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1 Introduction

The following inequality is known in the literature as a Simpson-type inequality:

1 1 »2
'g[x(%l)%x (%52) +X(%2):| - ML X () du
e L e (L.1)

where the mapping x : [5, 52] — R is assumed to be four times continuously differen-
tiable on the interval (521, 36,) and || x®|l0 = sUP; (., ,.,) [ *(§)] < 00. The inequality (1.1)
has gained considerable attention, as convex analysis and fractional calculus operators
involving several classes of convex functions is an uphill task. Therefore many authors
proposed different numerical techniques to find Simpson-type inequalities, arising in the
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ences [1-12]. Profusely novel versions of Simpson-type inequalities for the class of convex
functions have been modified and generalized by numerous researchers [13—24]. Recently,
many investigations about (1.1) can be found by Rashid et al. [25] for preinvex functions,
Li and Du [26] for (&, m)-GA-convex functions, Xi and Qi [27] for logarithmically con-
vex functions, Sarikaya et al. [28] for s-convex functions and Iscan et al. [29] for p-convex
function.

With the development of the inequality theory, the inequalities for various kinds of con-
vex functions have a rapid blossom in the area of pure and applied mathematics [30-42].
As mentioned above, many articles are all involved with Hermite—Hadamard type and
trapezoid type, midpoint type inequalities [43—49]. However, to the best of our knowl-
edge, Simpson-type inequalities for functions whose first local a-derivatives in absolute
value are the class of generalized p-convex functions have not been reported. So we turn
our attention to this new research.

One of the aspects which are nowadays particularly well known among researchers is the
integral inequalities with applications. In this field, the majority of the authors are general-
izing the standard results in the accessible literature by utilizing various sorts/definitions
of the fractional integral operators [4, 25, 50, 51]. An enormous heft of fractional differ-
ential problems and partial differential equations can be converted into problems of com-
prehending some estimated integral equations.

The early research motivations in the area of the local fractional theory were for solv-
ing a bulk of initial and boundary value associated with differential equations [52, 53].
In [53], Yang introduced a contemporary study used to tackle nondifferentiable problems
that incorporate in complex systems of real-world phenomena. The fractal sets in sci-
ence have introduced some fascinating complex graphs and picture compressions to com-
puter graphics. The expression “fractal” was first utilized by a young mathematician, Julia
[54] when he was considering Cayley’s problem identified with the conduct of Newton’s
method in a complex plane. The fractal is frequently utilized in real-world studies, involv-
ing fractal antennas, fractal transistors, and fractal heat exchangers. It has applications in
the music industry, the creation of photography, soil mechanics, small-angle scattering
theory, and many more fileds. It is to be emphasized that fractal theory assumes an essen-
tial job in the improvement of picturing of fractal sets. The utilizations of fractal sets in
cryptography and other useful areas of research have increased the interest of researchers
to broaden the utilization in mathematical inequalities. Fractals are particular arbitrary ex-
amples descriptions addressing the erratic developments of the disorderly world at work.
The most significant utilization of fractals in software engineering is fractal picture com-
pression. This sort of compression utilizes the way that this present reality is very well
portrayed by fractal geometry [52, 55, 56]. Interestingly, the author of [53] investigated
the local fractional functions on fractal space deliberately, which comprises of local frac-
tional calculus and the monotonicity of functions. Numerous analysts contemplated the
characteristics of functions on fractal space and built numerous sorts of fractional calcu-
lus by utilizing various strategies [57-59]. Additionally, integral inequalities in the context
of local fractional calculus have a significant role in all fields of pure and applied mathe-
matics. For example, Chen [60] derived a novel version of Holder inequality on fractals.
In [58], Mo et al. established the fractal version of Hermite—Hadamard inequality by the
use of generalized convex functions. In [61], Du et al. contemplated the novel generaliza-
tions for Simpson’s, Hermite Hadamard and Hermite—Hadamard—Fejér type inequalities
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for generalized m-convex functions concerning to local fractional calculus. In addition to
these results, Luo et al. [62], deduced several new Fejér—Hermite—Hadamard inequalities
for a class of s-convex functions with applications. For some useful and recent studies on
fractional calculus and its applications in different fields of mathematics [63—-68].

Owing to the above phenomena, the key aim of this research is to introduce a new aux-
iliary result depending on local fractal sets are presented. With the aid of novel identity,
we derived numerous novel generalizations of Simpson-type for mappings whose powers
contain local fractional derivatives in modulus are generalized p-convex. The main impe-
tus of this study to capture new estimates for generalized convex functions and general-
ized harmonically convex functions. In addition, the application of the proved results in
arandom variable, cumulative distribution functions, and the generalized bivariate mean
formula is also presented. We hope that the new strategy formulated in the present paper
is more invigorating than the accessible one.

2 Preliminaries
Now, we mention the preliminaries from the theory of local fractional calculus. These
ideas and important consequences associated with the local fractional derivative and local
fractional integral are mainly due to Yang et al. [53].
Let ¢¢, ¢¢ and gg‘ belong to the set R (0 < & < 1). Then
(1) %+ ¢¥ and ¢¥c¥ belong to the set R%;
(2) i +55 =65+ =(c1+62)% = (2 + )%
() of + (5 +65) = (sf +65) + 65
@) sfsf =56t = (c162)* = (s260)%
(
(
(

=

5) ¢¥(s5s8) = (st ss)sss
6) si'(sy +65)=cfss + 61635
7) gf‘+0‘5‘=0‘5‘+§f’=gf‘ andgf‘ldzlé‘gf‘zgf‘.

Definition 2.1 A nondifferentiable mapping x : R — R%, § — x(e) is said to be local
fractional continuous at €., if, for any € > 0, there exists & > 0 such that

<€

| x(€) = x(eo)

for |€e — €,| < k. If x(€) is local continuous on (s, 7r,), then we denote it by x(e) €

(Cd( (%lr %2)'

Definition 2.2 The local fractional derivative of x (¢) of order ¢ at € = ¢, is defined by the

expression
& & ddX(E)
X&) = Dixle) = —=
€ €=¢€,
i A¥(x(€) = x (o))
= lim ————————
e (e-€)

where A%(x(e) — x(e5)) = T'(& + 1)(x(€) — x(e)). Let x@(e) = Dfx(e). If there exists
(k+1) times
olime

x KD () = ’Df . D‘: x (€) for any € € Q@ C R, then it is denoted by x € D+1)4(Z), where
k=0,1,2,....
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Definition 2.3 Let x(¢) € Cy[s1,10] and A = {&y,&1,...,En} (N € N) be a partition of
[511, 23] with 311 = &) < &1 < - - - < &y = 355 Then the local fractional integral of x on [3¢, 5]

of order ¢ is defined by

r(1 /% X (©)(de)?

1 —
) m ag%o ; x(E)(AE),

%11;(?2))( (E) =

where 8¢ := max{A&, A&,...,Aéy_1} and A§;:= &, - §,j=0,...,N - 1.

We clearly see that }qI x(€)=0if 31y =3 and ,,, %2 9y (€) = =50 T X(e) if 2¢1 < 265. For

any € € [, 5], if there exists ;qI x (€), then it is denoted by x (e) € I3, 35,).

Lemma 2.4 (See [53]) The following statements are true:
(1) If x () = G“(u) € Cy 501, 505], then

I8 x (W) = Ga) - Goa).
(2) If x(u),G(u) € Dy 501, 52], and x D (1), G () € Cy[s21, 362], then

o L x @GO W) = x WG| 72 - ., T x VWG (w).

>1

Lemma 2.5 (See [53]) The formulas

dhuk T1+kd) g

dF T+ k-Da)”
/ = T o

TT(+ (k+ Da) 1

)

I‘(l +@&)
hold for k > 0.

Lemma 2.6 (Generalized Holder inequality [60]) Lets,g>1withs ™ +q ' =1and x,G €
(Cd, [%1, %2]. Then

1
'l+a)

1 72 s d% 1 2 q d%
(e |, borar) (g [ owitar)

3 Main results and discussions

/ | ()G 1) ()

In this section, we first inaugurate a local fractional integral identity for generalized p-
convex functions, and then we utilize the said identity to establish certain Simpson-type
variants in the context of the fractal domain. We now present the concept of generalized

p-convex functions on fractal space as follows.
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Definition 3.1 Let p € R\ {0}. Then x : Q = [, 5] — R¥ is said to be generalized p-
convex if the inequality

K ([ =) +£]7) < (1- ) x () + £ X () (3.1)

holds for x,y € 2, and & € [0, 1]. x is said to be generalized p-concave if inequality (3.1) is
reversed.

Remark 3.2 From Definition 3.1 we clearly see that:
(1) If we take & = 1, then we get a definition given in [69].
(2) If we take p = 1, then we get a definition given in [58].
(3) If we take p = —1, then we get a definition given in [66].
(4) If we take p = 1 with & = 1, then we get the classical convex function.
(5) If we take p = —1 and & = 1, then we get a definition given in [70].

It is worth mentioning that generalized p-convex functions collapse to generalized con-
vex, generalized harmonically convex functions, harmonically convex functions, and clas-
sical convex functions as special cases. This shows that outcomes derived in the present
paper continue to hold for these classes of convex functions and their variant forms.

Example 3.3 Let x : Q = [50, 755] — R with x,(u) = u®” (p #0) and x5 : @ — R with
K2() = ¢ (¢* € RY). Then x; is generalized p-convex and s is generalized p-concave.

Lemma 3.4 Letp € R\ {0} and x : Q° C R — RY such that x € Dy(Q°) (Q° is the interior
of Q) and x@ € C4[51, 35). Then the inequality

a ) Jf ;f 1/p
(%) [X(%1)+(4)“X<[ i 2] )+x<m>}
)f‘ 7@ X@)
>1 %2 y&(1-p)

%ﬁ’ %f ¢ 1 ! (-3
_< 4p )[

Fd+a)Jo [(1-£)s + s’fn’f’fn]au l/p)]

IS
([(1 £)5d 4T } )(dsr'

+(’H)d[ 1 /1 )

4p l+a) [(1- é)%f“nyrEjf]al 1/p)
1

(om0 e ea] e

holds for all u € [, 55].

Proof Firstly, let us calculate the following integrals:

(%5%)"’[ 1 (-1
W JLTAr@ o 1 -g)d 46

;32’ Jé-1p) ]

Wi

b
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x x@([u—swi%s 5

)

4p

-3 ]
’#17;”’#27 Szg] (1-1/p)

}/ ;{” 1/p .
([(1 gt s»f] )(ds)“:=11+12.

Utilizing the local fractional integration by parts and the change of the variable tech

nique for the integrals /; and I, we get

1/
] ([(1 £)d + ”5] p)(ds)ﬂ"
a(1-1/p) 2

}f+;32”1/p
: ])

)

1

W=

%

[ [(1- 5)/+

(-2 (oo

( ra+a) (
1
3

) w0
(5 ]“p) ( )wx

X (u) (3.2)

and

(-
I
27 |:F(1 +O[)/ [1- E)’{J'”g E}f]a 1- 1/p)]

2
1/,
x x<d>([(1—s>ﬁ”£ +s»r’;] p)(ds)d

2

a 1/
(e ooty ]
3 2 o

@ 1 ) % %p 1/p )
(%) [ o([a-0"5 72 ve] e

1

sy —
1) NG ([ + L7
:<§> X(%z)—<—§) X(|: ; 2] )
20 \“T(L+d) X)L
_(%g—%f) ra+a) "p”‘p)up u&(1-p) u
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() - () ([24])

2» : @ x()
_ (%g - %f) 1+ a)(}gf;%g)”plm i) (3.3)

Adding (3.2) and (3.3) and then multiplying the obtained result by 2%, we have

) ([ 48T
L= (5) [ (|52 ] ) e xe]
20\ @ x®
- (%7_%?> %11;(42) Lo1p) (3.4)

Equation (3.4) gives the desired result. O

Theorem 3.5 Let p e R\ {0}, s,g> 1 withs ' +g ' =1 and x : Q° C R — R? such that
x € Dg(Q2°) (Q2° is the interior of Q), x'© € Cy (501, 305) and | x ¥ |1 is a generalized p-convex
function on Q2. Then one has

@ 1/p
‘(é) [x(%l) . (4)%([”57 . ”5] ) . x(m]

IA

A =ANT ol (ArBN" N\

F) o (57) )
) 1/p

<[22 (. (Z22) ") bt

1/ 1
p;p X(d) }4 +}320 d
2 2
1

+
>
s
N
X
N
+
S

qi|;

q

2

) 1/p ) %
+A(6“)<(%f;%g> ,%2;P>|X(a)(%2)|q] ], (3.5)

1/p ] %’+%” 1/p
e (£54)

L2\ (e A (5N
(E) %’—%{’)2) [ r(+a) {(< 6 ) _”1)

AL AN (54 45 7\¢ 64T (1 + pa)
_<( 2 ) _< 6 )>}‘r(1+<p+1>d>

Page 7 of 26
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A e (Y

(2 p NG AL AN (54 AN\
_'<§) (%5—%’5)2)[ T(1+d) {(( G ) —%1>

A 1N (5 1NN 84 (254 + )T (1 + par)
‘( ) ‘( 6 ))}‘ F(1+(p+1)d)

2‘2(5]%17 + J{g>dl(l+l/p) (J{f + %ﬂ)ﬁt (1+1/p) d(erl)} (lza)r(l + 2p0l)
- + .
2 F(1+@2p+1a)

a / @(2+1/,
¥ SJJI’ + %g) (2+1 p) _ (J{f + }éq) 2+1 p) _ %(13.‘(217+1) }]’ (3'7)

2
1
A(e.d)<%1,(%f;%;) p;P>
= (%)”( )4 )d[(11%1”+%”) (1 +pd){2 ( 55 + %P>011+1/p
\s (o4 — ) Frl+@+1)a) 6

a(1+1/p) s(+1) } (6a 1 +2pa) { (5 )0{ (2+1/p)

2 > M 1+ Q2p+a)
>d(2+l/p) d(2p+1)} (%1 (S%D + %7) { <<5 = )l/p )d
- -1
I'l+a) 6

4y )

~
(2 p L +55Y0 ([ (3 45END [ 43\ P\
_'<3> ((?320—%7)2 [ r'(l+a) {(( 6 ) _( ) ))
| +55 e 69T (1 + pcr)
_<”‘( 6 ) >}_F676165

§ zd(%f‘l's%j)d(“i)_ (%If;%g)d(l+5)_%g(p+1)}i|, (39)

) @ 6d¢ (1 + 2pa 5 “(2+1/p) 2p+1
_%'17)2) [F(1+(2p+1)a){ < )

@(2+1/p) (}glo_l_lljéﬂ)gr(l +p0l) 2(5, %19+5Jf a(1+1/p)
) }‘ T+ (p+1)d) {< 6 )

<}Jf + }éo a(1+1/p) B %d(p+1)} B (%27(;#1’ + 5%;)))&

2 ! r'(l+a)

1l Upy & Upy &
(%) -(57) ) (- 3) )] e
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and

G+ A + 558 [ (A +54\ [+ A4\
X[ F(i+d) {(( 6 ) —( ) )

( 1 +5%§)1/p>d} 8(1(}{”_'_2%)011"(1 +p05){ a( 5 ) a(1+1/p)
-\ + 2

6 I'l+(p+1)a 6

%19_'_%29 a(1+1/p) dpr ) (12) (1+2p0l) +5 @(2+1/p)
_< 2 > 7 } F(1+(2p+1)a){ ( 6 )
~ (ﬁ_*_%)d(%—l/p)_%?(2p+1)}i|‘ (3.11)

2

Proof 1Tt follows from Lemma 3.4 and the generalized power mean inequality that

a@ ) %n %p 1/p
(5) [ vare(|252] ) e xom]
< )d T X (1)
& - 31

#1 %Zua(l -p)
<<”5 )l
B 4p (1 +a) Jo [(1-£)s2 + g’ff”fn]a(l 1/p)
! ’”*”p]”p)

(d)”

( (1-&)4 +&

1+Ot)/ }é’ &(1-1/p)
#(la- } )
’é””f)a[( : '”d )
d
S( 4p F(1+d)/o [(1- 5)){” %—’#17‘”#29]&11/17)( &)

x( 1 ! [l
F(1+O[) 0 [(1 %-))f_'_%-”gl?”f]a(l 1/p)

AN
<ds>“)

wIN

X

dé)d‘]

X

]

x“’”([(l —E)d v &

+( Lo € - 2 ( dg)d)“
F(l +Ol) 0 [(1 r’;:) ’Jf*’! g%]a(l 1/p)
( 1 /‘1 & - 2|

FA+a)Jo 1= 5)}4”39 + £528]40-11p)

X

1/p
([(1 s)%”f s%’} )

4 Na
(d%“)") ]
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Making use of the generalized p-convexity of |x ©|7 on 2, we have

@ ) %n %p 1/p
‘(é) [x(%1)+(4)ax([%} >+x(%z)]
< ) y x(u)
1 %2 ua(l—p)
-

A\ ( 1 ! & - 319 ~)1
d o
< 4p ) [ FU"’“)/ [(1- E)J{” %-}le*’gzy]al 1/p)( &)

=

g -1
* (F(1+0l) 0 [(1- 5)%”4_5”17”/]01(1 1/p)
LA\ N
[0l 6@ (2572) | o)
_ 2 N7
( |s 3| ( dg)a>
' +a) 0 [(1- é‘) %-%.g]d(l—l/p)
. ( IE
rl+a)Jo [(1- S)’gf“f 51}]“(1 1/p)
P o N
x |-y ( : ) +sa|x(a>(%2>|‘f](ds)“)}

-=
&

(A e (25) )
(255 "o
ot (252) (52
(s ((5) )
() e (435
(455 )]

We use Lemma 2.5 and the facts that

. 1/p
(o (£22)")

1 ! & - 31

= dg)®
l"(1+(x) 0 [(1 S)% S"Jlg*"’/] (1- l/p)( E)

qi|;

\&}

+

N

q

[\
Q- N

(-8 .
d o
1+Oé)/ [(1- E)Jf g’fi’*’fg]all/p)(S)

(3.12)

Page 10 of 26
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(d&)*
1+05)/ [(1- %—)}f_'_%-’#lg‘*’%]all/p) :

o) & & (574{7 %127)1/17
= (g> (7(% fa}gf)z) I:/% [(%f + ;,320)“ _6‘5‘1,;0"17]((114)&

(2 NG (5 AN N
‘(§> (%5—%92) ru+d){<( 6 ) '”J

6T (1 + pir)
‘ru+@+nw{<

%p_l_%n a(1+1/p,
((57)
. 1/p
w9 (o (52) ")

1 -0 -ghdey
'F(1+d{) 0 [(1- S)}f+f;{+;f] (1-1/p)

(3.13)

-
7N
w

N

o+

S
N———
,Q\.

v

-
N———"
—_—
| I

/1’3 (3 -6)*(1-§)*(dg)*
1+oc) = g)%v g’ﬁ””g]all/p)

/ - £)%(d§)*
1+Ol) U3 [[(1 - %-))f_'_g”f*’/] (1-1/p)

_(2 (558 + 38) (o + 520 ([ (558 + 38\ &
_(_) <(%” %)2>[ T(1+d) {(( G ) —%1>

A 1N (5 BN\ 84 (254 + )T (1 + pr)
‘(( 2 ) _( 6 ) ) }‘ L1+ (p+ 1)d)

5 {20((5%4_%!7) a(1+1/p) (3{?"’}}) a(1+1/p) %f(erl)}

6 2

N (1205)1'*(1 + 2]90() {2a<57{f + %é?)d(2+l/P) (%.;7 + %17) a(2+1/p) ~ %d(2P+1)}]
C(1+@2p+1)a) 6 2 ! ’
(3.14)

and

(e (5)")

S A T 100k
'F(1+dl) 0 [(1- s)}/ g_—’#l%"f] (1-1/p)

Page 11 of 26
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/1/3 — )54 (dg)*
1"’05) [(1- g)_—)/ g}fﬁéj]al 1/p)

/ (& - 3)7&%(d8)
1+06) U3 [(1-¢€)sd + g’f‘f’é}]all/p)

_(g @ p ) [(11%”+%”)I‘(1+pa){2 ( A }ég)a(l+l/p
\3) N4 -54)? L1+ (p+1)a)

+
) :
B <%17 4 %)d(l+l/p) B d(p+l)} (6(1) 1 n 2190[ { (5 )(x (2+1/p)

1 I'(1+@2p+1)a)
o+ A )‘“M’”) . %d<2p+1>} _AGA +39)
1

T(1+a)

() ) () ()Y )

where we have used the identities

. PN AN 1 1 € - g|a _
A(“)(( 1 2> , ; > = d Ot’
* 2 gt ra+a) o [(1-§)2i2 ’{f“{p é}/]a(l 1/p) (@5)

o (A + N\ 1 ! & - 2191 - &) -
A“”(( 1 2> 503 > = dg), (3.16
5 2 5P F(l +a) o [(1 S) %€+%p +€__Jf]a(1 1p) ( S) ( )

o (4N 1 ! & — 219¢¢ -
A(a)(( 1 2) 323 > - i 3 AEVE.
6 ) ;P F(l + Ol) 0 [(1 %_);/f“f %‘%p]a(l Up) ( é)

Substituting (3.14)—(3.16) in (3.12), we conclude the immediate consequence (3.5). This
completes the proof. d

Remark 3.6 Theorem 3.5 leads to the following conclusions:
(1) Let & = 1. Then we get Theorem 2.1 of [29].
(2) Leta =p = 1. Then we get Corollary 10 of [71] if we choose s = 1, which also
coincides with the first part of Corollary 2.1 of [29].
(3) Let@ =1 and p = —1. Then we get the second part of Corollary 2.1 of [29].

Theorem 3.7 Let p e R\ {0}, s,q> 1 withs ' +q ' =1 and x : Q° C R — R% such that
X € Dg(R°) (Q2° is the interior of Q), x© € Cq (321, 705] and | x' V|1 is generalized p-convex
on Q. Then

1\¢ . Py 5 lp 2 @ o 1@

‘(g) [x(m)+(4) x([ ] (%’—%{’) %12542)ud<1_p)
=N o+ D\ :
() (75 2) )

XTA+d) o f @ | @A+ Upa
X[F(uzd)A <|X Call", |x 2

N

i

Page 12 of 26
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1

q, x(d)(%z)lq)} q, (3.17)

y [2dr(1 +,‘5‘)A <‘ (%Hz;)”l'
I'(1+2d) 2

where

. A\
A;a)<%1’< 1; 2) ;S,p>

57«/+J{p) (2-s)+slp _ }4(2—5)“)&

((
{ (p(2-5) +5)4T (1 +a)

((”{}”}) (2-s)+s/p _ (5%117*}227) —s +s/p)ét }
6

(p(2-5)+9)T(1+a)

= 6

((5%1’6+:42” Y1=s)sslp _ %f(H>+5)d
(P =s)+s)T(1+a)

(( 1 )1 s)+s/p _ (5}‘17'”‘10) - +s/p)ot]

(p(1=5) +8)4T (1 + @)

) %a ;,f 1/p
Aé&)((%) ,%2;5,p>

((’#1?*'5%”)1 s)+s/p _ (”D;”n)l s)+s/p)o'z

(p(1=5) +5)4T (1 +a)

— (55 + )Y

, (3.18)

= (o4 +5:2)"

%27(1—8)“ (’JI+5’}’) -5 +s/p)
(p(1=5) +5)4T (1 +a)
(22

+

~ 65[1{ )(2 s)+s/p _ (’Jlg ’#27) (2- s)+s/p)d)d

(p(2=35) +5)T(1 + @)

( 2 5)+s (}fi’+5,/) (2-s +s/p)a]

(P(2-s) +5)4T(1 + &) (3.19)

and A = % denotes the arithmetic mean.

Proof 1Tt follows from Lemma 3.4 and the generalized Holder inequality that

@ ) }/ Jf 1/p
‘(é) [xuqy+MWx([ L 2] )-+xu@ﬂ

< ) 7@ X (u)
>1 %2 ua(l—p)
. ;ﬁ)a[( 1 1§ - 51 d)
d
< 4p F(1+O[)/0‘ [(1- %-))f é_—’f”#z?]sal l/p)( %)

(e [ b ([n-o52])

1
s

(@WY

Page 13 of 26
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(d;)"*) '

LAY
(dé)”) }

Py .
12 + g}é’]sa(l—l/p)

1/p
([ (1- 5)’4;}5 +s»#§} )

(o

From the generalized p-convexity of |x©)|7 on 2, we have

@ ) }/ ;{” 1/p
‘(1) [x(%1)+(4)“x<[ L 2] >+X(%2)]
< 2p ) 7@ X (u)
1 ?‘Zua(l—p)
"~ %)d{( 1 £ - L1 d)%
d
< 4p F(1+Ot)/o [(1-&)s + E’ff“fp )(E)

2]sa1 1/p
Up|q 1
a(ﬁ;%) ](ds)a)q

X(F(1+a) [( ~O Gl 8

. ( (£ - 2y (dé)df
ra+a) o [(1- ‘i;)’#l’;”g_,_g ]Soll 1/p)
A\ N\
“\rq [(1 £)%1x" (1; ) +s“|x<“><%2)|q]<d$)“)]
A o 42\ :
(% 1) [( O (F572) o))

D(L+6) [ 1X9Ga) + |x @2y g
x |: 1+ 2a) ( 20 )]

A+ AN ;
(0((252) msr))
2T(1 + &) }f+}/)1/p|q+|x(d)(%2)|q 7
“| T+ 240 ( 26 )] ]
1 i
() [ (52) ")
1+°‘) (&) 9| (&) ) + 4 ONE
[ T+ 2) (|X Gall", |x 2
1/p %
(57 o)
AN\ @
Lo (o (2572) T recar)] ) 620
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Making use of Lemma 2.5 and using the change of variable technique, we get

) ;f ;f 1/p
A;a)<%1’< 1‘2* 2) ;s,p)

1 ! |6 - 31* -
= d “
ra+a) /0 [(1- %-)%P_l_é"f“‘p]sa(l l/p)( %)

(G-&¢ ,
d o
1+05)/ [(1- E)%P é}gf'*}f]sal l/p)( )

1 1 _ Lysa )
J— f €-3) ()"
r+a) [(1- E)%P é_-"})“’%]sal 1/p)
25 o p &
-(5) (e22)
T e L R P SO0
x ]"(1 +O[) e ud(ps—s—2p+1) ¢ ps—s-p+1) (d )
DY (55 + 527) 6 du)® 321
1+Ol) 5”‘1*"2)1/17 Ma(ps s—p+1) - Md(ps—s—2p+1) ( M) : ( : )
Now, choosing m =9 and using Mps(i”_)z,_l = pgli)is, we obtain
1 ( 5u16+x2 )l/p 6Sd )
—— —————(du)”
1"(1 + Ol) - ut(ps—s=2p+1)
6Sd (5"‘16+"‘2 )(2—s)+s/p

) (P(2-5)+5)T(1 + @) /}47(23)” (dv)*

6% (( 5%1% )@-9)+sip _ %f(Z—sns)d
) P2-5)+s)T(1+aq) (3.22)

and
( "1;”‘2 )I/p 66(

1 o
1"(1_'_0[) /(5%16+%2)1/p ut(ps—s=2p+1) (du)

6Sd "1*”‘2 )(2—s)+s/p

(10( -8)+8)T(1 +a) 5”1“‘2 2-s)+slp (@)

B 6sa(( %1;%2) (2-s)+slp _ (5%16+%2 )(2—3 +S/p)él

P2-s)+9)T(1+a) ‘ (3.23)

Again, choosing ups—s—p = and using —- s)p+l = pg‘fi);s, we get

5%1+n2 )1/1,

1
ut(ps—s-p+1)

Latsa (i’

r'a+a)

o sys (OO
= & ddv)*
(p1=-s)+s)T(1+a) A9 (@v)

Page 15 of 26
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~ (5}4 + %p)sd((5%16+%2) —s)+slp _ }go(l—s +s)
B (p(L-3) + )T (1 + &)

(3.24)

and

3]+
l2 2)1/17

sa (
A | g aw
(

rl+a) Sx122)1p yb(ps=s-p+1)

( fad hiad) )(1—s)+s/p

LB
(

(p(1=s) +8)%T(1+q) 5214222 )(1-5)+slp

) (5%f + W”)Sd(( %1;%2 )(l—s)+s/p _ (5%16+%2 )(1—s)+s/p)ét

(p(1-5)+9)T(1+a&) (3.25)

Substituting (3.22)—(3.25), in (3.21) we get

of (A B\"
A;a)(%1;< 1; 2) ;S,p)

— 6sd{ ((5;/+,,f) (2-s)+s/p _ }310(273)+S)d
= (p( _S)+S)dlr‘(1+d)

((”f”{y) (2-s)+s/lp _ (5’217'”320 )(2—s)+s/p)d }
6

(p(2=5)+9)T(1+a)

((5;«/’+;«/’) (1-s)+slp _ ;f(l - +s)
(p(1=5) +8)4T (1 + &)
5%’174—;«327
6

— (554 + )™ {
((;{’+J) (1-s)+slp _ ( )(1—s)+s/p)ét
i (p(Q-5)+5)TQ1 +c) }

Analogously,

o (A AN\
Aéa)(( 1; 2> ,%255719)

((;»Hi]+5hﬁ
= (2 +55)" {

) 1-s)+s/p _ (%f %127)1 s)+s/p)d
(p(1=5) +5)4T (1 +a)

_ (}217'*'5"/) -s +s/p)ot }

(p(l -8 +8)4T(1+a)

_630}{((’#17*5}!) 2-s)+slp _ (”‘17”!) —s)+s/p)d)d
(p(2-5)+9)T(1+a)

B ( (%*5’!) - +s/p)d] }
(p(2-3s)+s5)T (1 +aq) ’

Putting the values of A% (s, (122 );5,p) and AL((ZLE2)12, 50y;5,p) in (3.20), we
get the desired inequality (3.17). This completes the proof. O

Remark 3.8 Theorem 3.7 leads to the following conclusions:
(1) Ifa =1, then we get Theorem 2.2 of [29].

Page 16 of 26
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(2) Ifa =p =1, then we get Theorem 8 of [28] when we choose s = 1, which coincides
with the first part of Corollary 2.2 of [29].
(3) If @ =1 and p = -1, then we get the second part of Corollary 2.2 of [29].
Theorem 3.9 Letp € R\ {0},s,q> 1 withs ' +q ' = 1and x : Q° C R — RY be a function

such that y € Dg(Q°) (° is the interior of Q), 'Y € Cy 521, 500) and | x@|7 is a generalized

p-convex function on 2. Then

@ 1/p
‘(é)[xoq)+mfx([%f;”g] >+Xoﬁq
( ) 7@ x ()
21 %21401(1—17)
P2 « _
<2I9 )[Fl::fsl) ]|: %1’( L ) ’q’P)|X(a)(%1)|q
Y
o (o (32) ) oo (52)

M% <d>< A+ A\ ) <a><%f+¢§ Up|a
+|:F(1+(S+1)d):| [®3 9 74P || X

2
af (2 + A\ 1
+®i)<<%) ,%2;61,p>:| |x<"‘)(%2)|q:|, (3.26)
where
( oA 4\
®1 (%ly 2 ) ,q,P)

« (o + )%
((%2”—%”)2 [(p(l q) +q)° T (1 +a)

X <(%{ ; %g)(l Dy _ Jé’(lq)ﬂz)a
o (2—-q)+q/, &
_@@—qwiwru+m((%f;%> qqp‘ﬁﬂw”>]» (3.27)
o o (437%) ")
(o) [
T \Gh-)2) Lp(l-q) + )T (1+a)
() )

()" N TN
_ (p(2—q)+q)‘5‘F(1+d)<( 9 ) - ) ], (3.28)

& J{n+}/ Up
(45 e

:( 4p >°‘[ (o5)*
(b -2 ) Lp(1-q) +q)°T(1+&)

Page 17 of 26
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[ 52+ _  + %‘g (maalp
> 2

1 (%p<1_q>+,, (%’M)‘“*W’)"
P2 -q) +qiT(L+a)\ 2 U2 }

and

& }f"']{y p
®i)<%1,< 12 2) ,%z;q,p>

o s
C G4 -2 (p(l—q)+q)d1“(1+ét)

[ 2D _ 4+ A\ 0P
2 2
(4 +25) p-ara_ (A %p>(2 qw/p) }
_(P(E—q)+q)5’1“(1+d)( ? _< 2 ’
Proof It follows from Lemma 3.4 and the generalized Holder inequality that
1\* L ([ 5T
‘(g) [x(m) + (4)“)(([ = 2] ) : x(%z)]
@) x (1)
1 %2 & (1-p)
% -

%’f 01
( v )[(mm)

8 ( @([1-8)s4 + 5572
r'a+a)J, [(1- 5)}/ +%—"}1’+’}2’]qa 1-1/p)

(e (é-—) ar)

_ 1+ Py ety é
8 ( @([ j) 2+ 505 p)|q(dg)d) }
rd+a)J, [(1-&)A + E%’]qa (1-1/p)

2

sa

(ds)d) '

A

1
g):__

L]

(ds)d) !

%

By the generalized p-convexity of | x@|7 on Q, we have

& . IRt
{(é) [x(m)+(4)ax([%] )+x<%2)]
)"’ x ()
>1 %2 134 (1-p)
(ds)d)s

;a; AN 1 [
(%57 (ava )
sl v 3d)

x( LA =8 ) D Ga)|? + &% x @ (Z572) 1))
ra+a)J, [(1- S)J’/ g_—’glg"’/]qall/p)

1
73

(ds>d> '
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+

F(1+ot)/ <§__> ) >

@ 1+ 1/, Q). ()
( LA = &)%) O(AF2) P17+ 9 @ (55, )lq](df)a>i|

%

X rl+a) /o [(1- 5)?42?%+5J{§]sa(1-1/p)
)"

7

(©
3d <%1;
1/,
®1d)(s)§)|: <( r%Z:qr >‘ a)(ﬁ;%) I

+®§°’”<(ﬁ+”p) QD )] |x@ <m>|] (3.31)

2

(g oronfo o
)
(

4
o T+ T+ Up
* 2 )’”")"( 2 )
( A+ A

From Lemma 2.5 we clearly see that

1 1
ra+a) /0
Again, using Lemma 2.5 and the change of the variable technique, we have

& J{p+%p Up
o (o (L))

1 / (1- &) (dg)*
P+ o (1_g)e s EK{H/

B 2p “ 1 (=
- (%—%’)2) I(1+d) L

Now, choosing —2= =¥ and using up,(ﬁz)_‘;l = % (d'j))Jr 7@ We obtain

sa

(dg)* =

I'(1 +sa)
FA+(G+1a)

1

73

( £) = (3.32)

]qa (1-1/p)

;<(;f’+%") 20

uspa-q-p+1)  y6(pg-q-2p+1)

)(du)é‘ . (3.33)

. i 1
(}4 + }é’)a /( ) . )d
3 R Uu
P1l-9) +q)°T1+aq) 48 (pa—-q-p+1)
() + )% Ay yaar
dv)*
(P(l q) + )T (1 +a&) J,p0-0+ (d9)
o+ )8 % S8\ ara NG
- sl - — A0 (3.34)
(p(1-q)+q)T(1+a) 2
Again, choosing 7= = ¥ and from upq(fi:—):p+l = @(2(%1;));)& , we obtain

A+

i

(du)®

1
20‘ /( ) )17 1
P2-9) +9°Tr1+a) /., 10 pa-q-p+1)

Page 19 of 26
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ok

2‘5[ ( 5 2 (2-q)+qlp )
= - d'l? o
ve-0+ P T(+d) /ww (@)

2¢ A+ (2-q)+alp e &
) (p(2—q)+q)dr(1+a)(< B ) it ) . (3.35)

After substituting (3.34) and (3.35) in (3.33), we get

) 1/p
®(1a)<%1’<1{f;%§> ;q,p)
( 2p >°‘[ (A +8)°
(b —A)2) LpA-q) +qiT0+a)
y ((ﬁJr%v) (1- q)+q/p_%nl e >
2
26( +}320 (2—q)+qlp (2-g)+q a
‘(p(z—q>+q>dr(1+d>(< 2 ) A ) } (330
where we have used the identities
. sy 2\ VP 1 ! £ (dg)"
®(a)< ’< 1 2) ., ):: i / ,
2 | 71 9 q9,pr F(1+Ol) 0 [(1 S)%p E}‘p“{p]qal 1/p)

1 @ @
®gd)<(%lf 74) ,%2,61,19) - 1 (1-&)(d§) (3.37)

+
2 ra+a)J, [(1- g)’ff*"{p_'_;;-}[z]qal l/p),

(e (B25) ) s [ —— T
* ’ 2 e I'l+a)Jo [(1- i_—)’gl?*’f_l_g%z]qa(l l/p)

Substituting (3.32)—(3.37) in (3.31), we get the desired inequality (3.26). This completes
the proof. d

Remark 3.10 Theorem 3.9 leads to the following conclusions:
(1) Let & = 1. Then we get Theorem 2.3 of [29].
(2) Let& = p =1. Then we get the first part of Corollary 2.3 of [29].
(3) Leta@ =1 and p = —1. Then we get the second part of Corollary 2.3 of [29].

4 Applications
4.1 Probability density functions
Consider a random variable Z whose generalized probability density function is p :

(541, 752] — [0%,19], which is generalized convex with the cumulative distribution function
Fi defined by

P2 <x) = Falu) i= ﬁ / p(E)(de ).

Moreover, the generalized expectation can be expressed as

%‘ “p(§)(dE)”.

@ =

1
'l +a)
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We clearly see that

Ea(u) = 52 - / ” Fu@)dey.

]

1
r'+a)

The following two propositions can be obtained from our results obtained in Sect. 3

immediately.

Proposition 4.1 Let p € R\ {0}. Then Theorem 3.5 leads to

(T poenrsmo((£52] o

) s —E5())) ‘

(5 )
4

2 ) 1%1»}7>|p(%1)|q

Vv o) o+ p
)

e
[
(4
() )
8
<

NRE

};

\]

N

q

+

1/
[ ((52) ") b(55)
& i
1; ) ,%2:P>|P(%2)|q:| ]’ (41)

+ A(a <
; ;J’ s o +5d) ;
where Ao, (225 p), AP, (2 )“P %1,19) A ey, (L2 Vs ),

(( ﬁ 2273 p, 3095 p), A(a ((;f+ 2)1/1’ %2,19) z/mdA )(( 1+ Z1UZ0VUP, 5005 p) are given in (3.6)—
(3.10), respectlvely.

N

Lol

Proposition 4.2 Let p € R\ {0}. Then Theorem 3.7 leads to the conclusion that

o 1/,
‘(1) [Pa(y<m)+(4)°‘1) (%([”fgﬂ p)+Pf,(ys%2)}

6

AN 42\ s
() [ (559 )

2T +6d) . A\ | ]%
[F(uzoz)A <|p(”1)|’ ) )
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A (At

(7))
2"*r(1+a) + 2\
[T (o(452)

where A9 (o, (57175, p) and AR (g

respectively.

q, Ip(%2)|q)]é],

VP, 30035, p) are given in (3.18) and (3.19),

4.2 Generalized special means
For 31, < 76, and 311, 55, € RY, considering the following & -type special means [72—80].

1. The generalized arithmetic mean:

& @ @
o 1+ i1y _ n + 1y
A (a1, 50) := ( ) ) = 0w

II. The generalized weighted arithmetic mean:

@
wlx‘f+w2%§

W~ (wh, wy e RY).
1

Ad(%l, o3 Wi, Wo) =

1II. The generalized logarithmic mean:

D(1+nd) 44— 81
T+ (m+1a) (e —20)%

L"O't(%lr%Z) = |: i| (VIGZ\{—LO};%I,%ZER,%I 7!%2)

Let x(u) = u" (u € R: n € Z, |n| > 2). Then Theorems 3.7 and 3.9 lead to Proposi-
tions 4.3 and 4.4 immediately.

Proposition 4.3 Let 3,305 € R with 301 < 35, 0 ¢ [511,560], p € R\ {0}, and n € N\ {1}.
Then

o b P\ o .
H:.A" (%1,( L ; 2 >p,%2;1a,4a, 1a>] -(2p)rQ +d)£d(p+(n—1))

A= AN (g0 A+ AN N\[2T (1 + @)

§<T> [(A (%( : ) ,S,p)> [m

@) (M i%qd(n—l) <%1’ + }ng’)dq(nl)/p
Frl+@#n-1a) )

A@ P Vp . 29T(1 + &)
(e ((52) ) [

J{f‘}';é? qa(n-1)/p
(%37

Q=

I'(1+ na)
'TA+@m-1)q)

)

Q=

o A@ I'(1+ na)
ra+@m-1)a)
it

F(l + l’lOl) & (n-1)
Tl N

2\Up; s, p) and A ((;{;J)W 302;8,p) are given in (3.18) and (3.19),

X

+
2

where A;d)(%l,(

respectively.
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Proposition 4.4 Let s, 05 € R with 3 < 35, 0 ¢ [51,50], p € R\ {0} and n e N\ {1}.

Then
‘[ (%b< 2 > ’%2;10‘,4“,1“)} - (2p)°T'(1 + &) La(ps(n-1)
< ) [[ (1 +as) ]%
4p I+ (s+ 1)
 + P(L+7G) | g
|: (%1, < ) ) 78 P) m|%l |
(—)@( <_}4 ”32’) . ) I +nd) (;J’ +}/)q‘” Dip
+ 2 1, 9 P F(l N (n ~ l)a) )
(1 +as) : @ ;fl’+;g2’)1/p ‘ )
! [W} ©s (T P
(1 + na) (;{f + )qa(n 1)/p
“T+n-1a) 2
. lp
+ @i‘”((%) 95, P )] ’ qa(n-1) }:|
where 0 (e, (A22) 05 4,p), O ey, (Z228)10,,p), O (Z2)P, 50330, p) and
®id)((ﬁ)1/p, »9; q,p) are given in (3.27)—(3.30), respectively.

5 Conclusion

In this article, we have obtained several Simpson-type inequalities for the generalized p-
convex functions via the local fractional calculus, our results include a large number of
particular cases of the generalized convexity of segmental type and generalized harmon-
ically convex functions. Our ideas and techniques used to obtain the main results in this
paper may generate new results within other classes of generalized convexity, which are
not included in generalized p-convexity type. These types of results are useful in all the
pure and applied domains of science and technique when approximation schemes are in-
volved. It is worth mentioning that many significant real-life problems are generally de-
fined in fractal spaces. Therefore, it is of interest to extend our results to the inequality
theory, fuzzy sets and systems and machine learning, which is more general than the cur-
rent branch of mathematics.
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