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1 Introduction

Initially, Kirk et al. [1] introduced a cyclic contractive type mapping which ensures the ex-
istence of the best proximity points in complete metric spaces. Several cyclic type mapping
results can be found (see, e.g., [2—4]). Later on, Lakshmikantham and Circ [5] presented
the concept of coupled fixed point in partially ordered metric spaces which has a wide
range of applications in partial differential equations and boundary value problems. In
2014, Choudhury and Maity [6] proved the result on cyclic coupled Kannan type contrac-
tion for a strong coupled fixed point. For more coupled fixed point results, see [7, 8]. More
related works and references are in [9-12].

Huang and Zhang [13] presented an idea of a cone metric space by using an ordered
Banach space instead of real numbers. They proved some nonlinear contractive type fixed
point results in cone metric spaces. After this article, several authors have contributed
their ideas in the field of cone metric spaces. They established different types of contractive
results for fixed point, coincidence point, and a common fixed point in cone metric spaces
(see [14—23] and the references therein).
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The fuzzy set theory was initiated by Zadeh [24], while Kramosil et al. [25] introduced
fuzzy metric spaces and some more notions. They compared the notion of fuzzy metric
with the statistical metric spaces and proved that both the conceptions are equivalent in
some cases. Later, George et al. [26] presented the stronger form of the metric fuzziness.
Some fixed point and common fixed point results in fuzzy metric spaces can be found in,
e.g., [27-30].

Oner et al. [31] introduced the fuzzy cone metric space or shortly (FCM-space) and
proved a fuzzy cone Banach contraction theorem for a fixed point in FCM-spaces with
the assumption of Cauchy sequences. Some more topological properties, fixed point and
common fixed point results can be found in, e.g., [32-36].

In this paper, we present a new concept of coupled type and cyclic coupled type fuzzy
cone contraction mappings in FCM-spaces. The rest of the paper is organized as follows.
Section 2 consists of preliminary concepts. In Sect. 3, we prove some coupled fixed point
results without the mixed monotone property in the sense of Sintunavarat et al. [8], and
we prove some coupled fixed point theorems via partial ordered metric FCM-spaces. In
Sect. 4, we establish some strong coupled fixed point results for the generalized cyclic
type fuzzy cone contraction mapping in FCM-space in the sense of Choudhury et al. [6].
In Sect. 5, we present an application of nonlinear integral equations for the existence of
a unique solution to support our work. Finally, the conclusion is discussed in Sect. 6, and
some illustrative examples are presented in the paper to support our work.

2 Preliminaries
Definition 2.1 ([37]) An operation *: [0,1] x [0,1] — [0,1] is known as a continuous
t-norm if it satisfies the following:
(i) = is associative, commutative, and continuous.
(if) 1*ap =g and ag * By < a1 * B, whenever ag < a0y and By < B; for each
ao, a1, Bo, 1 € [0,1].

The basic continuous t-norms (see [37]), the minimum, the product, and the
Lukasiewicz t-norms, are defined respectively as follows:

ay * B1 = min{ay, B1}, arx B =018, and o * By = max{e; + B; — 1,0}

Throughout this paper E represents the real Banach space and 6 is the zero of E, while N
represents the set of natural numbers.

Definition 2.2 ([13]) A subset P C E is known as a cone if:
(i) P#0, closed and P # {6}.
(if) a1,B1 €[0,00) and w,v € P, then a1 0 + B1v € P.
(iii) both & — u € P, then u = 6.

A partial ordering on a given cone P C E is defined by u < v < v —p € P. u < v stands
for u < v and u # v, while u <« v stands for v — p € int(P). In this paper, all cones have
nonempty interior.

Definition 2.3 ([31]) A three-tuple (U, F,,, *) is said to be a FCM-space ifacone P C E, U
is an arbitrary set, * is a continuous ¢-norm, and F,,, is a fuzzy set on U? x int(P) satisfying
the following:
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(i) Fu(u,v,t)>0and F,(w,v,t) =15 u=v;
(ii) Fmlpt,v,t) = Fu(v, 1, £);

(iil) Fu(w, v, ) * Fp(v, 0,8) < Fp (0, o, £+ 8);
(iv) Fu(u,v,-):int(P) — [0,1] is continuous;

for all u,v,w € U and t,s € int(P).

Definition 2.4 ([31]) Let (U, F,,, %) be a FCM-space, u € U, and (u;) be a sequence in U.
Then
(i) (m;) is said to converge to w if, for £ > 6 and 0 < r < 1, 3 i; € N such that
Fo(pir s t) > 1 —r, Vi > i1. We denote this by lim;_, oo f4; = £ OF ft; = p as i — 00.
(ii) (u;) is said to be a Cauchy sequence if, for £ 3> 6,0 <r < 1,3 i; € N such that
Fo(pg, iy t) >1=r, Y ki > iy.
(iii) (U, F,*) is complete if every Cauchy sequence is convergent in U.
(iv) (u;) is known as a fuzzy cone contraction if 30 < 8 < 1 such that

1 1
4—15;9(4—1), Vi 0,i>1.
Fru(tis i1, t) Fp(tiz1, this 2)

Definition 2.5 Let (U, F,,, *) be an FCM-space. The fuzzy cone metric F,, is triangular if

1 1 1
—-1< -1 — 1), Yuw,v,owel,t>0.
Exnon L= (Fm(u,v,t) ) * (Fm(v,w, ) ) pov@ et >

Lemma 2.6 ([31]) Let (U, F,,, *) be an FCM-space. Let i € X and (u;) be a sequence in U.
Then p; — p < lim;_, oo Fp(us, 1, t) = 1, for t > 6.

Definition 2.7 ([31]) Let (U, F,,,*) be an FCM-space and T : U — U. Then T is known
as a fuzzy cone contraction if 3 0 < /1 < 1 such that

1 1
_— 1 <h|l——-1), VYuveldt>o0. 2.1
E T Tog) = (Pm(u, 0,0) ) " > 1)

3 Coupled fixed point results in FCM-spaces
Definition 3.1 ([38]) Let U be a nonempty set, and an ordered pair (u,v) € U x U is
called a coupled fixed point of the mapping T: U x U — U if p = T(u,v) and v = T(v, u).

Example 3.2 Let U = [0,00) and a mapping T : U x U — U be defined as
T(u,v) = MTH, Yu,vel.
Then T has a unique coupled fixed point in U for all u = v.

Definition 3.3 ([39]) Let T: U x U — U be a mapping in a metric space (U, m) and A be
a nonempty subset of L/*. Then we say that A is a T-invariant subset of /* if and only if
Y u,v,g,h € U satisfies:

(i) (u,v,g8.h) e A (hgv,u)eA.

(i) (wv,gh) €A & (T(w,v), T(v, 1), T(g,h), T(h,g)) € A.
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Definition 3.4 ([8]) Let ([, m) be a metric space and A C U* which satisfies the transitive
property if and only if V i, v, g, h, %,y € U such that

(w,v,g,h)eA and (g hxy)eA = (wv,xYy) €A

Remark 3.5 ([8]) Easily one can verify that the set A = U* is trivially T-invariant, which

satisfies the transitive property.

Theorem 3.6 Let A be a nonempty subset of a complete FCM-space (U, F,,,*) in which
F,, is triangular. Let a function v : [0,00) — [0,00) with 0 = ¥(0) < ¥(7) < T, and
lim,_, .+ ¥ (r) < T _for each © > 0. Suppose that T : U* — U is a mapping such that

1 1 1 1
EAT () TG0 1”(5 (Fm(u,x, 0 Eaonn 1)) (3.1)

forall (u,v,x,y) € A. Assume that either:
(1) T is continuous, or
(2) If for any two sequences (ju;) and (v;) with (i1, Viers iis Vi) € A, where (;) — ., and
(vi) > v foralli> 1, then (u,v, u;,v;) €A forall i > 1. If 3 (o, v,) € U x U such
that (T (1os Vo), T (Vo, ho)s os Vo) € A, and A is a T-invariant set which satisfies the
transitive property, then T has a coupled fixed point such that u = T (u,v) and
V= T(U: H’)
Proof Let (u;) and (v;) be two sequences in U and T({J?) C U such that
wi=T(i1,vie1) and vy=T(Wii, pim1), YieN, (3.2)
If 3 i* € N such that w1 = u and v+_1 = v, then we have

wirr = T(ppe—1,vem1)  and vy = T(vpe_g, o).

Thus, (vi_1, i+—1) is a coupled fixed point of T" and the proof is complete. Otherwise, we

may assume that

UiaFm; or vig#v, VYielN
Since (T'(itos Vo), T (Vo, o), tos Vo) = (41, V1, Mo, Vo) € A and A is a T-invariant set, we have
(T(u1,v1), T(vi, 1), T(hos Vo) T(Vos o) = (125 V2, i1, V1) € A. Similarly, by the fact that A
is a T-invariant set, we have

(T(/’LZ) ])2)’ T(VZ: /1'2)¢ T(I’Llr vl)’ T(Vl, /'Ll)) = (/1'37 V3, U2, VZ) €A.

Repeating the same argument, we get

(T(/'Li—lr Vio1), T(vic1, pio1)s et Ui—1) = (Wi Vi, i-1,Vi1) € A.



Chen et al. Advances in Difference Equations (2020) 2020:671 Page 5 of 25

Let us denote (Fm(#i;lﬂifl,t) -1+ Fm(‘/’i:l\)ifl,t) —1)by sy, fort >0, ie.,
1 1 ,
8.1 = -1+ —-1)>0, forallieN.
Fm(“’i! Mi—l)t) Fm(vi» Vi—l»t)

Now we have to show that

5 <2¢(8i—1
‘- 2

>, foralli e N.

Since (i, vi, i1, vie1) €A, Vi € N, and by (3.1), for £ > 6,

1 1
- 1= -1
F(tis fiv1, ) Fp(T (-1, vic1), T (i vi), £)

1 1 1
<v|z -1+ -1
(2 (Fm(l/«ilnui,t) Fy(vii1,v38) ))

~u(%). (33

Since A is T-invariant set and (i, v;, iti-1, vi-1) € A, Vi € N, we get that (vi_1, -1, Vi, ;) €

A,V ieN. Now, again from (3.1), for £ > 6, and (v;_1, iti-1, vi, i) € A, ¥V i € N, we may get

1 1
—1=
Fm(”l’; vi+1)t) Fm(T(vi—lrﬂi—l)r T(Vl';“ft')1t)

(e B )
<y(5 —1+ -
2\ Fn(vie1, iy 1) F(iiz1, wis £)

—y (5"21 ) (3.4)

Adding (3.3) and (3.4), we have

-1

8i1
2

8; = 21//( ), forall i e N. (3.5)

Since V 7 > 0, ¥ (t) < 7, then from (3.5) we have

Si
5i:2¢< 21)<5i_1, forall i € N.

Hence, (§;) is a monotone decreasing sequence, therefore lim;_, o, §; = § for § > 0.
Next, we have to show that § = 0. By the contrary case, let § > 0, taking the limit i — oo
on both sides of (3.5), i.e., lim,_, .+ ¥ (r) < 7,V T > 0, then

. . 8i1 . 8i-1 8
6=1im§; <2 lim ¢ =2 lim ¢ <2{=)=4,
i— 00 i— 00 2 Si_1—>6* 2 2

which is a contradiction to the fact that § > 0. Hence § = 0, therefore for ¢ > 6 we have

1 1
S:Iim&':lim<7—l+7—l>=0. (3.6)
i—0o0 i—oo Fm(ﬂi: Mz’+1’t) Fm(‘)ir Vz'+1,t)
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Next, we have to show that (u;) and (v;) are Cauchy sequences in (U, F,,, *). By suppo-
sition, let at least one, (u;) or (v;), be not a Cauchy sequence. Then 3 ¢ > 0 and the two

subsequences of integers iy and jx with i > jx > k such that

1 1
= -1+
Fon(jp tig» t) Epn(Vjgs iy 2)

Tk -1>¢, forallke{1,2,3,...}. (3.7)

Further, we choose iy is the smallest integer such that ix > jx > k and (3.6) holds, for £ > 0,
we have

1 1

-1+ —1l<e. (3.8)
Fm(ﬂjk’ Mig-15 t) Fm(vjk: Vig-1, t)

By using the F,, triangle inequality and from (3.7) and (3.8), for £ > 6, we have

1 1
= - 1+ _1
Fm(/'ij,/Likrt) Fm(v/k’vik’t)

e <rk

1 1
< ( -1+ - 1)
Fm(//«jk’ Mi-1, t) Fm(,uik—h Wiy t)

1 1
+ ( -1+ - 1)
Fm(vjk: Uik_l, t) Fm(vik—l; Vik; t)

1 1
= ( -1+ - 1>
Fpu(thjy» thiy—1, ) Epn(Vjgs Vi1, 1)

1 1
+ ( -1+ - 1)
Fon(Wigs i1, 1) Fin(Vig, vig-1,t)
<&+ Sik—l’

= e=<r<e+d,1. (3.9)

Now taking limit kK — oo, and from (3.6), we have limg_, o rx = & > 0. Since i > jx and A

satisfies the transitive property, we get

(I’Ll’k’vik’”fk’vjk) €A and (v/k’l’L/k’vik’l’Lik) eA. (310)

Now, in the view of (3.1) and (3.10), for £ > 0, we get

1 1

—-1=
Fm(/’ij+lr /’Lik+1) Fm(T(/'L]kr vjk)! T(Mik) vik)i t)
e B )
Z -1+ —
2 Fm(Mjkrﬂik’ t) Fm(vjkr Vigs t)

=w(%>. (3.11)

IA

Similarly, for £ > 0,

1 1

—1- -1
Fm(vjk+livik+1) Fm(T(ij, /’ij)x T(Vikt /'Lik)t t)

Page 6 of 25
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1 1 1
<y = -1+ -1
<2 <Fm(l)]’k; Vikrt) Fm(“jkruikrt) ))

- w(%) (3.12)

Adding (3.11) and (3.12), we have
Fean 521&(%), forall k € {1,2,3,...). (3.13)

Now, using the limit kK — oo on both sides of (3.13), i.e., lim,_, .+ ¥(r) < 7,V T > 0, we have

- i <20im g (XY =2 1im v X)) <2(E) =
T =2 ANV ) T Y L ) <) T

which is contradiction. Hence (1) and (v;) are Cauchy sequences. Since (U, Fy,, *) is com-
plete, 3 i, v € U such that

wi—>pu and v;—v, asi— oo. (3.14)

Now, finally we have to show that T(u,v) = u and T'(v, 1) = v. If assertion (I) holds, then
we have

= Jim prger = 1im TG ) = T( Jim g lim ) = T, ),
11— 00 I— 00 1— 00 11— 00
and
v = lim vy = lim T(v;, ;) = T({lim v;, lim /L,) =T(v, ).
i—00 i—00 i— 00 i—00

Hence, u = T(w,v) and v = T(v, u), i.e., T has a coupled fixed point in U. Suppose that, if
assertion (2) holds. We obtain two sequences (1;) and (v;) converging to v and v respec-
tively for some u, v € U. Then, by supposition, we have (u, v, u;,v;) € A, V i € N. Since F,
is triangular and by (3.1), for £ > 0, we have

1 1 1
-1< -1+ -1
Fm(T(:u: U),/,L,t) Fm(T(l/L; V)’,U«H—l;t) Fm(l/Li+lr/J«rt)
1 1
= -1+
Fm(T(Mr V)r T(/'Lir Vz'),t) Fm(,u/iJrer; t)

1 1 1 1
<y| = -1+ + -1
(2(Fm(ﬂ:ﬂi: £) Fm(‘)r Viy t))) Fou(ivi s t)

— 0, asi— oo.

-1

Hence we get that F,,,(T(,v), u,t) = 1, this implies that u = T'(i, v). Similarly, we can
prove that v = T'(v, u). Thus, T has a coupled fixed point in U. O

Example 3.7 Let U = [0,00), * be a continuous ¢-norm, and F,,, : U x U x (0,00) — [0,1]
be defined as

F,.(u,v,t) = ———,
(1 ) £+ m(u,v)
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where m(p, v) = | — v is a usual metric V u, v € U, and ¢ > 0. The partial order is usually
defined as 4 < v < v — p € [0,00). Let a continuous mapping T : U x U — U be defined
as

2 +2v +4

, Yu,vel?
5 M

T(:u‘) V) =
The mixed monotone property is not satisfied. If we choose v; =4 and v, = 5, then v; < vy,
implies that T'(i, v1) < T(u,v;). Further, we define a mapping ¥ : [0,00) — [0, 00) such
that ¥ (7) = %r, Y 7 > 0. By a direct calculation, V u, v,x,y € U, we have that

1 1
_1==

Fm(T(/'L’ V), T(x:)’), t) t
1

t

(m (TG, v), T(x,9))

20 +2v+4  2x+2y+4
5 5

< ;(m(/wc) + m(v,y)

t
4 (1
= §<§(m(u,x) +m(v,y))>
41 1 ) 1 )
- §(§<Fm(u,x,t) T TRy ))

B 1 1 1 1 1
- W(E(Fm(u,x,t) T Fu(v,9,t) - ))

Hence all the conditions of Theorem 3.6 are satisfied with A = I/* and T has a unique
coupled fixed point, i.e., T(4,4) = 4.

If we define a mapping ¥ (t) = At for any A € [0,1) in Theorem 3.6, then we get the

following.

Corollary 3.8 Let A be a nonempty subset of a complete FCM-space (U, F,y,, *) in which
F,, is triangular. Let T : U x U — U be a mapping and 3 . € [0, 1) such that

1 1
BTG T - A(zrm(u,x, 5 Y B 1)» (3.15)

forall (u,v,x,y) € A. Assume that either:
(1) T is continuous, or
(2) Iffor any two sequences (u;) and (v) with (i1, vio, 1 v) € A, where (1) — 1, and
(vi)) > v, foralli>1,3 u,v el such that u = T(,v) and v =T(v, ), then A is a
T-invariant set which satisfies the transitive property. Then T has a coupled fixed
point.

In the following theorem we prove the uniqueness of a coupled fixed point of a mapping
TonlU.

Theorem 3.9 By addition to the hypotheses of Theorem 3.6, assume that ¥ (u,v), (g, h) €
X2, 3 (x,y) € U? such that (11, v, u,v) € A and (g, h,x,y) € A. Then T has a unique coupled
fixed point in U.



Chen et al. Advances in Difference Equations (2020) 2020:671

Proof From the proof of Theorem 3.6, the mapping T has a coupled fixed point in U.
Assume that (u, v) and (g, &) are coupled fixed points of T, i.e., T(i,v) = u, T(v, ) = v,
T(g,h) =g, and T(h,g) = h. We have to show that u =g and v = A.

By hypotheses, 3 (x,7) € X2 such that (u,v,g, /) € A and (g, h,x,7) € A.

Let x = x, and y = y,. We define two sequences (x;) and (y;) such that x; = T'(x;_1,yi-1),
yi = T(yi-1,%;-1) for all i € N. Since A is T-invariant and (u,v,%,,%,) = (1, v,%,9) € A =
(T(,v), T, 1), T (%0, ¥0), T(or %0)) € A, L€, (1, v,%1,91) € A.

Again, by the property of T-invariance, we have

(T(M, v), T(v, u), T(x1,91), T(yl,xl)) €A, ie (u,v,xp,y)€A.

Repeating this argument, we get (i, v,x;,y;) € A, V i € N. Now, in view of (3.1), for £ > 6,
we have

1 1
Fp(s Xis1, ) Fu(T(u,v), T(xiryi): t)

<w<l<;_l+¥—l>>
- 2\ F(w,x;, t) Fm(V:yi’t) '

Since A is T-invariant and (i, v,x;, ;) € A, Vi € N, we have (y;,x;, v, u) € A,V i € N. Then,
again by (3.1), for £ > 0, we have

(3.16)

1 1
—-1= -1
Fm(yi+1) V,t) Fm(T(yiyxi): T(Ur/'b))t)
(3.17)
<y 1 1 1 1 1
- -1+ - .
- 2 Fm(yi’vrt) Fm(xi»l‘b’ t)
Adding (3.16) and (3.17), for t >> 6, we have
1 ( 1 1 1 1)
z 1+ _
2\ Fn(pts %is1, 2) Fm()/iﬂyv; t) (3.18)
<y 1 ! 1 1 1
- -1+ - .
- 2 Fm(M:xi: t) Fm(vryi: t)
Repeating the same argument, for £ > 6 and V i € N, we have
1 ( 1 { 1 1
— p— + pa—
2 Fm(ﬂ,xi+ ,t) Fm i+ ¢v:t)
' Oies (3.19)

<W<1< ! -1+ ! —1)>-
- 2 Fm(“:xl:t) Fm(U,yl,t)

Now from mapping ¥, ¥(z) < T and lim,_, .+ ¥ (r) < 1, it follows that lim,;_, ¥(t) = 0,
Y 7 > 0. Hence, from (3.19), for £ > 0, we get

1 1

im{— -1+ ——— -1
H°<><Fm(MJCi+1, t) Fru(yis1,0,t) ) (3.20)

1 1
= lim < -1+ - 1) =0.
i—00 Fm(ﬂ)le: t) Fm(v1yi+1:t)

Page 9 of 25
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Similarly, for ¢ 3> 6, we can prove that

1 1
lim ( -1+ -1
i~oo\ F,,(g,x; ,t) F.(yis1, h, t) )
(& %xin (i1 (3.21)

1 1
= lim -1+ -1)=0.
i_’°°<Fm(g,xi+1,t) Fm(h:yi+1:t) )
Since F,, is triangular and from (3.20) and (3.21) Vi € N, and £ > 0, we have

1 1
-1 -1
Fangt)  En(nht)

1 1 1 1
<(— 1y 1)+ —1+ -1
(Fm(ﬂrxhlrt) Fm(xi+1:gyt) ) (Fm(V;ym,t) Fm(yi+1;hyt) )

1 1 1 1
=l— -1+ =—-1]+ -1+ -1
(Fm(ﬂyxiﬂyt) Fm(V;yHlyt) ) (Fm(xiﬂyg; t) Fm()/iﬂyh; t) )

— 0, asi— oo.

We get that (Fm(;lug,t) -1+ Fm(i,h’t) -1)=0= F,(n,gt)=1,ie, u=gand F,(v,ht) =1,

i.e., v = h. Hence T has a unique coupled fixed point. This completes the proof.

In the following we prove some coupled fixed point results by partial ordered metric
space in FCM-spaces.

Let C(U) denote the collection of all subsets of a set U, and a pair (U, <) denotes the par-
tially ordered set with partially ordered <. A mapping F : U/ — U is known as nondecreas-
ing (resp. nonincreasing) if V a, b € U such thata < b = F(a) < F(b) (resp. F(b) < F(a)).O

Definition 3.10 ([38]) Let a pair (U, <) be a partially ordered set, and a mapping 7T :
U x U — U is known to have a mixed monotone property if 7 : U x U — U is mono-
tone nondecreasing in the first argument, and 7' is monotone nonincreasing in the second
argument V u,v € U:

i) wop*el, p 2 pu* = T(u,v) 2T v).

(i) v,v*el, v =<v*= T(u,v) > T(u,v*).

Example 3.11 Let (U, m) be a metric space with partial ordered “ <’, let (U, F,,, *) be an

FCM-space defined V u,v € U and ¢ > 6 as follows: F,,, (i, v,t) = Tzuv) with m(u,v) =

| — v|. A mapping T : U? — U satisfies the mixed monotone property ¥ u,v € U such
that

mu*el, p=xp* = T(wv)=T(uv),
and
vvteld, vy = T(,u, v*) < T(u,v).

We define a subset A C U* by A = {(u, u*,v,v*) € U*: > v, u* < v*}. Then A is a T-
invariant subset of U* which satisfies the transitive property.
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Theorem 3.12 Assume that (U, <) is a partial ordered set, and let (U, F,,, ) be a complete
FCM-space in which F,, is triangular. Let there be a mapping  : [0,00) — [0, 00) with
¥(0) =0< Y (t) <7, and lim,_, .+ Y(r) < T for T >0, and suppose that a mapping T : U x
U — U has the mixed monotone property and satisfies

1 —1<I//<l( 1 -1+ 1 —1)), (3.22)
Fo(T(,v), T(x»y)’ t) - 2\ Fu(pt, %, t) Fm(vryr t)

forall (u,v,x,y) € U for which u > x and v < y. Assume that either:
(1) T is continuous, or
(2) U has the following properties:
(i) If a nondecreasing sequence (;) in U with p; — w, then u; < u,VieN;
(i) If a nonincreasing sequence (v;) in U with v; — v, then v = v;,VieN.
If there exist Ly, v, € U such that p, < T, v,) and v, = T(v,, (Lo) Such that

w=T(u,v)and v ="T(v, ), then T has a coupled fixed point.

Proof Letasubset A C U*bedefinedas A = {(u, u*,v,v*) € U*: > v and u* < v*}. Now
from Example 3.11 we conclude that A is a T-invariant set which satisfies the transitive
property. In view of (3.22), V u,v,x,y € U with (u,v,x,y) € A. Since p,, v, € U such that
o =X T(1o,vo) and v, > T(v,, to), we get that (T (1o, Vo), T (Vo) o), Ho» Vo) € A.

Now for assertion (2), («;) and (v;) are any two sequences in U such that (u;) is a non-
decreasing sequence with p; — w and (v;) is a nonincreasing sequence with v; — v. Then

we have
p1=pp <22 oand vy xvpxeeev>=eee >y, VielN

Therefore, (i, v, u;, v;) € A, i € N, hence assertion (2) of Theorem 3.6 is satisfied. Since all
the hypotheses of Theorem 3.6 are satisfied, F has a coupled fixed point. d

Corollary 3.13 [n addition to the hypotheses of Theorem 3.12, assume that ¥ (i, v), (g, h) €
U?,3 (x,9) € X? such that u > x,v <yandg > x,h <y. Then T has a unique coupled fixed
point.

Proof Letasubset A C X*bedefinedas A = {(u, u*,v,v*) € X*: u > v and u* < v*}. Now,
from Example 3.11, we conclude that A is a T-invariant set which satisfies the transitive
property. Then, through the proof of Theorem 3.12, easily from simple calculation we can
get the existence of a coupled fixed point.

Uniqueness: Now we have to show the unique coupled fixed point of the mapping 7.
Since ¥ (u,v), (g, 1) € U?,3 (x,y) € U? such that i > x, v < yand g > x, 1 < y, we conclude
that (i, v,,7) € A and (g, i, x,y) € A. Thus all the hypotheses of Theorem 3.9 hold and T

has a unique coupled fixed point. d

4 Strong coupled fixed point results in FCM-spaces

Definition 4.1 ([6]) Let A and B be two nonempty subsets of a given set {. A mapping
T:U x U— U such that T(u,v) € Aif u € Band v € A, and T(u,v) € Bif u € A and
v € Bis called a cyclic map w.r.t A and B.
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Definition 4.2 ([6, 38]) Let U/ be a nonempty set, and an element (i1, v) € U? is called a
coupled fixed point of the mapping T : U x U — U if T(,v) = w and T(v, u) = v, and it
is called a strong coupled fixed point if u = v, that is, T'(u, u) = .

Definition 4.3 ([6]) Let A and B be two nonempty subsets of a metric space (U, 7). Then
amapping T: U x U — U is called a cyclic coupled Kannan type contraction w.r.t A and
Bif T is cyclic w.r.t A and B satisfying

m(T(w,v), T(x,y)) < a(m(u, T(w,v)) + m(x, T(x,))), (4.1)
where u,y € A, v,x € B,and a € (0, %).

Definition 4.4 Let A and B be two nonempty closed subsets of an FCM-space (U, Fy;, *).
A mapping T : U x U — U is called a cyclic coupled Kannan type fuzzy cone contraction
w.r.t. A and B if T is cyclic w.r.t. A and B satisfying the inequality

1 1 1
-1 -1 -1}, 4.2
En(TGuv) Ty ) “(me, TGovnt) " o T D) ) (42

where @,y € A, v,xeB,t>>9,anda€(0,% .

In the following, we shall study a more generalized cyclic coupled type fuzzy cone con-
traction condition in (U, F,,,, *) and prove some strong coupled fixed point results in FCM-
spaces. A mapping T : U x U — U is known as a generalized cyclic coupled type fuzzy
cone contraction condition in FCM-spaces if T satisfies the inequality

1
-1
En(T (), T(0),0)
<a<;—1)+b<;—l> @3)
=N\, TGu )0 Ful, TG, 1 '

1 1
* C(F—m(x, T(u,v),t) 1) +d (me, T(xy)t) 1)’

where i,y € A, v,x € B,t > 6,and a, b, c,d € [0,00). We note that (4.3) is the same as (4.2)
ifa=b¢e (0, %) and ¢ = d = 0. Also, we illustrate some examples to support our results.

Theorem 4.5 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U, F,y,, %) in which F,, is triangularand T : U x U — U is a generalized cyclic coupled
type fuzzy cone contraction w.r.t A and B. Suppose that T satisfies (4.3) with (a + b + 2c +
2d) < 1. Then ANB+# Y and T has a strong coupled fixed in AN B.

Proof Fix o € A and vy € B. Let (11;) and (v;) be two sequences defined as
i1 = T(vi ;) and  viq = T(wg,v;), foralli>0. (4.4)

Then (u;) C A and (v;) C B since T is a cyclic mapping w.r.t A and B. We denote the
following:

B a+d
T1-(b+d)’



Chen et al. Advances in Difference Equations (2020) 2020:671

Then % € (0,1) for a + b + 2¢ + 2d < 1. We claim that, for £ > 6 and i > 0,

1 1
S —
Fu(tis vis1, t) Fp(vis iv1, )

. 1 1
< h‘( -1+ - 1).
Fm(MO!vl’t) Fm(‘)o;ﬂ«l: t)

It is clear that (4.5) holds for i = 0. Suppose that (4.5) holds for i = k for £ > 0, then by (4.3)

we have

(4.5)

1

S |

Fm(/’(’k+17 Vic+2s t)
1

" Fou(T 1), T(tiors Vi), £)

1 1
< a( — 1> + b( — 1)
Fp(vies T (v, i), 2) Fp(tke1, T(Mks15 Vie1)s E)

1 1
+ c< - 1) + d< - 1)
Fm(ﬂ/ﬁl, T(Vk: Mk)) t) Fm(vkr T(Mk+1: Vk+1), t)
1 1
_a(7—1> +b(——1>
Fm(vk) Mk+1s t) Fm(ﬂk+1) Vk+2): t)

1 1
+ d( -1+ - 1),
Fou(Vies s1, £) F(ier15 Vier2), £)

which implies that

1 1
—_15;1(—_1), for £ 0,
Fm(/'Lk+1; Vic+2s t) Fm(”kr Mi+1> t)

Similarly, in view of (4.3),

1

-1
Fr(Vis1s Mks2s )

1
= -1
Fp(T (s vio)s T (Va1 Mks1)5 £)

1 1
< u( - 1) + b( - 1>
Fm(ﬂb T(/'Lk: Vk): t) Fm(‘)k+lr T(Vk+1¢ Mk+1)’ t)

1 1
+c -1)+d -1
(Fm(vkﬂr T(pr Vi), t) ) (Fm(Mk, T (Vke1, Mie1)s £) )
1 1
_a<7—1> +b(——1>
Fm(“k: Vk+11t) Fm(vk+1’ Mk+2)’ t)

1 1
+d -1+ -1),
Fm(,ukr Vi+1s t) Fm(uk+1¢/"vk+2);t)

which implies that

1 1
1<h(——" 1), fort>6.
Fm(”k+1,,u/k+2; t) Fm(“fkr Uk+1,t)

Page 13 of 25
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Thus, by the induction hypothesis, i.e., (4.5) with i = k for £ 3> 6, we have

1 1
. —
Fr(is1s Vies2s B) Fr(Vis1s ka2, )

1 1
<h -1+ -1
Fm(ﬂk; Vi+1s t) Fm(”knukJrlr t)

5---§hk“( ! —1+ ! —1).
Fm(//Lor ‘)lrt) M(vorl‘l/ll t)

That is, (4.5) holds for i = k + 1. Therefore, we have proved that (4.5) holds for all i > 0 by
induction. Meanwhile, by (4.3), for i > 0,

1 1
S -
Fou(tis tis1, 2) Fp(vi, vis1, )

1 1
< ( -1+ - 1)
Fo(i, vis1,t) Fm(‘)i+lr Mis1>t)

1
+ ( -1+ 1)
F (vlr I’Ll+l7 Fm Mir1s Viels )
(mmmms ) (B ) Eemams )
_ + _
m(Mzrvt+lrt) Fu(v;, H«Hl;t) m(MHly Vis1, )
(rgms ) (e ) A mwwmm )
= + + -
m(ller Ul+l’t) Fm Vi, i+l t) Fm(F(Vixﬂi)’F(/'Li’ Vi)vt)
1
(s ) * (Fomma ) (e 1)
F Mn Vz+1: Fm Vi, /’Ll+lr Fm(vi; Hi+1s t)
1 1 1
. 217(7 _ 1) . zC(— _ 1) +2d(7 _ 1).
Fp(Wis vis1,t) Fru(tis fhiv1) Fru(is Vig1, 1)
Here, we suppose that & = max{a, b} and B = max{c,d}, then we have
1 1
() (e
Fpu(this tis1, £) Fu(vi, vis1, )

1 1
§(l+2a)( -1+ —1)
F(iis vis1,t) F(viy is1, 2)

1 1
+ 2,3( 1+ - 1>.
Fm(,uir Mi+1) Fm(vir Vitls t)

This together with (4.5) implies that

1 1
S N Y S —
(Fm(ﬂixﬂi+1:t) ) (Fm(‘)ir Vie1, £) )
(4.6)
1+2x . 1 1
< n -1+ -1), fort>0.
1-28 Fm(l/«o» V1, t) Fm(‘)o:ﬂlr t)

Then, for i,j > 0, without loss of generality we assume that i <},

-1

~.

1 1
ot Sl
Fon(wi, i, £) “\ Fu(itis is1, )

1

>~
Il
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j-1
142« 1 1
< E " -1 -1
- k=i 1_2:3 (Fm(ﬂo: vl’t) " Fm(vorﬂl:t) )

B 1+ 2x l( 1 14 ; B 1)
- (1-28)1-h) Fru(tto, v1, 1) Fpu(vo, p1, )

— 0, asi— oo.

This implies that (u;) is a Cauchy sequence and hence convergent in X. Since A is a

nonempty closed subset of U/, therefore

wi—>pneA asi— oo. (4.7)
Similarly,
vi—>VEB, asi— 0. (4.8)

So, from (4.7) and (4.8), we have
lim F,,(u;, vi, t) = Fru(u,v,t), fore>>6. (4.9)

Since F,, is triangular, by (4.5) and (4.6),

1 1 1
() ()
Fm(/'Lir Vi, t) Fm(/'Lir Mi+1s t) Fm(ﬂnl’ Vi, t)

1+ 2« : 1 1
< ( +1)h’< -1+ —1)
1- 213 Fm(ﬂo; V1, t) Fm(vor M1, t)

— 60, asi— oo.

Therefore, F,,(it,v,t) = 1, for t >> 0 and hence u =v € ANB.
Now we have to prove that u is a strong coupled fixed point of T by using the F,, trian-

gularity condition, we have

1 1 1
-1< -1+ -1, (4.10)
Fu(u, T(p,v), t) (Fm(,uu Wis1,£) ) (Fm(MHly T(u,v),t) >
for t > 0. In view of (4.3), (4.7), and (4.8),

1
Fm(llLle T(M’ V)¢ t) -
— 1 1
Fm(T(Vir Mi); T(M) U), t)

1 1
= a(Fm(Uh T(vi’ Mi)! t) - 1) * b(Fm(/*L: T(/L, v)!t) - 1)
+c<;_1) +d(;—1)
Fou(t, T(viy 1), t) Fn(vi, T(1,v), £)

a<;_1) +b<; _1)
- Fm(vi, Hit1s t) Fm(/'l/, T(,LL, V): t)

Page 15 of 25
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1 1
+e| ———-1)+d -1+ -1
<Fm(ﬂrllvi+1: t) ) (Fm(‘)i’ M, £) Fm(,uw T(M:”)rt) )

— (b+d)(——1), as i — oo.
Fou(u, T, v),t)
Then
li ( L 1><(b+d)( 1 1) fort >0
1m Su — - — N or .
el \ Byt TG v),0) )~ Fulit, T(,v),2)

Hence this together with (4.10) implies that

1

_ fort > 0.
Fu(u, T (1, v), t)

1
1< (b+d)(— - 1),
F(p, T, ), 2)
Since b + d < 1, which yields that F,,, (i, (@, v),t) = 1. This implies that T(,v) = = v is
the strong coupled fixed point of T d

Corollary 4.6 Assume that A and B are two nonempty subsets of a complete FCM-space
(U, Fyy, %) in which F,, is triangular and T : U x U — U is a cyclic coupled type fuzzy cone
contraction w.rt. A and B. Suppose that T satisfies the inequality

1
-1
Fm(T(l'L7 V)) T(x,y)’[)
1
f(ml) (@.11)

b 71 1 —1 1
(Fm(x, Twy),0) > ”(Fm(x, T(uv)0) )

where 1,y € A, v,x € B,and t > 0 for a,b,c € [0,00) with (a+b +2c) <1. Then ANB #{
and T has a strong coupled fixed point in AN B.

Corollary 4.7 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U, F,,, %) in which F,, is triangular and T : U x U — U is a cyclic coupled type fuzzy
cone contraction w.r.t. A and B. Suppose that T satisfies the inequality

1
-1
FWI(T(M: U), T(x,y), t)
1
—(m —1) 4.12)

1 1
b(Fm(x, T d) 1) ' d(me, Tt 1)’

where w,y € A, v,x € B, and t > 0 for some a,b,d € [0,00) with (a + b + 2d) < 1. Then
ANBFZW, and T has a strong coupled fixed point in AN B.

If a =band ¢ =d =0 in (4.3), then we may get the following corollary of Kannan type
for a cyclic coupled fixed point in FCM-spaces.

Page 16 of 25
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Corollary 4.8 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U, F,y, *) in which F,, is triangular and T : U x U — U is a cyclic coupled Kannan
type fuzzy cone contraction w.r.t A and B satisfying (4.2) for some a € (0, ) Then ANB #,
and T has a strong coupled fixed in A N B.

Remark 4.9 In aspecial case, Theorem 4.5, Corollary 4.6, Corollary 4.7, Corollary 4.8, and
the result in reference (see [6, Theorem 5]) contains the same results if 2 = b € (0,1/2) and
c=d=0.

Example 4.10 Let U = [0,00), * be a continuous ¢-norm, and F,,, : U x U x (0,00) — [0, 1]
be defined as follows:

F, sV, ) = ——,

m(W, v, 1) o)
where m(u,v) = |u—v|, ¥V u,v € U,and £ > 6. Then easily one can prove that F,, is triangu-
lar and (U, F,,,, ) is a complete FCM-space. Let A = [0,1] and B = [0, %] be two nonempty
closed subsets of U and m(A, B) = 0. Let a mapping T : U x U — U be defined as follows:

bt ifrvelol],

T(,Uw V) =

m, if p,v € (1,00).

Then easily one can verify that T is a cyclic mapping w.r.t A and B for any u,y € A and
v,x € B. Now, for t > 0, we have

1
E(T(11,v), T(x,9),8)

—WZ(T(M, V), T(x’y))

Lip—x 4v-y)
- +
t| 20 20

- 12 [19(n +x)  4(v+y)
— 35t 20 20

19( /L +x) 4(v +9) 1[19(nw+x) 4 +y)
+ —_— —
- 5t 20 7t 20 20

1 M+4v x+4y n+4v x+4y
+X— +—(|x— + 0 -
20 7t 20 20
1 u+4v
5t =

x + 4y 1 u+4v x + 4y
x - + = [|x- + |-
20 7t 20 20

1 1 1 1
= am(u, T(u,v)) + Em(x, T(x,y)) + - m(x, T(11,v)) * o (/L, T(x,y))

1 1 1 1 1 1
N E(Fm(u, T(,v),t) ) * g<Fm(x! T(x,y),1) - )

1 1 . 1( 1 1)
+§<Fm(x,T(u,v),t)_ >+5 Eu(w T@y,t) )
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Hence, inequality (4.3) is satisfied with a = b = é andc=d = % for ¢ > 6. Thus all the
conditions of Theorem 4.5 are satisfied and T has a strong coupled fixed point, that is,

T(5,5)=5¢€(1,00).

Theorem 4.11 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U, F,y,, *) in which F,, is triangular and T : U x U — U is a cyclic coupled contractive
type mapping w.r.t. A and B for some a € [0, 1) satisfying

1 1
Fu(T (11, v), T(xd’)» t) -l= a<min{Fm(,Uo T(w,v),t), F(x, T(x’y)r 1)} N

1), (4.13)

where 1,y € A, v,x € B,and t > 0. Then AN B # @ and T has a strong coupled fixed point
inANB.

Proof Let i, € A and v, € B be two fixed elements, and let (u;) and (v;) be any two se-
quences in A and B, respectively, which are defined as follows:

i1 =T, p) and vy =T(gv;), Yi=0. (4.14)

Now, we have to show that (u;) is a Cauchy sequence. Then from (4.13) we have

1 1
1= -1
Fm(lfvhl) Vi+2;t) Fm(T(Vi; Mz’); T(MHI: Vz'+1);t)
1
< u( . - 1)
min{F,, (v, T(vi, i), £), Fpa(fiv1, T (is15 Vis1, 1)}
1
—al — ~1). (4.15)
min{Fy, (Vis iv1s £)s Frn(Miv1s Vi, 1)}
If F,.(14is1, Vigo, ) is minimum, then (m — 1) is the maximum in (4.15), which is
not possible. Therefore,

1 1< ( 1 1) fort>0 (4.16)
- 1<a|l ———— -1, for . .
Fru(Mis1, Vis2s t) Fou(vis is1, £)

Similarly,

1 1< ( 1 1) fort>0 (4.17)
— 1<gl—————-1), for . .
Fu(Vis1s Mivas 1) F(iir vis1, 2)

Adding (4.16) and (4.17), for t >> 6, we have

1 1
S
F(fis1, Visas t) Fru(Vis1, Mivo, £)

(4.18)
(7o B 1)
<a —1+ -1).
Fp(Vis (i1, £) Fru(ti vie1, t)

Now, again by (4.13) and similar as above, we get

L 1< ( ! 1) fort>0 (4.19)
_ - 1<a|\ — — , or .
Fm(vii /Jfl'+1,t) Fm(,u/i—b Vi, t)
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and

1 1
— d<al——— 1), fort>o0. (4.20)
Fp(iis vig1, £) (Fm(vi-l;ﬂi, t) )

Adding (4.19) and (4.20), and substituting in (4.18) for ¢ > 0, we get

1 1
ST
Fu(fis15 Visas t) Fr(Vis1, is2s )

, 1 1
<a -1+ -1].
Fp(Wiz1,vis2) Fp(vic1, s t)

Continuing this process, for £ > 0, we have

1 1
S — T
(Fm(ﬂi+1; Vis2, £) ) (Fm(vi+1,Mi+2,t) )

(4.21)
< a”l( L -1+ L - l).
Fm(,uo:vht) Fm(Vo:,le:t)
Thus (4.21) is true V i > 0. Now, for an integer k,
1 1= 1 1
Fm(l'l/k+1’ Vi+1s t) Fm(T(\)k, Mk)r T(/‘Lk’ \)k), t)
1
< a( - - 1)
min{F, (v, T(Vies )5 £)s Fon (s T (pies Vic)» £)}
1
< a( - - 1). (4.22)
min{F,, (Vi, Wic+15£)s Fr (i Vi1, £)}

Then, again we may have the following two cases:
(i) If F,(vk, hics1, ) is minimum, then (
that

1 . . .
Fm crrreew; 1) is the maximum in (4.22) such

1 1
 d<a[———— 1), fort>6. (4.23)
Fm(Mk+1,Uk+1,t) (Fm(kaMkﬂx t) )

(ii) If F(tek, Va1, £) is minimum, then (
that

m — 1) will be maximum in (4.22) such

1 1
— - l<al———-1), fort>¥6. (4.24)
Fm(“k+1:vk+l’t) <Fm(ﬂk,vk+1;t) >

Adding (4.23) and (4.24),

1 1 1
——1§6l*< -1+ —1),
F(s1s Vis1, ) F(s Vicr1, 2) Fru(Vi tks15 )

where a* = ‘2—’, and by (4.21) for ¢ >> 0, we have
1 1 1
——15a*ak< 1+ —1), for k> 0. (4.25)
Fm(“lﬂl’ Vk+1:t) Fm(ﬂo,vl)t) Fm(vo:ﬂlyt)

Page 19 of 25
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Since F,, is triangular, and by (4.21) and (4.25),

1 1
. )+
(Fm(/'Li’MHl:t) ) (Fm(w, Vir1, t) )

1 1 1
5( -1+ —1>+( -1+ —1)
Fm(“i; ‘)i»t) Fm(vinulert) Fm(”i»ﬂi» t) Fm(ﬂi; Vl'+1,t)

1 1 1 1
:( -1+ —1)+< -1+ —1)
Fopis vis t) Fu(viy iy t) Fu(vis fliv1,t) Fr(pis Vi1, £)

* i1 1 1
<2a*a -1+ -1
Fm(lLOr l)lrt) Fm(voxll«l; t)

. 1 1
+ a’( -1+ - 1)
Fpu(tto, v1,2) Fp(vo, 1, 2)

2a*\ 1 1 ,
=(1+—)d(———-14+————-1}, fori>0.
a Fm(,u/mvl,t) Fm(Vm,ul;t)

Now, for m, i > 0, without loss of generality we may assume that m > ,

1 = 1
1 . <— _ 1)
Fr(Wis oy t) . Fm(ﬂm Mn+1s t)

n=i

N 24 1 1
< 1+ a”’ -1+ -1
; a Fm(,uorvl,t) Fm(”o:ﬂl,t)

2a*\ a 1 1
<(1+ v —— 1
a 1-a Fm(ll«g; Vl:t) Fm(vor/‘blrt)

This shows that (u;) is a Cauchy sequence and hence convergent in X. Since A # ¥ a closed

subset of U, therefore

ni—> uweA, asi— oo. (4.26)
Similarly,
v, —>VEB, asi— oo. (4.27)

Hence, from (4.26) and (4.27), we have
lim F,,(u;, vi, t) = Fru(u, v,t),  fort>> 6.

1— 00

Since F,, is triangular, by (4.21) and (4.26), we get

1 1 1
T ——
Fp(is vis t) Fru(tis (i1, £) F(Wiv1, vir £)

a+2a* . 1 1
< +1)a -1+ -1
a Fm(“for Ul;t) Fm(”o: Ml:t)
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at\ . 1 1
=21+ — )d’ -1+ -1
a Fu(io, 1, 8) Fry(vo, 11, )

— 0, asi— oo.

Therefore, F,,(u,v,t) =1= (u=v) € ANB.
Now we show that p is a strong coupled fixed point of T. Since F,, is triangular, for
t> 0, we have

1 1 1
-1< ~1)+ -1). (4.28)
Fm(lb T(,LL, U)’ t) (Fm(,u’ Mit+1, t) ) (Fm(,u/iJrlr T(N; V), t) >
Then, in view of (4.13), (4.26), and (4.27),

1 1
-1= -1
Fm(//Lle T(I'L! V)¢ t) Fm(T(vi: /’Li)¢ T(M? \)), t)

§u< - ! —1)
mln{Fm(Vix T(Vir Mi)’ t)’ Fm(,ux T(,lL, v)’ t)}

1
- a<min{Fm(Vi¢ Wizt £)y Fr (i, T (1, v), 2)} - 1)
1
a(min{l,Fm(,u, T(wv), ) 1)’

asi— oo.

If 1 is the minimum of {1,F,(u, T(u,v),t)}, then directly from (4.28) we may get
that F,,(u, T(,v),£) = 1 as i — oo, which implies that T(u,v) = & = v. Secondly, if
F,.(u, T, v), t) is the minimum of {1, F,,,(u, T (i, v), t)}, then we have

1
lim su -1 <al — -
i~>oop<Fm(//Li+lr T(/,L,V),t) ) (Fm(ﬂr T(/,L, V), t)

1>, fort> 6.

Now, from (4.28),

1 1
Fa T - ”(me, T(1e,v),0) 1)’
1

u—m(—————————l)ga fort>> 6,
Fu(p, T(p, ), t)

which is a contradiction. Hence F,,, (i, T(it, v),t) =1 = T(u,v) = u = v is a strong coupled
fixed point of T. 0

Example 4.12 As from Example 4.10, and in view of (4.13), we have that

1 1

F,.(T(u,v), T(x,y), ) -1= Em(T(le, V), T(x,y))

WM—x+4w_ﬁ‘
20 20

< 6 (max{|19u — 4v|, [19x - 4y|})

140t
6 19x — 4y
7 20

t

’

190 — 4v
ax
20
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m+4v
20

M_

’

x+4y
x_
20

= —(max{m(u, T(u, V)), m( ) T(x,y))})

6 1
= ; <min{Fm(M: T(u,v),t), Fu(x, T(x’y)r 1)} - 1) '

Hence all the conditions of Theorem 4.11 are satisfied with a = g for t > 0, and 5 is the
strong coupled fixed point of 7, that is, T'(5,5) = 5.

5 An application of nonlinear integral equations

In this section, we present an application of nonlinear integral equations to support our re-
sults. Let U = C([0, £], R) be the space of all R-valued continuous functions on the interval
[0, €], where 0 < £ € R. The two nonlinear integral equations are:

¢ ¢
,u(t):/o I(t, u(r),v(r))dr and v(r):/0 I'(t, w(r), v(r)) dr, (5.1)

where 7 € [0,¢] and I' is a mapping, i.e., I' : [0,£] X R x R — R. The induced metric
m: U x U — R is defined as follows:

m(u,v) = sup |,lL(l') —v(t)|, where u,ve C([O,E],R).

t€[0,4]
The binary operation x* is defined by a x b = ab, V a,b € [0,£]. A standard fuzzy metric
F,,:U x U x (0,00) — [0,1] is defined as follows:

Fo(u,v,t) = fort>0, and u,v € ([O,E],R). (5.2)

t+m(u,v)’
Then easily one can show that F,, is triangular and (U, F,,, *) is a complete FCM-space.
An element (i, v) € C([0,£],R) x C([0, £],R) is called a lower and upper coupled solution
of integral equation (5.1) if u(tr) < v(r), and

¢ ¢
,u(t)f/o F(r,u(r),v(r))dr and v(t)Z/(; F(r,v(r),,u(r))dr, Ytelo/].

(07) T:[0,£] x R x R — R is continuous.
(Og) YT €[0,£] and ¥V p,v,,y € R for which 1 > x and v <y, we have

0<T(r,u,v)-T(1,2,y) < %1/[(%(;1 —x+y— V)>,

¥ : [0,00) — [0,00) is nondecreasing, continuous and satisfies 0 = ¥(0) < ¥ () < T and
lim,_, .+ ¥ () < T for each 7 > 0.
Now we are in the position to present a result of an integral equation.

Theorem 5.1 Assume that assertions (O1) and (O,) hold. Then equations (5.1) have a
unique solution, i.e., (u*,v*) € C([0,£],R) x C([0,£],R) if 3 a lower and upper coupled
solution for (5.1).
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Proof Consider the mapping T : C([0,£],R) x C([0,£],R) — C([0, £], R)
¢
T(u,v)(t) < / F(r,,u(r), v(r)) dr, Yu,ve C([O,Z],R) and T € [0,4].
0

Let A = {(u,v,x,9) € U? x U?: u(t) > x(t) and v(t) < y(t)V 7 € [0, £]}. It is obvious that a
subset A of U* is T-invariant which satisfies the transitive property. Easily one can verify
that assertion (b) given in Theorem 3.6 is satisfied.

Now we shall show that an element (u*,v*) € C([0,£],R) x C([0,£],R) has a coupled
fixed point of a mapping 7.

Let (i, v,%,9) € A, by using assertion (O1)Y t € [0, £], then we have

L
| T(,v)(7) = T(x,9)(7)] = fo (T (z, (), v(1) = T (x,(r), 5(r)) dr

4
= %/(; 1/’(%(#(7) —x(r) +y(r) - \)(r))) dr

1% /1
< Z/o W(—( sup |pu(s) —x(s)| + sup] |y(s) v(s)‘)) dr

2 \sef0,0] sel0,e

W <%( sup]|u(s) —x(s)| + SZ[L;I;] |y(s) - v(s)|>).

s€[0,0

This implies that

sup |T(p,v)(x) = T(x,9)(7)| < 1/f<%( sup [pu(s) —x(s)| + sup [y(s) - v(S)I)). (5.3)
7€(0,4] s€[0,£] s€[0,¢]

Thus, we get

1
FoTGa ), Tt

= (TG0, T )

= 2 sup [T 1)) - T (o))
t ]

7€[0,¢

1 (1
< ?‘”(§< sup |u(s) - x(s)| +S:}10§]|y(3) —V(S)\))

s€[0,¢]

1
=V (2 Q:HE]W(S) —x(s)| + sZEE&] |y(s) - v(s)\))

1/ m(pn,x) m(v,y)
VG )

_u(t 1 . 1 ) v -
_1//(2<Fm(u,x,t)_ +Fm(v,y,t)_ )>, W,0,%,9) € A.

Thus (3.6) is satisfied. Moreover, easily one can verify that 3 (uo,vo) € C([0,£],R) x
C([0,£],R) such that (T(wo,vo), T (vo, o), o> Vo) € A, and all the conditions of The-
orem 3.6 are satisfied. Therefore, from Theorem 3.6 we get the solution (u*,v*) €
C([0,¢],R) x C([0,¢],R). O
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6 Conclusion

In this paper, we have introduced the concept of coupled type and cyclic coupled type
fuzzy cone contraction mappings in fuzzy cone metric spaces. We have established some
coupled fixed point results without the mixed monotone property and also we have pre-
sented some more coupled fixed results via partial order metric in fuzzy cone metric
spaces. We have proved some strong coupled fixed point theorems for cyclic type fuzzy
cone contraction mappings. As a consequence, the main results of this paper extend and
unify several results given in the literature of coupled fixed points. Moreover, we presented
an integral type application for the existence of unique solution in fuzzy cone metric spaces
to support our work.
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