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Abstract

In this article, some high-order compact finite difference schemes are presented and
analyzed to numerically solve one- and two-dimensional time fractional Schrédinger
equations. The time Caputo fractional derivative is evaluated by the L1 and L1-2
approximation. The space discretization is based on the fourth-order compact finite
difference method. For the one-dimensional problem, the rates of the presented
schemes are of order O(T>* + h*) and O(t>* + h*), respectively, with the temporal
step size T and the spatial step size h, and « € (0, 1). For the two-dimensional
problem, the high-order compact alternating direction implicit method is used.
Moreover, unconditional stability of the proposed schemes is discussed by using the
Fourier analysis method. Numerical tests are performed to support the theoretical
results, and these show the accuracy and efficiency of the proposed schemes.

Keywords: Time-fractional Schrédinger equation; L1-2 and L1 formulas; Compact
finite difference method; ADI; Stability

1 Introduction

Nowadays fractional differential equations have been widely studied in many fields, owing
to their diverse applications in physics, biology, chemistry, mechanics, and finance theory
[1-9]. These applications have contributed to the emergence of various fractional differ-
ential equations in the mathematical and physical world. In [10-14], the authors have pub-
lished some new results of fractional operators and their applications. In fact, it is difficult
to gain analytic solutions of fractional differential equations. Therefore, it is important to
obtain highly accurate numerical methods for solving these fractional differential equa-
tions.

For time-fractional partial differential equations, many different numerical methods
have been introduced, including theoretical analysis and numerical computing. Authors
in [15, 16] have proposed various spatial second-order finite difference methods for a one-
dimensional problem. For two-dimensional time-fractional partial differential equations,
several numerical methods have been proposed [17, 18]. To improve the numerical accu-
racy, some fourth-order compact finite difference methods have been proposed for one-
and two-dimensional time-fractional partial differential equations. Cui [19] constructed
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high-order compact alternating direction implicit schemes for two-dimensional time-
fractional diffusion equations. Gao and Sun [20] focused on the study of spatial sixth-order
accurate combined compact alternating direction implicit difference schemes for solving
two-dimensional time-fractional advection-diffusion equations. Zhai and Feng [21] in-
vestigated several compact alternating direction implicit methods for a two-dimensional
time-fractional diffusion equation.

In this paper, we consider the following multidimensional time-fractional Schrédinger
equation (TFSE):

0%u(x, t)
Pl indd

Y V3ux,t) +f(x,£), xeQ,te(0,T], (1.1)

with the initial and boundary conditions

u(x,0) = up(x), x€, (1.2)

ulx,t) = p(x,t), xe€dR,te(0,T], (1.3)

where Q is a rectangular domain in R? (d = 1,2), R is the boundary of , i = v/—1, and
up and f are known smooth functions. The fractional derivative 9%u(x,t)/9t* is the ath

order Caputo time fractional derivative defined by

%u(x,t) 1
a* TI'l-«a

) /Ot(t —8) % 0su(x,s) ds (1.4)

with @ € (0, 1).

In recent years, some researchers have presented numerical solutions for the time-
fractional Schrodinger equation. Mohebbi et al. [22] investigated meshless method
based on collocation method for the numerical solutions of time fractional nonlinear
Schrodinger equation. Wei et al. [23] proposed an implicit fully discrete local discon-
tinuous Galerkin method for the TFSE. Li et al. [24] proposed L1-Galerkin finite element
method for the numerical and stability analysis of multidimensional TFSEs. In [25], the
space—time Jacobi spectral collocation method is used to solve the time-fractional non-
linear Schrodinger equations subject to the appropriate initial and boundary conditions.
Chen et al. [26] also proposed linearized compact alternating direction implicit schemes
for nonlinear TFSEs.

The main purpose of this paper is to construct some efficient high-order compact dif-
ference schemes for solving TFSE (1.1) with (1.2) and (1.3). We apply the L1 and L1-2
formulas to approximate the time-fractional derivative and use compact operators to ap-
proximate spatial second-order derivatives. We treat the two-dimensional problem using
the compact alternating direction implicit (ADI) scheme. The computational complexity
is reduced to some extent. The L1 formula is the main approximation formula for approx-
imating the time-fractional derivative, in which the truncation error is O(z %) [27, 28]. In
[29], Gao et al. proposed a new difference analog of the Caputo fractional derivative with
convergence order O(t3~®), called the L1-2 formula.

The remainder of our paper is organized as follows. In Sect. 2, we introduce some no-
tations and useful results, and then two high-order compact finite difference schemes are
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constructed for the one-dimensional TFSE. We use the Fourier analysis method to in-
vestigate the stability of the two schemes. In Sect. 3, we extend our methods to the two-
dimensional case and propose two compact ADI difference schemes by adding the pertur-
bation term. Furthermore, a stability analysis is presented. In Sect. 4, we present numerical
examples and detailed numerical results to confirm our theoretical analysis. Finally, a brief
conclusion is provided in Sect. 5.

2 High-order compact difference schemes for the one-dimensional TFSE
In this section, we consider the following one-dimensional (1D) TFSE:

B%ulx,t)  8%u x, L‘)
1 =

a7 +f(x 1), x€Q=(0,L),tel[0,T], (2.1)
u(x,0) = ug(x), x€€, (2.2)
u(x, f)lasz = 90(96: t)’ (x1 t) €0 x (Or T]r (23)

where L and T are positive constants. ug(x), ¢(x, £), and f(x, t) are given smooth functions.

We first present some notations and useful results, which provide the basis for the the-
L

Ny
be the spatial step size, and 7 = % be the time step size. Define 2, = {x;/0 < j < N,} with
xj = jh, and Q. = {£,|0 < n < N} with ¢, = nt. Then the domain [0,L] x [0, T] is covered

by Q;, x Q.. Let it = {u;’|0 <j<N,,0<n <N} bea grid function on Q;, x Q., and define

oretical analysis of our numerical methods. Let N, and N be two positive integers, /1 =

2m_ 1
8u 2

Lou! = (I +

(11 2u +u+1)

128?%)

(2.4)
Next we introduce some useful results and design several compact finite difference

schemes.

Lemma 2.1 (The L1 formula, see [30, 31]) Suppose that o € (0,1) and u(t) € C[0,T].
Then we have

n-1
o« 1 n 1 -
th u(tn) = m |:6l()lzt - ;(an—l—l - a,,_l)u - an_1u°i| + O(‘L'2 ), (2.5)

where a; = (I + 1)1 = [V [ > 0, and the coefficients a; satisfy

l=ap>a1>a,>--->a;>---— 0,

A-a)+1)%<a<(1-a)l™

Lemma 2.2 (The L1-2 formula, see [29]) Suppose that a € (0,1) and u(t) € C3[0, T). Then
we have

1

CDa t,) =
o D ultn) 7°T(2 - )

n-1
|:cou (Cpi—1 — Cp_i)ut cn_1u0:| + O(rs_"‘), (2.6)
I=1
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where co = ag = 1 for n = 1; and forn > 2,

610+b0, ZZO;
cg=va;+b-b_, 1<l<n-2,

- bl—l; l=n- 1,
with

ar=(+ 1) -1,

—L 2-a _ j2-a _l l-a _ jl-a
b= 5[+ D - 2] - S e -],

Now, we consider the derivation of the high-order compact finite difference schemes.

Applying the fourth-order Padé scheme for the second-order derivative, we have

O u ~1¢2 n 4
@(xj,t,,) =L, é;u + O(h ) (2.7)

Using (2.7), we obtain the following semi-discrete fourth-order approximation for the
1D problem (2.1):

i[oDyul; = L. 60uf + £ + O(KY). (2.8)

Then, plugging (2.4)—(2.5) into (2.8) and neglecting the small truncation errors, we ob-
tain the high-order compact scheme (CS1DI) for (2.1)—(2.3) as follows:

liao — 1172 °T(2 - a)]u |, + [10iag + 35 7°T (2 - a)]u}
+ liag — h—ZT“F(Z a)]u
mou 1+ 10mou + lagu /+1
+ T2 -a)[fl, + 10/ + 1], n=1;
liag — ;—%#"I‘(Z —a)]u '+ [10iag + h2 Lrer(2 - a)]u
CSIDI: + liag - BT (2 - )]uf,, (2.9)
=il (@ — ﬂn—l)uj_l + dnfwf_l]
+ 10i[5 (@ptr = @n0)t] + @y )] + 0375 (@i — @)l
+ 1u+1] +1°T(2-«) j’fl +10f" + jfl], 2<n<N;

D =uox), 0<j<Ny
n
]

_(p(xjytn)x ]ethrISVISN

We now present the second difference scheme for (2.1)—(2.3). Substituting (2.4) and (2.6)

into (2.8) and omitting the small terms, we obtain the second high-order compact scheme

Page 4 of 18
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(CS1DII) in the form of

lico - ;57°T (2 - @)luj; + [10ico + 2T (2- oz)]u}
+ [ico — h—zt"‘F(Z a)]u
tcou 1+ IOLC()M] + zcou]O+1
+TR-a)fl, +10f +f1,], n=1;
lico — h—zt"‘I‘(Z a)]u L + [10icy + h2 1o (2 — a)|u? u;
CSIDII : +lico - BT (2 - @)]uf,, (2.10)
= i[5 (Cnoter — Cot)tt]_y + Cpats) ]
+ 1031 (Cnmtcr = Cut)tth + cuatad] + 135 (enir — Cot)il,
+Cpe 1u;)+1] + T T Q-2 + 107" +f14], 2=n=N;

w) =uolx), 0<j<Ny,

]"—go(x,,t) jeo,1<n<N.

From Lemma 2.1, Lemma 2.2, and (2.7), it is obvious that schemes CS1DI and CS1DII
have truncation errors of order O(z%™® + h*) and O(t3~* + h*), respectively.

We now investigate the stability of the above schemes by using the Fourier analysis
method. For the simplicity of illustration, we consider the case that f(x, ) = 0.

Let the numerical solution be represented by
ul” Y L (2.11)

where i = \/(-1), v" is the amplitude at time t,,, and 6 is the wave number in the x direction.
We define the discrete L2 norm by ||u”|| ,=h Z 74 |2. For the fully discrete schemes
CS1DI and CS1DII, we have the following stability results.

Theorem 1 Schemes CS1DI and CS1DI, defined by (2.9) and (2.10) respectively, are un-
conditionally stable for « € (0, 1).

Proof We will complete the proof using mathematical induction. For convenience, we only
give the proof for scheme CS1DI, and the case for scheme CSIDII can be completed using
a similar idea.

We rewrite (2.9) as follows:
[12iaq + (iagh® — 12t°T'(2 — )87 |u; = [12ia0 + iagh®s? ;] (2.12)
for n = 1, and for n > 2 we rewrite it as

. . 2 o 27,1
o 4
[12m +(m0h -127 F(Z—a))Bx]ul

n-1
= [12i + ihzrﬁ] |:Z(a,,_l_1 — a,,_;)u; + a,,_lu;)j|. (2.13)

I=1
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Substituting (2.11) into (2.12) and (2.13), we obtain

0h 48 Oh
|:12iﬂo —4iay Sil’l2 — + —‘L'D(F(Q, — o[) sin2 7]1}1

2 k2
0h
= | 12iag — 4iag sin> — [+° (2.14)
2
and
. . .,0h 48 6k
|:12mo — 4ia sin® ) + ﬁr“[‘@ —a)sin? 7]1,"
oh n-1
= |:12i — 4isin® 7] |: (Api1 — Ap )V + an1v0:|. (2.15)
I=1
Then

[12iaq — 4iaq sin® 2]

1

Vo= v
12iay — 4iag sin® Oh 4 a1 (2 - o) sin®
2 2 2

0

Since ag = 1, we can easily obtain

v =]

Suppose that [v"*| < |+°| holds for m = 1,2,...,n — 1. Then, using (2.15) and Lemma 2.1,

we have
n-1
V' <D @nia - an )|V ] + ana V)
=1
n-1
< |:Z(an—l—1 — ) + ﬂn—1:| V0] = v°].
=1
That is,
< (2.16)

holds true for all m = n. Moreover, applying (2.16) and Parseval’s equality, we obtain
Ny Ny Ny
32 = 13l = 1 32| = 3|
j=1 j=1 j=1
Nx Ny Ny
L) (TS G 3 1 P NP
j=1 j=1 J=1

which proves that scheme CSI1DI is unconditionally stable. Thus, the proof is com-
pleted. g
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3 High-order compact ADI schemes for the two-dimensional TFSE
In this section, we develop two high-order compact ADI schemes for two-dimensional
(2D) TFSE with the following initial and boundary conditions:

u(x,y,t 92 92

% (8x2 + 8y2> (@ 9,t) +fx,y,t), (xy)ete(0,T], (3.1)
M(x:)/: 0) = MO(xry)r (x!y) S Q’ (32)
M(x»y» t)lHQ = <ﬂ(x>y> t)» (x’y’ t) €0Q x (0: T]r (33)

where L and T are positive constants, 2 = (0,L) x (0,L). uo(x, ), ¢(x,9,t), and f(x,y,t) are
given smooth functions.

Let M, N be positive integers, & = AL—/[ be the spatial step size, and t = % be the time step
size. Define 2, = {(xj,yx)|0 < j, k < M} with x; = jh and y; = kk; and Q. = {£,|0 <n < N}
with ¢, = nt. Then the domain [0, L]? x [0, T] is covered by ), x Q.. Let i = {uj’}<|0 <jk<
M,0 < n < N} bea grid function on € x ., and define

Siu = (! 1k~ 2t + o 1) (3.4)
L uk = (I+ 82)u1k

The notations Syzul’}( and Lyuj; can be defined similarly.
Applying the fourth-order Padé scheme for the second-order derivatives, we have

9*u 142 4

ﬁ(xjrykr tn) = L 8 ]k + O(h ) (3.5)
9%u

72 — (%, ta) = L' 83ufy + O(K). (3.6)

Using (3.5) and (3.6), we can obtain the following semi-discrete fourth-order approxi-
mation for the 2D problem (3.1):

{6 Dy uly = L' 83uh + Ly 8Ju + fii + O(h*). (3.7)

Thus, by using Lemma 2.1 for (3.7) and neglecting the small truncation errors, we obtain

the following scheme:

/ n-1
! n
m |:aobt/k - Z(an—l—l - an,l)u —a,._ 1”;k:|

=1

=L'S2uly + L)' S2uly + [ (3.8)

Act with the operator (-it*T'(2 — «))L.L, on both sides of (3.8). By noting that ay = 1,
after rearranging the terms we have the equivalent forms

[LiLy +it°T (2 = @) (87Ly + 87 L) |ut

n-1
=L,L, |:Z(an_;_1 — a,,_;)u/l.k + an_lufk:| —it'r2 - a)LxLJL/?Z. (3.9)
I=1

Page 7 of 18
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Next we consider the derivation of the ADI difference scheme so that some small split-
ting terms should be added onto the left-hand side of (3.9) in order to achieve the operator
splitting scheme. By adding the splitting term

[ir“l"(2 - a)]28§8y2(uj’}( - uj’;(_l)

to the left-hand side of (3.9) and rearranging the terms of the resulting scheme, we obtain

an approximate scheme for # > 1 as follows:
(Lx +iT°T (2= @)82) (Ly + it T (2 — )8 ufy

n-1
=L,L, |:Z(ﬂnll —a,_ z)uk +dp U k}

[lr"‘F(Z Ol)] yz ]”k L_iz°r(2 —a)LxLJ{];,Z’. (3.10)

Introducing the intermediate variables #'*) and #"*), we can obtain the following high-
order compact ADI scheme (CS2DI) for (3.1)—(3.3):

(L + 1T (2 = )82)ut” = LeLyu + [T T (2 - 01)]*6262u
=TT (2 - @)L Lyf,

(Ly +it*T (2 - @)8))u ]k =uj1k(*), n=1;

(L +it°T(2 — @)82)u jk

CS2DI : = L L[> @ - an_l)u +a, 1uk] (3.11)
+ [it°T (2 - a)]zazszu'?-l —it°T (2 - @)L Lyf},

(Ly +iT°T (2~ )82ty = u]k( ) 2<n<N;

up = o, 1), 0<j,k <M,

u]’;( =0 Yo tn), (k) €9, 1 <n<N.

To solve (3.11), we need to give the values of #'® and 4" on the boundary, and these
are obtained from the second and fourth equation in (3.11), respectively.
Now, we present the second difference scheme for (3.1)—(3.3). Using Lemma 2.2 for (3.7)

and omitting the small terms, the second difference scheme can be given in the form of

. n-1

! Z !
—— | Col4; Cy—j-1 —Cy=l)U C u
T“F(Z—O{)|:O ik~ (n -1 n l) jk — On-1 kj|

=1

=L'Souly + L' S uly + ff. (3.12)

—iT F2 a))

By acting on both sides of (3.12) with the operator ( L.L, and rearranging the

terms, we obtain

iT*T(2 - @)

L.L,+
b

(82L, + 5§Lx)} Uy

Page 8 of 18
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n-1

Cn-i-1 — Cn-| Cn-1

:LxL[ e Bt lk+ z uok:|

Co /
=1

n:“[‘(2 a)

—————LLf}. (3.13)
Co

By adding the splitting term (” L0 )28282(u;1k - uj’;(’l) to the left-hand side of (3.13) and

rearranging the terms of the resultlng scheme, we obtain the following scheme for n > 1:

it*T2-a) , it T2 -a) ,
(Lx‘I'T(Sx Ly‘l' T(Sy M;?k

n-1
Cn-i-1 —Cn-| Cn-1
=LiLy| ) "+
Co C

-1 0

T2 - ) 2,1 _ T2 -a)
+ I:T} 6 8}/ ik o — L LJlfk (314')

Upon introducing the intermediate variables #'® and " and noticing that ¢y = 1 for
n = 1, we obtain the following additional high-order compact ADI scheme (CS2DII) for

(3.1)-(3.3):
(L +iT9T(2 - )82,
= LiLyug + [iv*T (2 - a)]23§5y2 5 — 1T (2 — @)L Lyfy,
(Ly+it*T(2 - a)Sz)uk = ”;k( ), =1;
(L, + M(Sz) lr;((*)
CS2DII ; = LoLy [y Soelsosl 4 2L ;)k] (3.15)
+ [%]25553 R A
(Ly+ i 202 %) 8y2)u/k = ujk(*), 2<n<N;
Uy = uox, 1), 0<jk <M,
u}f‘k =0 Vi ta)s (k) € 9,1 <n < N.

To solve (3.15), we need to give the values of #'® and #"* on the boundary, and these
are obtained from the second and fourth equations in (3.15), respectively.

From (3.7), it is obvious that schemes CS2DI and CS2DII can maintain fourth-order
accuracy in space, and from Lemmas 2.1 and 2.2 we know that schemes (3.9) and (3.13)
have temporal convergence rates of O(z27%) and O(r37%), respectively. We note the fact
that if the splitting errors are much larger than the truncation error, as pointed out by
Douglas and Kim [32], a splitting term will play an important role in the accuracy of the
solution. This phenomenon has also been pointed out by Zhai et al. [33]. From the splitting
term [it*T'(2— a)]28282(u Uik 1), we find that the splitting errors are O(t2**!) in schemes
CS2DI and CS2DII, respectively. This means that the temporal convergence rates for these
schemes will tend to « + 1. The numerical results in Sect. 4 further confirm this judgment.

In the following, we investigate the stability of the high-order compact ADI schemes
(CS2DI and CS2DII) using the Fourier analysis method. Here, in order to simplify the

notations and without loss of generality, we consider the case that f(x,y,t) = 0.

Page9of 18
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Suppose that the numerical solution is represented by

Mﬁ( _ ei(ex/hwykh), (3.16)

where i = 4/(-1), v" is the amplitude at time £, and 6y, 6, are the wave numbers in the x and

y directions, respectively. We define the discrete L* norm by [|u"|?, = h* Zj\fl P |uaf .

For the fully discrete schemes CS2DI and CS2DII, we have the following stability results.

Theorem 2 Schemes CS2DI and CS2DII, defined by (3.11) and (3.15) respectively, are
unconditionally stable for o € (0, 1).

Proof We apply mathematical induction to complete the proof. For convenience, we only
give the proof for scheme CS2DI, and the case for scheme CS2DII can be completed using
a similar idea.

First, we rewrite (3.11) as

(Lx +it*T(2 - ot)éi) (Ly +it*T(2 - oz)Syz)u}k

= LyLyu + [it"T (2 - )] "6267uf (3.17)

for n =1, and for 2 < n < N, we write this as follows:

(Ly +it°T (2 - )82)(Ly +it°T(2 - a)aj)ufk

n-1
) 0
= LxLy|: § (@n-i-1 - “n—l)”jk + anlu/k:|

=1

+[iT T @ - ) *828%ul . (3.18)

Substituting (3.16) into (3.17) and (3.18) and denoting r = t*I'(2 — a)/h?, 51 = sin? %, and
$o = sin® % for simplicity, where 0 < s;,s, < 1, for n = 1 we obtain

- 4i - 4i !
— =81 | —4irs — =89 | —4irsy |v
3 1 irs1 3 2 2

1 1
= |:<1 - §Sl) (1 - gsz) - 16r2s1sz:| WY,

and for 2 < n < N we obtain
1 1 4i 1 1 4i "
— =81 | —4irs — =8 | —4irsy v
351 1 352 2
1 1 - ! 0 2 n-1
=({1- §Sl 1- §52 (@n_i-1 — an_ )V + ay_1v° | — 16151557
I=1
1 1
=[{1-=s 1— =8 |(1 —a;) — 16r%s1sy [V*!
(- 2)(1- L) e 16%s]
1 1\ [&
+ (1 — gsl) (1 — §52> |:Z(a,,_l_1 —a, )W+ an_1v0j|.
I=1
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Consequently, we have

Vl _ (1—%31)(1—%52)—16;"231@ VO _ VO
(1—%51)(1—%sz)—16r25152—i[4r52(1—%51)+4rsl(1—%sz)] = KoV,
o= (1—%sl)u—%sz)(l—an—mﬂslsz i1
(lf%sl)(lf%sz)—mrzslsz z[4rs2(1——sl)+4rs1(1 % 52)] (3.19)
(1*351)(1 332 0
a —-a VvV +a 14
[(1—%51) 4irs1][( 1——52 —4irsy] [Z ( n-l-1 = l) n-1 ]
2<n<N.

We note that 0 < 51,55 < 1, and from the first equation of (3.19) we can easily see that
0 < |uo| < 1. Therefore,

[vil = |kollvol < Ivol.
Assume that we have proved that

m=12,...,n—1.

v
Then, applying Lemma 2.1 and (3.19), we obtain

|(1- 3s1)(1 - 350)(1 - a1) - 16515, |
(1= 351)(1 = §52) = 1672515 — lArsa(1 = 351) + 4rsi (1= 5o)]|

l_l l—l n-2
I ‘381)( 352” < [Z(ﬂn—l—l—ﬂn—1)|l’l|+“”_1|VO’}

V| <

v

= Ts0) — 4irsy 111 - L) — dirss ]| | &

_ (1= 3s1)(1 - 352)(1 — a1) — 1672815,
“|1- %sl)(l - %32) — 1612518y — i[4rsy(1 — %sl) +4rs;(1— %52)]|

V]

+ |(1_ %Sl)(l_ %Sz)a” |VO‘
(1= 351) — dirsy||(1 - 352) — 4irs, |

and it is not difficult to prove that the following inequalities hold:

1 1 1 1 1672 i| 4rs, (1 1 4rs; [ 1 1
- =S — =S — "8189 — 1 TS — =S + 4rs — =S
3 1 3 2 192 2 3 1 1 3 2
1 1
> ’ <1 - §51> <1 - §52>(1 —a;) - 161518y

1--— — 4iy 1--— — 4iy > 1--— 1--—
N S S S: S S ai|.
31 irsy 32 irsy| = 31 32 1

That is,
V| < |V (3.20)

and

holds for all m = n. Furthermore, using (3.20) and Parseval’s equality, we obtain

M M M M
||u ”Lz_hzZZ| k| —h ZZ ex/hwykh hzZZ|Vn|2

j=1 k=1 j=1 k=1 j=1 k=1
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M M M M M M
5h222|vo|2=h222 0x]h+9ykh ZZ /k|2

j=1 k=1 j=1 k=1 j=1 k=1

= Huoﬂiz, n=1,...,N,
and the proof is completed. O

4 Numerical results
In this section, three numerical examples, which verify the efficiency and accuracy of the

proposed schemes, are presented.

Example 1 Let us consider the following 1D time-fractional Schrédinger equation:

dU(
Tt = TS0 1 £ ),

flx,t) = (1 +i)2m?sinmx +

x€Q=1[0,2],t€(0,1),

2o, .
I?(tgfa) (i—1)sinmx,

with the exact solution u(x,¢) = (1 + i)¢? sin wx. The initial and boundary conditions can
be obtained from the exact solution.

Now, we investigate the spatial convergence rates for schemes CS1DI and CS1DII. We
choose N = 1000 to avoid the influence of the temporal approximation. Table 1 gives the
L*-norm errors (denoted by L*-error) and convergence orders at time 7 = 1 for « = 0.25
(or o = 0.5) and various values of N,. From Table 1, we conclude that schemes CS1DI and
CS1DII are verified to have fourth-order accuracy in space. Regarding the time accuracy,
by fixing N to eliminate the contamination of the spatial error, the numerical results at
T =1 for different o and N values are presented in Table 2. In Fig. 1, we also present the
errors in the L*-norm and L2-norm as a function of the time step sizes for o = 0.25, where
N, = 50 in scheme CS1DI and N,, = 250 in scheme CS1DII. From these results, we find that
the convergence order in time for schemes CS1DI and CSIDII is close to 2 — @ and 3 — «,

respectively.

Table 1 Numerical comparison results of schemes CS1D/ and CS1DIl for Example 1,at T =1 with
N = 1000 and different Ny and o

o Ny Scheme CS1DI Scheme CS1DII

[*-error Order [*°-error Order

0.25 4 0.0394 - 0.0394 -
8 2.281e-3 4111 2.281e-3 4111
16 1.399e-4 4.027 1.400e-4 4.027
32 8.700e-6 4.008 8.707e-6 4.007

0.5 4 0.0393 - 0.0393 -
8 2.278e-3 4111 2.278e-3 4110
16 1.396e-4 4.029 1.397e-4 4.027

32 8.752e-6 3.995 8.694e-6 4.007
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Table 2 Numerical comparison results of schemes CS1DI and CS1DIl for Example 1, at T =1 with
Ny = 2000 and different N and o

o N Scheme CS1DI Scheme CS1DII
L°-error Order [*®-error Order
0.1 10 1.554e-4 - 2.365e-6 -
20 4.563e-5 1.768 2.871e-7 3.042
40 1.322e-5 1.787 3.538e-8 3.021
80 3.793e-6 1.802 4.391e-9 3.010
0.5 10 0.0020 - 8.694e-6 -
20 7.191e-4 1472 1.188e-6 2872
40 2577e-4 1480 1.830e-7 2699
80 9.199e-5 1486 3.130e-8 2.547
0.9 10 9.995e-3 - 1.334e-3 -
20 4.699e-3 1.089 5.067e-4 1.397
40 2.13%e-3 1.136 1.272e-4 1.995
80 9.592e-4 1.157 2.840e-5 2.162

log(Error)
=
log(Error)

15k oL B AT * L eerror
——1.2 ——2error
Line of slope 1.75

Line of slope 2.75

-4 -3.8 -3.6 -3.4 -3.2 -3 2.8 -26 2.4 2.2 -4 -3.8 -3.6 -3.4 -3.2 -3 2.8 26 -2.4 22
log(7) log(7)

Figure 1 Time errors as a function of the time step sizes with a = 0.25 for Example 1. (@) Scheme CS1D,
(b) scheme CST1DII

Example 2 Here, we consider the alternative 1D time-fractional Schrodinger equation

o 2
L) _ Duet) | gy g,

01 dx?
. 2—a . . 2—0 o;
fx,0) = i(E=S® + £ sinx) — 255505 + 17 cosx,

x€Q=[0,2r],t €(0,1).

The exact solution to the problem is u(x, £) = t2(cosx + i sinx). The initial and boundary
conditions can be obtained from the exact solution.

In this example, we first use schemes CS1DI and CSIDII to verify the spatial conver-
gence rates. Table 3 presents the L*-errors and convergence orders with N = 1000 and
various values of N, and « at time T = 1, from which we find that schemes CS1DI and
CS1DII both achieve fourth-order accuracy regardless of the value of «. Next, we test the
temporal convergence rate for the case that T = 1 and N, = 2000. The results for different
N and « values are listed in Table 4. In Fig. 2, we plot the errors in the L*-norm and L2-
norm as a function of the time step sizes for N, = 50 in scheme CS1DI and N, = 250 in
scheme CS1DII, where o = 0.75. It shows that the slopes of the error curves obtained for
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Table 3 Numerical comparison results of schemes CS1DI and CS1DII for Example 2, at T = 1 with
N = 1000 and different N, and o

o Ny Scheme CS1DI Scheme CS1DII
L°-error Order L*°-error Order
0.25 4 0.0218 - 0.0218 -
8 1.277e-3 4,094 1.277e-3 4.093
16 7.812e-5 4,031 7.841e-5 4.026
32 4.823e-6 4018 4.906e-6 3.999
05 4 0.0181 - 0.0181 -
8 1.056e-3 4,096 1.062e-3 4,089
16 6.186e-5 4,094 6.624e-5 4.003
32 3.860e-6 4,002 4.138e-6 4001

Table 4 Numerical comparison results of schemes CS1D/ and CS1DIl for Example 2,at T =1 with
Ny = 2000 and different N and

o N Scheme CS1DI Scheme CS1DII
L®°-error Order [*-error Order
0.1 10 1.020e-3 - 2.044e-5 -
20 3.004e-4 1.764 2.537e-6 3.010
40 8.722e-5 1.784 3.212e-7 2.981
80 2.506e-5 1.800 4.115e-8 2.965
0.5 10 0.0154 - 9.402e-4 -
20 5.644e-3 1448 1.602e-4 2553
40 2.042e-3 1.468 2.786e-5 2524
80 7.330e-4 1478 4.886e-6 2511
0.9 10 0.0889 - 0.0156 -
20 0.0429 1.051 3.679%-3 2.086
40 0.0204 1.074 8.43%-4 2.124
80 9.588e-3 1.087 1.968e-4 2.100

log(Error)

rror ror 4
Line of slope 1.25 Line of slope 2.25

-4 -3.8 -3.6 -3.4 -3.2 -3 -28 2.6 2.4 22 -4 -3.8 -3.6 -3.4 -3.2 -3 28 26 -24 22
log(7) log(7)

Figure 2 Time errors as a function of the time step sizes with a = 0.75 for Example 2. (@) Scheme CS1D],
(b) scheme CST1DII

scheme CS1DI is 1.25, which accords with the theoretical estimates 2-«. However, scheme
CS1DII yields a temporal approximation order 3-«, i.e., the slopes of the error curves is
2.25. Again, as expected it is clearly shown that scheme CSIDII has higher accuracy than
scheme CSIDI.

Page 14 of 18
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Example 3 We consider the following 2D time-fractional Schrédinger equation:

0% 9%u %u
lW =92 + W +f(x,y,t),

S@y,t) = 1+ )R-y + (1 -x)0) +i(1 -6 (1 - ay o),
(x,y) € 2=1[0,1] x [0,1],¢ € [0,1].

Its exact solution is u(x, y, £) = (1+)(1—x)(1—-y)xyt2. The initial and boundary conditions
of this problem can be extracted from the exact solution.

First, the spatial accuracy is numerically examined. We decrease the mesh size of / to
h/2 and t to 7/2*1**, and the errors and orders for schemes CS2DI and CS2DII are shown
in Table 5 for different o values. We can see that the experimental convergence order is
approximately four. Second, the numerical accuracy in time is verified. The numerical re-
sultsat 7 =1 foro = 0.1,0.5, and 0.9 are listed in Table 6. Meanwhile, the numerical results
are plotted in Fig. 3. From these results, we find that schemes CS2DI and CS2DII yield a
temporal approximation order close to 1 + «, i.e., the slopes of the error curves are 1.25
and 1.75, respectively, for « = 0.25 and « = 0.75. We also plot the contour graphs of the
numerical errors using schemes CS2DI and CS2DII with N = M = 100 for « = 0.1,0.5,0.9

Table 5 Errors and convergence orders of schemes CS2D/ and CS2DII for Example 3, at T =1 with
different a, M, and N

o M N Scheme CS2DI Scheme CS2DII
L®°-error Order [*-error Order

0.25 5 50 5.328e-3 - 5.277e-3 -

10 460 3.587e-4 3.893 3.552e-4 3.892

20 4222 2.247e-5 3.997 2.226e-5 3.996
0.5 5 50 1.935e-3 - 1911e-3 -

10 317 1.309e-4 3.885 1.293e-4 3.885

20 2016 8.175e-6 4.002 8.075e-6 4.002
0.75 50 50 7.654e-4 - 7.580e-4 -

10 244 5351e-5 3.838 5.289%e-5 3.841

20 1189 3.614e-6 3.888 3.558e-6 3.894

Table 6 Numerical comparison results of schemes CS2D/ and CS2DII for Example 3, at T =1 with
M =100 and different N and o

o N Scheme CS1DI Scheme CS1DII
[*°-error Order L®°-error Order
0.1 10 6.742e-2 - 6.735e-2 -
20 3.129e-2 1.107 3.111e-2 1.114
40 1.393e-2 1.168 1.385e-2 1.168
80 6.438e-3 1.114 6.404e-3 1.113
05 10 2.181e-2 - 2.141e-2 -
20 8.062e-3 1436 7.964e-3 1427
40 2.886e-3 1482 2.850e-3 1482
80 1.028e-3 1489 1.015e-3 1.489
09 10 9.789%¢-3 - 9.750e-3 -
20 2.75%e-3 1.827 2.747e-3 1.828
40 7.797e-4 1.823 7.757e-4 1.824
1

80 2.243e-4 .798 2.229%-4 1.799
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log(Error)
IS
&
log(Error)
&

Li

or or
Line of slope 1.25 ine of slope 1.75

4 38 36 34 32 3 28 26 24 22 -4 38 36 84 32 3 28 26 24 22
log(7) log(7)

Figure 3 Time errors as a function of the time step sizes for Example 3. (a) Scheme CS2D/ with o = 0.25,
(b) scheme CS2DIl with & = 0.75

%107 a=0.1 %107
4 4
= 3 = 3
o o
= =
w i1}
2 2
1 1
x107* x107*
6 6
5 5
. =
e 4 e 4
= =
L 3 1] 3
2 2
1 1
%107 %107
12 12
10 10
. =
o 8 o 8
= =
w w
6 6
4 4
2 2

Figure 4 The contour plot of the L*°-error using two schemes at T = 1, with N=M =100, and different « for
Example 3. Left panel for scheme CS2D/ and right panel for scheme CS2DI, respectively

in Fig. 4. From these results, we find that two methods have the same temporal conver-
gence rates, and the convergence rate of scheme CS2DII is lower than 3 — « because of the
splitting term.
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5 Conclusions

In this paper, we have proposed two kinds of high-order compact finite difference schemes
with order O(z2™* + k*) and O(z3~* + h*), respectively, for solving the one-dimensional
time-fractional Schrédinger equation. Here, the time discretization is replaced by the L1
and L1-2 formulas, and the space discretization is derived using the high-order compact
finite difference method. Then, the extension to the two-dimensional problem is consid-
ered. We have designed two high-order compact ADI difference schemes with accuracy
O(t'** + h*). In the two-dimensional case, it is worth noting that the splitting term can
affect the local truncation error for the time accuracy. Moreover, both theoretical analysis
and numerical examples show that all schemes are unconditionally stable for « € (0,1) and
have the high accuracy. Evidently, the proposed schemes are easy to be implemented and

extended to solve other fractional PDEs.

Acknowledgements
The authors would like to express their sincere thanks to the anonymous referees and associated editor for his/her careful
reading of the manuscript.

Funding

This work is partially supported by the National Natural Science Foundation of China (No. 11801485), the scientific
research plan of Universities in Xinjiang (No. XJEDU20201001), and the Key Laboratory of Xinjiang Province (No.
2020D04002).

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have read and approved the final manuscript.

Authors’ information
Xinlong Feng, Email: fximath@xju.edu.cn; Enmet Kasim, Email: ehmetkasim@163.com

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 29 May 2020 Accepted: 3 September 2020 Published online: 17 September 2020

References
1. Uchaikin, V.V.: Fractional Derivatives for Physicistis and Engineers. Higher Education Press, Beijing (2013)
2. Kilbas, A.A, Srivastava, HM,, Trujillo, J.J: Theory and Applications of Fractional Differential Equations. Elsevier, Boston
(2006)
. Hilfer, R: Applications of Fractional Calculus in Physics. World Scientific, Singapore (1999)
4. Magine, R.L.: Fractional Calculus in Bioengineering. Begell House Publishers, Redding (2006)
5. Kirchner, J, Feng, X, Neal, C.: Fractal stream chemistry and its implications for contaminant transport in catchments.
Nature 403, 524-526 (2000)
6. Agarwal, P, Dragomir, S.S., Jleli, M., Samet, B.: Advances in Mathematical Inequalities and Applications. Springer,
Singapore (2018)
7. Scalas, E, Gorenflo, R, Mainardi, F.: Fractional calculus and continuous-time finance. Physica A 284, 376-384 (2000)
8. Singh, J, Kumar, D, Baleanu, D, Rathore, S.: On the local fractional wave equation in fractal strings. Math. Methods
Appl. Sci. 42(5), 1588-1595 (2019)
9. Kumar, D, Singh, J,, Baleanu, D.: On the analysis of vibration equation involving a fractional derivative with
Mittag-Leffler law. Math. Methods Appl. Sci. 43(1), 443-457 (2020)
10. Agarwal, P: Some inequalities involving Hadamard-type k-fractional integral operators. Math. Methods Appl. Sci.
40(11), 3882-3891 (2017)
11. Singh, J, Kumar, D,, Baleanu, D.: A new analysis of fractional fish farm model associated with Mittag-Leffler type
kernel. Int. J. Biomath. 13(2), 2050010 (2020)
12. Singh, J,, Jassim, HK,, Kumar, D.: An efficient computational technique for local fractional Fokker Planck equation.
Physica A 555(1), 124525 (2020)
13. Agarwal, P, Jleli, M., Tomar, M.: Certain Hermite—-Hadamard type inequalities via generalized k-fractional integrals.
J.Inequal. Appl. 2017(1), 55 (2017)

w


mailto:fxlmath@xju.edu.cn
mailto:ehmetkasim@163.com

Eskar et al. Advances in Difference Equations (2020) 2020:492 Page 18 of 18

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

32.

33

. Wang, GT, Agarwal, P, Chand, M.: Certain GrUss type inequalities involving the generalized fractional integral

operator. J. Inequal. Appl. 2014(1), 147 (2014)

. Zhuang, P, Liu, F, Anh, V, Turner, |.: Stability and convergence of an implicit numerical method for the non-linear

fractional reaction-subdiffusion process. IMA J. Appl. Math. 74, 645-667 (2009)

. Chen, CM, Liu, F, Turner, I, Anh, V.: A Fourier method for the fractional diffusion equation describing sub-diffusion.

J. Comput. Phys. 227, 886-897 (2007)

. Brunner, H, Ling, L., Yamamoto, M.: Numerical simulation of 2D fractional subdiffusion problems. J. Comput. Phys.

229,6613-6622 (2010)

. Qiao, Y.Y, Zhai, S.Y, Feng, X.L.: RBF-FD method for the high dimensional time fractional convection-diffusion

equation. Int. Commun. Heat Mass Transf. 89, 230-240 (2017)

. Cui, M.R:: Convergence analysis of high-order compact alternating direction implict schemes for the

two-dimensional time fractional diffusion equation. Numer. Algorithms 62, 383-409 (2013)

Gao, GH,, Sun, HW.: Three-point combined compact alternating direction implicit difference schemes for
two-dimensional time-fractional advection-diffusion equations. Commun. Comput. Phys. 17, 487-509 (2015)

Zhai, S.Y, Feng, X.L.: Investigations on several compact ADI methods for the 2D time fractional diffusion equation.
Numer. Heat Transf,, Part B, Fundam. 69(4), 364-376 (2016)

Mohebbi, A, Abbaszadeh, M., Dehghan, M.: The use of a meshless technique based on collocation and radial basis
functions for solving the time fractional nonlinear Schrédinger equation arising in quantum mechanics. Eng. Anal.
Bound. Elem. 37(2), 475-485 (2013)

Wei, LL, He, YN, Zhang, X.D., Wang, S.L.: Analysis of an implicit fully discrete local discontinuous Galerkin method for
the time-fractional Schrédinger equation. Finite Elem. Anal. Des. 59, 28-34 (2012)

Li, D.F, Wang, J.L, Zhang, JW.: Unconditionally convergent L1-Galerkin FEMs for nonlinear time-fractional
Schrédinger equations. SIAM J. Sci. Comput. 39(6), A3067-A3088 (2017)

Yang, Y, Wang, J.D,, Zhang, S.Y,, Tohidi, E.: Convergence analysis of space-time Jacobi spectral collocation method for
solving time-fractional Schrédinger equations. Appl. Math. Comput. 387, 124489 (2019)

Chen, X.L, Di, YN, Duan, J.Q, Li, D.F: Linearized compact ADI schemes for nonlinear time-fractional Schrédinger
equations. Appl. Math. Lett. 84, 160-167 (2018)

Sun, Z.Z, Wu, XN.: A fully discrete difference scheme for a diffusion-wave system. Numer. Math. 56, 193-209 (2006)
Vong, S., Lyu, P, Wang, Z.: A compact difference scheme for fractional sub-diffusion equations with the spatially
variable coefficient under Neumann boundary conditions. J. Sci. Comput. 66, 725-739 (2015)

Gao, GH,, Sun, Z.Z,, Zhang, HW.: A new fractional numerical differentiation formula to approximate the Caputo
fractional derivative and its applications. J. Comput. Phys. 259, 33-50 (2014)

Zhang, YN, Sun, Z.Z.: Alternating direction implicit schemes for the two-dimensional fractional sub-diffusion
equation. J. Comput. Phys. 230, 8713-8728 (2011)

. Zhao, X, Xu, QW.: Efficient numerical schemes for fractional sub-diffusion equation with the spatially variable

coefficient. Appl. Math. Model. 38, 3848-3859 (2014)

Douglas, J., Kim, S.: Improved accuracy for locally one-dimensional methods for parabolic equations. Math. Models
Methods Appl. Sci. 11, 1563-1579 (2001)

Zhai, S.Y, Feng, X.L., He, Y.N.: An unconditionally stable compact ADI method for three-dimensional time-fractional
convection-diffusion equation. J. Comput. Phys. 269, 138-155 (2014)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	On high-order compact schemes for the multidimensional time-fractional Schrodinger equation
	Abstract
	Keywords

	Introduction
	High-order compact difference schemes for the one-dimensional TFSE
	High-order compact ADI schemes for the two-dimensional TFSE
	Numerical results
	Conclusions
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Authors' information
	Publisher's Note
	References


