
Chen et al. Advances in Difference Equations        (2020) 2020:671 
https://doi.org/10.1186/s13662-020-03132-8

R E S E A R C H Open Access

Coupled fixed point analysis in fuzzy cone
metric spaces with an application to
nonlinear integral equations
Gui-Xiu Chen1, Shamoona Jabeen2, Saif Ur Rehman3* , Ahmed Mostafa Khalil4, Fatima Abbas3,
Arzoo Kanwal5 and Hayat Ullah3

*Correspondence:
saif.urrehman27@yahoo.com
3Department of Mathematics,
Gomal University, 29050 Dera Ismail
Khan, Pakistan
Full list of author information is
available at the end of the article

Abstract
In this paper, we introduce the concept of coupled type and cyclic coupled type
fuzzy cone contraction mappings in fuzzy cone metric spaces. We establish some
coupled fixed point results without the mixed monotone property, and also present
some coupled fixed results using the partial order metric in the said space. We
present some strong coupled fixed point theorems using cyclic coupled type fuzzy
cone contraction mappings in fuzzy cone metric spaces. Moreover, we present an
application of nonlinear integral equations for the existence of a unique solution to
support our work.
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1 Introduction
Initially, Kirk et al. [1] introduced a cyclic contractive type mapping which ensures the ex-
istence of the best proximity points in complete metric spaces. Several cyclic type mapping
results can be found (see, e.g., [2–4]). Later on, Lakshmikantham and Circ [5] presented
the concept of coupled fixed point in partially ordered metric spaces which has a wide
range of applications in partial differential equations and boundary value problems. In
2014, Choudhury and Maity [6] proved the result on cyclic coupled Kannan type contrac-
tion for a strong coupled fixed point. For more coupled fixed point results, see [7, 8]. More
related works and references are in [9–12].

Huang and Zhang [13] presented an idea of a cone metric space by using an ordered
Banach space instead of real numbers. They proved some nonlinear contractive type fixed
point results in cone metric spaces. After this article, several authors have contributed
their ideas in the field of cone metric spaces. They established different types of contractive
results for fixed point, coincidence point, and a common fixed point in cone metric spaces
(see [14–23] and the references therein).
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The fuzzy set theory was initiated by Zadeh [24], while Kramosil et al. [25] introduced
fuzzy metric spaces and some more notions. They compared the notion of fuzzy metric
with the statistical metric spaces and proved that both the conceptions are equivalent in
some cases. Later, George et al. [26] presented the stronger form of the metric fuzziness.
Some fixed point and common fixed point results in fuzzy metric spaces can be found in,
e.g., [27–30].

Oner et al. [31] introduced the fuzzy cone metric space or shortly (FCM-space) and
proved a fuzzy cone Banach contraction theorem for a fixed point in FCM-spaces with
the assumption of Cauchy sequences. Some more topological properties, fixed point and
common fixed point results can be found in, e.g., [32–36].

In this paper, we present a new concept of coupled type and cyclic coupled type fuzzy
cone contraction mappings in FCM-spaces. The rest of the paper is organized as follows.
Section 2 consists of preliminary concepts. In Sect. 3, we prove some coupled fixed point
results without the mixed monotone property in the sense of Sintunavarat et al. [8], and
we prove some coupled fixed point theorems via partial ordered metric FCM-spaces. In
Sect. 4, we establish some strong coupled fixed point results for the generalized cyclic
type fuzzy cone contraction mapping in FCM-space in the sense of Choudhury et al. [6].
In Sect. 5, we present an application of nonlinear integral equations for the existence of
a unique solution to support our work. Finally, the conclusion is discussed in Sect. 6, and
some illustrative examples are presented in the paper to support our work.

2 Preliminaries
Definition 2.1 ([37]) An operation ∗ : [0, 1] × [0, 1] → [0, 1] is known as a continuous
t-norm if it satisfies the following:

(i) ∗ is associative, commutative, and continuous.
(ii) 1 ∗ α0 = α0 and α0 ∗ β0 ≤ α1 ∗ β1, whenever α0 ≤ α1 and β0 ≤ β1 for each

α0,α1,β0,β1 ∈ [0, 1].

The basic continuous t-norms (see [37]), the minimum, the product, and the
Lukasiewicz t-norms, are defined respectively as follows:

α1 ∗ β1 = min{α1,β1}, α1 ∗ β1 = α1β1, and α1 ∗ β1 = max{α1 + β1 – 1, 0}.

Throughout this paper E represents the real Banach space and θ is the zero of E, while N

represents the set of natural numbers.

Definition 2.2 ([13]) A subset P ⊂ E is known as a cone if:
(i) P �= ∅, closed and P �= {θ}.

(ii) α1,β1 ∈ [0,∞) and μ,ν ∈ P, then α1μ + β1ν ∈ P.
(iii) both μ – μ ∈ P, then μ = θ .

A partial ordering on a given cone P ⊂ E is defined by μ 
 ν ⇔ ν – μ ∈ P. μ ≺ ν stands
for μ 
 ν and μ �= ν , while μ  ν stands for ν – μ ∈ int(P). In this paper, all cones have
nonempty interior.

Definition 2.3 ([31]) A three-tuple (U , Fm,∗) is said to be a FCM-space if a cone P ⊂ E, U
is an arbitrary set, ∗ is a continuous t-norm, and Fm is a fuzzy set on U2 × int(P) satisfying
the following:
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(i) Fm(μ,ν, t) > 0 and Fm(μ,ν, t) = 1 ⇔ μ = ν ;
(ii) Fm(μ,ν, t) = Fm(ν,μ, t);

(iii) Fm(μ,ν, t) ∗ Fm(ν,ω, s) ≤ Fm(μ,ω, t + s);
(iv) Fm(μ,ν, ·) : int(P) → [0, 1] is continuous;

for all μ,ν,ω ∈ U and t, s ∈ int(P).

Definition 2.4 ([31]) Let (U , Fm,∗) be a FCM-space, μ ∈ U , and (μi) be a sequence in U .
Then

(i) (μi) is said to converge to μ if, for t � θ and 0 < r < 1, ∃ i1 ∈ N such that
Fm(μi,μ, t) > 1 – r, ∀ i ≥ i1. We denote this by limi→∞ μi = μ or μi → μ as i → ∞.

(ii) (μi) is said to be a Cauchy sequence if, for t � θ , 0 < r < 1, ∃ i1 ∈N such that
Fm(μk ,μi, t) > 1 – r, ∀ k, i ≥ i1.

(iii) (U , Fm,∗) is complete if every Cauchy sequence is convergent in U .
(iv) (μi) is known as a fuzzy cone contraction if ∃ 0 < β < 1 such that

1
Fm(μi,μi+1, t)

– 1 ≤ β

(
1

Fm(μi–1,μi, t)
– 1

)
, ∀ t � θ , i ≥ 1.

Definition 2.5 Let (U , Fm,∗) be an FCM-space. The fuzzy cone metric Fm is triangular if

1
Fm(μ,ω, t)

– 1 ≤
(

1
Fm(μ,ν, t)

– 1
)

+
(

1
Fm(ν,ω, t)

– 1
)

, ∀ μ,ν,ω ∈ U , t � θ .

Lemma 2.6 ([31]) Let (U , Fm,∗) be an FCM-space. Let μ ∈ X and (μi) be a sequence in U .
Then μi → μ ⇔ limi→∞ Fm(μi,μ, t) = 1, for t � θ .

Definition 2.7 ([31]) Let (U , Fm,∗) be an FCM-space and T : U → U . Then T is known
as a fuzzy cone contraction if ∃ 0 < h < 1 such that

1
Fm(Tμ, Tν, t)

– 1 ≤ h
(

1
Fm(μ,ν, t)

– 1
)

, ∀ μ,ν ∈ U , t � θ . (2.1)

3 Coupled fixed point results in FCM-spaces
Definition 3.1 ([38]) Let U be a nonempty set, and an ordered pair (μ,ν) ∈ U × U is
called a coupled fixed point of the mapping T : U × U → U if μ = T(μ,ν) and ν = T(ν,μ).

Example 3.2 Let U = [0,∞) and a mapping T : U × U → U be defined as

T(μ,ν) =
μ + ν

2
, ∀ μ,ν ∈ U .

Then T has a unique coupled fixed point in U for all μ = ν .

Definition 3.3 ([39]) Let T : U × U → U be a mapping in a metric space (U , m) and A be
a nonempty subset of U4. Then we say that A is a T-invariant subset of U4 if and only if
∀ μ,ν, g, h ∈ U satisfies:

(i) (μ,ν, g, h) ∈ A ⇔ (h, g,ν,μ) ∈ A.
(ii) (μ,ν, g, h) ∈ A ⇔ (T(μ,ν), T(ν,μ), T(g, h), T(h, g)) ∈ A.
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Definition 3.4 ([8]) Let (U , m) be a metric space and A ⊆ U4 which satisfies the transitive
property if and only if ∀ μ,ν, g, h, x, y ∈ U such that

(μ,ν, g, h) ∈ A and (g, h, x, y) ∈ A ⇒ (μ,ν, x, y) ∈ A.

Remark 3.5 ([8]) Easily one can verify that the set A = U4 is trivially T-invariant, which
satisfies the transitive property.

Theorem 3.6 Let A be a nonempty subset of a complete FCM-space (U , Fm,∗) in which
Fm is triangular. Let a function ψ : [0,∞) → [0,∞) with 0 = ψ(0) < ψ(τ ) < τ , and
limr→τ+ ψ(r) < τ for each τ > 0. Suppose that T : U2 → U is a mapping such that

1
Fm(T(μ,ν), T(x, y), t)

– 1 ≤ ψ

(
1
2

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
))

, (3.1)

for all (μ,ν, x, y) ∈ A. Assume that either:
(1) T is continuous, or
(2) If for any two sequences (μi) and (νi) with (μi+1,νi+1,μi,νi) ∈ A, where (μi) → μ, and

(νi) → ν for all i ≥ 1, then (μ,ν,μi,νi) ∈ A for all i ≥ 1. If ∃ (μo,νo) ∈ U × U such
that (T(μo,νo), T(νo,μo),μo,νo) ∈ A, and A is a T-invariant set which satisfies the
transitive property, then T has a coupled fixed point such that μ = T(μ,ν) and
ν = T(ν,μ).

Proof Let (μi) and (νi) be two sequences in U and T(U2) ⊆ U such that

μi = T(μi–1,νi–1) and νi = T(νi–1,μi–1), ∀ i ∈ N. (3.2)

If ∃ i∗ ∈N such that μi∗–1 = μi∗ and νi∗–1 = νi∗ , then we have

μi∗–1 = T(μi∗–1,νi∗–1) and νi∗–1 = T(νi∗–1,μi∗–1).

Thus, (νi∗–1,μi∗–1) is a coupled fixed point of T and the proof is complete. Otherwise, we
may assume that

μi–1 �= μi or νi–1 �= νi, ∀ i ∈N.

Since (T(μo,νo), T(νo,μo),μo,νo) = (μ1,ν1,μo,νo) ∈ A and A is a T-invariant set, we have
(T(μ1,ν1), T(ν1,μ1), T(μo,νo), T(νo,μo) = (μ2,ν2,μ1,ν1) ∈ A. Similarly, by the fact that A
is a T-invariant set, we have

(
T(μ2,ν2), T(ν2,μ2), T(μ1,ν1), T(ν1,μ1)

)
= (μ3,ν3,μ2,ν2) ∈ A.

Repeating the same argument, we get

(
T(μi–1,νi–1), T(νi–1,μi–1),μi–1,νi–1

)
= (μi,νi,μi–1,νi–1) ∈ A.
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Let us denote ( 1
Fm(μi ,μi–1,t) – 1 + 1

Fm(νi ,νi–1,t) – 1) by δi–1, for t � θ , i.e.,

δi–1 =
(

1
Fm(μi,μi–1, t)

– 1 +
1

Fm(νi,νi–1, t)
– 1

)
> 0, for all i ∈N.

Now we have to show that

δi ≤ 2ψ

(
δi–1

2

)
, for all i ∈N.

Since (μi,νi,μi–1,νi–1) ∈ A, ∀ i ∈ N, and by (3.1), for t � θ ,

1
Fm(μi,μi+1, t)

– 1 =
1

Fm(T(μi–1,νi–1), T(μi,νi), t)
– 1

≤ ψ

(
1
2

(
1

Fm(μi–1,μi, t)
– 1 +

1
Fm(νi–1,νi, t)

– 1
))

= ψ

(
δi–1

2

)
. (3.3)

Since A is T-invariant set and (μi,νi,μi–1,νi–1) ∈ A, ∀ i ∈N, we get that (νi–1,μi–1,νi,μi) ∈
A, ∀ i ∈N. Now, again from (3.1), for t � θ , and (νi–1,μi–1,νi,μi) ∈ A, ∀ i ∈N, we may get

1
Fm(νi,νi+1, t)

– 1 =
1

Fm(T(νi–1,μi–1), T(νi,μi), t)
– 1

≤ ψ

(
1
2

(
1

Fm(νi–1,νi, t)
– 1 +

1
Fm(μi–1,μi, t)

– 1
))

= ψ

(
δi–1

2

)
. (3.4)

Adding (3.3) and (3.4), we have

δi = 2ψ

(
δi–1

2

)
, for all i ∈N. (3.5)

Since ∀ τ > 0, ψ(τ ) < τ , then from (3.5) we have

δi = 2ψ

(
δi–1

2

)
< δi–1, for all i ∈N.

Hence, (δi) is a monotone decreasing sequence, therefore limi→∞ δi = δ for δ ≥ 0.
Next, we have to show that δ = 0. By the contrary case, let δ > 0, taking the limit i → ∞

on both sides of (3.5), i.e., limr→τ+ ψ(r) < τ , ∀ τ > 0, then

δ = lim
i→∞ δi ≤ 2 lim

i→∞ψ

(
δi–1

2

)
= 2 lim

δi–1→δ+
ψ

(
δi–1

2

)
< 2

(
δ

2

)
= δ,

which is a contradiction to the fact that δ > 0. Hence δ = 0, therefore for t � θ we have

δ = lim
i→∞ δi = lim

i→∞

(
1

Fm(μi,μi+1, t)
– 1 +

1
Fm(νi,νi+1, t)

– 1
)

= 0. (3.6)
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Next, we have to show that (μi) and (νi) are Cauchy sequences in (U , Fm,∗). By suppo-
sition, let at least one, (μi) or (νi), be not a Cauchy sequence. Then ∃ ε > 0 and the two
subsequences of integers ik and jk with ik > jk ≥ k such that

rk =
1

Fm(μjk ,μik , t)
– 1 +

1
Fm(νjk ,νik , t)

– 1 ≥ ε, for all k ∈ {1, 2, 3, . . .}. (3.7)

Further, we choose ik is the smallest integer such that ik > jk ≥ k and (3.6) holds, for t � θ ,
we have

1
Fm(μjk ,μik –1, t)

– 1 +
1

Fm(νjk ,νik –1, t)
– 1 < ε. (3.8)

By using the Fm triangle inequality and from (3.7) and (3.8), for t � θ , we have

ε ≤ rk =
1

Fm(μjk ,μik , t)
– 1 +

1
Fm(νjk ,νik , t)

– 1

≤
(

1
Fm(μjk ,μik –1, t)

– 1 +
1

Fm(μik –1,μik , t)
– 1

)

+
(

1
Fm(νjk ,νik –1, t)

– 1 +
1

Fm(νik –1,νik , t)
– 1

)

=
(

1
Fm(μjk ,μik –1, t)

– 1 +
1

Fm(νjk ,νik –1, t)
– 1

)

+
(

1
Fm(μik ,μik –1, t)

– 1 +
1

Fm(νik ,νik –1, t)
– 1

)

< ε + δik –1,

⇒ ε ≤ rk < ε + δik –1. (3.9)

Now taking limit k → ∞, and from (3.6), we have limk→∞ rk = ε > 0. Since ik > jk and A
satisfies the transitive property, we get

(μik ,νik ,μjk ,νjk ) ∈ A and (νjk ,μjk ,νik ,μik ) ∈ A. (3.10)

Now, in the view of (3.1) and (3.10), for t � θ , we get

1
Fm(μjk +1,μik +1)

– 1 =
1

Fm(T(μjk ,νjk ), T(μik ,νik ), t)
– 1

≤ ψ

(
1
2

(
1

Fm(μjk ,μik , t)
– 1 +

1
Fm(νjk ,νik , t)

– 1
))

= ψ

(
rk

2

)
. (3.11)

Similarly, for t � θ ,

1
Fm(νjk +1,νik +1)

– 1 =
1

Fm(T(νjk ,μjk ), T(νik ,μik ), t)
– 1
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≤ ψ

(
1
2

(
1

Fm(νjk ,νik , t)
– 1 +

1
Fm(μjk ,μik , t)

– 1
))

= ψ

(
rk

2

)
. (3.12)

Adding (3.11) and (3.12), we have

rk+1 ≤ 2ψ

(
rk

2

)
, for all k ∈ {1, 2, 3, . . .}. (3.13)

Now, using the limit k → ∞ on both sides of (3.13), i.e., limr→τ+ ψ(r) < τ , ∀ τ > 0, we have

ε = lim
k→∞

rk+1 ≤ 2 lim
k→∞

ψ

(
rk

2

)
= 2 lim

rk→ε+
ψ

(
rk

2

)
< 2

(
ε

2

)
= ε,

which is contradiction. Hence (μi) and (νi) are Cauchy sequences. Since (U , Fm,∗) is com-
plete, ∃ μ,ν ∈ U such that

μi → μ and νi → ν, as i → ∞. (3.14)

Now, finally we have to show that T(μ,ν) = μ and T(ν,μ) = ν . If assertion (1) holds, then
we have

μ = lim
i→∞μi+1 = lim

i→∞ T(μi,νi) = T
(

lim
i→∞μi, lim

i→∞νi

)
= T(μ,ν),

and

ν = lim
i→∞νi+1 = lim

i→∞ T(νi,μi) = T
(

lim
i→∞νi, lim

i→∞μi

)
= T(ν,μ).

Hence, μ = T(μ,ν) and ν = T(ν,μ), i.e., T has a coupled fixed point in U . Suppose that, if
assertion (2) holds. We obtain two sequences (μi) and (νi) converging to μ and ν respec-
tively for some μ,ν ∈ U . Then, by supposition, we have (μ,ν,μi,νi) ∈ A, ∀ i ∈ N. Since Fm

is triangular and by (3.1), for t � θ , we have

1
Fm(T(μ,ν),μ, t)

– 1 ≤ 1
Fm(T(μ,ν),μi+1, t)

– 1 +
1

Fm(μi+1,μ, t)
– 1

=
1

Fm(T(μ,ν), T(μi,νi), t)
– 1 +

1
Fm(μi+1,μ, t)

– 1

≤ ψ

(
1
2

(
1

Fm(μ,μi, t)
– 1 +

1
Fm(ν,νi, t)

))
+

1
Fm(μi+1,μ, t)

– 1

→ 0, as i → ∞.

Hence we get that Fm(T(μ,ν),μ, t) = 1, this implies that μ = T(μ,ν). Similarly, we can
prove that ν = T(ν,μ). Thus, T has a coupled fixed point in U . �

Example 3.7 Let U = [0,∞), ∗ be a continuous t-norm, and Fm : U × U × (0,∞) → [0, 1]
be defined as

Fm(μ,ν, t) =
t

t + m(μ,ν)
,
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where m(μ,ν) = |μ – ν| is a usual metric ∀ μ,ν ∈ U , and t > 0. The partial order is usually
defined as μ 
 ν ⇔ ν – μ ∈ [0,∞). Let a continuous mapping T : U × U → U be defined
as

T(μ,ν) =
2μ + 2ν + 4

5
, ∀ μ,ν ∈ U2.

The mixed monotone property is not satisfied. If we choose ν1 = 4 and ν2 = 5, then ν1 
 ν2,
implies that T(μ,ν1) 
 T(μ,ν2). Further, we define a mapping ψ : [0,∞) → [0,∞) such
that ψ(τ ) = 4

5τ , ∀ τ > 0. By a direct calculation, ∀ μ,ν, x, y ∈ U , we have that

1
Fm(T(μ,ν), T(x, y), t)

– 1 =
1
t
(
m

(
T(μ,ν), T(x, y)

))

=
1
t

∣∣∣∣2μ + 2ν + 4
5

–
2x + 2y + 4

5

∣∣∣∣
≤ 2

5t
(
m(μ, x) + m(ν, y)

)

=
4
5t

(
1
2
(
m(μ, x) + m(ν, y)

))

=
4
5

(
1
2

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
))

= ψ

(
1
2

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
))

.

Hence all the conditions of Theorem 3.6 are satisfied with A = U4 and T has a unique
coupled fixed point, i.e., T(4, 4) = 4.

If we define a mapping ψ(τ ) = λτ for any λ ∈ [0, 1) in Theorem 3.6, then we get the
following.

Corollary 3.8 Let A be a nonempty subset of a complete FCM-space (U , Fm,∗) in which
Fm is triangular. Let T : U × U → U be a mapping and ∃ λ ∈ [0, 1) such that

1
Fm(T(μ,ν), T(x, y), t)

– 1 ≤ λ

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
)

, (3.15)

for all (μ,ν, x, y) ∈ A. Assume that either:
(1) T is continuous, or
(2) If for any two sequences (μi) and (νi) with (μi+1,νi+1,μi,νi) ∈ A, where (μi) → μ, and

(νi) → ν , for all i ≥ 1, ∃ μ,ν ∈ U such that μ = T(μ,ν) and ν = T(ν,μ), then A is a
T-invariant set which satisfies the transitive property. Then T has a coupled fixed
point.

In the following theorem we prove the uniqueness of a coupled fixed point of a mapping
T on U .

Theorem 3.9 By addition to the hypotheses of Theorem 3.6, assume that ∀ (μ,ν), (g, h) ∈
X2, ∃ (x, y) ∈ U2 such that (μ,ν,μ,ν) ∈ A and (g, h, x, y) ∈ A. Then T has a unique coupled
fixed point in U .
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Proof From the proof of Theorem 3.6, the mapping T has a coupled fixed point in U .
Assume that (μ,ν) and (g, h) are coupled fixed points of T , i.e., T(μ,ν) = μ, T(ν,μ) = ν ,
T(g, h) = g , and T(h, g) = h. We have to show that μ = g and ν = h.

By hypotheses, ∃ (x, y) ∈ X2 such that (μ,ν, g, h) ∈ A and (g, h, x, y) ∈ A.
Let x = xo and y = yo. We define two sequences (xi) and (yi) such that xi = T(xi–1, yi–1),

yi = T(yi–1, xi–1) for all i ∈ N. Since A is T-invariant and (μ,ν, xo, yo) = (μ,ν, x, y) ∈ A ⇒
(T(μ,ν), T(ν,μ), T(xo, yo), T(yo, xo)) ∈ A, i.e., (μ,ν, x1, y1) ∈ A.

Again, by the property of T-invariance, we have

(
T(μ,ν), T(ν,μ), T(x1, y1), T(y1, x1)

) ∈ A, i.e. (μ,ν, x2, y2) ∈ A.

Repeating this argument, we get (μ,ν, xi, yi) ∈ A, ∀ i ∈ N. Now, in view of (3.1), for t � θ ,
we have

1
Fm(μ, xi+1, t)

– 1 =
1

Fm(T(μ,ν), T(xi, yi), t)
– 1

≤ ψ

(
1
2

(
1

Fm(μ, xi, t)
– 1 +

1
Fm(ν, yi, t)

– 1
))

.
(3.16)

Since A is T-invariant and (μ,ν, xi, yi) ∈ A, ∀ i ∈N, we have (yi, xi,ν,μ) ∈ A, ∀ i ∈N. Then,
again by (3.1), for t � θ , we have

1
Fm(yi+1,ν, t)

– 1 =
1

Fm(T(yi, xi), T(ν,μ), t)
– 1

≤ ψ

(
1
2

(
1

Fm(yi,ν, t)
– 1 +

1
Fm(xi,μ, t)

– 1
))

.
(3.17)

Adding (3.16) and (3.17), for t � θ , we have

1
2

(
1

Fm(μ, xi+1, t)
– 1 +

1
Fm(yi+1,ν, t)

– 1
)

≤ ψ

(
1
2

(
1

Fm(μ, xi, t)
– 1 +

1
Fm(ν, yi, t)

– 1
))

.
(3.18)

Repeating the same argument, for t � θ and ∀ i ∈ N, we have

1
2

(
1

Fm(μ, xi+1, t)
– 1 +

1
Fm(yi+1,ν, t)

– 1
)

≤ ψ i
(

1
2

(
1

Fm(μ, x1, t)
– 1 +

1
Fm(ν, y1, t)

– 1
))

.
(3.19)

Now from mapping ψ , ψ(τ ) < τ and limr→τ+ ψ(r) < τ , it follows that limi→∞ ψ i(τ ) = 0,
∀ τ > 0. Hence, from (3.19), for t � θ , we get

lim
i→∞

(
1

Fm(μ, xi+1, t)
– 1 +

1
Fm(yi+1,ν, t)

– 1
)

= lim
i→∞

(
1

Fm(μ, xi+1, t)
– 1 +

1
Fm(ν, yi+1, t)

– 1
)

= 0.
(3.20)
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Similarly, for t � θ , we can prove that

lim
i→∞

(
1

Fm(g, xi+1, t)
– 1 +

1
Fm(yi+1, h, t)

– 1
)

= lim
i→∞

(
1

Fm(g, xi+1, t)
– 1 +

1
Fm(h, yi+1, t)

– 1
)

= 0.
(3.21)

Since Fm is triangular and from (3.20) and (3.21) ∀ i ∈N, and t � θ , we have

1
Fm(μ, g, t)

– 1 +
1

Fm(ν, h, t)
– 1

≤
(

1
Fm(μ, xi+1, t)

– 1 +
1

Fm(xi+1, g, t)
– 1

)
+

(
1

Fm(ν, yi+1, t)
– 1 +

1
Fm(yi+1, h, t)

– 1
)

=
(

1
Fm(μ, xi+1, t)

– 1 +
1

Fm(ν, yi+1, t)
– 1

)
+

(
1

Fm(xi+1, g, t)
– 1 +

1
Fm(yi+1, h, t)

– 1
)

→ 0, as i → ∞.

We get that ( 1
Fm(μ,g,t) – 1 + 1

Fm(ν,h,t) – 1) = 0 ⇒ Fm(μ, g, t) = 1, i.e., μ = g and Fm(ν, h, t) = 1,
i.e., ν = h. Hence T has a unique coupled fixed point. This completes the proof.

In the following we prove some coupled fixed point results by partial ordered metric
space in FCM-spaces.

Let C(U) denote the collection of all subsets of a set U , and a pair (U ,
) denotes the par-
tially ordered set with partially ordered 
. A mapping F : U → U is known as nondecreas-
ing (resp. nonincreasing) if ∀ a, b ∈ U such that a 
 b ⇒ F(a) 
 F(b) (resp. F(b) 
 F(a)). �

Definition 3.10 ([38]) Let a pair (U ,
) be a partially ordered set, and a mapping T :
U × U → U is known to have a mixed monotone property if T : U × U → U is mono-
tone nondecreasing in the first argument, and T is monotone nonincreasing in the second
argument ∀ μ,ν ∈ U :

(i) μ,μ∗ ∈ U , μ 
 μ∗ ⇒ T(μ,ν) 
 T(μ∗,ν).
(ii) ν,ν∗ ∈ U , ν 
 ν∗ ⇒ T(μ,ν) � T(μ,ν∗).

Example 3.11 Let (U , m) be a metric space with partial ordered “ 
”, let (U , Fm,∗) be an
FCM-space defined ∀ μ,ν ∈ U and t � θ as follows: Fm(μ,ν, t) = t

t+m(μ,ν) with m(μ,ν) =
|μ – ν|. A mapping T : U2 → U satisfies the mixed monotone property ∀ μ,ν ∈ U such
that

μ,μ∗ ∈ U , μ 
 μ∗ ⇒ T(μ,ν) 
 T
(
μ∗,ν

)
,

and

ν,ν∗ ∈ U , ν 
 ν∗ ⇒ T
(
μ,ν∗) 
 T(μ,ν).

We define a subset A ⊆ U4 by A = {(μ,μ∗,ν,ν∗) ∈ U4 : μ � ν,μ∗ 
 ν∗}. Then A is a T-
invariant subset of U4 which satisfies the transitive property.
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Theorem 3.12 Assume that (U ,
) is a partial ordered set, and let (U , Fm,∗) be a complete
FCM-space in which Fm is triangular. Let there be a mapping ψ : [0,∞) → [0,∞) with
ψ(0) = 0 < ψ(τ ) < τ , and limr→τ+ ψ(r) < τ for τ > 0, and suppose that a mapping T : U ×
U → U has the mixed monotone property and satisfies

1
Fm(T(μ,ν), T(x, y), t)

– 1 ≤ ψ

(
1
2

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
))

, (3.22)

for all (μ,ν, x, y) ∈ U for which μ � x and ν 
 y. Assume that either:
(1) T is continuous, or
(2) U has the following properties:

(i) If a nondecreasing sequence (μi) in U with μi → μ, then μi 
 μ, ∀ i ∈ N;
(ii) If a nonincreasing sequence (νi) in U with νi → ν , then ν � νi, ∀ i ∈N.
If there exist μo,νo ∈ U such that μo 
 T(μo,νo) and νo � T(νo,μo) such that
μ = T(μ,ν) and ν = T(ν,μ), then T has a coupled fixed point.

Proof Let a subset A ⊆ U4 be defined as A = {(μ,μ∗,ν,ν∗) ∈ U4 : μ � ν and μ∗ 
 ν∗}. Now
from Example 3.11 we conclude that A is a T-invariant set which satisfies the transitive
property. In view of (3.22), ∀ μ,ν, x, y ∈ U with (μ,ν, x, y) ∈ A. Since μo,νo ∈ U such that
μo 
 T(μo,νo) and νo � T(νo,μo), we get that (T(μo,νo), T(νo,μo),μo,νo) ∈ A.

Now for assertion (2), (μi) and (νi) are any two sequences in U such that (μi) is a non-
decreasing sequence with μi → μ and (νi) is a nonincreasing sequence with νi → ν . Then
we have

μ1 
 μ2 
 · · · 
 μi 
 μ and ν1 � ν2 � · · ·νi � · · · � ν, ∀ i ∈N.

Therefore, (μ,ν,μi,νi) ∈ A, i ∈N, hence assertion (2) of Theorem 3.6 is satisfied. Since all
the hypotheses of Theorem 3.6 are satisfied, F has a coupled fixed point. �

Corollary 3.13 In addition to the hypotheses of Theorem 3.12, assume that ∀ (μ,ν), (g, h) ∈
U2, ∃ (x, y) ∈ X2 such that μ � x, ν 
 y and g � x, h 
 y. Then T has a unique coupled fixed
point.

Proof Let a subset A ⊆ X4 be defined as A = {(μ,μ∗,ν,ν∗) ∈ X4 : μ � ν and μ∗ 
 ν∗}. Now,
from Example 3.11, we conclude that A is a T-invariant set which satisfies the transitive
property. Then, through the proof of Theorem 3.12, easily from simple calculation we can
get the existence of a coupled fixed point.

Uniqueness: Now we have to show the unique coupled fixed point of the mapping T .
Since ∀ (μ,ν), (g, h) ∈ U2, ∃ (x, y) ∈ U2 such that μ � x, ν 
 y and g � x, h 
 y, we conclude
that (μ,ν, x, y) ∈ A and (g, h, x, y) ∈ A. Thus all the hypotheses of Theorem 3.9 hold and T
has a unique coupled fixed point. �

4 Strong coupled fixed point results in FCM-spaces
Definition 4.1 ([6]) Let A and B be two nonempty subsets of a given set U . A mapping
T : U × U → U such that T(μ,ν) ∈ A if μ ∈ B and ν ∈ A, and T(μ,ν) ∈ B if μ ∈ A and
ν ∈ B is called a cyclic map w.r.t A and B.
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Definition 4.2 ([6, 38]) Let U be a nonempty set, and an element (μ,ν) ∈ U2 is called a
coupled fixed point of the mapping T : U × U → U if T(μ,ν) = μ and T(ν,μ) = ν , and it
is called a strong coupled fixed point if μ = ν , that is, T(μ,μ) = μ.

Definition 4.3 ([6]) Let A and B be two nonempty subsets of a metric space (U , m). Then
a mapping T : U × U → U is called a cyclic coupled Kannan type contraction w.r.t A and
B if T is cyclic w.r.t A and B satisfying

m
(
T(μ,ν), T(x, y)

) ≤ a
(
m

(
u, T(μ,ν)

)
+ m

(
x, T(x, y)

))
, (4.1)

where μ, y ∈ A, ν, x ∈ B, and a ∈ (0, 1
2 ).

Definition 4.4 Let A and B be two nonempty closed subsets of an FCM-space (U , Fm,∗).
A mapping T : U × U → U is called a cyclic coupled Kannan type fuzzy cone contraction
w.r.t. A and B if T is cyclic w.r.t. A and B satisfying the inequality

1
Fm(T(μ,ν), T(x, y), t)

– 1 ≤ a
(

1
Fm(μ, T(μ,ν), t)

– 1 +
1

Fm(x, T(x, y), t)
– 1

)
, (4.2)

where μ, y ∈ A, ν, x ∈ B, t � θ , and a ∈ (0, 1
2 ).

In the following, we shall study a more generalized cyclic coupled type fuzzy cone con-
traction condition in (U , Fm,∗) and prove some strong coupled fixed point results in FCM-
spaces. A mapping T : U × U → U is known as a generalized cyclic coupled type fuzzy
cone contraction condition in FCM-spaces if T satisfies the inequality

1
Fm(T(μ,ν), T(x, y), t)

– 1

≤ a
(

1
Fm(μ, T(μ,ν), t)

– 1
)

+ b
(

1
Fm(x, T(x, y), t)

– 1
)

+ c
(

1
Fm(x, T(μ,ν), t)

– 1
)

+ d
(

1
Fm(μ, T(x, y), t)

– 1
)

,

(4.3)

where μ, y ∈ A, ν, x ∈ B, t � θ , and a, b, c, d ∈ [0,∞). We note that (4.3) is the same as (4.2)
if a = b ∈ (0, 1

2 ) and c = d = 0. Also, we illustrate some examples to support our results.

Theorem 4.5 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U , Fm,∗) in which Fm is triangular and T : U ×U → U is a generalized cyclic coupled
type fuzzy cone contraction w.r.t A and B. Suppose that T satisfies (4.3) with (a + b + 2c +
2d) < 1. Then A ∩ B �= ∅ and T has a strong coupled fixed in A ∩ B.

Proof Fix μ0 ∈ A and ν0 ∈ B. Let (μi) and (νi) be two sequences defined as

μi+1 = T(νi,μi) and νi+1 = T(μi,νi), for all i ≥ 0. (4.4)

Then (μi) ⊂ A and (νi) ⊂ B since T is a cyclic mapping w.r.t A and B. We denote the
following:

h =
a + d

1 – (b + d)
.
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Then h ∈ (0, 1) for a + b + 2c + 2d < 1. We claim that, for t � θ and i ≥ 0,

(
1

Fm(μi,νi+1, t)
– 1

)
+

(
1

Fm(νi,μi+1, t)
– 1

)

≤ hi
(

1
Fm(μo,ν1, t)

– 1 +
1

Fm(νo,μ1, t)
– 1

)
.

(4.5)

It is clear that (4.5) holds for i = 0. Suppose that (4.5) holds for i = k for t � θ , then by (4.3)
we have

1
Fm(μk+1,νk+2, t)

– 1

=
1

Fm(T(νk ,μk), T(μk+1,νk+1), t)
– 1

≤ a
(

1
Fm(νk , T(νk ,μk), t)

– 1
)

+ b
(

1
Fm(μk+1, T(μk+1,νk+1), t)

– 1
)

+ c
(

1
Fm(μk+1, T(νk ,μk), t)

– 1
)

+ d
(

1
Fm(νk , T(μk+1,νk+1), t)

– 1
)

≤ a
(

1
Fm(νk ,μk+1, t)

– 1
)

+ b
(

1
Fm(μk+1,νk+2), t)

– 1
)

+ d
(

1
Fm(νk ,μk+1, t)

– 1 +
1

Fm(μk+1,νk+2), t)
– 1

)
,

which implies that

1
Fm(μk+1,νk+2, t)

– 1 ≤ h
(

1
Fm(νk ,μk+1, t)

– 1
)

, for t � θ .

Similarly, in view of (4.3),

1
Fm(νk+1,μk+2, t)

– 1

=
1

Fm(T(μk ,νk), T(νk+1,μk+1), t)
– 1

≤ a
(

1
Fm(μk , T(μk ,νk), t)

– 1
)

+ b
(

1
Fm(νk+1, T(νk+1,μk+1), t)

– 1
)

+ c
(

1
Fm(νk+1, T(μk ,νk), t)

– 1
)

+ d
(

1
Fm(μk , T(νk+1,μk+1), t)

– 1
)

≤ a
(

1
Fm(μk ,νk+1, t)

– 1
)

+ b
(

1
Fm(νk+1,μk+2), t)

– 1
)

+ d
(

1
Fm(μk ,νk+1, t)

– 1 +
1

Fm(νk+1,μk+2), t)
– 1

)
,

which implies that

1
Fm(νk+1,μk+2, t)

– 1 ≤ h
(

1
Fm(μk ,νk+1, t)

– 1
)

, for t � θ .
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Thus, by the induction hypothesis, i.e., (4.5) with i = k for t � θ , we have

(
1

Fm(μk+1,νk+2, t)
– 1

)
+

(
1

Fm(νk+1,μk+2, t)
– 1

)

≤ h
(

1
Fm(μk ,νk+1, t)

– 1 +
1

Fm(νk ,μk+1, t)
– 1

)

≤ · · · ≤ hk+1
(

1
Fm(μo,ν1, t)

– 1 +
1

M(νo,μ1, t)
– 1

)
.

That is, (4.5) holds for i = k + 1. Therefore, we have proved that (4.5) holds for all i ≥ 0 by
induction. Meanwhile, by (4.3), for i ≥ 0,

(
1

Fm(μi,μi+1, t)
– 1

)
+

(
1

Fm(νi,νi+1, t)
– 1

)

≤
(

1
Fm(μi,νi+1, t)

– 1 +
1

Fm(νi+1,μi+1, t)
– 1

)

+
(

1
Fm(νi,μi+1, t)

– 1 +
1

Fm(μi+1,νi+1, t)
– 1

)

=
(

1
Fm(μi,νi+1, t)

– 1
)

+
(

1
Fm(νi,μi+1, t)

– 1
)

+ 2
(

1
Fm(μi+1,νi+1, t)

– 1
)

=
(

1
Fm(μi,νi+1, t)

– 1
)

+
(

1
Fm(νi,μi+1, t)

– 1
)

+ 2
(

1
Fm(F(νi,μi), F(μi,νi), t)

– 1
)

≤
(

1
Fm(μi,νi+1, t)

– 1
)

+
(

1
Fm(νi,μi+1, t)

– 1
)

+ 2a
(

1
Fm(νi,μi+1, t)

– 1
)

+ 2b
(

1
Fm(μi,νi+1, t)

– 1
)

+ 2c
(

1
Fm(μi,μi+1)

– 1
)

+ 2d
(

1
Fm(νi,νi+1, t)

– 1
)

.

Here, we suppose that α = max{a, b} and β = max{c, d}, then we have

(
1

Fm(μi,μi+1, t)
– 1

)
+

(
1

Fm(νi,νi+1, t)
– 1

)

≤ (1 + 2α)
(

1
Fm(μi,νi+1, t)

– 1 +
1

Fm(νi,μi+1, t)
– 1

)

+ 2β

(
1

Fm(μi,μi+1)
– 1 +

1
Fm(νi,νi+1, t)

– 1
)

.

This together with (4.5) implies that

(
1

Fm(μi,μi+1, t)
– 1

)
+

(
1

Fm(νi,νi+1, t)
– 1

)

≤ 1 + 2α

1 – 2β
hi

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

, for t � θ .
(4.6)

Then, for i, j ≥ 0, without loss of generality we assume that i ≤ j,

1
Fm(μi,μj, t)

– 1 ≤
j–1∑
k=i

(
1

Fm(μi,μi+1, t)
– 1

)
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≤
j–1∑
k=i

1 + 2α

1 – 2β
hi

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

=
1 + 2α

(1 – 2β)(1 – h)
hi

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

→ θ , as i → ∞.

This implies that (μi) is a Cauchy sequence and hence convergent in X. Since A is a
nonempty closed subset of U , therefore

μi → μ ∈ A, as i → ∞. (4.7)

Similarly,

νi → ν ∈ B, as i → ∞. (4.8)

So, from (4.7) and (4.8), we have

lim
i→∞ Fm(μi,νi, t) = Fm(μ,ν, t), for t � θ . (4.9)

Since Fm is triangular, by (4.5) and (4.6),

1
Fm(μi,νi, t)

– 1 ≤
(

1
Fm(μi,μi+1, t)

– 1
)

+
(

1
Fm(μi+1,νi, t)

– 1
)

≤
(

1 + 2α

1 – 2β
+ 1

)
hi

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

→ θ , as i → ∞.

Therefore, Fm(μ,ν, t) = 1, for t � θ and hence μ = ν ∈ A ∩ B.
Now we have to prove that μ is a strong coupled fixed point of T by using the Fm trian-

gularity condition, we have

1
Fm(μ, T(μ,ν), t)

– 1 ≤
(

1
Fm(μ,μi+1, t)

– 1
)

+
(

1
Fm(μi+1, T(μ,ν), t)

– 1
)

, (4.10)

for t � θ . In view of (4.3), (4.7), and (4.8),

1
Fm(μi+1, T(μ,ν), t)

– 1

=
1

Fm(T(νi,μi), T(μ,ν), t)
– 1

≤ a
(

1
Fm(νi, T(νi,μi), t)

– 1
)

+ b
(

1
Fm(μ, T(μ,ν), t)

– 1
)

+ c
(

1
Fm(μ, T(νi,μi), t)

– 1
)

+ d
(

1
Fm(νi, T(μ,ν), t)

– 1
)

≤ a
(

1
Fm(νi,μi+1, t)

– 1
)

+ b
(

1
Fm(μ, T(μ,ν), t)

– 1
)
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+ c
(

1
Fm(μ,μi+1, t)

– 1
)

+ d
(

1
Fm(νi,μ, t)

– 1 +
1

Fm(μ, T(μ,ν), t)
– 1

)

→ (b + d)
(

1
Fm(μ, T(μ,ν), t)

– 1
)

, as i → ∞.

Then

lim sup
i→∞

(
1

Fm(μi+1, T(μ,ν), t)
– 1

)
≤ (b + d)

(
1

Fm(μ, T(μ,ν), t)
– 1

)
, for t � θ .

Hence this together with (4.10) implies that

1
Fm(μ, T(μ,ν), t)

– 1 ≤ (b + d)
(

1
Fm(μ, T(μ,ν), t)

– 1
)

, for t � θ .

Since b + d < 1, which yields that Fm(μ, T(μ,ν), t) = 1. This implies that T(μ,ν) = μ = ν is
the strong coupled fixed point of T . �

Corollary 4.6 Assume that A and B are two nonempty subsets of a complete FCM-space
(U , Fm,∗) in which Fm is triangular and T : U × U → U is a cyclic coupled type fuzzy cone
contraction w.r.t. A and B. Suppose that T satisfies the inequality

1
Fm(T(μ,ν), T(x, y), t)

– 1

≤ a
(

1
Fm(μ, T(μ,ν), t)

– 1
)

+ b
(

1
Fm(x, T(x, y), t)

– 1
)

+ c
(

1
Fm(x, T(μ,ν), t)

– 1
)

,

(4.11)

where μ, y ∈ A, ν, x ∈ B, and t � θ for a, b, c ∈ [0,∞) with (a + b + 2c) < 1. Then A ∩ B �= ∅
and T has a strong coupled fixed point in A ∩ B.

Corollary 4.7 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U , Fm,∗) in which Fm is triangular and T : U ×U → U is a cyclic coupled type fuzzy
cone contraction w.r.t. A and B. Suppose that T satisfies the inequality

1
Fm(T(μ,ν), T(x, y), t)

– 1

≤ a
(

1
Fm(μ, T(μ,ν), t)

– 1
)

+ b
(

1
Fm(x, T(x, y), t)

– 1
)

+ d
(

1
Fm(μ, T(x, y), t)

– 1
)

,

(4.12)

where μ, y ∈ A, ν, x ∈ B, and t � θ for some a, b, d ∈ [0,∞) with (a + b + 2d) < 1. Then
A ∩ B �= ∅, and T has a strong coupled fixed point in A ∩ B.

If a = b and c = d = 0 in (4.3), then we may get the following corollary of Kannan type
for a cyclic coupled fixed point in FCM-spaces.
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Corollary 4.8 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U , Fm,∗) in which Fm is triangular and T : U × U → U is a cyclic coupled Kannan
type fuzzy cone contraction w.r.t A and B satisfying (4.2) for some a ∈ (0, 1

2 ). Then A∩B �= ∅,
and T has a strong coupled fixed in A ∩ B.

Remark 4.9 In a special case, Theorem 4.5, Corollary 4.6, Corollary 4.7, Corollary 4.8, and
the result in reference (see [6, Theorem 5]) contains the same results if a = b ∈ (0, 1/2) and
c = d = 0.

Example 4.10 Let U = [0,∞), ∗ be a continuous t-norm, and Fm : U × U × (0,∞) → [0, 1]
be defined as follows:

Fm(μ,ν, t) =
t

t + m(μ,ν)
,

where m(μ,ν) = |μ–ν|, ∀μ,ν ∈ U , and t � θ . Then easily one can prove that Fm is triangu-
lar and (U , Fm,∗) is a complete FCM-space. Let A = [0, 1] and B = [0, 1

3 ] be two nonempty
closed subsets of U and m(A, B) = 0. Let a mapping T : U × U → U be defined as follows:

T(μ,ν) =

⎧⎪⎨
⎪⎩

μ+4ν

20 , if μ,ν ∈ [0, 1],

2μ+ν+10
5 , if μ,ν ∈ (1,∞).

Then easily one can verify that T is a cyclic mapping w.r.t A and B for any μ, y ∈ A and
ν, x ∈ B. Now, for t � θ , we have

1
Fm(T(μ,ν), T(x, y), t)

– 1

=
1
t

m
(
T(μ,ν), T(x, y)

)

=
1
t

∣∣∣∣μ – x
20

+
4(ν – y)

20

∣∣∣∣
≤ 12

35t

∣∣∣∣19(μ + x)
20

–
4(ν + y)

20

∣∣∣∣
≤ 1

5t

∣∣∣∣19(μ + x)
20

–
4(ν + y)

20

∣∣∣∣ +
1
7t

∣∣∣∣19(μ + x)
20

–
4(ν + y)

20

∣∣∣∣
=

1
5t

(∣∣∣∣μ –
μ + 4ν

20
+ x –

x + 4y
20

∣∣∣∣
)

+
1
7t

(∣∣∣∣x –
μ + 4ν

20
+ μ –

x + 4y
20

∣∣∣∣
)

≤ 1
5t

(∣∣∣∣μ –
μ + 4ν

20

∣∣∣∣ +
∣∣∣∣x –

x + 4y
20

∣∣∣∣
)

+
1
7t

(∣∣∣∣x –
μ + 4ν

20

∣∣∣∣ +
∣∣∣∣μ –

x + 4y
20

∣∣∣∣
)

=
1
5t

m
(
μ, T(μ,ν)

)
+

1
5t

m
(
x, T(x, y)

)
+

1
7t

m
(
x, T(μ,ν)

)
+

1
7t

m
(
μ, T(x, y)

)

=
1
5

(
1

Fm(μ, T(μ,ν), t)
– 1

)
+

1
5

(
1

Fm(x, T(x, y), t)
– 1

)

+
1
7

(
1

Fm(x, T(μ,ν), t)
– 1

)
+

1
7

(
1

Fm(μ, T(x, y), t)
– 1

)
.
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Hence, inequality (4.3) is satisfied with a = b = 1
5 and c = d = 1

7 for t � θ . Thus all the
conditions of Theorem 4.5 are satisfied and T has a strong coupled fixed point, that is,
T(5, 5) = 5 ∈ (1,∞).

Theorem 4.11 Assume that A and B are two nonempty closed subsets of a complete FCM-
space (U , Fm,∗) in which Fm is triangular and T : U ×U → U is a cyclic coupled contractive
type mapping w.r.t. A and B for some a ∈ [0, 1) satisfying

1
Fm(T(μ,ν), T(x, y), t)

– 1 ≤ a
(

1
min{Fm(μ, T(μ,ν), t), Fm(x, T(x, y), t)} – 1

)
, (4.13)

where μ, y ∈ A, ν, x ∈ B, and t � θ . Then A ∩ B �= ∅ and T has a strong coupled fixed point
in A ∩ B.

Proof Let μo ∈ A and νo ∈ B be two fixed elements, and let (μi) and (νi) be any two se-
quences in A and B, respectively, which are defined as follows:

μi+1 = T(νi,μi) and νi+1 = T(μi,νi), ∀ i ≥ 0. (4.14)

Now, we have to show that (μi) is a Cauchy sequence. Then from (4.13) we have

1
Fm(μi+1,νi+2, t)

– 1 =
1

Fm(T(νi,μi), T(μi+1,νi+1), t)
– 1

≤ a
(

1
min{Fm(νi, T(νi,μi), t), Fm(μi+1, T(μi+1,νi+1, t)} – 1

)

= a
(

1
min{Fm(νi,μi+1, t), Fm(μi+1,νi+2, t)} – 1

)
. (4.15)

If Fm(μi+1,νi+2, t) is minimum, then ( 1
Fm(μi+1,νi+2,t) – 1) is the maximum in (4.15), which is

not possible. Therefore,

1
Fm(μi+1,νi+2, t)

– 1 ≤ a
(

1
Fm(νi,μi+1, t)

– 1
)

, for t � θ . (4.16)

Similarly,

1
Fm(νi+1,μi+2, t)

– 1 ≤ a
(

1
Fm(μi,νi+1, t)

– 1
)

, for t � θ . (4.17)

Adding (4.16) and (4.17), for t � θ , we have

(
1

Fm(μi+1,νi+2, t)
– 1

)
+

(
1

Fm(νi+1,μi+2, t)
– 1

)

≤ a
(

1
Fm(νi,μi+1, t)

– 1 +
1

Fm(μi,νi+1, t)
– 1

)
.

(4.18)

Now, again by (4.13) and similar as above, we get

1
Fm(νi,μi+1, t)

– 1 ≤ a
(

1
Fm(μi–1,νi, t)

– 1
)

, for t � θ (4.19)
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and

1
Fm(μi,νi+1, t)

– 1 ≤ a
(

1
Fm(νi–1,μi, t)

– 1
)

, for t � θ . (4.20)

Adding (4.19) and (4.20), and substituting in (4.18) for t � θ , we get

(
1

Fm(μi+1,νi+2, t)
– 1

)
+

(
1

Fm(νi+1,μi+2, t)
– 1

)

≤ a2
(

1
Fm(μi–1,νi, t)

– 1 +
1

Fm(νi–1,μi, t)
– 1

)
.

Continuing this process, for t � θ , we have

(
1

Fm(μi+1,νi+2, t)
– 1

)
+

(
1

Fm(νi+1,μi+2, t)
– 1

)

≤ ai+1
(

1
Fm(μo,ν1, t)

– 1 +
1

Fm(νo,μ1, t)
– 1

)
.

(4.21)

Thus (4.21) is true ∀ i ≥ 0. Now, for an integer k,

1
Fm(μk+1,νk+1, t)

– 1 =
1

Fm(T(νk ,μk), T(μk ,νk), t)
– 1

≤ a
(

1
min{Fm(νk , T(νk ,μk), t), Fm(μk , T(μk ,νk), t)} – 1

)

≤ a
(

1
min{Fm(νk ,μk+1, t), Fm(μk ,νk+1, t)} – 1

)
. (4.22)

Then, again we may have the following two cases:
(i) If Fm(νk ,μk+1, t) is minimum, then ( 1

Fm(νk ,μk+1,t) – 1) is the maximum in (4.22) such
that

1
Fm(μk+1,νk+1, t)

– 1 ≤ a
(

1
Fm(νk ,μk+1, t)

– 1
)

, for t � θ . (4.23)

(ii) If Fm(μk ,νk+1, t) is minimum, then ( 1
Fm(μk ,νk+1,t) – 1) will be maximum in (4.22) such

that

1
Fm(μk+1,νk+1, t)

– 1 ≤ a
(

1
Fm(μk ,νk+1, t)

– 1
)

, for t � θ . (4.24)

Adding (4.23) and (4.24),

1
Fm(μk+1,νk+1, t)

– 1 ≤ a∗
(

1
Fm(μk ,νk+1, t)

– 1 +
1

Fm(νk ,μk+1, t)
– 1

)
,

where a∗ = a
2 , and by (4.21) for t � θ , we have

1
Fm(μk+1,νk+1, t)

– 1 ≤ a∗ak
(

1
Fm(μo,ν1, t)

– 1 +
1

Fm(νo,μ1, t)
– 1

)
, for k ≥ 0. (4.25)
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Since Fm is triangular, and by (4.21) and (4.25),

(
1

Fm(μi,μi+1, t)
– 1

)
+

(
1

Fm(νi,νi+1, t)
– 1

)

≤
(

1
Fm(μi,νi, t)

– 1 +
1

Fm(νi,μi+1, t)
– 1

)
+

(
1

Fm(νi,μi, t)
– 1 +

1
Fm(μi,νi+1, t)

– 1
)

=
(

1
Fm(μi,νi, t)

– 1 +
1

Fm(νi,μi, t)
– 1

)
+

(
1

Fm(νi,μi+1, t)
– 1 +

1
Fm(μi,νi+1, t)

– 1
)

≤ 2a∗ai–1
(

1
Fm(μ0,ν1, t)

– 1 +
1

Fm(νo,μ1, t)
– 1

)

+ ai
(

1
Fm(μo,ν1, t)

– 1 +
1

Fm(νo,μ1, t)
– 1

)

=
(

1 +
2a∗

a

)
ai

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

, for i ≥ 0.

Now, for m, i ≥ 0, without loss of generality we may assume that m > i,

1
Fm(μi,μm, t)

– 1 ≤
m–1∑
n=i

(
1

Fm(μn,μn+1, t)
– 1

)

≤
m–1∑
n=i

(
1 +

2a∗

a

)
an

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

≤
(

1 +
2a∗

a

)
ai

1 – a

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

→ 0, as i → ∞.

This shows that (μi) is a Cauchy sequence and hence convergent in X. Since A �= ∅ a closed
subset of U , therefore

μi → μ ∈ A, as i → ∞. (4.26)

Similarly,

νi → ν ∈ B, as i → ∞. (4.27)

Hence, from (4.26) and (4.27), we have

lim
i→∞ Fm(μi,νi, t) = Fm(μ,ν, t), for t � θ .

Since Fm is triangular, by (4.21) and (4.26), we get

1
Fm(μi,νi, t)

– 1 ≤
(

1
Fm(μi,μi+1, t)

– 1
)

+
(

1
Fm(μi+1,νi, t)

– 1
)

≤
(

a + 2a∗

a
+ 1

)
ai

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)
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= 2
(

1 +
a∗

a

)
ai

(
1

Fm(μo,ν1, t)
– 1 +

1
Fm(νo,μ1, t)

– 1
)

→ 0, as i → ∞.

Therefore, Fm(μ,ν, t) = 1 ⇒ (μ = ν) ∈ A ∩ B.
Now we show that μ is a strong coupled fixed point of T . Since Fm is triangular, for

t � θ , we have

1
Fm(μ, T(μ,ν), t)

– 1 ≤
(

1
Fm(μ,μi+1, t)

– 1
)

+
(

1
Fm(μi+1, T(μ,ν), t)

– 1
)

. (4.28)

Then, in view of (4.13), (4.26), and (4.27),

1
Fm(μi+1, T(μ,ν), t)

– 1 =
1

Fm(T(νi,μi), T(μ,ν), t)
– 1

≤ a
(

1
min{Fm(νi, T(νi,μi), t), Fm(μ, T(μ,ν), t)} – 1

)

= a
(

1
min{Fm(νi,μi+1, t), Fm(μ, T(μ,ν), t)} – 1

)

→ a
(

1
min{1, Fm(μ, T(μ,ν), t)} – 1

)
, as i → ∞.

If 1 is the minimum of {1, Fm(μ, T(μ,ν), t)}, then directly from (4.28) we may get
that Fm(μ, T(μ,ν), t) = 1 as i → ∞, which implies that T(μ,ν) = μ = ν . Secondly, if
Fm(μ, T(μ,ν), t) is the minimum of {1, Fm(μ, T(μ,ν), t)}, then we have

lim sup
i→∞

(
1

Fm(μi+1, T(μ,ν), t)
– 1

)
≤ a

(
1

Fm(μ, T(μ,ν), t)
– 1

)
, for t � θ .

Now, from (4.28),

1
Fm(μ, T(μ,ν), t)

– 1 ≤ a
(

1
Fm(μ, T(μ,ν), t)

– 1
)

,

(1 – a)
(

1
Fm(μ, T(μ,ν), t)

– 1
)

≤ 0, for t � θ ,

which is a contradiction. Hence Fm(μ, T(μ,ν), t) = 1 ⇒ T(μ,ν) = μ = ν is a strong coupled
fixed point of T . �

Example 4.12 As from Example 4.10, and in view of (4.13), we have that

1
Fm(T(μ,ν), T(x, y), t)

– 1 =
1
t

m
(
T(μ,ν), T(x, y)

)

=
1
t

∣∣∣∣μ – x
20

+
4(ν – y)

20

∣∣∣∣
≤ 6

140t
(
max

{|19μ – 4ν|, |19x – 4y|})

=
6
7t

(
max

{∣∣∣∣19μ – 4ν

20

∣∣∣∣,
∣∣∣∣19x – 4y

20

∣∣∣∣
})
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=
6
7t

(
max

{∣∣∣∣μ –
μ + 4ν

20

∣∣∣∣,
∣∣∣∣x –

x + 4y
20

∣∣∣∣
})

=
6
7t

(
max

{
m

(
μ, T(μ,ν)

)
, m

(
x, T(x, y)

)})

≤ 6
7

(
1

min{Fm(μ, T(μ,ν), t), Fm(x, T(x, y), t)} – 1
)

.

Hence all the conditions of Theorem 4.11 are satisfied with a = 6
7 for t � θ , and 5 is the

strong coupled fixed point of T , that is, T(5, 5) = 5.

5 An application of nonlinear integral equations
In this section, we present an application of nonlinear integral equations to support our re-
sults. Let U = C([0,�],R) be the space of all R-valued continuous functions on the interval
[0,�], where 0 < � ∈R. The two nonlinear integral equations are:

μ(τ ) =
∫ �

0


(
τ ,μ(r),ν(r)

)
dr and ν(τ ) =

∫ �

0


(
τ ,μ(r),ν(r)

)
dr, (5.1)

where τ ∈ [0,�] and  is a mapping, i.e.,  : [0,�] × R × R → R. The induced metric
m : U × U →R is defined as follows:

m(μ,ν) = sup
τ∈[0,�]

∣∣μ(τ ) – ν(τ )
∣∣, where μ,ν ∈ C

(
[0,�],R

)
.

The binary operation ∗ is defined by a ∗ b = ab, ∀ a, b ∈ [0,�]. A standard fuzzy metric
Fm : U × U × (0,∞) → [0, 1] is defined as follows:

Fm(μ,ν, t) =
t

t + m(μ,ν)
, for t > 0, and μ,ν ∈ (

[0,�],R
)
. (5.2)

Then easily one can show that Fm is triangular and (U , Fm,∗) is a complete FCM-space.
An element (μ,ν) ∈ C([0,�],R) × C([0,�],R) is called a lower and upper coupled solution
of integral equation (5.1) if μ(τ ) ≤ ν(τ ), and

μ(τ ) ≤
∫ �

0


(
τ ,μ(r),ν(r)

)
dr and ν(τ ) ≥

∫ �

0


(
τ ,ν(r),μ(r)

)
dr, ∀ τ ∈ [0,�].

(O1)  : [0,�] ×R×R →R is continuous.
(O2) ∀ τ ∈ [0,�] and ∀ μ,ν, x, y ∈R for which μ ≥ x and ν ≤ y, we have

0 ≤ (τ ,μ,ν) – (τ , x, y) ≤ 1
�
ψ

(
1
2

(μ – x + y – ν)
)

,

ψ : [0,∞) → [0,∞) is nondecreasing, continuous and satisfies 0 = ψ(0) < ψ(τ ) < τ and
limr→τ+ ψ(τ ) < τ for each τ > 0.

Now we are in the position to present a result of an integral equation.

Theorem 5.1 Assume that assertions (O1) and (O2) hold. Then equations (5.1) have a
unique solution, i.e., (μ∗,ν∗) ∈ C([0,�],R) × C([0,�],R) if ∃ a lower and upper coupled
solution for (5.1).



Chen et al. Advances in Difference Equations        (2020) 2020:671 Page 23 of 25

Proof Consider the mapping T : C([0,�],R) × C([0,�],R) → C([0,�],R)

T(μ,ν)(τ ) ≤
∫ �

0


(
τ ,μ(r),ν(r)

)
dr, ∀ μ,ν ∈ C

(
[0,�],R

)
and τ ∈ [0,�].

Let A = {(μ,ν, x, y) ∈ U2 × U2 : μ(τ ) ≥ x(τ ) and ν(τ ) ≤ y(τ )∀ τ ∈ [0,�]}. It is obvious that a
subset A of U4 is T-invariant which satisfies the transitive property. Easily one can verify
that assertion (b) given in Theorem 3.6 is satisfied.

Now we shall show that an element (μ∗,ν∗) ∈ C([0,�],R) × C([0,�],R) has a coupled
fixed point of a mapping T .

Let (μ,ν, x, y) ∈ A, by using assertion (O1)∀ τ ∈ [0,�], then we have

∣∣T(μ,ν)(τ ) – T(x, y)(τ )
∣∣ =

∫ �

0
(

(
τ ,μ(r),ν(r)

)
– 

(
τ , x(r), y(r)

)
dr

≤ 1
�

∫ �

0
ψ

(
1
2
(
μ(r) – x(r) + y(r) – ν(r)

))
dr

≤ 1
�

∫ �

0
ψ

(
1
2

(
sup

s∈[0,�]

∣∣μ(s) – x(s)
∣∣ + sup

s∈[0,�]

∣∣y(s) – ν(s)
∣∣))

dr

= ψ

(
1
2

(
sup

s∈[0,�]

∣∣μ(s) – x(s)
∣∣ + sup

s∈[0,�]

∣∣y(s) – ν(s)
∣∣))

.

This implies that

sup
τ∈[0,�]

∣∣T(μ,ν)(τ ) – T(x, y)(τ )
∣∣ ≤ ψ

(
1
2

(
sup

s∈[0,�]

∣∣μ(s) – x(s)
∣∣ + sup

s∈[0,�]

∣∣y(s) – ν(s)
∣∣))

. (5.3)

Thus, we get

1
Fm(T(μ,ν), T(x, y), t)

– 1

=
1
t
(
m

(
T(μ,ν), T(x, y)

))

=
1
t

(
sup

τ∈[0,�]

∣∣T(μ,ν)(τ ) – T(x, y)(τ )
∣∣)

≤ 1
t
ψ

(
1
2

(
sup

s∈[0,�]

∣∣μ(s) – x(s)
∣∣ + sup

s∈[0,�]

∣∣y(s) – ν(s)
∣∣))

≤ ψ

(
1
2t

(
sup

s∈[0,�]

∣∣μ(s) – x(s)
∣∣ + sup

s∈[0,�]

∣∣y(s) – ν(s)
∣∣))

= ψ

(
1
2

(
m(μ, x)

t
+

m(ν, y)
t

))

= ψ

(
1
2

(
1

Fm(μ, x, t)
– 1 +

1
Fm(ν, y, t)

– 1
))

, ∀ (μ,ν, x, y) ∈ A.

Thus (3.6) is satisfied. Moreover, easily one can verify that ∃ (μ0,ν0) ∈ C([0,�],R) ×
C([0,�],R) such that (T(μ0,ν0), T(ν0,μ0),μ0,ν0) ∈ A, and all the conditions of The-
orem 3.6 are satisfied. Therefore, from Theorem 3.6 we get the solution (μ∗,ν∗) ∈
C([0,�],R) × C([0,�],R). �
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6 Conclusion
In this paper, we have introduced the concept of coupled type and cyclic coupled type
fuzzy cone contraction mappings in fuzzy cone metric spaces. We have established some
coupled fixed point results without the mixed monotone property and also we have pre-
sented some more coupled fixed results via partial order metric in fuzzy cone metric
spaces. We have proved some strong coupled fixed point theorems for cyclic type fuzzy
cone contraction mappings. As a consequence, the main results of this paper extend and
unify several results given in the literature of coupled fixed points. Moreover, we presented
an integral type application for the existence of unique solution in fuzzy cone metric spaces
to support our work.
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12. Patle, P., Patel, D., Aydi, H., Radenović, S.: On H+-type multi valued contractions and applications in symmetric and
probabilistic spaces. Mathematics 7(2), 144 (2019)

13. Huang, L., Zhang, X.: Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal. Appl. 332,
1468–1476 (2007)

14. Latif, A., Hussain, N., Ahmad, J.: Coincidence points for hybrid contractions in cone metric spaces. J. Nonlinear Convex
Anal. 17, 899–906 (2016)

15. Mehmood, N., Azam, A., Kocinac, L.D.R.: Multivalued fixed point results in cone metric spaces. Topol. Appl. 179,
156–170 (2015)

16. Nguyen, B.H., Tran, D.T.: Fixed point theorems and the Ulam–Hyers stability in non-Archimedean cone metric spaces.
J. Math. Anal. Appl. 414, 10–20 (2014)

17. Li, Z.L., Jiang, S.J.: Quasi-contractions restricted with linear bounded mappings in cone metric spaces. Fixed Point
Theory Appl. 2014, 87 (2014)

18. Rehman, S.U., Jabeen, S., Muhammad, Ullah, H., Hanifullah: Some multi-valued contraction theorems on H-cone
metric. J. Adv. Stud. Topol. 10(2), 11–24 (2019)

19. Shatanawi, W., Karapinar, E., Aydi, H.: Coupled coincidence points in partially ordered cone metric spaces with a
c-distance. J. Appl. Math. 2012, Article ID 312078 (2012)

20. Jankovic, S., Kadelburg, Z., Radenovic, S.: On cone metric spaces: a survey. Nonlinear Anal. 74, 2591–2601 (2011)
21. Abbas, M., Khan, M.A., Radenovic, S.: Common coupled fixed point theorems in cone metric spaces for w-compatible

mappings. Appl. Math. Comput. 217, 195–202 (2010)
22. Turkoglu, D., Abuloha, M.: Cone metric spaces and fixed point theorems in diametrically contractive mappings. Acta

Math. Sin. 26, 489–496 (2010)
23. Altun, I., Damjanovic, B., Djoric, D.: Fixed point and common fixed point theorems on ordered cone metric spaces.

Appl. Math. Lett. 23, 310–316 (2010)
24. Zadeh, L.A.: Fuzzy sets. Inf. Control 8, 338–353 (1965)
25. Kramosil, O., Michalek, J.: Fuzzy metric and statistical metric spaces. Kybernetika 11, 336–344 (1975)
26. George, A., Veeramani, P.: On some results in fuzzy metric spaces. Fuzzy Sets Syst. 64, 395–399 (1994)
27. Hadzic, O., Pap, E.: Fixed point theorem for multivalued mappings in probabilistic metric spaces and an application in

fuzzy metric spaces. Fuzzy Sets Syst. 127, 333–344 (2002)
28. Kiyani, F., Amini-Haradi, A.: Fixed point and endpoint theorems for set-valued fuzzy contraction maps in fuzzy metric

spaces. Fixed Point Theory Appl. 2011, 94 (2011)
29. Rodriguez-Lopez, J., Romaguera, S.: The Hausdorff fuzzy metric on compact sets. Fuzzy Sets Syst. 147, 273–283 (2008)
30. Sadeghi, Z., Vaezpour, S.M., Park, C., Saadati, R., Vetro, C.: Set-valued mappings in partially ordered fuzzy metric spaces.

J. Inequal. Appl. 2014, 157 (2014)
31. Oner, T., Kandemire, M.B., Tanay, B.: Fuzzy cone metric spaces. J. Nonlinear Sci. Appl. 8, 610–616 (2015)
32. Jabeen, S., Rehman, S.U., Zheng, Z., Wei, W.: Weakly compatible and quasi-contraction results in fuzzy cone metric

spaces with application to the Urysohn type integral equations. Adv. Differ. Equ. 2020, 280 (2020)
33. Oner, T.: Some topological properties of fuzzy cone metric spaces. J. Nonlinear Sci. Appl. 9, 799–805 (2016)
34. Rehman, S.U., Li, H.X.: Fixed point theorems in fuzzy cone metric spaces. J. Nonlinear Sci. Appl. 10, 5763–5769 (2017)
35. Rehman, S.U., Li, Y., Jabeen, S., Mahmood, T.: Common fixed point theorems for a pair of self-mappings in fuzzy cone

metric spaces. Abstr. Appl. Anal. 2019, 2841606 (2019)
36. Rehman, S.U., Jabeen, S., Abbas, F., Ullah, H., Khan, I.: Common fixed point theorems for compatible and weakly

compatible maps in fuzzy cone metric spaces. Ann. Fuzzy Math. Inform. 19, 1–19 (2020)
37. Schweizer, B., Sklar, A.: Statistical metric spaces. Pac. J. Math. 10, 314–334 (1960)
38. Bhaskar, T.G., Lakshmikantham, V.: Fixed point theorems in partially ordered metric spaces and applications.

Nonlinear Anal. 65, 1379–1393 (2006)
39. Samet, B., Vetro, C.: Coupled fixed point F-invariant set and fixed point of N-order. Ann. Funct. Anal. 2, 46–56 (2010)


	Coupled ﬁxed point analysis in fuzzy cone metric spaces with an application to nonlinear integral equations
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Coupled ﬁxed point results in FCM-spaces
	Strong coupled ﬁxed point results in FCM-spaces
	An application of nonlinear integral equations
	Conclusion
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


