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1 Introduction

Along with fast development of agriculture and modern industry, a large number of toxic
pollutants are discharged into the ecosystem, and therefore it is an undeniable fact that en-
vironmental pollution becomes increasingly serious, such as pollution of pollutants from
burning agricultural plant straw, heavy metal pollution, water pollution caused by crop fer-
tilization and pesticide application. As it is well known, the existence of various poisons
are becoming a threat to the survival of unprotected populations, which has prompted
many scholars to investigate the impact of toxins on the population and assess the risk of
the population. An important tool to analyze the effects of toxins on population is estab-
lishing a mathematical model [1-7].

Wei and Chen [8] proposed a mathematical model for the first time to study the phys-
iological effects of vertebrates on population in a polluted environment. The so-called
“psychological” effect refers to: in the heavy pollution environment, because the organism
with spine has a good sensory nervous system, which can transmit the information of the
polluted environment to the area where the brain can explain the information, the effec-
tive contact between the organism and the live environment will be reduced, which plays
the role of self-protection; for instance, fish can identify the information in the polluted
environment through their own neurosensory system and make decisions to either escape
from the polluted area or bear the environmental toxicant [8]. Afterwards, Lan and Wei
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[9] considered that the exogenous input of toxins is regular in some practical situations.
They proposed the following single-species population model with psychological effect
and impulsive toxicant in a pollution environment:

&(t) = 2(0)(r = roco () — ax(t) - 7).
co(t) = (kee(t) = (g + m + b)co(t)),
Ce(t) = =hc.(t), t#ny,nez*,

Ax(t) =0, Aco(t) =0, Ac(t)=p, t=ny,nezt,

1)

where x(t) represents the density of the population, ¢o(¢) and c.(t) represent the concen-
tration of toxins in the organism and the concentration of toxins in the environment, re-
spectively, 7 and ry stand for the net growth rate in nonpolluted environment and response
intensity of biological growth to toxins, kc.(¢) stands for the uptake of toxins in the envi-
ronment, gcy(t) represents the emission rate of toxins, mcy(t) represents the purification
rate of toxins because of metabolic process of organisms, bcy(¢) is the loss due to giving
birth at time ¢, —hc.(t) denotes the amount of reduction in the purification of toxins by
the environment itself, 4 and y denote the toxicant input amount and the period of pulse
input toxin, respectively, and A¢(t) = ¢p(¢*) — p(2).

In reality, population growth is more or less disturbed by environmental factors, such
as temperature, humidity, and seasonal climate change, and almost all the observed data
show that there are obvious random fluctuations in the growth process of organisms.
Therefore, in some practical cases, ignoring the randomness of the system and using de-
terministic models to describe and predict the system behavior are not always satisfactory;
especially, it is not suitable to use deterministic population model to study how to protect
endangered species [10]. May [11] pointed out that due to the impact of environmental
noises, the birth rate, death rate, carrying capacity, competition coefficients, and other pa-
rameters involved with the system exhibit random fluctuation to a greater or lesser extent
[12-17]. On the other hand, the influence of delay has played an important role in the
population dynamic [18-22].

In this paper, we suppose that the environmental noises affect all parameters of model
(1) (see e.g. [23, 24]). Considering the work of population psychological effect, we pro-
pose the following stochastic impulsive single-species population model with delay and

psychological effect in polluted environment:

dx(t) = x(O)(r = roco(t) - ax(t) - ex(t - v) - 05) dt

+ alx(t) dBl (t) + O'zCo(t)x(t) dBQ(lf) + ngz(t) ng(t)

+oux(t)a(t - 7) dBa(t) + 25 dBs(0), o)
dco(t) = (keo(t) — (g + m + b)co(2)) dt,
dc.(t) = —hc.(t)dt, t#ny,nez",

Ax(t) =0, Aco(t) =0, Ac(t) =, t=ny,nezt,

where 7 represents the time delay, B;(¢) stands for a standard Brownian motion defined
on a complete probability space (§2,F, P) with filtration {F;};cr,, and o (i = 1,2,3,4,5)
represents the intensity of noise. Let ¢(0) be a continuous function on [-7,0], and let the
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solution x(¢) of system (2) satisfy the initial condition

x(0)=¢®)>0, 6¢el-1,0].

Remark 1.1 (see [7]) In model (2), since ¢o(¢) and c.(¢) denote the concentrations of tox-
icant, we must have 0 < ¢y(¢) <1 and 0 < ¢.(¢) < 1 for all £ > 0. To this end, we need the
following constraints: k <g+mand b <1 - e,

2 Preliminaries

Let R, ={a € R:a >0}, and let C(£2 x [0, +00); R, ) denote the family of continuous func-
tions from §2 x [0, +00) to R,. In addition, for convenience, we also introduce some nota-
tions:

t
(x@)=¢" / x(s) ds, x, = liminfx(z), x* = lim sup x(¢),
0 t—+00

t—+00

-1 -ky
n= arctan ﬂ — arctan M ,
hy Jo 1-e*kr 1—e*r

pA(1—e)3(1+e)

5 (e P+ e PN+ ar)’
ku 2 1 + e~(grm+by 1+e
ve (h —g—m—b) (2(g+ m+b)y(L—e b7y " 2y (1—e )
2(1 _ e—(g+m+b+h)y)
CQ-e)1-e @) grm+b+ h)y>’
A=r- h(g:‘;ﬂ% 3 - 0502 — 0502 — 0.502¢.

Definition 2.1
(1) population x(£) goes to extinction if lim;_, ;o x(£) = 0 a.s.;
(2) population x(¢) is nonpersistent in the mean if (x(¢))* = 0;
(3) population x(t) is weakly persistent if x* > 0;
(4) population x(t) is strongly persistent in the mean if (x(¢)). > 0.

Lemma 2.1 (see [25]) Consider the following subsystem of (2):

dco(t) = (ke (t) — (g + m + b)co(2)) dt,
dco(t) = —hc.(t)dt, t#ny,neZ*, (3)
Aco(t) =0, Ac(t)=u, t=ny,neZ".

Model (3) has a unique positive y-periodic solution (¢y(£),C.(t)), and for each solution

(co(2), co(t)) of model (2), co(t) — Co(t) and c.(t) — C.(t) as t — +00. Moreover, cy(t) > Co(t)
and c.(t) >C,(t), where

~ o~ —(g+m+b)(t-ny) ku(e—(g+m+b)(z—ny)_e—h(z—ny))
co(t) = co(0)e R e

~ ~h(t-ny)

Ce(t) = Mi—e*hy ’

~ —(g by _,—h
o p——LE R

h—g-m—b)(1—e~@+m+b)y)(1_¢-hy)’

€(0) = =7

forte(ny,(n+1)ylandnez".
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Lemma 2.2 The positive y -periodic solution (¢,(t),c.(t)) has the following properties:

£ k
RN A "
lim ¢! ds= ——2
5> 150 ,/0 Cols) s h(g + m+ b)y
t t ~
. _ ~ w . _ Ce(s)
1mt1/ ds = —, lmtl‘/id:,
tal+oo 0 Ce(s) ds hy talﬁ-oo 0 1+o{23(5) $=1

. -1 tf-\Q . -1 ¢ ’Ee(s) 2
tlgnoot /Oco(s)ds=a), LEIJrnDOt [)(W) ds=&.

Proof By the lemma of Yang [26] and Lemma 2.1 of Lan [9] we get

t k/"«
lim ¢t | Ts)ds= ——————,
e /OCO(S) § h(g+ m+ D)y
t
o [~ I
lim ¢! (s)ds = —,
Jm e [ aas=
ET(s)
lim ¢t | —L—ds=1.
t—}rJrnoo _/0 1+O(22(S) s=1

Next, we will prove the last two limits. From

ku(e—(g+m+b)t _ e—h(t—ny))

c(8) = e:(0 —(g+m+b)t ,
co(t) = co(0)e g mob)i—em)

et

ce(t) = 1_ohr

for all £ € (0, y] we have
¥
y! / ct)dt
0

v/ kpb(e_(‘g+m+b)t _ e—ht) 2
_ 1 —(g+m+b)t
(e )

_ ku 2 -1 /V g 2g+mb)t gy
(h—g-m-b)1-etmbry) V|

+ ke : ’1/ye’2h” dt
h-g-m-b)1-em)) ¥ |

(kp)® L[
-2 (g+m+b+h)t
((h—g—m—b)2(1 — e @rmsb)y)(1 — g~hy) 14 _/0 € dt
ku 2 1 — g~2(g+m+b)y
- ((h_g_m_b)(l_e(g+m+b)y)) 2(g +m+b)y

ki 21— e 2y
(h-g-m-b)(1-ehr) 2hy

5 (kM)Z 1- e—(g+m+b+h)y
- ((h—g—m —b)2(1 - e-ermhr)(1 —e‘hV)) (g+m+b+h)y

=V.
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Similarly,

TS\ =L [V Gls)(hi(s))
4 /0 <1+azz<s>> ds‘hy/o 1+ eGP

A -
" 2hya /0 1+ ozc}z(s))zd(1 e (S))

(o
C 2hya \1+aé2(y) 1+aé’(0)
:E,

In view of the periodicity of ¢(£) and ¢.(t) we can observe that

t v
lim t’I/ E%(s)ds:y’lf Eé(s)ds:v,

t—>+00 0 0

N L X O N S L X O N
e [ () o [ (w) +- .

Lemma 2.3 (see [27]) Suppose that x(t) € C(§2 x [0, +00); R,).
(1) Ifthere are ) and positive constants ho, T such that

t n
Inx(¢) < At — AO/ x(s)ds + Z'Bi dB;(t), t>T,
0 i=1

where B; (1 < i < n) are constants, then

. -1 rt A
limsup, ot [yx(s)ds < - a.s,0>0,

lim;s 0o x(£) =0 a.s.,A<O.

(2) Ifthere are positive constants A, ko, and T such that
t n
Inx(t) > At — AO/ x(s) ds + Z'Bi dB;(t), t>T,
0 i=1

then liminf,_, o0t~ [y () ds < A% as.
Lemma 2.4 (see[14]) Counsider the stochastic differential equation
dx(t) = x(8)(r — ax(t)) dt + ox(t) dB(t),

where r, a, and o are positive constants. If r — 0.56% > 0, then

-0.502 Inx(¢
lim (x(0) = 72220 i 2O g

t—>+00 a t—+00 t

3 Main results

Lemma 3.1 For any given initial value x(0) = ¢(0) € C([-7,0];R,), the first equation of

model (2) has a unique global positive solution x(t). Moreover, limsup,_, , ., 1"’;“) <0a.s.
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Proof Considering the stochastic differential equation

dx(t) = x(2) (’" = roco(t) — ax(t) — cx(t — ) — L(t)) dt

1+ ac(z)
+ olx(t) dBl(t) + ozco(t)x(t) de(t) + 03x2(t) ng(t)
o5x(t)ce(t) Ba(t). @

+ oax(t)x(t — T) dB4(t) + Taﬁ(t) 5

The proof of the existence and uniqueness of the global positive solution of the equation

is similar to that of Dai et al. [24] by defining the nonnegative function
1+0} [t
Vi) =v/%—1-051nx + %‘4 / x2(s)ds, x>0.
t-1

Hence we omit it.

Inx(¢)
t

Next, we will focus on proving that lim;_, ;00 < 0 a.s. Applying Itd’s formula to

Inx(¢), we obtain

dinx(t) = (’ ~roco(t) = axlt) = exlt =) - %) “

1 ot 2
-3 (012 + 07 CH(E) + 035 (8) + ofx*(t - 7) + USZ(#&;O.‘)) ) dt
+01dB1(t) + 02¢(t) dB>(t) + 03x(t) dB3(2)

05C(t)

+ O'4x(t - T)dB4(t) + ﬁcg(t)

dBs(t). (5)

Using It6’s formula again, we get

de' Inx(t) = €' Inx(t) dt + €' d(Inx(t))

=eInx(t) + € (f” —roco(t) —ax(t) — cx(t —7) — #ﬁ(ﬂ) o

c@®
—0.5¢" (012 +07Co(t) + 0343 (t) + 026> (t - T) + 0 (W) ) dt

+ et (Ul dBl(t) + UQC()(t) de(t) + ng(t) ng(t) + a4x(t - ‘L') dB4(t)

n GSCe(t)
1+ ac(z)

stm). ©)

Integrating both sides of equality (6) from O to ¢, we get

et lnx(t) = /tes <r— I’OCO(S) —tlx(s) - Cx(s_ T) _ L“)) ds
0

1+ ac2(s)

t s ’
_ f e_(af+o§c§<s>+a§x2(s>+o§x2<s—f>+°3 (%) )ds
0

2 1+ ac?

+Inx(0) + M1 (£) + My (t) + M3(t) + My(t) + Ms(t), 7)

Page 6 of 16
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where

Mi(®) - /O o\ FdBi(s),  Ma(t) = fo oscols) dBa(s),

t

Mg(t):/o o3e’x(s) dBs(s), M4(t):/0 04°x(s — ) dBa(s),

Ms(6) = / Foseeld) gp
0

1+ ac2(s) °
Note that M;(¢) (i = 1,2,3,4,5) is a local martingale. Therefore the quadratic variation of
Ml(t) is

(M (8), My (2)) = /(;t ore™ ds, (Ma(2), M,(2)) = /Ot o5e*ch(s)ds,

(M3(t),M3(t)> = /to??ezsxz(s) ds, (M4(t),M4(t)> = /tofezsxz(s— 7)ds,
0 0

t 2
prtsiil - [ 2e(5m)
0

1+ ac2(s)

Using the exponential martingale inequality, for all § >0, 8 >0, T > 0, and 6 > 1, we have

P{ sup |:M1(t) - é(Ml(t),Ml(t))] > ﬂ} <e P,

0<t<T 2

Taking § = e, B = 9ekInk, and T = k, we have

—k
P{ sup I:Ml(t) - %(Ml(t),Ml(t»] >Qeklnk} <k,

0<t<k

By the Borel-Cantelli lemma there are an event £2 and positive integers k; = k; () such
that P(§2) = 1 and for all w € 2 and k > ki, we have

—k
My(t) < %(Ml(t),Ml(t)) +0fink, 0<t<k.

Similarly,

k

M(0) < %(Mi(t),Mi(t)) 10k ink, 0<t<ki=234,5.

By (7) we get

' Inx(z) < ftes (r —roCo(s) — ax(s) —ex(s — 1) — L(S)) ds
0

1+ aec(s)

te,s . 2
—/ E( 12+022C3(s)+03.2x2(s)+a42x2(s—t)+a52(c—(s)) )ds
0

1+ ac(s)

R SR 22 22 of el \
+ 2 o +05,Cy(8) +o3x°(s) + o5 (s —T) + 05 | ————~ ds

1+ ac2(s)

+1nx(0) + 50 Ink, 0<t<k. (8)
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Because a > 0, we can easily obtain that there is a positive constant K > 0 such that Inx +
r—ax < K, and from (8) it follows that

e’ Inx(¢) <Inx(0) + K(e’ - 1) +50¢Ink, 0<t<k.

Fork-1<t<k,

Inx(#) Inx(0) K(ef-1) 50€e'Ink
S + + 7
t tet tet (k—1)ek-1

Inx(t)
t

and as t — +00 (k — +00), we have limsup,_, , <O0as. O

Theorem 3.2 Let x(t) be the solution of system (2).
(i) IfA <O, then the population x(t) will die out almost surely.
(i) IfA =0, then the population x(t) is nonpersistent in the mean almost surely.

(ili) IfA >0, then the population x(t) is weakly persistent almost surely.

Proof Integrating from O to ¢ both sides of equation (5), we get

Inux(£)/x(0) = /t<r —roco(s) — ax(s) — cx(s — 1) L(S)) ds
0

I ock(s)

‘1 cls) \*
—/ 5(012+022C8(s)+032x2(s)+a42x2(s—r)+052<7> )dt
0

1+ ac(s)
+ N1 (2) + Na(t) + N3(¢) + Na(t) + N5(t), )

where

N; = dB P N. = dB )

X0 /0 o dBy(s),  Ny(D) /0 r2¢0(s) dB(s)

Na(t) = / osx(s)dBs(s),  Nalt) - f oux(s — 7) dBy(s)
0 0

Ns(t) = / osel .
0

1+ ac(s)

The quadratic variations of Ny(t), N3(t), Ny(t), and N5(t) are

(Nz(t),Nz(t)):/ azzc(z)(s)ds, <N3(t),N3(t)>:/ 032x2(s)ds,
0 0

t ¢ 9
(N4(t)’N4(t)>:/0 oix’(s—1)ds, (Ns(t),Ns(t)>=/0 (LE(S)> ds

1+ ac2(s)

Forallt € (ny,(n+1)y], n € N,, we have

1 ny ) 1 t ) 1 (n+1)y )
(n+1)y/0 co(s)ds < ;/0 co(s)dsga ; cg(s) ds.

Page 8 of 16
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Noting that 0 < ¢(£) <1 and 0 < ¢.(¢) < 1, by Lemmas 2.1 and 2.2 we get

N (t), No(¢ t
lim (Na(0), Na(8)) = lim ozzt’I/ ci(s)ds
t—>+00 t t—+00 0
Y
= afy_lf c%(s) ds = v<722 < +00. (10)
0
Similarly,
. (Ns(t),Ns(t)) _ 2. -1 v Ce(S) > _ 2
tllanoof =05Y \/0\ Tcg(s) dS—O'SS < +00. (11)

By the strong law of large numbers it follows that

Ny No(t Ns(t
lim 1():0, lim 2()=o, im ) _

t—+00 t t—+00 t t—+00 t

0 as. (12)

By the exponential martingale inequality, choosing § = 1, 8 = 2Ink, and T = k, have

P{ sup [N,-(t) - %(Ni(t),Ni(t))] > 21nk} <k? i=34

o<t<k

It follows from Borel-Cantelli lemma that there exists a positive constant k; such that, for
k > k1, we have

N;(t) < 0.5(Ni(t),Ni(9)) + 2Ink, i=3,4,0<t <k

Substituting this inequality into (9), we obtain that

IO~ 1~ 0502 - rafea(®) - afe(t) - et - )

ce(t) 2/ 2 2 ¢elf) 2
_ A<To§(t)> - 0.503(c5(2)) - 0.507 <(Ta§(t)> >

Nl(t)+N2(t)+N5(t) 4Ink
+ + .

13
, , (13)
Forall t € (ny,(n + 1)y ], we have
1 ny 1 t 1 (n+1)y
/ co(s)ds < —/ co(s)ds < —f co(s) ds,
(n+1)y Jo tJo ny Jo
ny t (n+1)y
1 / Ce(s) dsfl/ L@dsii/ 634(5)61&
m+1)y Jo 1+ace(s) tJo 1+acs) ny Jo 1+ ac.(s)
It follows from Lemmas 2.1 and 2.2 that
im o [ eods=y [ zols)ds= — (14)
t—}IJrnoo A co\s)as=y A ColS S—m,

L cels) Vo Ce(s)
R . d=-1/ e e 15
P ‘/01+ozc§(s) =Y o l+ac(s) S 19

Page9of 16
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Letk-1<t<kkeN, A=r-0.50}- h(g:‘;’ffb)y - An —0.504v — 0.502&. By virtue of

(10), (11), (12), (14), and (15), for all € > 0, there exists T > 0 such that for all £ > T (i.e.,

k> T), we have

_£<lnx(0)<5, _f<2lnk<f, _E<Nl(t)+N2(t)+N5(t) <f,

4~ t T4 4~ t T4 4 t — 4
€ o? ce() o2

A-—<r-—2L_ D)) - ———) - (3 16
1 =7~ roleo®) <1+ac§(t)> 5 600 (16)

(i) If A <0, then for € small enough such that A + € <0, by (13) and (16) we get

(17)

W §A+e—a<x(t)>+ Blt(t), t>T.

Then by Lemma 2.3 we get lim;_, ., x(¢) = 0 a.s.
(i) If A = 0, then by (17) and Lemma 2.3 we have (x(¢))* < ¢ a.s. By the arbitrariness of

€ we have (x(¢))* = 0 a.s.
(iii) If A > 0, then suppose the conclusion is not true, that is, P({w|x*(t, ®) = 0}) > 0. Then

for all w € {w|x*(t, w) = 0}, we have lim;_, ,, x(¢,w) = 0 a.s.

Because

t 0 t-t t
¢! / x(s—1)ds=t" |:/ x(s) ds + / x(s) ds] +t7t / x(s) ds,
0 -7 t 0

it follows from lim,_, , o x(w, £) = 0 a.s. that

0 t-t
lim t1|: x(s) ds + x(s) ds] =0 as,
t—+00 [t —/t (18)
im0} = lim 0 = fim o2 - 2)) = lim (e - )} =

It follows from (9) that

Inx(®) Inx(0) e(£)
n;; _ Inx +r—0'5(’12"°<C°(t)>”<#cg(t)>_0'5022<C‘%(t)>

0502 co(t) 2 202
-050\ | T eam — afx(t)) - c(x(t - 7)) - 0.503(x* (1))

1+ac2(t

053t 1))+ Ni(2) + No(t) + Nst(t) + Ny(t) + Ns(t). (19)

For all w € {w|x*(t, w) = 0}, by (18) we get that lim;_, ;o N‘T(t) =0as.(i=1,2,3,4,5). Taking

the limit superior of both sides of (19), we obtain that

nx(t)

1
limsup——=A4A>0 as,
t—+00

which is a contradiction to the result of Lemma 3.1.
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Theorem 3.3 Suppose that o3 = 04 = 0, and let x(t) be the positive solution of model (2)
with initial value x(0) = ¢(0) € C([-1,0],R,). Then:

() IfA <O, then the population x goes to die out a.s., that is, lim;_, ;oo x(t) = 0 a.s.

(I) If A >0, then the population x is strongly persistent in the mean a.s.; moreover,

limy;, yoo 7! fot x(s)ds = ﬁ as.

Proof If 03 = 04 = 0, then by (19) we have

Inx(t) Inx(0) Aeo(t)
na; _Ina +r—0'5012_rO<CO(t)>_<#¢3(1§)>_0'5022(C(2)(t))
2
_0,5052<<71 +C;(Z (t)) >—a(x(t))—c<x(t—r))+Nl(t)+N2t(t)+N5(t). (20)

It follows from (12) and (16) that for all € > 0, there exists a positive constant 77 such that
for ¢t > T1, we have

lnaz(t) <A+e- a(x(t)) - c(x(t - r)) + Blt(t) s (21)
Inx(?) >A-€— a(x(t)) - c(x(t - r)) + Blt(t). (22)

(I) If A < 0, then by Lemma 2.3 and (21) we have lim;_, ;o x(£) = 0 a.s.
Now we will prove (II). Let us consider the following auxiliary equation:

Ace(t)

@m>:ﬂﬂ(f‘“%“”“w“”‘1+aau>

) dt + o1y(t) dB1 (1)

osy(t)ce(t)

+0200(2)y(2) dBy(2) + Tcg(t)

dBs(t), (23)
where
y(0) =¢(0)>0, 6¢e[-1,0]

It follows from the stochastic comparison theorem [14] that x(¢) < y(¢). Hence, for all
€ > 0, there is a positive constant T, such that for all £ > T,, we have

ln);(t) <A+e-aly)+ — (24)

lnyt O 2 A—e—aly)+Z lt(t) (25)
By (24), (25), and Lemma 2.3 this implies that

C <), <ho) <5 (26)

Due to the arbitrariness of ¢, from (26) we get

t
A
lim t‘l/ y(s)ds=— as.
0

—+00 a
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Consequently,

0 t-1 t

lim ¢! |:/ y(s)ds + / y(s)ds —/ y(s) ds:| =0 as. (27)
t—>+00 T 0 0
Since x(t) < y(¢), by (27) we easily see that
0 t-1 t

lim ¢ |:/. x(s)ds +/ x(s) ds —/ x(s) ds:| =0 as. (28)
t—>+00 7 0 0

It follows from (28) that, for all € > 0, there exists a positive constant T3 such that for ¢ > T3,
have

0 t-1 t
—e <! [/ x(s)ds + / x(s) ds —/ x(s) ds} <e.
— 0 0

For all € > 0, there exists T = max{T1, T3} such that, for ¢t > T, have

Inx(t) By (t)

. <A+2—(a+ c)(x(t)) + . (29)
ln’z(t V> A—2e—(a+ )+ 2 lt(t). (30)

By (29) and (30) we derive that
tEEnoo £ /0 x(s) ds = % a.s. O

Remark 3.4 From Theorems 3.2 and 3.3 we easily see that A is the threshold of system (2)
for the single-species population extinction and weak persistence. If A < 0, then the pop-
ulation will be extinct, and if A > 0, then the population is weakly persistent. Particularly,
when o3 = 04 = 0, A is also the threshold of system (2) for the single-species population
extinction and strong persistence; moreover, if A > 0, then the single-species population
is stable in the mean.

Remark 3.5 Note that from the expression for A = r — h(g:-(iﬂ;fb)y —An - 0507 - 0.507v —
0.502¢ we can find that the parameters 1 and y obviously affect the persistence and ex-
tinction of system (2), that is, we can control the persistence and extinction of population
x by controlling the toxicant input amount p and the period of pulse input toxicant y.

Remark 3.6 Theorems 3.2 and 3.3 show that the persistence population x of deterministic
system (1) may be extinct when o, 03, and o5 are large enough; however, 7, 03, and o,

have no effect on the persistence and extinction for population x.

4 Numerical simulations and discussion

Next, we show the numerical simulation results to illustrate the accuracy of analytical
results in the previous section by using the famous Milstein method [28]. We choose the
parameters of system (2) as follows:

r=0.4, r0=0.3, a=04, c=0.4, A=0.8, k

0.6,

Page 12 of 16
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To understand the effects of white noise and pulse toxicant input on population dynam-
ics, we change the values of i1, y,and o; (i = 1,2,3,4,5).

(1) We firstly adopt u# = 0.3, 01 = 0.3, 02 = 0.2, 03 = 0.2, 04 = 0.4, 05 = 0.4. If y =5, then
simple calculation shows that A = 0.1955 > 0. In view of the Theorem 3.2, we obtain that
the single-species population x is weakly persistent; see Fig. 1. If y = 2, then by computing
we have A = —0.0439 < 0, so condition (i) of Theorem 3.2 holds, that is, the population x
of system (2) will extinct (see Fig. 2).

(2) Next, to analyze the effect of the toxicant input amount each time u on the persis-
tence of the single species, we adopt u = 0.8, 01 = 0.3, 03 = 0.2, 03 = 0.2, 04 = 0.4, 05 = 0.4,
and y = 5. Simple calculation shows that A = —0.0555 < 0, and from Theorem 3.2 it follows
that the population x will die out a.s. (see Fig. 3). From Figs. 1 and 3 we can see that the
population x will die out when the environmental toxicant amount of each time p is large

enough.

e
>
|

1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t

Figure 1 Solution of system (2) with 07 =0.3,0,=0.2,03=02,04 =04,05=04,u=03,y =5

30 40 50 60 70 80 90 100

Figure 2 Solution of system (2) with 07 =0.3,0,=0.2,03=0.2,04 =04,05=04,u=03,y =2
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1 L | |
0
0 50 100 150 200 250 300
t

Figure 3 Solution of system (2) with oy =0.3,07,=02,03=02,04=04,05=04,u=08,y =5

0.2 p‘w —
o Y | M | | |

0 50 100 150 200 250 300

t

Figure 4 Solution of system (2) with 7 =0.8,0,=0.2,03 =0.2,04 =06,05=06,u=03,y =5

(3) On the other hand, we will focus on the influence of the intensity of white noises on
the survival for the population x. We adopt u = 0.3 and y =5 and suppose that o7 = 0.8,
07 =0.2, 03 =0.2, o4 = 0.6, and o5 = 0.6. Simple calculation shows that A = -0.0823 < 0,
so that the population x will die out (see Fig. 4). Suppose o1 = 0.3, 05 =0.2, 03 = 0, 04 = 0,
and o5 = 0.4. Then A = 0.1955 > 0, and by Theorem 3.3 we obtain that the population x is
strongly persistent in the mean; moreover, lim;_, ;o ¢l fot x(s) ds = 0.2443, that is, the pop-
ulation is stable in the mean (see Fig. 5). From Figs. 1 and 5 we can see that the population
x will die out when o071, 03, 05 are large enough, but o3 and o4 have no effect on the survival
of the population .

5 Conclusions

We studied a stochastic impulsive single-species population model with psychological
effect and delay in pollution environment. We obtained the threshold A between weak
persistence and extinction. Particularly, A is also a threshold of system (2) for the strong
persistence and extinction when o3 = 04 = 0. These results have revealed that the environ-
mental noise, the impulsive period, and the amount of toxicant input for each time have
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x(t)
—_—r /‘oxqs)us

0.8 T
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1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 5 Solution of system (2) with 01 =0.3,0,=02,03=0,04=0,05=04,u=03,y =5

an influence on the persistence and extinction for the single-species population and show
that the delay 7 and the intensities of the white noises 0 and o7 have no effect on the
persistence and extinction for the population x. Therefore Theorems 3.2 and 3.3 extend
the corresponding results in [8, 9].

However, there are still many interesting questions to be further studied. On the one
hand, we can propose more realistic and complex models, and the method used in this
paper can be also applied to study other interesting models, such as Gompertz models,
Gilpin—Ayala models, and so on. On the other hand, in recent years, optimal harvesting
problems have received a lot of attention [29], and hence we could add harvest items to
model (2) and discuss the optimal harvesting problem. We leave these investigations for
future work.
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