Afshari and Karapinar Advances in Difference Equations (2020) 2020:616 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-03076-z a SpringerOpen Journal

RESEARCH Open Access
®

Check for
updates

A discussion on the existence of positive
solutions of the boundary value problems via
Y-Hilfer fractional derivative on b-metric
spaces

Hojjat Afshari' and Erdal Karapinar?*#

“Correspondence:
erdalkarapinar@tdmu.edu.vn; Abstract
erdalkarapinar@yahoo.com . . . . . .
Division of Applied Mathematics, In this paper, we investigate the existence of positive solutions for the new class of
Thu Dau Mot University, Binh boundary value problems via ¥r-Hilfer fractional differential equations. For our
Duong Province, Vietnam purpose, we use the o — ¥ Geraghty-type contraction in the framework of the

*Department of Mathematics, . . . . i
Cankaya University, Mimar Sinan b-metric space. We give an example illustrating the validity of the proved results.

Caddesi, 06790 Ankara, Turkey . . . . - - . .
Full list of author information is Keywords: /-Hilfer fractional derivative; Fixed point; Positive solution;

available at the end of the article Geraghty-type contraction

1 Introduction

One of the critical techniques of the solving differential equations is using the method of
successive approximations, which is the basic of the metric fixed point theory. More pre-
cisely, Banach’s contraction mapping principle, the first metric fixed point theorem, is ob-
tained by the abstraction of the method of successive approximations. Roughly speaking,
starting from the arbitrary initial point, we construct a sequence by recursively applying
the given operator. Then, if the obtained sequence converges to a limit, this limit forms a
fixed point and solution of the differential equation.

The pioneer result of metric fixed point theory was given by Banach in the framework
of complete norm spaces. After then, the praiseworthy fixed point theorem of Banach
has been characterized in different structures, such as standard metric spaces, partial
metric spaces, quasimetric spaces, fuzzy-metric spaces, modular metric spaces, and b-
metric spaces. In this paper, we consider our results in a b-metric space, which is a natural
and novel extension of the standard metric spaces. Roughly speaking, the difference of b-
metric from the standard metric is the triangle inequality. In the b-metric notion, instead

of the triangle inequality, the following inequality is used:

dv,z) < c[d(v, t) +d(t, z)] for all v, £,z and some ¢ > 1.
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In the last few decades, the natural extension of differential equations, fractional dif-
ferential equations, have been investigated densely in the setting of the standard met-
ric spaces. As it is well known, there are several distinct fractional derivative types, such
as Caputo, Hadamard, Grunwald-Letnikov, Hilfer, Riemann-Liouville, Riesz, Atangana—
Baleanu, and so on. Among these different types of fractional derivatives, we focus on the
Hilfer fractional derivative; see, for example, [1-28]. By using this definition we will in-
vestigate the existence of positive solutions for certain boundary value problems in the
context of b-metric spaces.

2 Preliminaries
In this section, we recall some notations and definitions of the fractional differential equa-
tion. Throughout this paper, we assume that all considered sets are nonempty and denote
R* = [0, 00).

Let [a, T] C R* with (0 <a < T < 00), and let C[a, T'] be the Banach space of continuous
functions y : [a, T] — R with the norm

Iyl cla,y = max{|y(8)| :a <t < T}.
The weighted space Ci_¢;5[a, T of continuous functions is defined as [22]
Cresla, T ={y: (@, T1 - R;[8() - 5(@)] “y(t) € Cla, T]}, 0<E<1.
Obviously, Cy_¢;s5[a, T] is a Banach space endowed with the norm
I9lecs = max [[50) - 5(@)] )]
Definition 2.1 ([22]) Let: >0, y € L1[a, b], and let § € C'[a, b] be an increasing function

with §'(t) # 0 for all ¢ € [a, b]. Then the left-sided §-Riemann-Liouville fractional integral
of a function y is defined by

L 1 ! ’ =
190 = 5 [ 5060-860)y0ds,

where I’ is the Euler gamma function defined by I'(¢) = fooo stesds, 1> 0.

Definition 2.2 ([11]) Letn—1<t<n (n =[] + 1), and let y,§ € C"[a, b] be two functions
with an increasing § and &'(¢) # 0 for all ¢ € [a, b]. Then the left-sided §-Riemann-Liouville
fractional (§-Caputo) derivative of a function y of order ¢ is defined by

L 1 d " n—t
Dy(t) = ( 50 E) Iy(e)

and
l n—L 1 d !
DYy(e) = 7 (8,_ _> y(t),

respectively.
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Definition 2.3 ([22]) Letn—1<t<n(n € N),andlety,§ € C"[a, T] be two functions such
that 8 is increasing and §'(¢) # 0 for all ¢ € [a, T]. Then the left-sided §-Hilfer fractional
derivative of a function y of order ¢ and type 0 < B <1 is defined by

1,,8 B(n—1);8 1 i 1-B)(n—1);
Dy (e) = I ((ﬂm)z Sy(0)
=00 DEy(E) (6 =1+ np - ). ¢y

In this paper, we consider the case #n = 1, because 0 < ¢ < 1.

Lemma 2.4 ([17]) Let t > 0 and 0 < & < 1. Then I‘+ is bounded from Ci_g;sla,b] into
Ci_gsla, b).

Now we introduce the spaces
Csla T1 = {y € Crgsla, T1, Dy € Cresla, T)}, 0<E<1,
and
Ci_esla T1 = {y € Crgsla, T1, D50y € Crgsla, T1), 0<é&<1. )

Lemma 2.5 ([22]) Let & = ¢+ B — B8, where 1 € (0,1), B € [0,1], and let y € Cf_m (a,T].
Then

2Dy = 12Dy

and
DEP 19y = pPI-2y,

Lemma 2.6 ([22]) Lett>0,0<&<1,andye€ Ci¢la,T], B €[0,1]. Then
DIy = y(0),

Lemma 2.7 ([17]) Lett > a. Then for 1 > 0 and & > 0, we have

')
I +§)

2[8(6) - 8(a)] " = (5()-5@)*, t>a

and
DE[8() -8@] ™ =0 forie(0,1).

Lemma 2.8 ([22]) Let& =1+ B — 1B, where 1 € (0,1), B €[0,1], lety € Cf_w[a, T), and let

lé[SyECI ¢ 5@ T1. Then we have

l &6 (61)

;8
1 Da‘fy(t) J’(t) F(E)

2 (8(8) - 8(a)
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Lemma 2.9 ([22]) Let1>0,0<& <, andy € Cigsla, T] (0<a< T <o0). If & <1, then
I;f :Cigsla, T1 — Ci_gsla, T is continuous on [a, T and satisfies

19y(a) = Jlim 12y(t) = 0.

Definition 2.10 ([18]) Let ¢ > 0, and let k¥ be an increasing function having a continuous
derivative k" on (a, b). The left-sided « -Riemann-Liouville fractional integral of a function
h with respect to k on [a, b] is defined by

LK 1 @ ’ -1
12h0) = £ / [k - k(] h()ds, 0> ai>0,

provided that I¥ exists. Note that when «(¢) = ¢, we obtain the well-known classical

Riemann-Liouville fractional integral.

Definition 2.11 ([18, 21]) Let¢ > 0, let n be the smallest integer greater than or equal to
t,and let 1 € L?[a, b], p > 1. Let k € C"[a, b] be an increasing function such that k'(0) # 0
for all ¢ € [a, b]. The left-sided x -Riemann-Liouville fractional differential of / of order ¢
is given by

‘ 1 d\"
D h(o) = (T&?)%) I"""h(o), n-1l<it<mneN.
K

Definition 2.12 ([9,11]) Letn—1<t<n,h € C"[a,b],andletk € C"[a, b] be an increasing
function such that «’(¢) # 0 for all ¢ € [a, b]. The left-sided « -Caputo fractional differential
of /1 of order ¢ is given by

D h(e) = I D™ (o),

4yt and n =[] +1.

LK . a
where D™* := ( o

1
(o

Definition 2.13 ([12]) Letc > 1,andlet M be a set. The distance functiond: M x M — R*
is called b-metric if for all g, ¢, ¢ € M, the following are fulfilled:

(bM;) d(o,¢) =0ifand only if ¢ = p;

(bM>) d(o,5) =d(s,0);

(bM3) d(o,¢) < cld(e, ) +d(s, )]
The triple (M, d, ¢) is called a b-metric space.

Let ® be the set of all increasing and continuous functions ¢ : R* — R* satisfying the
property ¢(co) < cp(o) < co for ¢ > 1 and ¢(0) = 0. We denote by F the family of all non-
decreasing functions A : R* — [0, %2) for some r > 1.

Definition 2.14 ([7]) For b-metric space (M, d, r), an operator T : M — M is called a gen-
eralized o—§-Geraghty mapping whenever there exists « : M x M — R* such that

a(0,6)p(r*d(To, T<)) < A(¢(d(o, 5)))d(d(e, 5))

for o, ¢ € M, where L € F and ¢ € ®.



Afshari and Karapinar Advances in Difference Equations (2020) 2020:616 Page 5of 11

Definition 2.15 ([13]) For M (#0),let T: M — M and o : M x M — R" be given map-
pings. We say that T is orbital «-admissible if for o € M, we have

a(@To)>1 = «(To,T?0)>1. 3)

Theorem 2.16 ([7]) Let (M,d) be a complete b-metric space, and let T : M — M be a
generalized a—5-Geraghty mapping such that
(i) T is a-admissible;
(ii) there exists 09 € M such that a0, Too) > 1;
(ili) If {on} S M with 0, — 0 and a0y, 0ns1) > 1, then a(on, 0) > 1.
Then T has a fixed point.

Theorem 2.17 ([10]) Let& =t + B — 1B, wheret € (0,1) and B € [0,1]. If f : (a, T] > Risa
function such that f € Ci_¢ sla, T, theny € Cf—g,a(ﬂ’ T satisfies the problem

"Dy =f(6y0), te@Tla>0, W

yT)=weR,

if and only if y satisfies the integral equation

(D) - (a)E 1 [T, -1
Af(t) == y(t) = W[w— 0 / 8'(s)(8(T) - 5(s)) f(s,y(s))ds}
5'(s)(8(2) - 8()) ' (s) ds. (5)

T J,

3 Main results
Let M = Cf_m (a, T]:= C(K), where I = (a, T], and d : M x M — R* is given by

g, w) = -w?|_ = ﬁs?pﬂ(cm —w(®))’.

Then (M, d) is a complete b-metric space with r = 2.

Theorem 3.1 Suppose that
(i) f: K x R* — R* satisfies the following inequality;

If (9, ¢(®)) =f (2, w(®))]
_ TOE®) -s@)*
T 4V2(8(T) - 8(a)) 1

Vol w2 (@ -w2] L),

where ¢ € ® and ) € F;
(ii) For A defined in relation (5) there exist &y € C(K) and T : R* — R with

7(S0(9),A%(9)) =0, ¥ ek
(iti) For 9 € K and ¢,w € C(K), (¢ (), w(?)) = 0 implies

(A¢(9), Aw(D)) = 0;
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(iv) [f{gn} C C(K) with tn—> ¢ and T(é-n» {n+1) >0, then T(gm ;) >0.

Then problem (4) has at least one solution.

Proof By Theorem 2.17, ¢ € C(K) is a solution of (4) if and only if a solution of the integral
equation (5). Define O : C(K) — C(K) by

(8(T) = 8(a)'* Lot -1
Oy(t) = W |:W — m/a‘ 1) (S)((S(T) — S(S)) f(S,y(S)) dS]

1 t / -1
o / 5'(5)(8(8) - 8(5)) " (5,3(5)) ds. o

We find a fixed point of O. Now let ¢, w € C(K) be such that 7(¢(3), w(s¢)) > 0. Using (i),

we get

|0¢ () - Ow(:2)|
3(T) - 8(a))'* 17 -

1 ! / -1
+ m/ﬂ 8'()(8() - 68(s)) f(s:¢(s))ds

8(T) - 8(a))'~* 1 [T -
_ ((75(@))_5(3)))1% [w—m f 5'(5)(8(T) = 5(5))"f (5, w(s)) ds}

1

t , )
_m/‘Z 5'(5)(8(0) = 8(5))' " (s, wls)) dis

sy | T
o e [ [ 506 -50) 6 w6) (5.6 s

1 ' / -1
‘o / 56)(5(0) = 86)) " (1 (5, £5)) - (5 w(s)) s

1 (8(T)-8(a)'*
L

T
’ -1
= m W |:/a s (S)(S(T) - 5(5)) lf(& W(S)) —f(S, 5(5)) | ds

/ 8'(s)(8(2) - (S(s))tfl £ (s:¢(s)) =f (s, w(s))] ds:|

1 (D) =8@)'F LOE@) -8@)
L) (8(8) = 8(@)=* 4v/2(8(T) - 8(a))+1-¢

xVo(le w2 )6 (l@ - w?].))
x ( / T(S/(s)((S(T) ~5(s)) s+ / tS’(s)(S(t) - 5(s))" ds)

21 6 —8(a)'* T (OG(E) - 8a)'*
T T 6) - 8@)F 4v2(8(T) - 8(a)) 1%

x (1 - w2 Jr@(l€ -w2].,)
x (%(S(T)—a(a))‘),

+

=

Page 6 of 11
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and hence

|0¢ (30) - Ow(>9)|”

=

([ =w?[ r(e (€ -w?]..)).

®|

Define o : C(K) x C(K) — R* by

alt,w) = 1, ©(@®),w(®)) =00 ek,

0, otherwise.
So for ¢,w € C(K) with t(¢ (), w(?)) > 0, we have
a(z, w)8d(0g,0w) < 8d(0¢, Ow) < A($(d(c,w))p(d(c, W), *reK.
From (iii) we have

acw=1 = (@ w®)=0 = 1(0(),0m)>0
= a(O({),O(w))zl

for ¢,w € C(K). Thus O is o-admissible. By (ii) there exists ¢y, € C(KC) with «(&o, Ogp) > 1.
By (iv) and Theorem 2.16 we find out ¢* with ¢* = O¢*, which is a positive solution of
(4). |

Example 3.2 Consider the §-Caputo fractional integral BVP

DE™ y0) = flt.y0),  te (1,2,
y(2)=weR,

1
Cl,21=CY (1,2 = {f: (1,2] x R? — R; (¢ —¢) 2f € C[1,2]}
5€

with ¢ = %, B=0¢&= %, 8(t) =€, (a, T] = (1,2). Clearly, f € C%;ez[1,2]. Then u and w satisfy
the following condition:

0 ~fs] = 2ZE =]

sin’ [|( - w)?[loo
4

Setting ¢(x) = x and A(¢) = Siﬂf ¢ we obtain

) — )] < 0RO = 8@

= 201 sV oL@ -2 ).

Hence all assumptions of Theorem 3.1 hold. Therefore problem (7) has a solution on K.

In [23] the authors investigated the existence, uniqueness, and continuous dependence
of global solution to the following singular fractional differential equation involving the

Page 7 of 11
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left generalized Caputo fractional derivative with respect to another function §:

“Ditult) =f(t,u(®), te(0,blb>0, ®

u(0) = up € R,

where0 < ¢ <1,and ”Dgf is the §-Caputo fractional derivative introduced by Almeida [11],
f:(0,b] x R — R is given function with lim;_, ¢+ f (£, -) = 00, and uy is a constant.

Lemma 3.3 ([23]) Assume that:
(A1) f:(0,b]) x R — R is a continuous with lim,_, o+ f (¢, u) = 00, and there exists a
constant 0 < k < v such that [8(t) — 8(0)]*f (t, u) is a continuous function on
[0,b] x R.
(A2) For the k above, there exists constant L > 0 such that

[6(2) = 8] (F(t, 1) — (£, 2)) < Lz — 1|

forall t € [0,b] and u1,uy € R.
Then the function u € C[0,b] is a solution to Cauchy problem (8) if and only if u satisfies
the Volterra integral equation

Au(t) == u(t) = ug + % t8’(s)(8(t) - 8(5))l_lf(s, u(s)) ds, te(0,b]. 9)
0

Theorem 3.4 Suppose that the conditions (A1) and (A2) from Lemma 3.3 hold, moreover
(i) f: K x Rt — R* satisfies the following condition:

f(,¢(9) = (2, w@)]

I (1)

where ¢ € ®,K = (0,b) and ) € F;
(ii) For A defined in relation (9) there exist &, € C(K) and t : R? — R with

t(61(9),A0(9)) =0, ¥ ek;
(iti) For 9 € K and ¢,w € C(K), (¢ (), w(?)) > 0 implies
(AL (9), Aw(D)) = 0;

(iv) If{¢u} S C(K) with &, — ¢ and T(8y, $ui1) = 0, then ©(54, &) = 0.
Then problem (8) has at least one solution.

Proof By Lemma 3.3, ¢ € C(K) is a solution of (8) ifand only if it is a solution of the integral
equation (9). Define O: C(K) — C(K) by

1 * ’ -1
O¢(3) =80 + m/() 8'(9)(8() = 8(s)) f(s.L(s))ds, € (0,b]. (10)
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We find a fixed point of O. Now let ¢, w € C(K) be such that t(¢(5), w(s¢)) > 0. Using (i),
we get

|O§(%) - Ow(%)|

_ % /0 6306 - 86) f (5,£)) ds

- % /0 75956 — 89) (5 w(s)) ds
- o /0 "800 - 86) 7 f (5, w(s) (5,6 (5) | ds
< % / " 5(6)(869) - 56) 7 f (5, W) ~£ (5, (5) | ds
N W T I

X V/O%(S’(s)((S(%)—(S(s))F ds

- %Jqs(n(; w2 (1€ -w?[L).

and hence

|0¢ (3) - Ow(>9)|°

= g0(lG=wr | )@ (@ -w?])-

)—l

Put o : C(K) x C(K) —> R* by

1, t(¢(®),w(®)) =09 ek,

0, otherwise.

Ol(é',W) =

So for ¢,w € C(K) with 7(¢ (), w(?)) > 0, we have
a(Z,w)8d(0¢, 0w) < 8d(0¢,0w) < A(p(d(g,w))e(d(g,w)), AreF.
From (iii) we have

ag,w) =1 = (t@)w@®)=0 = 1(0(),0w))=0
= «(0(),0w)) =1
for ¢,w € C(K). Thus O is o-admissible. By (ii) there exists ¢y, € C(KC) with « (&, Og) > 1.

By (iv) and Theorem 2.16 we find out ¢* with ¢* = O¢*, which is a positive solution of
(8). O
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Example 3.5 We fix a kernel § : [0,1] — R and consider the following equation:

DEy(®) = 25150 - 80 F (1 + Lpe I, te(0,1],
¥(0)=2,

(11)

where a = 1, f(£,3(0) = 5=[8() - SO + 1)e I for (£,9) € (0,1] x R, and
lim;_, o+ f(¢,-) = 00. Setting k = %, the function

[8(£) - 8(0)] 2f(t y(8) = 1+ 1y> 152 lloo

gl

ﬁ 3

is continuous on [0, 1]. So hypothesis (A1) from Lemma 3.3 is satisfied.
For y;(t),y2(t) € R (t € (0,1]) we have

If (£:31(0) = f(£,22(0))| = [8() - 5(0)]_% ly1(2) —J’z(t)‘e_u(yl_”)zum-

1
12V2
Considering §(£) = 4/t + 1 for ¢ € (0, 1] we get

F(6:0) —f (632(0)]| = ﬁwt T1- 113 () — ya(p)|e 1021,

So, hypothesis (A2) from Lemma 3.3 is also satisfied with L = fe -101-72loe and k =
Therefore we can apply Lemma 3.3.
For all y1(¢), y2(t) satisfying in the condition

2 2 2
e %l _ g2l | < gmI0192P e,

we have

101-y2)% oo
If (x,91(8) = f (% 32(0)) | < \/ [ Iy

8f(5(T) 8(a))

Setting ¢(x) = x and A(£) = &-, we obtain

et
4

I (o (0) ~f (5,32(0)) | < Vo101 =322 )26 (| 01 -922] ).

2\/_(5(T) 8(a))

Hence all assumptions of Theorem 3.4 hold. Therefore problem (11) has a solution on /.
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