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Abstract
We construct the bivariate form of Bernstein–Schurer operators based on parameter
α. We establish the Voronovskaja-type theorem and give an estimate of the order of
approximation with the help of Peetre’s K-functional of our newly defined operators.
Moreover, we define the associated generalized Boolean sum (shortly, GBS) operators
and estimate the rate of convergence by means of mixed modulus of smoothness.
Finally, the order of approximation for Bögel differentiable function of our GBS
operators is presented.
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1 Introduction
Schurer [41] presented the modification of the classical Bernstein operators with the help
of nonnegative parameter and nowadays called Bernstein–Schurer operators, which are
linear and positive. Suppose that Z+

0 and C[a, b] are used to denote the space of nonneg-
ative integers and continuous functions on [a, b], respectively. Let us take η ∈ Z

+
0 . The

well-known Bernstein–Schurer operators

Mj,η : C[0, 1 + η] −→ C[0, 1]

are defined as

Mj,η(g; y) =
j+η∑

k=0

g
(

k
j

)
Mj,η,k(y) (1.1)

for any g ∈ [0, 1 + η], j ∈N, and y ∈ [0, 1], where

Mj,η,k(y) =
(

j + η

k

)
yk(1 – y)j+η–k .
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When η = 0 in (1.1), we obtain

Mj,0(g; y) =
j∑

k=0

g
(

k
j

)
Mj,0,k(y) = Mj(g; y), say. (1.2)

In this case, the operators Mj(g; y) and Mj,0,k(y), respectively, are called Bernstein operators
and polynomials [11].

Most recently, the generalization of Bernstein operators was demonstrated by the au-
thors Chen et al. [17] by taking the parameter α ∈R. However, they showed that their op-
erators are positive and linear for the choice of 0 ≤ α ≤ 1, so they considered this assump-
tion in their work and then studied several approximation properties for their α-Bernstein
operators. Thereafter, many researchers, keeping the idea of this meaningful parameter
α into account, constructed several operators. For example, Mohiuddine et al. [26] in-
troduced the family of α-Bernstein–Kantorovich operators and associated bivariate form
and demonstrated the results regarding the rate of convergence via Peetre’s K-functional
together with modulus of continuity. In addition to this, the Stancu type α-Bernstein–
Kantorovich, α-Baskakov and their Kantorovich form, and α-Baskakov–Durrmeyer op-
erators were analyzed by Mohiuddine and Özger [32], Aral et al. [6, 20], and Mohiuddine
et al. [31], respectively, and for other blending type operators, see [23, 27, 36]. Some other
modifications of Bernstein operators have been studied in [2, 15, 16, 25, 33, 34, 37, 42].
Furthermore, Acar and Kajla [3] gave the bivariate α-Bernstein operators and associated
generalized Boolean sum operators and then studied the degree of approximation of their
operators. For more details on approximation by related operators and statistical approx-
imation, we refer to [1, 4, 10, 14, 21, 28–30, 35, 40, 44, 45].

Motivated by the operators defined in (1.1) and α-Bernstein operators, very recently,
Ozger et al. [38] defined the α-Bernstein–Schurer operators Mα

j,η : C[0, 1 + η] −→ C[0, 1]
by

Mα
j,η(g; y) =

j+η∑

k=0

gkM(α)
j,η,k(y) (1.3)

and

gk = g
(

k
j

)

for any g ∈ C[0, 1 + η], y ∈ [0, 1], j ∈N, and 0 ≤ α ≤ 1, where

M(α)
1,η,0(y) = 1 – y, M(α)

1,η,1(y) = y

and

M(α)
j,η,k(y) =

[
y(1 – α)

(
j + η – 2

k

)
+ (1 – y)(1 – α)

(
j + η – 2

k – 2

)

+ yα(1 – y)
(

j + η

k

)]
yk–1(1 – y)j+η–k–1
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for j ≥ 2. Note that Mα
j,η(t – y; y) = ηy/j. When η = 0, the operators Mα

j,η(g; y) coincide with
α-Bernstein operators. In addition to η = 0, take α = 1, then Mα

j,η(g; y) reduces to Mj(g; y).
When only α = 1, the operators Mα

j,η(g; y) reduce to the operators Mj,η(g; y). In the same
paper, authors investigated global approximation, local approximation, and Voronovskaja-
type approximation results of the operators Mα

j,η(g; y). They also established shape preserv-
ing properties such as monotonicity and convexity.

2 Bivariate generalized Bernstein–Schurer operators
Here, we construct the bivariate form of α-Bernstein–Schurer operators and demonstrate
their basic properties.

Throughout the manuscript, we suppose that C(I2) is the space of continuous function
on I2(= I × I) = [0, 1+η]× [0, 1+η], where η inZ

+
0 . For any h ∈ C(I2), (y1, y2) ∈ [0, 1]× [0, 1],

s1, s2 ∈N, and α1,α2 in [0, 1], we define

Mα1,α2
s1,s2,η(h; y1, y2) =

s1+η∑

�1=0

s2+η∑

�2=0

h
(

�1

s1
,
�2

s2

)
M(α1,α2)

s1+η,s2+η,�1,�2
(y1, y2), (2.1)

where the polynomials M(α1,α2)
s1+η,s2+η,�1,�2

(y1, y2) = M(α1)
s1+η,�1

(y1)M(α2)
s2+η,�2

(y2) are considered by

M(α1,α2)
s1+η,s2+η,�1,�2

(y1, y2) =
[

(1 – α1)y1

(
s1 + η – 2

�1

)
+ (1 – α1)(1 – y1)

(
s1 + η – 2

�1 – 2

)

+ α1y1(1 – y1)
(

s1 + η

�1

)]
y�1–1

1 (1 – y1)s1+η–(�1+1)

×
[

(1 – α2)y2

(
s2 + η – 2

�2

)
+ (1 – α2)(1 – y2)

(
s2 + η – 2

�2 – 2

)

+ α2y2(1 – y2)
(

s2 + η

�2

)]
y�2–1

2 (1 – y2)s2+η–(�2+1).

Lemma 2.1 Suppose that ejk(y1, y2) = yj
1yk

2 for (j, k) = N0 ×N0 (N0 = N∪ {0}) with j + k ≤ 4.
Then

Mα1,α2
s1,s2,η(e00; y1, y2) = 1,

Mα1,α2
s1,s2,η(e10; y1, y2) =

(
1 +

η

s1

)
y1,

Mα1,α2
s1,s2,η(e01; y1, y2) =

(
1 +

η

s2

)
y2,

Mα1,α2
s1,s2,η(e20; y1, y2) = y2

1 +
(s1 + η + 2(1 – α1))(y1 – y2

1)
s2

1
+

η(η + 2s1)y2
1

s2
1

,

Mα1,α2
s1,s2,η(e02; y1, y2) = y2

2 +
(s2 + η + 2(1 – α2))(y2 – y2

2)
s2

2
+

η(η + 2s2)y2
2

s2
2

,

Mα1,α2
s1,s2,η(e30; y1, y2)

= y3
1 +

s1 + η + 6(1 – α1)
s3

1
y1 +

(
–6α1η – 6α1s1 + 3η2 + 6ηs1 + 3s2

1

+ 18α1 + 3η + 3s1 – 18
)y2

1

s3
1

+
(
η3 + 3η2s1 + 3ηs2

1 + 6α1η + 6α1s1



Mohiuddine Advances in Difference Equations        (2020) 2020:676 Page 4 of 17

– 3η2 – 6ηs1 – 3s2
1 – 12α1 – 4η – 4s1 + 12

)y3
1

s3
1

,

Mα1,α2
s1,s2,η(e03; y1, y2)

= y3
2 +

s2 + η + 6(1 – α2)
s3

2
y2 +

(
–6α2η – 6α2s2 + 3η2 + 6ηs2 + 3s2

2

+ 18α2 + 3η + 3s2 – 18
)y2

2

s3
2

+
(
η3 + 3η2s2 + 3ηs2

2 + 6α2η + 6α2s2

– 3η2 – 6ηs2 – 3s2
2 – 12α2 – 4η – 4s2 + 12

)y3
2

s3
2

,

Mα1,α2
s1,s2,η(e40; y1, y2)

= y4
1 +

s1 + η + 14(1 – α1)
s4

1
y1 +

(
–36α1η – 36α1s1 + 7η2 + 14ηs1

+ 7s2
1 + 86α1 + 29η + 29s1 – 86

)y2
1

s4
1

+
(
–12α1η

2 – 24α1ηs1

– 12α1s2
1 + 6η3 + 18η2s1 + 18ηs2

1 + 6s3
1 + 96α1η + 96α1s1 – 6η2

– 12ηs1 – 6s2
1 – 144α1 – 84η – 84s1 + 144

)y3
1

s4
1

+
(
η4 + 4η3s1

+ 6η2s2
1 + 4ηs3

1 + 12α1η
2 + 24α1ηs1 + 12α1s2

1 – 6η3 – 18η2s1

– 18ηs2
1 – 6s3

1 – 60α1η – 60α1s1 – η2 – 2ηs1 – s2
1 + 72α1 + 54η

+ 54s1 – 72
)y4

1
s4

1
,

Mα1,α2
s1,s2,η(e04; y1, y2)

= y4
2 +

s2 + η + 14(1 – α2)
s4

2
y2 +

(
–36α2η – 36α2s2 + 7η2 + 14ηs2

+ 7s2
2 + 86α2 + 29η + 29s2 – 86

)y2
2

s4
2

+
(
–12α2η

2 – 24α2ηs2

– 12α2s2
2 + 6η3 + 18η2s2 + 18ηs2

2 + 6s3
2 + 96α2η + 96α2s2 – 6η2

– 12ηs2 – 6s2
2 – 144α2 – 84η – 84s2 + 144

)y3
2

s4
2

+
(
η4 + 4η3s2

+ 6η2s2
2 + 4ηs3

2 + 12α2η
2 + 24α2ηs2 + 12α2s2

2 – 6η3 – 18η2s2

– 18ηs2
2 – 6s3

2 – 60α2η – 60α2s2 – η2 – 2ηs2 – s2
2 + 72α2 + 54η

+ 54s2 – 72
)y4

2
s4

2
.

Proof We shall use Lemma 3 of [38] to prove Lemma 2.1. Clearly, from (2.1), we obtain

Mα1,α2
s1,s2,η(e00; y1, y2) =

s1+η∑

�1=0

s2+η∑

�2=0

M(α1,α2)
s1+η,s2+η,�1,�2

(y1, y2) = 1.
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Next, we write

Mα1,α2
s1,s2,η(e10; y1, y2) =

s1+η∑

�1=0

s2+η∑

�2=0

�1

s1
M(α1,α2)

s1+η,s2+η,�1,�2
(y1, y2)

=
s1+η∑

�1=0

�1

s1
M(α1)

s1+η,�1
(y1)

s2+η∑

�2=0

M(α2)
s2+η,�2

(y2)

= Mα
s1,η(e1; y1)Mα

s2,η(e0; y2)

=
(

1 +
η

s1

)
y1.

Similarly, we get

Mα1,α2
s1,s2,η(e01; y1, y2) = Mα

s1,η(e0; y1)Mα
s2,η(e1; y2) =

(
1 +

η

s2

)
y2.

Further,

Mα1,α2
s1,s2,η(e20; y1, y2) =

s1+η∑

�1=0

(
�1

s1

)2

M(α1)
s1+η,�1

(y1)
s2+η∑

�2=0

M(α2)
s2+η,�2

(y2)

= Mα
s1,η(e2; y1)Mα

s2,η(e0; y2)

= y2
1 +

(s1 + η + 2(1 – α1))(y1 – y2
1)

s2
1

+
η(η + 2s1)y2

1
s2

1
,

and similarly, we obtain

Mα1,α2
s1,s2,η(e02; y1, y2) =

s1+η∑

�1=0

M(α1)
s1+η,�1

(y1)
s2+η∑

�2=0

(
�2

s2

)2

M(α2)
s2+η,�2

(y2)

= Mα
s1,η(e0; y1)Mα

s2,η(e2; y2)

= y2
2 +

(s2 + η + 2(1 – α2))(y2 – y2
2)

s2
2

+
η(η + 2s2)y2

2
s2

2
.

Similarly, we obtain the last two moments. �

Corollary 2.2 The following identities hold:

Mα1,α2
s1,s2,η(t1 – y1; y1, y2) =

ηy1

s1
,

Mα1,α2
s1,s2,η(t2 – y2; y1, y2) =

ηy2

s2
,

Mα1,α2
s1,s2,η

(
(t1 – y1)2; y1, y2

)
=

(s1 + η + 2(1 – α1))(y1 – y2
1) + η2y2

1
s2

1
,

Mα1,α2
s1,s2,η

(
(t2 – y2)2; y1, y2

)
=

(s2 + η + 2(1 – α2))(y2 – y2
2) + η2y2

2
s2

2
,

Mα1,α2
s1,s2,η

(
(t1 – y1)4; y1, y2

)
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=
(
s1 + η + 14(1 – α1)

)y1

s4
1

+
(
–36α1η – 12α1s1 + 7η2

+ 10ηs1 + 3s2
1 + 86α1 + 29η + 5s1 – 86

)y2
1

s4
1

+
(
–12α1η

2

+ 6η3 + 6η2s1 + 96α1η + 24α1s1 – 6η2 – 24ηs1 – 6s2
1

– 144α1 – 84η – 12s1 + 144
)y3

1
s4

1
+

(
η4 + 12α1η

2 – 6η3

– 6η2s1 – 60α1η – 12α1s1 – η2 + 14ηs1 + 3s2
1 + 72α1

+ 54η + 6s1 – 72
)y4

1
s4

1
,

Mα1,α2
s1,s2,η

(
(t2 – y2)4; y1, y2

)

=
(
s2 + η + 14(1 – α2)

)y2

s4
2

+
(
–36α2η – 12α2s2 + 7η2

+ 10ηs2 + 3s2
2 + 86α2 + 29η + 5s2 – 86

)y2
2

s4
2

+
(
–12α2η

2

+ 6η3 + 6η2s2 + 96α2η + 24α2s2 – 6η2 – 24ηs2 – 6s2
2

– 144α2 – 84η – 12s2 + 144
)y3

2
s4

2
+

(
η4 + 12α2η

2 – 6η3

– 6η2s2 – 60α2η – 12α2s2 – η2 + 14ηs2 + 3s2
2 + 72α2

+ 54η + 6s2 – 72
)y4

2
s4

2
.

3 Order of convergence and Voronovskaja-type results
In this section, we obtain the Voronovskaja-type result and the order of convergence with
the help of Peetre’s K-functional for our operators Mα1,α2

s1,s2,η(h; y1, y2). For g ∈ C(I2), the norm
of the bivariate function g is considered by

‖g‖C(I2) = sup
(y1,y2)∈I2

∣∣g(y1, y2)
∣∣.

Theorem 3.1 For any h ∈ C(I2), one has

lim
s1,s2→∞

∥∥Mα1,α2
s1,s2,η(h) – h

∥∥
C(I2

1 ) = 0, (3.1)

where I2
1 = [0, 1] × [0, 1].

Proof We see that

∥∥Mα1,α2
s1,s2,η(e00) – e00

∥∥
C(I2

1 ) → 0,
∥∥Mα1,α2

s1,s2,η(e10) – e10
∥∥

C(I2
1 ) → 0,

∥∥Mα1,α2
s1,s2,η(e01) – e01

∥∥
C(I2

1 ) → 0,
∥∥Mα1,α2

s1,s2,η(e20 + e02) – (e20 + e02)
∥∥

C(I2
1 ) → 0

as s1, s2 → ∞. Thus (3.1) holds by Volkov’s theorem [43]. �
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We will use C2(I2) to denote the space of all functions h ∈ C(I2) such that ∂ jh
∂yj

1
, ∂ jh

∂yj
2

, ∂2h
∂y1 ∂y2

∈
C(I2) (j = 1, 2) and equipped with the norm

‖h‖C2(I2) = ‖h‖C(I2) +
2∑

j=1

(∥∥∥∥
∂ jh
∂yj

1

∥∥∥∥
C(I2)

+
∥∥∥∥

∂ jh
∂yj

2

∥∥∥∥
C(I2)

)
+

∥∥∥∥
∂2h

∂y1 ∂y2

∥∥∥∥
C(I2)

(
h ∈ C

(
I2)).

Theorem 3.2 Suppose that h ∈ C2(I2). Then

lim
s→∞ s

(
Mα1,α2

s,s,η (h; y1, y2) – h(y1, y2)
)

= η
(
y1hy1 (y1, y2) + y2hy2 (y1, y2)

)

+
y1(1 – y1)

2
hy1,y1 (y1, y2) +

y2(1 – y2)
2

hy2,y2 (y1, y2)

uniformly on I2
1 .

Proof Suppose that h ∈ C2(I2). Then Taylor’s theorem gives

h(t1, t2) = h(y1, y2) + hy1 (y1, y2)(t1 – y1) + hy2 (y1, y2)(t2 – y2)

+
1
2
[
hy1y1 (y1, y2)(t1 – y1)2 + 2hy1y2 (y1, y2)(t1 – y1)(t2 – y2)

+ hy2y2 (y1, y2)(t2 – y2)2] + ρ(t1, t2, y1, y2)
√

(t1 – y1)4 + (t2 – y2)4, (3.2)

where ρ(t1, t2, y1, y2) ∈ C(I2) and

ρ(t1, t2, y1, y2) → 0
(
(t1, t2) → (y1, y2)

)
.

Since Mα1,α2
s,s,η is linear so, by operating on (3.2), we obtain

Mα1,α2
s,s,η

(
h(t1, t2); y1, y2

)

= h(y1, y2) + hy1 (y1, y2)Mα1,α2
s,s,η (t1 – y1; y1, y2)

+ hy2 (y1, y2)Mα1,α2
s,s,η (t2 – y2; y1, y2)

+
1
2
[
hy1y1 (y1, y2)Mα1,α2

s,s,η
(
(t1 – y1)2; y1, y2

)

+ 2hy1y2 (y1, y2)Mα1,α2
s,s,η

(
(t1 – y1)(t2 – y2); y1, y2

)

+ hy2y2 (y1, y2)Mα1,α2
s,s,η

(
(t2 – y2)2; y1, y2

)
)
]

+ Mα1,α2
s,s,η

(
ρ(t1, t2, y1, y2)

√
(t1 – y1)4 + (t2 – y2)4; y1, y2

)
. (3.3)

With a view of Corollary 2.2, we find that

lim
s→∞ sMα1,α2

s,s,η
(
(t1 – y1)(t2 – y2); y1, y2

)
= lim

s→∞ s
[
Mα1

s,η(t1 – y1; y1)

× Mα2
s,η(t2 – y2; y2)

]

= 0 (3.4)
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and also

lim
s→∞ sMα1,α2

s,s,η (t1 – y1; y1, y2) = ηy1, lim
s→∞ sMα1,α2

s,s,η (t2 – y2; y1, y2) = ηy2, (3.5)

lim
s→∞ sMα1,α2

s,s,η
(
(t1 – y1)2; y1, y2

)
= y1(1 – y1),

lim
s→∞ sMα1,α2

s,s,η
(
(t2 – y2)2; y1, y2

)
= y2(1 – y2).

(3.6)

It follows from (3.3)–(3.6) that

lim
s→∞ s

(
Mα1,α2

s,s,η (h; y1, y2) – h(y1, y2)
)

= ηy1hy1 (y1, y2) + ηy2hy2 (y1, y2)

+
1
2
[
y1(1 – y1)hy1y1 (y1, y2) + y2(1 – y2)hy2y2 (y1, y2)

]

+ lim
s→∞ sMα1,α2

s,s,η
(
ρ(t1, t2, y1, y2)

√
(t1 – y1)4 + (t2 – y2)4; y1, y2

)
. (3.7)

By the Cauchy–Schwarz inequality, one gets

sMα1,α2
s,s,η

(
ρ(t1, t2, y1, y2)

√
(t1 – y1)4 + (t2 – y2)4; y1, y2

)

≤
√

Mα1,α2
s,s,η

(
ρ2(t1, t2, y1, y2); y1, y2

)√
s2Mα1,α2

s,s,η
(
(t1 – y1)4 + (t2 – y2)4; y1, y2

)

=
√

Mα1,α2
s,s,η

(
ρ2(t1, t2, y1, y2); y1, y2

)

×
√

s2
(
Mα1,α2

s,s,η
(
(t1 – y1)4; y1, y2

)
+ Mα1,α2

s,s,η
(
(t2 – y2)4; y1, y2

))
. (3.8)

Since ρ(t1, t2, y1, y2) ∈ C(I2) and lim(t1,t2)→(y1,y2) ρ(t1, t2, y1, y2) = 0, we have

lim
s→∞ Mα1,α2

s,s,η
(
ρ2(t1, t2, y1, y2); y1, y2

)
= 0

uniformly on I2
1 by Theorem 3.1. Corollary 2.2 gives

s2Mα1,α2
s,s,η

(
(t1 – y1)4; y1, y2

) −→ 3y2
1 – 6y3

1 + 3y4
1 (s −→ ∞)

and

s2Mα1,α2
s,s,η

(
(t2 – y2)4; y1, y2

) −→ 3y2
2 – 6y3

2 + 3y4
2 (s −→ ∞).

Employing the last three relations in Eq. (3.8) and then using Eq. (3.7), we obtain

lim
s→∞ s

(
Mα1,α2

s,s,η (h; y1, y2) – h(y1, y2)
)

= ηy1hy1 (y1, y2) + ηy2hy2 (y1, y2)

+
1
2
[
y1(1 – y1)hy1y1 (y1, y2) + y2(1 – y2)hy2y2 (y1, y2)

]

uniformly on I2
1 . �
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For h ∈ C(I2) and δ > 0, Peetre’s K-functional is given by

K(h; δ) = inf
h1∈C2(I2)

{‖h – h1‖C(I2) + δ‖h1‖C(I2)
}

and the modulus of continuity of h is

ω(h; δ) = sup
{∣∣h(u1, u2) – h(y1, y2)

∣∣ : (u1, u2), (y1, y2) ∈ I2
1 ,

√
(u1 – y1)2 + (u2 – y2)2 ≤ δ

}
.

By Theorem 9 (see [18]), there is a constant C > 0 such that

K(h; δ) ≤ Cω2(h;
√

δ). (3.9)

In the above relation, ω2(h;
√

δ) is the second-order modulus of continuity of h ∈ C(I2) (for
details, see [5]).

Theorem 3.3 For any h ∈ C(I2), one has

∣∣Mα1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ 4K
(
h; δs1,s2 (y1, y2)

)
+ ω

(
h;

√(
ηy1

s1

)2

+
(

ηy2

s2

)2)
,

where

δs1,s2 (y1, y2)(= δ) =
1
4

(
δ2

s1 (y1) + δ2
s2 (y2) +

(
ηy1

s1

)2

+
(

ηy2

s2

)2)
> 0

and

δ2
s1 (y1) = Mα1,α2

s1,s2,η
(
(t1 – y1)2; y1, y2

)
, δ2

s2 (y2) = Mα1,α2
s1,s2,η

(
(t2 – y2)2; y1, y2

)
.

Proof Assume that h1 ∈ C2(I2). Then, by Taylor’s theorem, we have

h1(t1, t2) – h1(y1, y2)

=
∂h1(y1, y2)

∂y1
(t1 – y1) +

∫ t1

y1

(t1 – u1)
∂2h1(u1, y2)

∂u2
1

du1

+
∂h1(y1, y2)

∂y2
(t2 – y2) +

∫ t2

y2

(t2 – u2)
∂2h1(y1, u2)

∂u2
2

du2. (3.10)

We are now defining the auxiliary operators by

Mα1,α2
s1,s2,η(h; y1, y2) = Mα1,α2

s1,s2,η(h; y1, y2) – h
(

(η + s1)y1

s1
,

(η + s2)y2

s2

)
+ h(y1, y2).

Simple calculation together with Corollary 2.2 gives that

Mα1,α2
s1,s2,η(t1 – y1; y1, y2) = 0 and Mα1,α2

s1,s2,η(t2 – y2; y1, y2) = 0.
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By operating Mα1,α2
s1,s2,η in (3.10) and using the last relation, we obtain

Mα1,α2
s1,s2,η(h1; y1, y2) – h1(y1, y2)

= Mα1,α2
s1,s2,η

(∫ t1

y1

(t1 – u1)
∂2h1(u1, y2)

∂u2
1

du1; y1, y2

)

+ Mα1,α2
s1,s2,η

(∫ t2

y2

(t2 – u2)
∂2h1(y1, u2)

∂u2
2

du2; y1, y2

)

= Mα1,α2
s1,s2,η

(∫ t1

y1

(t1 – u1)
∂2h1(u1, y2)

∂u2
1

du1; y1, y2

)

–
(∫ (η+s1)y1

s1

y1

(
(η + s1)y1

s1
– u1

)
∂2h1(u1, y2)

∂u2
1

du1; y1, y2

)

+ Mα1,α2
s1,s2,η

(∫ t2

y2

(t2 – u2)
∂2h1(y1, u2)

∂u2
2

du2; y1, y2

)

–
(∫ (η+s2)y2

s2

y2

(
(η + s2)y2

s2
– u2

)
∂2h1(y1, u2)

∂u2
2

du2; y1, y2

)
,

which yields

∣∣Mα1,α2
s1,s2,η(h1; y1, y2) – h1(y1, y2)

∣∣

≤
(

Mα1,α2
s1,s2,η

(
(t1 – y1)2; y1, y2

)
+

(
ηy1

s1

)2)
‖h1‖C2(I2)

+
(

Mα1,α2
s1,s2,η

(
(t2 – y2)2; y1, y2

)
+

(
ηy2

s2

)2)
‖h1‖C2(I2)

=
(

δ2
s1 (y1) + δ2

s2 (y2) +
(

ηy1

s1

)2

+
(

ηy2

s2

)2)
‖h1‖C2(I2).

We can see that

∣∣Mα1,α2
s1,s2,η(h; y1, y2)

∣∣ ≤ ∣∣Mα1,α2
s1,s2,η(h; y1, y2)

∣∣ +
∣∣∣∣h

(
(η + s1)y1

s1
,

(η + s2)y2

s2

)∣∣∣∣ +
∣∣h(y1, y2)

∣∣,

which yields |Mα1,α2
s1,s2,η(h; y1, y2)| ≤ 3‖h‖ for any h ∈ C(I2). We therefore write

∣∣Mα1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

≤ ∣∣Mα1,α2
s1,s2,η(h – h1; y1, y2)

∣∣ +
∣∣h(y1, y2) – h1(y1, y2)

∣∣

+
∣∣Mα1,α2

s1,s2,η(h1; y1, y2) – h1(y1, y2)
∣∣

+
∣∣∣∣h

(
(η + s1)y1

s1
,

(η + s2)y2

s2

)
– h(y1, y2)

∣∣∣∣

≤ 4‖h – h1‖ +
(

δ2
s1 (y1) + δ2

s2 (y2) +
(

ηy1

s1

)2

+
(

ηy2

s2

)2)
‖h1‖C2(I2)

+ ω

(
h;

√(
ηy1

s1

)2

+
(

ηy2

s2

)2)
.
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Now, taking infh1∈C2(I2), we get

∣∣Mα1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ 4K
(
h; δs1,s2 (y1, y2)

)
+ ω

(
h;

√(
ηy1

s1

)2

+
(

ηy2

s2

)2)
,

which completes the proof. �

The following corollary follows from Theorem 3.3 and inequality (3.9).

Corollary 3.4 Let h ∈ C(I2). Then

∣∣Mα1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

≤ Cω2
(
h;

√
δs1,s2 (y1, y2)

)
+ ω

(
h;

√(
ηy1

s1

)2

+
(

ηy2

s2

)2)
.

4 GBS operators of bivariate generalized Bernstein–Schurer type
For any compact real intervals X and Y , the function h : Y1 × Y2 → R is B-bounded (or
Bögel bounded) on Y1 × Y2 if there exists H > 0 such that

∣∣	(y1,y2)h[u1, u2; y1, y2]
∣∣ ≤ H

(∀(u1, u2), (y1, y2) ∈ Y1 × Y2
)
,

where 	(y1,y2)h[u1, u2; y1, y2] is the mixed difference of h defined by

	(y1,y2)h[u1, u2; y1, y2] = h(y1, y2) – h(y1, u2) – h(u1, y2) + h(u1, u2). (4.1)

A function h is said to be B-continuous (or Bögel continuous) at a point (u1, u2) if

lim
(y1,y2)→(u1,u2)

	(y1,y2)h[u1, u2; y1, y2] = 0

for any (u1, u2), (y1, y2) ∈ Y1 × Y2 (see [13]).
Given a function h ∈ C(I2), for any s1, s2 ∈ N, η ∈ Z

+
0 , and α1,α2 ∈ [0, 1], we define

the generalized Boolean sum (or GBS) operators of the bivariate form of generalized
Bernstein–Schurer operators (2.1) by


α1,α2
s1,s2,η(h; y1, y2) = Mα1,α2

s1,s2,η
(
h(t1, y2) + h(y1, t2) – h(t1, t2); y1, y2

)
,

(
(y1, y2) ∈ I2

1
)
,

or, equivalently, we write


α1,α2
s1,s2,η(h; y1, y2) =

s1+η∑

�1=0

s2+η∑

�2=0

M(α1,α2)
s1+η,s2+η,�1,�2

(y1, y2)

×
(

h
(

�1

s1
, y2

)
+ h

(
y1,

�2

s2

)
– h

(
�1

s1
,
�2

s2

))
. (4.2)

Note that 

α1,α2
s1,s2,η(h; y1, y2) is well defined on CB(I2) (the space of all B-continuous functions

on I2) into C(I2) and h ∈ CB(I2) as well as linear and positive.
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Recall that the mixed modulus of smoothness of h ∈ CB(I2) is given by

ωmixed(h; δ1, δ2) = sup
{∣∣	(y1,y2)h[t1, t2; y1, y2]

∣∣ : |y1 – t1| < δ1, |y2 – t2| < δ2;

(y1, y2), (u1, u2) ∈ I2} (4.3)

for any δ1, δ2 > 0 (see [7, 9]).
A function h is B-differentiable (or Bögel differentiable) at the point (u1, u2) ∈ Y1 × Y2 if

lim
(y1,y2)→(u1,u2)

	(y1,y2)f [u1, u2; y1, y2]
(y1 – u1)(y2 – u2)

exists. The limit is called B-differentiable of h at (u1, u2) and denoted by Dy1y2 h(u1, u2) =
DB(h; u1, u2). By Db(Y1 × Y2), we denote the set of all B-differentiable functions.

For more details and related results, we refer to [8, 12, 19, 22, 24, 39].
The following theorem gives an estimate of the rate of convergence of 


α1,α2
s1,s2,η to h ∈

CB(I2).

Theorem 4.1 For any h ∈ CB(I2), the inequality

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ 4 ωmixed(h;
√

βs1,η,
√

βs2,η)

holds, where

βs1,η =
3 + η(1 + η)

s1
and βs2,η =

3 + η(1 + η)
s2

.

Proof It follows from (4.3) and

ωmixed(h;λ2δ1,λ2δ2) ≤ (1 + λ1)(1 + λ2)ωmixed(h; δ1, δ2) (λ1,λ1 > 0)

that

∣∣	(y1,y2)h[t1, t2; y1, y2]
∣∣ ≤ ωmixed

(
h; |t1 – y1|, |t2 – y2|

)

≤
(

1 +
|t1 – y1|

δ1

)(
1 +

|t2 – y2|
δ2

)
ωmixed(h; δ1, δ2) (4.4)

for all (y1, y2), (t1, t2) ∈ I2 and for any δ1, δ2 > 0. Rewrite (4.1) as

h(y1, t2) + h(t1, y2) – h(t1, t2) = h(y1, y2) – 	(y1,y2)h[t1, t2; y1, y2].

Operating Mα1,α2
s1,s2,η and using the definition of 


α1,α2
s1,s2,η , we obtain


α1,α2
s1,s2,η(h; y1, y2) = h(y1, y2)Mα1,α2

s1,s2,η(e00; y1, y2) – Mα1,α2
s1,s2,η

(
	(y1,y2)h[t1, t2; y1, y2]; y1, y2

)
,

which yields

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ Mα1,α2
s1,s2,η

(∣∣	(y1,y2)h[t1, t2; y1, y2]
∣∣; y1, y2

)
.
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Employing (4.4) and then using the Cauchy–Schwarz inequality, we get

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

≤
(

Mα1,α2
s1,s2,η(e00; y1, y2) + δ–1

1

√
Mα1,α2

s1,s2,η
(
(t1 – y1)2; y1, y2

)

+ δ–1
2

√
Mα1,α2

s1,s2,η
(
(t2 – y2)2; y1, y2

)

+ δ–1
1 δ–1

2

√
Mα1,α2

s1,s2,η
(
(t1 – y1)2; y1, y2

)
Mα1,α2

s1,s2,η
(
(t2 – y2)2; y1, y2

))
ωmixed(h; δ1, δ2).

Using Corollary 2.2, we write

Mα1,α2
s1,s2,η

(
(t1 – y1)2; y1, y2

) ≤ y1(1 – y1)
s1

+
y1(1 – y1)(η + 2)

s2
1

+
η2y2

1
s2

1

≤ 3 + η(1 + η)
s1

= βs1,η

and

Mα1,α2
s1,s2,η

(
(t2 – y2)2; y1, y2

) ≤ 3 + η(1 + η)
s2

= βs2,η.

We therefore obtain

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤
(

1 +
1
δ1

√
3 + η(1 + η)

s1

+
1

δ1δ2

√
3 + η(1 + η)

s1

√
3 + η(1 + η)

s2

+
1
δ2

√
3 + η(1 + η)

s2

)
ωmixed(h; δ1, δ2),

which gives the assertion of Theorem 4.1 by choosing δ1 =
√

βs1,η and δ2 =
√

βs2,η . �

Finally, we study the order of approximation for B-differentiable functions of our oper-
ators 


α1,α2
s1,s2,η .

Theorem 4.2 Suppose that h ∈ Db(I2) and DBh in B(I2) (the space of all bounded functions
on I2). Then

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ N√s1s2

{
ωmixed

(
DBh;

√
1
s1

,

√
1
s2

)
+ ‖DBh‖∞

}
,

where N > 0 is a constant.

Proof Let h ∈ Db(I2). Then, from (see [13], p. 62), we write

	(y1,y2)h[t1, t2; y1, y2] = (t1 – y1)(t2 – y2)DBh(α,γ )
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for y1 < α < t1, y2 < γ < t2. Thus, we fairly have

DBh(α,γ ) = 	(y1,y2)DBh(α,γ ) + DBh(α, y2) + DBh(y1,γ ) – DBh(y1, y2).

Since DBh ∈ B(I2), we have |DBh(y1, y2)| ≤ ‖DBh‖∞. In view of the last two equalities, we
obtain

∣∣Mα1,α2
s1,s2,η

(
	(y1,y2)h[t1, t2; y1, y2]; y1, y2

)∣∣

=
∣∣Mα1,α2

s1,s2,η
(
(t1 – y1)(t2 – y2)DBh(α,γ ); y1, y2

)∣∣

≤ Mα1,α2
s1,s2,η

(|t1 – y1||t2 – y2|
∣∣	y1,y2 DBh(α,γ )

∣∣; y1, y2
)

+ Mα1,α2
s1,s2,η

(|t1 – y1||t2 – y2|
(∣∣DBh(α, y2)

∣∣ +
∣∣DBh(y1,γ )

∣∣

+
∣∣DBh(y1, y2)

∣∣); y1, y2
)

≤ Mα1,α2
s1,s2,η

(|t1 – y1||t2 – y2|ωmixed
(
DBh; |α – y1|, |γ – y2|

)
; y1, y2

)

+ 3‖DBh‖∞ Mα1,α2
s1,s2,η

(|t1 – y1||t2 – y2|; y1, y2
)
. (4.5)

Also, we have

ωmixed
(
DBh; |α – y1|, |γ – y2|

) ≤ ωmixed
(
DBh; |t1 – y1|, |t2 – y2|

)

≤
(

1 +
|t1 – y1|

δ1

)(
1 +

|t2 – y2|
δ2

)
ωmixed(h; δ1, δ2). (4.6)

We thus have from (4.5) and (4.6) together with the Cauchy–Schwarz inequality that

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

=
∣∣Mα1,α2

s1,s2,η
(
	(y1,y2)h[t1, t2; y1, y2]; y1, y2

)∣∣

≤ {
Mα1,α2

s1,s2,η
(|t1 – y1||t2 – y2|; y1, y2

)

+ δ–1
1 Mα1,α2

s1,s2,η
(
(t1 – y1)2|t2 – y2|; y1, y2

)

+ δ–1
2 Mα1,α2

s1,s2,η
(|t1 – y1|(t2 – y2)2; y1, y2

)

+ δ–1
1 δ–1

2 Mα1,α2
s1,s2,η

(
(t1 – y1)2(t2 – y2)2; y1, y2

)}

× ωmixed(DBh; δ1, δ2)

+ 3‖DBh‖∞
√

Mα1,α2
s1,s2,η

(
(t1 – y1)2(t2 – y2)2; y1, y2

)
,

which gives

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

≤
{√

Mα1,α2
s1,s2,η

(
(t1 – y1)2(t2 – y2)2; y1, y2

)

+ δ–1
1

√
Mα1,α2

s1,s2,η
(
(t1 – y1)4(t2 – y2)2; y1, y2

)

+ δ–1
2

√
Mα1,α2

s1,s2,η
(
(t1 – y1)2(t2 – y2)4; y1, y2

)



Mohiuddine Advances in Difference Equations        (2020) 2020:676 Page 15 of 17

+ δ–1
1 δ–1

2 Mα1,α2
s1,s2,η

(
(t1 – y1)2(t2 – y2)2; y1, y2

)}

× ωmixed(DBh; δ1, δ2)

+ 3‖DBh‖∞
√

Mα1,α2
s1,s2,η

(
(t1 – y1)2(t2 – y2)2; y1, y2

)
.

By straightforward calculation (from Corollary 2.2), we obtain

Mα1,α2
s1,s2,η

(
(t1 – y1)2; y1, y2

) ≤ 3 + η(1 + η)
s1

=
N1

s1
, say

Mα1,α2
s1,s2,η

(
(t2 – y2)2; y1, y2

) ≤ 3 + η(1 + η)
s2

=
N1

s2
, say

Mα1,α2
s1,s2,η

(
(t1 – y1)4; y1, y2

) ≤ N2

s2
1

and Mα1,α2
s1,s2,η

(
(t2 – y2)4; y1, y2

) ≤ N2

s2
2

for some constant N1, N2 > 0. Also

Mα1,α2
s1,s2,η

(
(t1 – y1)2m(t2 – y2)2n; y1, y2

)
= Mα1,α2

s1,s2,η
(
(t1 – y1)2m; y1, y2

)

× Mα1,α2
s1,s2,η

(
(t2 – y2)2n; y1, y2

)

for (t1 – y1), (t2 – y2) ∈ I2 and m, n = 1, 2. From the above and by choosing δ1 =
√

1
s1

and

δ2 =
√

1
s2

, we have

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣

≤
{

N1

√
1

s1s2
+ 2

√
N1N2

s1s2
+ N2

1

√
1

s1s2

}

× ωmixed

(
DBh;

√
1
s1

,

√
1
s2

)
+ 3‖DBh‖∞N1

√
1

s1s2

=
1√s1s2

{(
N1 + 2

√
N1N2 + N2

1
)
ωmixed

(
DBh;

√
1
s1

,

√
1
s2

)

+ 3N1‖DBh‖∞
}

,

which yields

∣∣
α1,α2
s1,s2,η(h; y1, y2) – h(y1, y2)

∣∣ ≤ N√s1s2

{
ωmixed

(
DBh;

√
1
s1

,

√
1
s2

)
+ ‖DBh‖∞

}
,

where

N = max
{

N1 + 2
√

N1N2 + N2
1 , 3N1

}
,

which completes the proof. �



Mohiuddine Advances in Difference Equations        (2020) 2020:676 Page 16 of 17

Acknowledgements
This work was supported by the Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah, under grant no.
(D-025-130-1438). The author, therefore, gratefully acknowledges the DSR for technical and financial support.

Funding
This work was supported by the Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah, under grant no.
(D-025-130-1438).

Availability of data and materials
Not applicable.

Competing interests
The author declares that he has no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 1 October 2020 Accepted: 17 November 2020

References
1. Acar, T., Aral, A., Mohiuddine, S.A.: On Kantorovich modification of (p,q)-Baskakov operators. J. Inequal. Appl. 2016, 98

(2016)
2. Acar, T., Aral, A., Mohiuddine, S.A.: Approximation by bivariate (p,q)-Bernstein–Kantorovich operators. Iran. J. Sci.

Technol. Trans. A, Sci. 42, 655–662 (2018)
3. Acar, T., Kajla, A.: Degree of approximation for bivariate generalized Bernstein type operators. Results Math. 73, 79

(2018)
4. Acar, T., Mohiuddine, S.A., Mursaleen, M.: Approximation by (p,q)-Baskakov–Durrmeyer–Stancu operators. Complex

Anal. Oper. Theory 12, 1453–1468 (2018)
5. Anastassiou, G.A., Gal, S.G.: Approximation Theory: Moduli of Continuity and Global Smoothness Preservation.

Birkhäuser, Boston (2000)
6. Aral, A., Erbay, H.: Parametric generalization of Baskakov operators. Math. Commun. 24, 119–131 (2019)
7. Badea, C., Badea, I., Cottin, C., Gonska, H.H.: Notes on the degree of approximation of B-continuous and

B-differentiable functions. Approx. Theory Appl. 4, 95–108 (1988)
8. Badea, C., Badea, I., Gonska, H.H.: A test function theorem and approximation by pseudo polynomials. Bull. Aust.

Math. Soc. 34, 53–64 (1986)
9. Badea, C., Cottin, C.: Korovkin-type theorems for generalized boolean sum operators, approximation theory

(Kecskemét, 1900). In: Colloq. Math. Soc. János Bolyai, vol. 58, pp. 51–68. North-Holland, Amsterdam (1990)
10. Belen, C., Mohiuddine, S.A.: Generalized weighted statistical convergence and application. Appl. Math. Comput. 219,

9821–9826 (2013)
11. Bernstein, S.N.: [Fr]Démonstration du théorème de Weierstrass fondée sur le calcul des probabilités. Commun.

Kharkov Math. Soc. 13, 1–2 (1912/1913)
12. Bögel, K.: Mehrdimensionale differentiation von funktionen mehrerer reeller Veränderlichen. J. Reine Angew. Math.

170, 197–217 (1934)
13. Bögel, K.: Über die mehrdimensionale differentiation. Jahresber. Dtsch. Math.-Ver. 65, 45–71 (1962)
14. Braha, N.L., Srivastava, H.M., Mohiuddine, S.A.: A Korovkin’s type approximation theorem for periodic functions via the

statistical summability of the generalized de la Vallée Poussin mean. Appl. Math. Comput. 228, 162–169 (2014)
15. Cai, Q.-B.: The Bézier variant of Kantorovich type λ-Bernstein operators. J. Inequal. Appl. 2018, Article ID 90 (2018)
16. Cai, Q.-B., Lian, B.-Y., Zhou, G.: Approximation properties of λ-Bernstein operators. J. Inequal. Appl. 2018, Article ID 61

(2018)
17. Chen, X., Tan, J., Liu, Z., Xie, J.: Approximation of functions by a new family of generalized Bernstein operators. J. Math.

Anal. Appl. 450, 244–261 (2017)
18. Devore, R.A., Lorentz, G.G.: Constructive Approximation. Springer, Berlin (1993)
19. Dobrescu, E., Matei, I.: The approximation by Bernstein type polynomials of bidimensional continuous functions. An.
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