on arbitrary time scales and finding some inequalities
for Csiszar divergence in /-discrete calculus and quantum calculus. To the best of the
author’s knowledge, no contribution is available in the literature for Csiszar divergence
inequalities in quantum calculus. Section 4 is concerned to the study of some divergence
measures on time scales including the bounds of the Kullback-Leibler distance, trian-
gular discrimination, Hellinger discrimination, Jeffreys distance, Bhattacharyya distance,
and harmonic distance in terms of some special means such as identric, logarithmic, arith-
metic, and geometric means. The upper bounds of these divergence results in quantum
calculus are also part of discussion.

2 Preliminaries
In this paper, we assume that a time scale T is an arbitrary nonempty closed subset of the
real line. The following definitions and results are extracted from [4].

Definition 2 Consider a time scale T that is a closed and bounded subset of real numbers
and w € T. Then the mappings o : T — T and p : T — T satisfying

o(w)=infAeT:1>w} and p(w)=sup{AeT:A<w}
are known as forward and backward jump operators on T, respectively.

A function z: T — R is right-dense continuous or rd-continuous if it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense points in T. The
set of all rd-continuous functions is denoted by C.q.
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Here we define T* as follows:

¢ T\(p(supT),supT] if supT < oo,
T if sup T = oo.

Definition 3 Let z: T — R and @ € TX. Then we define the delta derivative z2 () as the
number (provided it exists) such that for each € > 0, there exists a neighborhood U of w
such that

|z(a(a))) —z(A) — ZA(a))(a(w) - A)| <e€ |<f(a)) - A|

for all A € U. We say that z is delta differentiable at w.
If T = R, then z? is the the usual derivative z/, whereas z* becomes the forward differ-
ence operator Az(w) = z(w + 1) — z(w) for T=Z.If T = g% = {q¢" : n € Z} U {0} with g > 1,

then z* is the so-called g-difference operator

_ 2(qo) - z()

N z(A) — z(0)
2% (w) = @D —

) Z2(0) = lim
A—0

Theorem 1 (Existence of antiderivatives) Every rd-continuous function has an antideriva-
tive. In particular if xo € T, then F is defined by

F(x) := /xf(a))Aw forxe']I‘k

which is an antiderivative of f.

For T = R, we get fab zZ(w)Aw = f: z(w) dw, and if T = N, then f: zZ(w)Aw = ZZ_:la z(w),
where a,b € T with a < b.

3 Main results
Let T be a time scale and consider the set of all probability density functions on T,

b
Q:= {?e Cua([a, b, [O,oo)),?(x)zo,/ Fx) A = 1}.

In this paper, we assume that 7,5 € Q.

Definition 4 The Csiszar f-divergence on time scales is defined as

) .
Dy, 7) = / my(%)m

where f is convex on (0, 00).

By suitable substitutions to f in Definition 4 we can obtain several divergences on time
scales. For instance, if we choose f(x) = x> — 1, then we find the Pearson y2-divergence on
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time scales denoted by D, 2 and defined as

b ~ 2
D, (s,7) ::/ ?(x)[(%) —I]Ax.

We begin with the following result.

Theorem 2 Let v : [0,00) — R be a mapping convex on the interval [¢1,¢] C [0,00),
where {1 <1 <& If

O < r_(y) <& forallyeT,

50)
then
169= [ s (12)ar= 22w+ =L v )
§ -1 2 -1
Proof As v is convex on [¢1, {], we can write
V(e + (1-05) <ty () + (1-1)Y(5) forallt e [0,1]. ©)

Choose t = f;__;xl ,x€[¢1,8]. Thenl -t == il ,and from (2) we get

& — x =10

V@S SV s v forallwe (6] 3)
Usmgx— o ye’]I‘ in (3), we get
~ )
() 2 @ s~ %
()= emever | @

Multiplying (4) by 5(y) > O, integrating over T, and using the equalities fab ry)Ay =
f: 5(y)Ay = 1, we obtain

. 0’) 6H-1 1-4
Iw(r,s)—/ s(y)l//( 50) YRS ;Z_Cll/f(fl)+ [

which is the stated result. 0

Example 1 For T =R, Theorem 2 becomes [7, Theorem 1 on p. 2].

Example 2 Choosing T = hZ, h > 0, in Theorem 2, we get

-1

S

¥ (22). (5)

§(kh)hw(;(kh)) - oH-1 1-¢

5(kh) _Cz—QW(gl) -4

x>

B

Remark 1 Inequality (5) in s-discrete calculus is an extension of specific upper bound for
the Csiszar divergence obtained by Lovricevi¢ et al. [15, Corollary 4.1].
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Example 3 Choosing T = g™ (g > 1) in Theorem 2, we have

log,(b)-1 -k
k(g — 1) r(q))<;“2—1 1-4 ‘ p
k%(a)q K )S(qk)w<§(qk) Snog /e ©

Remark 2 Equation (6) represents the Csiszéar divergence in quantum calculus, which is

new up to the knowledge of the authors.

Theorem 3 Counsider a differentiable convex function  : [0,00) — R on the interval
[¢1,82] and I, defined in Theorem 2. Then we have

-1 1-4 .
0= e + T e) - 1y @)
< V@)=V 1) -D 9] ®)
L -0
< ;L(Cz — o[V - v @] ©)

-~ b T
where D,(7,5) := [ s(y)[(§—8)2 —1]Ay.
Proof Since ¥ is a differentiable convex function, we have

V(1) — U (ua) > ' (u2)(ur — 1) for all uy, us € (41, 42). (10)

Now assume that a1, a; € [£1,{>] and consider o3, ap > 0 such that o7 + @ > 0. Then using

a1a)+oan

P and u; = a; in (10), we get

Uy =

14, + 0ady
o1 + 0o

) ) = wal)(

a1d; + oaar

—— o
o] + 0y

o

= V' (a1)(ar — ar). (11)

o] + 0y

Rewrite (11) with 5 = ay:

14 + dady
o1 + 0y

) —Y(az) = W/(ﬂz)(

o141 + oaady

—
o1 + 0o

o1

=— ‘gﬁ/(ﬂg)(ﬂz — ﬂl). (12)
o1 + 0y

Multiplying (11) by «; and (12) by 3 and then adding the resultant inequalities, we get

(o1 + o)W (M) —a1y(ar) —axy(az)
o] + 0y
L 4y - ) (¥ (@) - ¥ (@) (13)

_0l1+O[2
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Dividing (13) by —(cr; + ), we obtain

0

< a1y (ar) + oy (ay) _ w(“lal + 052612>

oy + oy ap + oy
< (al"‘fzz)z (a2 - ar)(¥'(@2) = ¥'(a). (14)

Now using oy = {3 — %, 0t =x — {1, a1 = {1, ap = § in (14), we get

0 < (G2 =) (21) + (x = )V (82) B
- (&2 —¢1)

(=)&)
<7(§2_{1) (V'(22) =¥/ (51)). (15)

¥ (x)

Putting x = Z—gi in (15) and multiplying by 5(y), we obtain

(£23(7) = 7Y (61) + (FY) — 5180 (82) o) (Ky))

(¢2-¢1) 3()
(6230) —FOED) = 650)) (v,
< @ - 050) (¥'(22) - ¥'(21)) (16)
forally e T.

By taking A-integral on both sides of (16) with f: 7(y)Ay = fﬂh 5(y)Ay = 1 we get

(&2 =D (6) + 1 =) Y ()

(&2—201) ~H(R9)
< W'(&) =¥/ () b (&30) - 7”()’3)(7()’) - 515(p)) Ay
(§2 - {l) a SO/)
_W@) -y, b 7(y) B }
= —@2 ~) |:§2 /a ) Ay—8015+86
W) -y, b (7()’)>2 b_
R [Q / O\5)) ¥ +/a Ay

b
—/ s(y)Ay—;lcﬂg}

_ W %)-y'(@)
(&2 -¢1)

- Wf;z%z)(“”[@z C)A-0)-Dp3)

[e2+ 01— 018 —1-D,2(7,9)]

which is inequality (8). Inequality (9) is obvious, since

1 -~
(52—1)(1—4'1)51({2—{1)2 and D,»(7,3) > 0. 0

Example 4 Choosing T = R in Theorem 3, we get [7, Theorem 2 on p. 3].
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Example 5 Choosing T = hZ, h > 0, in Theorem 3, we obtain

b_

1
H-1 1-4 —. 7(kh)
0=<-— 0 V(&) + HoG Y (%) - Zs(kh)hlll(g(kh))

& par

V(%) - ¥'(1) g 7(kh) '\
= T o-a ((52 -DA-&)- ;S(kh)h[(ﬁkh)) - 1])
< ;L(Cz - )Y (&) - ¥'(61)]

Example 6 Choosing T = g™ (g > 1) in Theorem 3, we get

log, (b)-1
-1 1-4 — ; (?(qk))
0 _ -
A A 412 k%@q (- D5(2)V | 5m,
log, (b)-1 _ 2
Y'(&2) —¥'(&1) B o koo 1ve( ok [(r(qk)) B ]
= ((;2 D(1-¢1) kz%@q(q V5@ |\ 55 ) 1
< ;i(;z — o[V - v @)]. 17)

Remark 3 Equation (17) is new in quantum calculus, which involves the Csiszar diver-

gence and Pearson yx2-divergence.

Theorem 4 Consider a twice differentiable function W : [0,00) — R on [y, &] with
m<W'(t)<M forallte[i1,E).

Ifo < % <& forally €T, then

Sl@-1-0)-Da(3)]

< )+ () - () (18)
< M6~ D0~ 6) - D) 19)

where D, (7,5) is defined in Theorem 3.

Proof Define 1, : [0,00) — R by n,,(t) = ¥(t) - %mtz. Then n, (£) =V"(t)-m >0, t e
[¢1,¢2], and this implies that #,, is convex on [¢1, {2]. By using (1) for 5,, instead of ¥ we
get

I\y_%m(.ﬁ (7,3) <

£-1 1,] 14 1,
;Z_CI[w@l)—zmg}4_2_;1[%2) 2m:2]. (20)



Ansari et al. Advances in Difference Equations (2020) 2020:698

However,

[\y_%m(.p (7,35)

b =2
= Iy (7,5 - %m[/ 5() 28; Ay]

5

. )
:Lp(r,s)—im[/; 0) Ay—1+1:|

-~ 1 -
=1Iy(7,3) — EMsz(r’S) - im,

and by (20) we obtain
1 ,10-5) 1 ,(-1) 1 U |
2" (G2—101) Ty G-t) EMDXZ(F’S)_ 2"
(L2-1) 1-2&1) .
1\ )\ —Iy(7,s). 21
< o V) @) L) 1)

Simplification of the left-hand side of (21) gives

1 ,00-a) 1

> (&= 1) - 1mDXz(F,E) - %m

Yo-t) 2

2" (&2 -¢1) T

IR R
- %’”;22 - CI(Z) - gf)g ) —sz(m)]
B %m :§22 - 512(;;_12(52 e Dol g)}
. %m[gz f O -0l —1-D ()]

= (6= 1) =D, (9]

and (18) is proved. Similarly, inequality (19) can be obtained for the mapping n,,(t) =
SMEE - W(p). O

Example 7 Choosing T = R in Theorem 4, we get [7, Theorem 3 on p. 4].
Example 8 Choosing T = hZ, h > 0, in Theorem 4, we have
by

m —. 7(kh) \*
5((52—1)(1—51)—Zs(kh)h[<g(kh)> _1]>

k3

b

H-1 1-4 —. 7(kh)
= -0 b+ H-40 V(&) - ;S(kh)hqj(g(khJ

. (ki) \ 2
S"”[(@(kh)) B ID

-1

s

=<

M((Cz -1D)A-a)-

N =
>

-4
T h

Page 8 of 21
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Example 9 Choosing T = g™ (g > 1) in Theorem 4, we have

. log, (b)-1 F(qk) 2
0 (@2—1)(1—41)— > qk(‘f‘l)g(qk)m(qk)) _ID

k:logq(a)

H-1 R k ~0 k ;(qk)
= -4 ) H-40 kzéq:(a)q (- 1sla )w<§(qk))
1 log, (b)-1 ] i F(qk) 2
< EM((Q -1 -24) —kzgq:(u)q‘(q— 1)5(4") [(g(qk)> - 1]) (22)

Remark 4 In Example 9, we get some new inequalities involving the Csiszar divergence

for quantum calculus.

Corollary 1 Under the conditions of Theorem 4, if m > 0, then

0. Jm(62 - D1~ 5) - D3]
-1, (1 &) N
< s W(s) + s ——— V(&) — Iy(7,5).

Proof We just need to show that
DXZ(;’E) =< (;2 - 1)(1 - {1)7

which follows from the proof of Theorem 3, since

P (05(y) - F)(F(O) — 113()
o= [ 50) .
= (2 =11 = &1) = D,2(7,3).

Example 10 Choosing T = R in Corollary 1, we get [7, Corollary 1 on p. 5].

4 Bounds of some divergence measures

First we recall some special means:

81 +96
A(81,82) = ! ; 2 (arithmetic mean),
G(81,82) = £4/818; (geometric mean),

) if 8 = 89,
L(81,82) = 2 s e (logarithmic mean),
1f81 7/82,51,32 >0

B )
Indy—Inéy

and

82 if 81 = 52;
1(8,,65) = 5 1 (identric mean).
L™ if 5 #6
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4.1 Kullback-Leibler divergence on time scales
Let v : (0,00) — R be the convex mapping (£) = tInt. Then

I, (7,3) —f 7(y) ln|: g;]Ay:D(?j),

where D(7,5) is the Kullback—Leibler distance.

Proposition 1 If

& = Zﬂ(y) < forallyeT, 23)
5(9)
then
b - e
D(,3) :/; ?(y)]n[%]Ay <Ini(51,8) - % +1,

where G(-,-) is the usual geometric mean, L(-,-) is the logarithmic mean, and 1(-,-) is the
identric mean.

Proof Using Theorem 2 for v(¢) = ¢tInt, we obtain

-~ (Y)] 1-4
D(r,s) = I 1 1
(7,5) A () H|: 50) y < {_gfl HC1+§2_§1§2 ng
_ Gong —ang +HIng - 485Ing

-0
_ e -4ing  [Ing-Ing]
-0 R
o B —
) ln<%){2 ' ‘lne“ne—(«/clcz)zw
¢ -4
G*(¢1,82)
=Inl(¢,8) +1 - ———=.
(¢1,52) 10 O
Example 11 Choosing T = R in Proposition 1, we get [7, Proposition 1 on p. 6].
Example 12 Choosing T = hZ, h > 0, in Proposition 1, we obtain
il 2
h)] G*(¢1,82)
7(kh)h1n <Inl(¢1,0) — ———— +1. 24
Y- rteinl T3 | <t - S 20

k=j;

Remark 5 Equation (24) is an extension of the specific bound for the Kullback—Leibler
divergence obtained by Lovricevi¢ et al. [15, Corollary 4.4].

Example 13 Choosing T = ' (g > 1) in Proposition 1, we have

logq(b)—l

=0k G2 ,
S dla- Vi) I“LZI)) ] <inine) - T2, 25)
k=logq(a)
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Remark 6 Equation (25) shows an upper bound for the Kullback—-Leibler divergence,

which is new in quantum calculus.

Proposition 2 Under the conditions of Proposition 1, we get

2 b r
0 <1nl(f1, ) - %1,;22)) +1 __/ F(y)ln[;g;]A

- (62 =11 =&1) = D,2(7,3)
- L(¢1,22)

, (26)

where D ,»(7,3) is defined in Theorem 3.
Proof Apply Theorem 3 for ¥ (¢) = ¢tInt:

Y (&) - v (&) _ Ing —Ing; _ 1
HL-4 H-4 L(t1, &)

Example 14 Putting T = R in Proposition 2, we get [7, Proposition 2 on p. 6].

Example 15 Choosing T = ¢"° (g > 1), in Proposition 2, we have

Qe H(q")

0<Inl(t), &) — 22220 g g —1)7 kl[N ]

<1Inl(1,%2) (6 5 + k=§(u)q (g-1)7(4")In 3(¢5)
_ (&0 -0) - T 0 4l - DA -1
- L(¢1,82) '

By using Theorem 4 we can improve (26) as follows.

Proposition 3 Let 7, s satisfy (23). Then we have

% (@ -1 -0) - D)

2
Smﬂa£9—9!9£2+1—Dma

L(£1,82)
Zi[(iz— (1 -01)-Dp(3)].

Proof Consider ¥ (¢) = tInt in Theorem 4. In this case, ¥"(¢) = %, t € [£1,8,], and then

— = I»Z///(t) = _: te [{17 ;2]’
§2 &

which gives the desired result. g

Remark7 For T =R in Proposition 3, we get [7, Proposition 3 on p. 7].

Page 11 of 21
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Example 16 Choosing T = ¢"° (¢ > 1) in Proposition 3, we have

1 logq(b)—l §(qk) 5
oS ool
28 <(§2 e kgq:(a)q(q ) #(q")
log, (b)-1
GX(¢1,82) d X . [7(61’()}
1 ’ - - - 1 =
<Ini(¢1,4) Lu ) +1 k_%(g)q (g - D7(4") In R
logq(b)—l 5 9
T S
52& ((Q DA-1¢) kzgq:(a)q(q D7(q") ) 1.

Now consider the convex mapping v (¢) = —In¢. We get

e [

:/ﬂ s(y)ln[ g]ﬂAy:D(E,?).

By using Theorem 2 we obtain the following result.

Proposition 4 Let 7, 5 satisfy (23). Then

. b 3(y) 11 1
7)) = In| = In/ -
be.7) /a $0) n[”@)]Ay< (Cl Cz) L(%1,¢2) +

Proof Using (1) for ¥ (¢t) = —Int, we get

(Y)} _&-DEhg)+ 0 -4)(=1ng)
s,r)—/a$(y |:()’ N H-4

_ (611n& — & Ingy) 3 (Ing; —In¢y)
H—4 HL—-40
~ §1§2(éln42— ﬁlnéﬁ) 1
- H-4 L(21,¢2)
(1 ln—1 - ln é) 1

%—é L(¢1,82)

—ln[(l i)—;+1
- o' o) Lonn) U

Remark 8 For T =R in Proposition 4, we get [7, Proposition 4 on p. 7].

Proposition 5 Let 7, § satisfy (23). Then we have

11 1 5()
°<1“1(;1 cz)‘L@l,;z) ‘/a SW“[ (y)]

1 o~
= m[(fz—1)(1—§1)—DX2(V,3)], (27)

where D,1(7,5) is defined in Theorem 3.
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Proof Apply Theorem 3 for y(¢) = —Int:

V@) -Y @) 1 1 .
H-4 Ot G k)

Remark 9 For T =R, Proposition 5 becomes [7, Proposition 5 on p. 7].
Further improvement of (27) is as follows.

Proposition 6 Under the assumptions of Theorem 4, we have

1 ~ o~
2_52[(52 -1)(1-41)-D,2(73)]

<1n1(l i) Y e
- a’ o L(¢1,8) e

1 -~
< 2_4“12[(42 DA -&) - D, (73]

Proof Apply Theorem 4, for which ¥ (¢) = %2 and

Loy
207~ ~ 2}

forall t € [y, 85]. .

Remark 10 Choosing T = R in Proposition 6, we get [7, Proposition 6 on p. 8].

4.2 Triangular discrimination on time scales

Let i : [0,00) — R be the convex mapping ¥ (£) = (t:l)z . Then

o P [#7(y) - 32 [
I,p(r,s)—/‘z WAJ/—DA(V:S),

where D (7,3) is the triangular discrimination.

Proposition 7 Under the assumptions of Theorem 2, we have

o AA(GL ) - 2GH(E,8) -2
Da(r,s) < .
20 = ) T Plen ) + 1

Proof Using Theorem 2 for y/(t) = “;11)2 , we obtain

Da(73)
_@-D@ -2+ ) +A-0)@ -1 +1)
B (G2 =¢)(G1 +1)(52 + 1)
GGG 2085 5 - 1420 + 6 + 1 =20 - 567 — 6 +20087
(&2 =)@+ 152 +1)

_ (267 - 2¢7) - 26155 - 2687) — (262 - 241)
(G2 =)@+ 1)(&a+ 1)
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_ 2(8a + )82 — 1) = 28182(82 = 81) = 2(&2 - &1)

G2 -G+ D)2+ 1)
25+ 01— 015 —-1) _ 2 +81 - 015 -1)

(G1+ D& +1) G1+8+86+1

_ A0, 5) —2GP (61, 5) - 2
24(¢1,8) + G201, 62) + 1

O

The following example gives an upper bound for triangular discrimination, which is new

in quantum calculus.

Example 17 Choosing T = g™ (g > 1) in Proposition 7, we have

logq(b)—l

k(. [7(g") =3(g"))> _ 4A(¢1,8) - 2G2(81,8) - 2
Z 7(a-1) #(q") +35(q%) = 2A(01,8) + GX(¢1, ) + 17

k=logq(u)
Proposition 8 Under the conditions of Theorem 3, we have

- 4A(L1,82) — 2G*(81,62) - 2

T 2A(81,8) + GH&, 5) + 1
8A(21,62) +8

T [G(81, &) + 2A(51, &) + 1]2

—Da(7,5),

[(©2-1DA-1) - Dy2(7,9)].

Proof Apply Theorem 3 with ¥(¢) = m , ? which gives ¥’ (t) = (1+ T and
V() -Y'6) Me+a+2) 8A(¢1,82) +8 .
-8 (L + D@+ D2 (GG, 6) + 2A(81,80) +11%
Proposition 9 Under the assumptions of Theorem 4, we have
8 -~
= m[(@ -1)(1-4) —sz(r,s)]
4, 0) ~2G° @, 0) =2 o
T 2A(0,0)+ G )+l
8 -~
(1 O ——[(L-1)(1-&)-D,(75)].
Proof Use Theorem 4 for y(t) = m , ? which implies that ¥ (¢) = T and
—— <y < 8 forall £ € [¢1, &)
M+op =" T A+a)p e H

4.3 Hellinger discrimination on time scales
Let v : [0,00) — R be the convex mapping v (¢) = % (vt —1)2. Then

b ~ 2
L6 =5 [0 [20-1) &
1 [ = =12 2%
- E/a [VFO) = V50)] Ay = 1(7,3),

where h2(7,3) is the Hellinger discrimination.
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Proposition 10 Under the assumptions of Theorem 2, we get

2A(\/§_17 \/5) - G(;l: CZ) -1
2A(V51, V%)

W (7,5) <

Proof Use Theorem 2 for y(t) = %(\/Z —1)? to obtain

W*(7,5)
_ -5 -1)2+ 0 -0);(V6 -1
- -0
1 —1)(1 =
- (”5{2 —)(41 Ja)[(ﬁzﬂ)(l—\/an(uJE)(J?—I)]
_Ve-1D0-VO)Ve-vi) _ Ve-1)0-va)
H-4 (V& + /)
:\/§_2+\/§_1—\/§1§ —1=2A(x/a:\/§_2)—6(§1,§2)—1 -
Va+va 24V, 4/%) '

Example 18 For T = R in Proposition 10, we get [7, Proposition 7 on p. 8].

The following example gives an upper bound for the Hellinger discrimination, which is

new in quantum calculus.

Example 19 Choosing T = g0 (g > 1) in Proposition 10, we have

logy(b)-1 2A(VT1,7/T2) - G, 82) - 1
. 1 S AV 2 1, 2)— 1,62) — )
kzgqj@q (@-D[ra) - sl = T

Proposition 11 Under the assumptions of Theorem 3, we have

_ WE -1 -E)

0 _h2 ~>~)
ST v "9
1
0 —1)(1- —D 2(7,9)|,
S AR TG - V-6 - D)

where A(.,-) is the arithmetic mean.

Proof Apply Theorem 3 with v (¢) = 1(+/£ — 1), which implies that v'(¢) = § — 2%/2 and
V(&) -¥'(&) _ 1 -
-4 20T+ /T

Remark 11 For T = R, Proposition 11 becomes [7, Proposition 8 on p. 9].

Page 15 of 21



Ansari et al. Advances in Difference Equations (2020) 2020:698

Proposition 12 Under the assumptions of Theorem 4, we have

0= [(-1)1-2)-D 73]

8,/¢3
Wo-1DA-V&) 5. -
< —h(r,
< W (7,3)
1 -
< ——=[(-DA-5)-D,(F3)].
8,/¢}
Proof Use Theorem 4 for y(t) = % (vt — 1)%, which gives ¥"(t) = L5 and, obviously,
t2
1
— =y ()= —5 forallte[t,a).
4;27 4{17 D

Remark 12 Choosing T = R in Proposition 12, we get [7, Proposition 9 on p. 9].

4.4 Jeffreys distance on time scales
Let ¢ : (0,00) — R be the convex mapping (¢) = (¢ — 1) In(¢). Then

)
5(y)

Iy (7,3) :/ (7)) -50») ln[ :|Ay = Dy(#,3),
where Dj(7,5) is the Jeffreys distance.

Proposition 13 Let 7, s satisfy (23). Then we get

Dy (7,3) / (F) =30 )ln|: gi]AJ’S In1(g1,42) - Genarl +1n1<l, l) +2.

L(¢1,80) &1

a

Proof Use Theorem 2 for y(£) = (t — 1) Int to get

D7) - / () -50)1n] 75 o

((1 -1Ing + §2_—

L (- 1)1
C1(§2 )Ing,

C -8
_G-DG -G -0-8)E-1)ng
RS
_ehnb-aing (Ing —In¢] . Gilngy —&Ing [Ing —Ing]
-0 R -4 L—40
—ln(§2 )52 “ —lne+lne—(§1§2+1)[1n§2 In¢] +€1§2(£2 né a néi)
¢ H—-4 H-04
2 Imi-_Ltipl
S PRI G Wik ik
L(§1)§2) H—E

2
=ln1(g‘1,§2)—M+ln1<§1 ;)+2 O
1

L(21,22)
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The following example gives an upper bound for the Jeffreys distance, which is new in

quantum calculus.

Example 20 Choosing T = g"° (g > 1) in Proposition 13, we have

logq(b)—l

S - (ld) -s(e)) ] 0]

k=]0gq(a)

2
<Inl(¢1,%) - 7G (1, 8) + 1 +ln1( 1 1)

L(;lr CZ)

Proposition 14 Under the assumptions of Theorem 3, we get

2
0=<Ini(1,82) - Glual+l + lnl(gi, !
1

2 +2-D,G3

100 ;2)+ 09
ks

< +

T LG8 5) L6, )

}[(;2 C)A-0)-Dp )

Proof Apply Theorem 3 for v (£) = (¢ — 1) Int, for which

V(&) — ¥ (&) 1 Ingp-Ing 1 1
LML LARES, + = + .
) L(21, %)

L-0 ab  b-a Gb

Proposition 15 Under the assumptions of Theorem 4, we have

ot 11— 0) - DG
Qg [(2- DA - )~ D,a(73)]
2

Sln[(gl,éé)_ )

G*(&1,8) +1 (1 1) -
— 4+ Inl| —, — 2 —Ds(r,

L(¢1,82) o &1 ¢ * /(73)
< {'1 +1

= p [(¢2 - DA - &1) - D2 (7,5)].

1

Proof Consider ¥ (t) = (t — 1)Int in Theorem 4. In this case, ¥"(¢) = t;'—zl, t € [¢1,8], and
then

G+l . o +1
2§2 =< 170 (t) = 14‘2 ) te [(1»;2],

2 1

which gives the desired result. O

4.5 Bhattacharyya distance on time scales
Let ¥ : [0,00) — R be a convex mapping, ¥ (£) = —v/t. Then

b ~
1G5 -~ [ 5@),/;8; Ay

b
__ / 50)70) Ay = Dy(F,5),

where Dg(7,5) is the Bhattacharyya distance.
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Proposition 16 Under the assumptions of Theorem 2, we obtain

-1-G(81,82)
2421, V)

Dg(r,5) <

Proof Use Theorem 2 for v/(£) = —+/t to obtain

(L= D(=VT1) + (1 - &) (~/22)

DB(;rg) =< §2_§1
_ Vet Va-oVa+ oV
H-4

_ VL - Vo) - VaveVa - Vo)
(Vo - Ve (Ve + V&)

_ (-1 - VTi/E) _ -1-G(&1,8)
Vo +va) 24 v%) -

Example 21 Choosing T = g™° (g > 1) in Proposition 16, we have

logq(b)—l
= (k3 -1-G(1,8)
—Jak(g-1 k k ———Tobs2
kz%(ﬂ) Ja @ Di()3(e) < AT T

Remark 13 In Example 21, we get an upper bound for the Bhattacharyya distance, which
is new in quantum calculus.

Proposition 17 Under the assumptions of Theorem 3, we have

-1-G(¢1,8)

7_D ~,~’
< A Ve VG 5(7,5)

1
0 -DA- —D 2(7,3)],
= 4G(L1, £2) AT, V) [({2 )1 =81) =D, (7 s)]

where A(.,-) is the arithmetic mean.

Proof Apply Theorem 3 with v/(¢) = —v/t, which implies that v/(¢) = _%ﬂ and

V(&) -Y'(&) 1
-0 20T+ VT -

Proposition 18 Under the assumptions of Theorem 4, we have

0< — [(6-1)1-2)-D (3]
8,/¢3

e G(¢1,82)
T 2A(VTL V)

L @ -1-2)-D 23]

— Dg(7,3)

=

8,/¢
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Proof Use Theorem 4 for v (t) = —+/£, which implies that " (¢) = L5 and, obviously,

a2
1 " 1
— <Y"(t) < —5 forallte [, 5]
4¢7 4z .

4.6 Harmonic distance on time scales
Let ¥ : (0,00) — R be the convex mapping ¥ (¢) = 7. Then

1+t°

[P 2ORO)
Iy (7,3) = —/a mAy—DHa(r,s),

where Dy, (7,3) is the harmonic distance.

Proposition 19 Under the assumptions of Theorem 2, we have

-2

Dy, (7,5) < .
() S e+ P &)

Proof Use Theorem 2 for y(t) = I—fﬁ to get

-1 24 . 1-4 24
HL-Gl+h L-G1+8
208 +20 - 20+ 2008
(-0 @+ D)6+ 1)

DHa(;x g) =

_ —2(52 - 41)
(G =G+ 1)+ 1)
-2 -2

@+ D@ +1)  1+24(0,0) + GG &) -

The following example gives an upper bound for the harmonic distance, which is new
in quantum calculus.

Example 22 Choosing T = g'° (g > 1) in Proposition 19, we obtain

m%’l 2(g - Vg3 _ -2
Mg+ 3d) 14240 6) GGt

k:logq(a)
Proposition 20 Under the conditions of Theorem 3, we have

0< 2
1+ 2A(%1,82) + G*(81,82)

- 8A(L1,00) +8
T [G%(41,82) + 2A(81,82) + 112

= Dria(7,9),

[(©2-1DA - &1) =D, (7,9)].

Proof Apply Theorem 3 with v (¢) = I—ff, which implies that /() = ——1 and

(1+1)2

V(&) — ¥ (&) _ (L2+01+2) _ 2A(81,80) +2
L—4 (G + D&+ DI? [GA(1,80) +2A(81,8) +117




Ansari et al. Advances in Difference Equations (2020) 2020:698 Page 20 of 21

Proposition 21 Under the assumptions of Theorem 4, we get

0= qrgple-DA-0)-Dp@3)]
-2 o
=1 2A(¢1,0) + GX(¢1, &) — Dya(7, )
2 ~ o~
= m[@z -1)(1-¢1)-D,2(73)].

Proof Use Theorem 4 for y(t) = I—fi, which implies that " (£) = A +2:)3 and

2 2
PYSE <y'(0) < a0y for all t € [¢1, &) -

5 Conclusion

In this paper, we introduced the Csiszér f-divergence on time scales and establish inequal-
ities involving the Csiszar f-divergence on time scales. The obtained results are an exten-
sion of some known results in the literature and report new results in /-discrete calculus
and quantum calculus.
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