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the extinction of microorganisms is obtained. The sufficient condition for the
investigated system with unique ergodic stationary distribution is also obtained. The
results show that the stochastic noise, impulsive dredging, and pulse input on the
environmental toxicant play important roles in the extinction of microorganisms. The
results also indicate the effective and reliable controlling strategy for water resource
management. Finally, numerical simulations are employed to illustrate our results.
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1 Introduction

The chemostat is a device for continuous and impulsive cultures of microorganisms in
laboratory [1-3]. Impulsive differential equations are found in almost every domain of ap-
plied science and have been studied in many investigations [4, 5]. With the development of
society, the increasing amount of toxicants and contaminants have entered ecological sys-
tems. Environmental pollution has become one of the most important society-ecological
problems. Therefore, it is very important to study the effects of toxicants on a population
or community. Specially, the toxicant and abundant microorganisms in the water pollu-
tion environment are also a threat to the water resource management. Consequently, it is
important to discuss chemostat models in a polluted environment [6, 7]. Zhou et al. [8]
considered that reservoir dredging is the main and effective way to improve water quality
by using a physical method. However, it is well known that many real-world systems may
be disturbed by stochastic factors. Population systems are often subjected to various types
of environmental noise. In ecology, it is critical to discover whether the presence of this
noise has significant effects on population systems. Mao [9, 10] investigated stochastic dif-
ferential equations and their applications. Lv et al. [11] presented an impulsive stochastic
chemostat model with nonlinear perturbation.
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2 The model
Inspired by the above discussion, we consider a stochastic eutrophication-chemostat

model with impulsive dredging and pulse inputting on environmental toxicant:

dx(t) = [D(xo — x(2))

B0
- k(A+x(t)+By(t))] dt

+x(t) (o1 + 012x(8)) dB1 (t),
dy(t) = [ 72520 l

~ Dy(t) - res a0 dt SA AR

+ y(2) (021 + o2y(t)) dBs(2),
dco(t) = (f.(t) — (g + m)c,(2)) dt,
dce(t) = (_hce(t)) dt,

(2.1)
Ax(t) =0,
&0 ==hy®, L enez
Acy(t) =0, | |
Ace(t) = ~hace(t),
Ax(t) =0,
Ay(t) =0, t=(n+lr,nezt,
Acy(t) =0,
Ace(t) = 1,

where x(¢) is the concentration of the nutrient in a lake at time ¢. y(¢) is the concentration
of the microorganism in a lake at time ¢. ¢,(¢) is the concentration of the toxicant in the
organism of the microorganism in a lake at time . c.(£) is the concentration of the toxicant
in a lake at time ¢. D denotes the input rate from the lakes containing the nutrient and the
wash-out rate of nutrients and microorganisms from the lake. 8 > 0 is the uptake constant

of the nutrient. is a functional response of the Beddington—DeAngelis type.

(1)
A +By(0)
k > 0 is the yield of the microorganism y per unit mass of the nutrient. A >0 and B > 0 are
the saturating parameters of the Beddington—DeAngelis functional response. r > 0 is the
depletion rate coefficient of the microorganism y due to the microorganism organismal
toxicant. f > 0 is the coefficient of the population organism’s net uptake of toxicant from
the environment in a lake. —g < 0 and —m < 0, respectively, represent coefficients of the
elimination and depuration rates of the toxicant in the organism in a lake. —/ < 0 is the co-
efficient of the totality of toxicant losses from the system environment in a lake, including
processes such as biological transformation, chemical hydrolysis, volatilization, microbial
degradation, and photosynthetic degradation. 7 is the period of impulsive dredging or the
pulse input environmental toxin. 0 < /1; < 1 is the effect of impulsive dredging microorgan-
ismattimet = (n+/) (0 </<1).0 < hy < 1istheeffect of impulsive dredging environmental
toxicant at time ¢ = (n +[) (0 << 1). u > 0 is the amount of pulse input of environmental

toxin concentration in alake at t = (n + 1)t,n € Z*,and Z* = {1,2,...}.

3 The lemmas

In this paper, (£2,.%, Z:>0, P) stands for a complete probability space with filtration %,
satisfying the usual conditions. Define f’ = infcg, f(£), f(t) is a bounded function on
[0, +00), {f(2)) = % fotf(s) ds, where f(¢) is an integrable function on [0, +00).
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Consider the subsystem of system (2.1) as follows:

de,(t) = (fee(t) — (g + m)c,(2)) dt,
dc,(t) = (<he.(t)) dt,

Acy(t) = 0,

Ac,(t) = —hace(t),
Ac,(t) =0,
Ace(t) = w,

} tZm+Dt,t Z(n+ 1)1,

} t=(n+Dt,nez", (3.1)

} t=m+1)t,nez".

With regard to system (3.1), we have the following equations with integrating and solving

the first two equations of system (3.1) between pulses:

~(g+m)(t=nt) , feelnr*)(1=e”e=mlimD))
Co(nt)e~@rm=nm) 4 Tgm) )
te(nt,(n+t],
Cg(t) - Co((l’l + l)l.+)e—(g+m)(t—(n+l)z)

fe ((n+l)r+)(176—(h—g—m)(t—(n+1)r))
4 fellrehe e 18 , (32)

te((n+Dr,(n+1)t],

ce(nt*)e M=), te (nt,(n+0t],

ce(t) =
co((m+ DTH)e =000t e (n+ D7, (n + 1)7].

The stroboscopic map of system (3.1) is obtained by the last two equations of system (3.1):

co((m+ 1)T) = cp(nT™)e T
ce(n.[+)f<e—(g+m)(l—l)r_e—(h—g—m}lr—(l—l)r)
+
Y (3.3)
(=hy)ce(nr*)f (™17 —e~(1-8-m)7)) :
(h-g—m) ’
c((m+1)t*) = (1 = hy)e " co(ntt) + .

+

We can easily have a unique fixed point (c}, ) of system (3.3) as follows:

* wf [(e—(gﬂrz)(l—l)r_e—(h—g—m)lf—(l—l)r)
07 1-egrmt (h-g—m)(1-(1-hp)e~hT)
(hy)(e 7 —e”Vrmamn))
(h—g-m)(1-(1-hp)e7)
C* — )25
e 1-(1-hy)e i7"

C

+

(3.4)

The unique fixed point (c}, ¢;) of system (3.3) is globally asymptotically stable for the eigen-
values of the coefficient matrix of system (3.3)

e’ *
0 (1-hy)e™

are less 1, there is no need for calculating .

Similar to Lemma 3.3 in reference [6], we can obtain the following lemma.
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Lemma 3.1 System (3.1) has a unique positive t-periodic solution (c;\(z),c%)), which is

also globally asymptotically stable, c:(;) and C;TL:) are defined as follows:

colt) =

—_~

ce(t) =

* ,—(g+m)(t-nt) fet e hrgmm)(emnr))
c,€e + (i—g—m) 5
te(nt,(n+)r],
C:*e—(g+m)(t—(n+l)r) + fC:*(l—ei(higim)(tf(n#)r))

(rg=m) ’ (3.5)

te((n+Dr,(n+1)t],

cre~htt=n), te(nt,(n+0r],

cj*e‘h(t‘(””)’), te((n+Dr,(n+1)7],

where c, ¢ are defined as (3.4), and

kk ok
cr=cye

—(g+m)it + ch(l—hei(higim)h) ,
(h=g—m) (3.6)

c* = (1 - hy)e ¢,

Remark 3.2 For any positive solution (c,(£), c.(t)) of system (3.1) with the initial value
(¢,(0),c.(0)) € R}, we can obtain

lim (c,,(t))

t—+00

~ C:(l _ e—(g+m)lr)

(g+m)t

flee  fepi—e ey

h—-g-m (h—g-m)t

C:* (e—(g+m)lr _ e—(g+m)r)

+f(1 _ Z)CZ* fcz* (e—(h—g—m)lr _ e—(h—g—m)f) A

T

= E{): (37)

h—-g-m (h—g-m)t

where ¢! and ¢} are defined as (3.4), and c}* and ¢}* are defined as (3.6).

For convenience, we consider the following notation:

T, = N,

Tur = (M + D)7, Ny = h1.

Define (x(¢), y(¢)) and (w(t),z(t)) are the solutions of the subsystem of system (2.1), re-

spectively:

dx(t) = [D(xo — x(2))

dy(t) — [A Bx(t)y(t)

Ax(t) =
Ay(E) = —hiy(8),

Bx(t)y(t)
T k(A+x(t)+By(1)) ] dt

+x(¢)(o11 + 012x(¢)) dB (2), t+4(n+ D)t

+x()+By(t) (3.8)
—Dy(t) - re,(t)y(£)] dt

+ y(t)(021 + 020y(t)) dBs (1),
01

t=(m+t,nezt,

Page 4 of 16
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and the following SDE without impulsive perturbations:

dw(t) = [D(xo — w(£))
Bw( t)l_[0<r l<t(1 1))
T k(Avw(t +Bn0<7n+l<t(1 Ny 1)2(2)
+w(t) (o1 + o12w(2)) dBi(2),

[ Bw(t)z()
A+w(t)+B n0<rn+l<¢(1_hn+1)z(t)

— Dz(t) — re,(£)z(t)] dt
+2z(t)[o21 + 092 ]_[oqmlq(l — hy11)2(t)] dBs(2),

;] de

3.9
dz(t) = (39)

with the initial value w(0) = x(0) and z(0) = y(0).

Lemma 3.3 The solutions (x(t), y(t)) of the subsystem of system (2.1) can also be expressed

as follows:
x(t) = w(t),
3.10
{y(t) Mowe, (1~ Hu(e), (310

where (wW(t), z(t)) is the solution of (3.10).

Proof One can find that (x(z), y(¢)) is continuous on the interval (t,, 7,4;), and for ¢ # t,,,,

dx(t) = dw(t)
Bw(t) l_[0<rn l<t(1_hn+1)z(t)
- [D(xo - W(t)) - k(A+W(t)+BH0:1n+l<t(1_hn+l)z(t))

+w(t)(o11 + 012w(t)) dBy ()
= [D(xo — w(?)) - W] dt
+w(t)(o11 +o12w(t)) dBi(2),
8) = [ocr,, < (1 = hur)dz(t)
= [oce, et = e zmem noq(n)jitt)(l-hm,)z(t)
— Dz(t) — re,(t)z(¢)] dt
+2(O)]0a1 + 022 [ oo, < (1 = hu)2()] dBs(2)}

_ [ Bw(t l_[0<rn+[<t(1 hy41)2(2)
A+w(t +Bl_[0<1n+l<t(1 hy11)2(2)

= D[oer,, (1 = Muit)z(t) = reo(®) [ 1o, o (1 = Husr)z(2)] At

+ 1—10<1’ 1<t (1 = hus)z(t)[o21 + 022 l_[oqmlq(l — hy.1)z(t)] dBy(t)
= [ L) A+W +By(, — Dy(t) —re,(t)y(t)] dt

+y(8)[o21 + 0229(2)] dBs(2).

ldt

(3.11)

For every n € N, and 7,,4; € [0, +00),

y(th) = hm 1_[(1 hjz(t)

"+10<r<t
= 1_[ (1 hT/ (n+l)
0<7j=<7441
==l [] Q-hyz(ta)
0<Tj<Ty4;

= (1 = he,, py(Tss), (3.12)
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and

y(t;+l) = lim H (1 - hyz(t)

ey 0<tj<t

= l_[ 1- htj)Z(l’n_Jrl)
0<Tj<Tyy;

= ]_[ (1 = hepz(Tuss) = y(Tuar)- (3.13)
0<Tj<Tyy; 0

Assumption 3.4 ([12]) There exists a bounded domain U C E; with regular boundary,
then
(A1) In the open domain U and some neighborhood thereof, the smallest eigenvalue of
the diffusion matrix A(x) is bounded away from zero;
(Ay) If x € E4 \ U, the mean time 7 at which a path issuing from x reaches the set U is
finite, and sup, .z ExT < 0o for every compact subset K C Uj.

Assumption 3.4 is a general assumption which is the condition for Lemma 3.6.

Lemma 3.5 ([12]) If Assumption 3.4 holds, the Markov process X (t) has a stationary dis-
tribution u(-), and

.17
IP’{ lim ?/0 f(x(t))dt: Edf(x)u(dx)} =1,

T—00
where f is an integrable function with respect to the measure L.

4 The dynamics
In the following theorem, we devote ourselves to investigating system (3.10).

02
Theorem 4.1 If% fooo we(w)dw < D +rc, + =5+ holds, then

lim z(#)=0 a.s., (4.1)

t—>+00
where for x € (0, +00)

2(2Dxgo12+Do11) 2(2Dxgo19+Do11)

-2- 5 -2+
¢x) = Cx 1 X (011 + 0712%) o
(4.2)
_ 2 (% 2Dx0012+D011)
X e °11(o11+012%) " ¥ 011 ,
and constant C satisfies that fooo dx)dx =1.
Proof Constructing the following auxiliary differential equation:
dW(t) = [D(xo - W(t))] dt + W(t)(on + 012 W(t)) dBl(t), (43)

with the initial value W(0) = x(0) > 0, we assume that W(¢) is the solution of (4.3). Obvi-
ously, the following inequality can be obtained by the comparison theorem for stochastic

Page 6 of 16
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differential equations:

wt) <W() as. (4.4)
We set
a(w) = D(xo - w(t)), o(w) =w(opy + o1aw), we (0,+00), (4.5)

and compute the following indefinite integral:

a(t) B D(xo —t)
/ a?(t) de= / t2(o11 + o12t)? at

2Dx0012 +DO'11 ] o11 + o9t
= n

3
o t
on 2Dx0012 + DO’H (4 6)
— -— X
ont(on +opt)  oft(on +o1at)
Then
® 2Dxpo12+Do1q
a(t - 3 1 Dxg | 2Dxpo12+Do1q
[0} (o} - =20
e'/ az(t) dt = eC Lut 11 e (711((111+012t)( Tt o011 ) (47)
t
Hence,
2(2Dxgo12+Do11)
o) 1 w 2a(s) ds 0 o topwy) o
_ 11 12 o
/ o € C 0 dw= / w2 (o + o1pw)? [ ———— H
o o*w) 0 w
_ 2 2(2D7C00'132 +Do11) )
x e ‘ulnron?) °11 dw < oo. (4.8)

This indicates that SDE (4.3) has the ergodic property. By the ergodic theorem, we have
t

lim 1 w(s)ds = /oo wo(w)dw a.s. (4.9)
0

t—>+00 £ Jq
Applying Ito’s formula, we have

Bw(t)
A+w(t)+ BH0<1:,H1<£(1 — Hy)z(2)

2
—%(Uzlﬂfzz I (1—hn+;)z(t>> ]dr

0<T1)4 <t

dlnz(t) = [ — D —reo(t)

+ (021 +02 l_[ (1- hn+l)Z(t)> dBs(t)

0<T)4 <t

- [ﬂw(t)
LA

2
o.

—D- ot_ﬂ
rc,(t) 5

(TToer. . t(X = Buit)o22)?
—(72102201_[ (1 = hppelt) - 105 L zz(ﬂ] dt
<Tp4l<t
+<021+022 1_[ (l_hn+l)z(t)> dBs(t). (4.10)

0<T)4 <t
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Integrating with respect to ¢ from O to ¢ on both sides of (4.10), we have

L 2 t
Inz(t) 5%/0 w(s) ds — <D+ %>t_/o rco(s)ds

_ (022 l_[0<rn+l<t
2

1- hn+ 2 t
( l)) / ZZ(S) dS + O'Qle(t) + M(t) + 111}’(0):
0

(4.11)

where M(¢) = oy ]—[qu 1<t(1 ) fot z(s) dB,(t) and its quadratic variation is given by

2 pt
100 = (o [T a=hud) [ 26ds.
0

0<Tyy <t

According to the exponential martingales inequality, for any positive 7, «, 8,

a —ab
P{oi‘ffT[M(” " 20, M) (t)} g b} =e

Let T =ki,a=1, b=Ink, then

P M(t) 1
{ B [ " 2M, M) k

0<t<T

(t):| > ]Hkl} <

(4.12)

(4.13)

(4.14)

There exists random &} € k;(w) such that k; > &} for almost all @ € §2. We can obtain the

following by the Borel-Cantelli lemma:

1
ozlt]ST [M(t) - W (t):| <Ink.

Therefore
1
M(t) <Ink; + §<M’M>(t)

=Ink; +

2
(0m2 Ho«m;t(l ) /‘tzz(s) ds,
0

forall0< ¢t < ky, k1 > k? a.s.

Considering (4.11) and (4.16), we have

t 2 t
Inz(t) < g/ w(s) ds — (D + %)t—/ 7, () ds + 021 By (t) + Inky + Iny(0).
0 0

Then, for 0 < k; — 1 <t < k;, we have

1 t t 2
nZ()SE/ w(s)ds—(D+@)

t —At), 2

1 [t Bs(t In k Iny(0
__/ rc,,(s)ds+021 2()+ nk ny(0)
t ) t k-1 t

(4.15)

(4.16)

(4.17)

(4.18)

Page 8 of 16
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Taking the superior limit on both sides of (4.18), note that

lim By(¢)=0 a.s. (4.19)

—+00
and ¢t — +00 = k; — +00, we have

I 1
nkim Lo (4.20)

ki—+00  ky k1—+o00 ki N

Then we obtain

1 t +00 2
lim sup “j( ) 8 f web(w) dw - <D+ e + %) (4.21)
0

t—+00
. . o B[ ~ o2
This implies that if £ [ wp(w)dw < D + rc; + 2 holds, then

lim z(¢)=0 a.s.
t—>+00

This completes the proof. d

Remark 4.2 According to Lemma 3.3 and Theorem 4.1, one can easily obtain

lim y(¢) =0 as.

—+00

2
Theorem 4.3 If % fooo wo(w)dw < D + rc, + % holds, the distribution of x(t) converges
weakly to the measure which has the density 7 (x).

Proof For any small ¢ > 0, there exist £, and a set £2, C £2 such that P(£2,) > 1 — ¢ and

k(Afi/JrBy_) <exfort>tyand w € £2;. Then

[(x0 — x(2)) — ex(t)] dt +x() (011 + 012%(2)) dB ()

<dx(t) < [(xo - x(t))] dt + x(t) (0'11 + O'ux(t)) dB1(t).

This shows that the distribution of the process x(t) converges weakly to the measure with
density (). O

Theorem 4.4 If DxofB > (D + o) + %)(D +rc + 203,) holds, system (3.10) admits a
unique stationary distribution and it has ergodic property for initial (w(0),z(0)) € R2.

Proof Define

V*(w,2)

1 1
=M|:—cl Inw—cyllnz + (o171 + alzw)9:| + W+ =2
V4

1
6(1-0)of,

SMVE+VE,
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where 0,p € (0,1), and M is a sufficiently large constant satisfying the following condition:

Dx
M|:—2Dw0( 5 Zonmooﬁ ISR 1):| +f"+g" <=2,
(D+opy + =2=2) (D + reg + 509)

where
DW()
C1 = ’
2, 2012Dwo
1+of;+ B-bor,
DW()
Cy =

- w127
D +rcy + 505

1-
f* = sup {Dwow”1 - Dw¥ — Tpalzzw’”z},

WER,

1 2
g" = sup {—sz —rcz? - Tp [Ozz 1_[ (1- hn+l):| yp+2}'

WeR, 0<T,,4 <t

It shows that

liminf V*(w,z) = +00,
£—0,(w,z)€R,\D

where D = (g, i) x (e, %) and V*(w,z) is a continuous function. Therefore, V*(w, z) has
a minimum point (wy,zo) in the interior of R2. Thus,we can define a nonnegative C*-
function V: R? — R,

V(w,z) = V*(w,2) = V*(wo, 20)-

We can obtain the following equation by Ito’s formula:

LV = LV* = MLV} + LV},

Therefore,
Dw, 61/3( (1_h Z)Z)
LVI* _ _Cl 0 + ClD+ 1_[0<1:n+1<t n+
w K[A+w+ B(no«mlq(l —hui1)2)]
2c Dw, 2c w
&90(011 +opw)i - ng(an +o1aw)’
(1-0)oy; (1-0)o1,

ZCIGIZﬂW(l_[0<Tn+l<t(1 — hni1)2)
(1 - 0)01(91/([A tw+ B(l_[0<r,,+1<t(1 - h”l*l)z)]

2
C101y

2!
+ — (o1 + o12w)* — 9 (011 + o1ow)'w?
2 (o2t

(011 + o12w)" !

¢ Bw
A+w+ B(]—[qul(t(l —hy0)2)

2
c
+ 52[021 + 02 1_[ (1- hn+1)Z:|

0<T)4 <t

+ oD + core,(t)
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CIDW() ﬂ ﬂ D cl,Bw 2610’12DWO
- —CIPpW+CpW+cC + +
! > ! kA T (1-6)oll

2
c1 (%]
2 2 U
+coq; — 5(011 —o12W)” + D + corcl + Bl ((721 + 099 1_[ 1- h,,+1)z>
0<T)4 <t

2012Dw o2
<-2/acDmf v Dro+ T | e e+ |
—-0)on

+ [%+02021(022 1_[ (1—hn+1)):|W

0<7,p4 <t

62(022 1_[0<Tn+l<t(1 - hn+l))2Z2

2
2o W° )
= —ZW, —_
0 (1+0 + 2”;%‘”")(1+rc8+%0221)

+ [% + 2091 <022 l_[ (1- hn+1)>}z

0<Ty <t

c2(092 1_[0<‘[n+l<t(1 - hn+l))2 9
+ 5 zZ°+ cfw,

+ 8w

where ¢; and ¢y are such that

c |:D +o? 201,Dwo
1

1
L+ ————|=c| D+rc" + =03 | = Dwy.
(1-6)on 2

D . . .
Tt —~ > 1 is continuous. Choose ¢ > 0 sufficiently small
710211 0)(D+rch+50%)

The function
(D+<7121+
such that

« DWoﬂ
LV] < -2Dwy S orsDwo 1
(D +o1; + =2=2)(D + ref + 503)

+ [%+02021<022 1_[ (1—hn+1)>}2

0<t) <t

c2(on n0<rn+1<t(1 = hyi1))?2?

+ CpW.
5 2B

We can also have

_ Bllocryyel = Iss)aw?
kK(A+w+ B(H°<In+z<t(1 Zh)2)])

'BW[HO<rn+1<t(1 - hn+l)Z]p
A+w+ B(I—[0<In+l<t(]‘ —hui)z

2
— DW — re, (W’ - 1%19[ [T a- hn+z)zr (021 + frzz[ [T a- hn+z)2] )

0<T)4 <t 0<T1)p4 <t

LVy < Dwow?™' — Dw¥

1—
- prp’zwz(au +opw)? +

1-
< Dwow?™' —Dw” — Tpafzw‘“z —Dw? —rcl?

1- P2 Bw([Toer, o1 = Bp)2)?
_Tp0222|: l_[ (l_hn+1)z] + 0 Hl; . .

0<7)4 <t
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Therefore,

DwoB
LV < M{-2Dw, 3 3or3Dwe SR
(D+o1y + =272)(D + reif + 503)

2022 [Toce, t(1 = Huir))?
|:k—£+02021022 l_[ (l_hn+1)]z+ : 221_[0 ngt . Zz+025W}

0<T)4 <t

+ DwoxP™t — Dx? — re, L 2p

" x 1_hn+ Zp
_1—p0222|: l_[ 1- hn+l)2] +ﬂ (l_[0<rn+l<j4( 1)z) '

0<T)4 /<t

Let

Dwyp
H(w,z) = M{-2Dw, 20D 1
(D+opy + =272)(D + re + 505)

+ [% + €2021022 1_[ (1- hn+1)i|Z

0<7y4 <t
c2(022 1_[0<Tn+l<t(1 hn+l))2 }
+ z? + 8w
2
x( <T,.7< (1 _hn+ )Z)p
0+ gt P o B0V

where f(x) = Dwow?™! — Dx? — 1—”0122xp*2 and g(z) = —Da? — rclz# — 1%190222[]_[0«“1@(1 -

h,41)z]P*2. Then we can get

H(+00,z) > —00, asw — +00,

(W, 4+00) — —00, asz —> +00,

2612DW0 Y(D+rcl+5 021)

+fr+g¥<-2, asw—0",z— 0"
Therefore, there exists sufficiently small ¢ > 0 such that
LV < -1, forany (w,z) € R*\D,

where D = (g, %) x (&, %).
On the other hand, the diffusion matrix of system (3.10) is given by

2
Y ay(w2)&E; = ((011W +o1w?)é1, <0212 rop [] - hn+1)22)$2>

ij=1 0<ty <t

« (ouw+ 012W2)$1
(02 +02 [T, (1 = Hu)2*)E
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= (ouw +onw?)Ef + <0212 +092 l_[ (1- hn+1)12>522

0<7y <t

> G|&|* forany (w,z) € D, C D?,

where £ = (51,6) € D}, G = mingzep, {(onw + 012w?)&l + (omz + o [lo, (1 -
hu)2)€3), and D, = [, €] x [3,€].

From Theorem 4.7 in reference [9], it can be known that system (3.11) is ergodic and
has a unique stationary distribution, and the distribution of the process converges weakly

to the measure with density. 0

Remark 4.5 From Lemma 3.3 and Theorem 4.4, we can easily know that if Dxof > (D +

o} + %)(D +rc + $0y) holds, system (2.1) admits a unique stationary distribution

and it has ergodic property for initial (x(0), y(0)) € R2.

5 Numerical simulations

If it is assumed that x(0) = 0.8, ¥(0) = 0.3, ¢,(0) = 0.9, ¢,(0)=0.9,D=1,8=0.1, k=0.1A =
0.05, B=0.002,r=0.1,f=0.1,g=0.5 m=05, h=0.1, h; =0.02, h, = 0.2, 01; = 0.01,
o012 = 0.01, 091 = 0.01, 0 = 0.01, [ = 0.25, T = 4, when u = 0.1, the microorganism y(t)
will survive (it can be seen in (a) of Fig. 1), when u = 0.9, the microorganism y(¢) will be
extinct(it can be seen in (b) of Fig. 1). From Theorem 4.1, Remark 4.5, and the computer
simulations in Fig. 1, we conjecture that there must exist a threshold u*, if © > u*, the
microorganism y(t) will be extinct, if u < u*, the microorganism y(¢) will survive. If it is
assumed that x(0) = 0.8, y(0) = 0.3, ¢,(0) = 0.9, ¢.(0) = 0.9, D=1, 8 = 0.1, k = 0.1, A = 0.05,
B=0.002,r=0.1,f=01,¢g=05 m=0.5h=01, u =01, hy =0.2, 017 = 0.01, 015 = 0.01,
o021 = 0.01, 093 = 0.01, [ = 0.25, T = 4, when /; = 0.01, the microorganism y(¢) will survive
(it can be seen in (c) of Fig. 2), when /1; = 0.1 the microorganism y(¢) will be extinct(it can
be seen in (d) of Fig. 2). From Theorem 4.1, Remark 4.5, and the computer simulations in
Fig. 2, we conjecture that there must exist a threshold /3, if &, < i3, the microorganism
y(t) will be extinct, if 4, > k%, the microorganism y(¢) will survive. If it is assumed that
x(0) = 0.8, ¥(0) = 0.3, ¢,(0) = 0.9, ¢.(0)=09,D=1, =01, k =0.1, A = 0.05, B = 0.002,

(a) (b)

0 WWWW%WWWW 1} o1
0.8 W 4 6 :

07 —x0 | A 141
—yn
06 —%0] 120
0

0 50 100 150 200 0 50 100 150 200
t t

Figure 1 Threshold analysis of parameter p in system (2.1) with x(0) = 0.8, y(0) = 0.3, ¢,(0) = 0.9, c.(0) = 0.9,
D=1,8=0.1,k=0.1,A=005B8=0002,r=01,f=01,9g=04,m=05h=0.1,h; =002, h, =02, 077 =0.01,
012 =001,071 =001,02 =0.01,/=0.25, T =4, (@): y(t) survival with parameter i = 0.1; (b): y(t) extinction
with parameter u = 0.9
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(©) (d)

WWW W :Eg;l«
os‘k osEm

0.4 r r
| A

t t

Figure 2 Threshold analysis of parameter h; in system (2.1) with x(0) = 0.8, y(0) = 0.3, ¢,(0) = 0.9, ¢.(0) = 0.9,

D=1,8=01,k=01,A=005B8=0002,r=01,f=01,g=05m=05h=0.1,u=0.1,h,=02,01; =001,
01, =001, 021 =001, 02, =001,/=0.25, T =4, (¢): y(t) survival with parameter h; = 0.01; (d): y(t) extinction

with parameter hy = 0.1

(e) ()

" ] ol

0t ] 0t [I“

| o
LIt HHL LRI , _

Figure 3 Threshold analysis of parameter h; in system (2.1) with x(0) = 0.8, y(0) = 0.3, ¢,(0) = 0.9, ¢c.(0) = 0.9,
D=1,=01,k=01,A=005B=0002,r=0.1,f=01,g=05m=05h=01, u=0.1,h; =007, 017 =001,
01, =001, 07 =001, 07, =001,/=0.25, T =4, (e): (1) survival with parameter h, =0.9; (f): y(t) extinction
with parameter h, =0.1

(9) (h)

25 5
— as —0
— ¢, —c,0)
2 —en ¢ — ol
35
15 3
25
1 2
15
05 ’I 1 ‘
’JIJJJJJJJWJ%JQ%JJJJJ¢JddddddJJJJJJJJQ%JQJJJJJ« o5y ARG UL A SRR UL ST A
00 50 100 150 200 00 50 100 150 200
t t

Figure 4 Threshold analysis of parameter a1 in system (2.1) with x(0) = 0.3, y(0) = 0.3, ¢,(0) = 0.3, cc(0) = 0.3,
D=1,=01,k=01,A=15B=1,r=02,f=01,g=05m=05h=01,u=02,h; =03, h, =02,

012 =001, 071 =001, 02, =001,/=0.25, T =4.(g): y(t) survival with parameter o7 = 0.03; (h): y(t) extinction
with parameter o1 = 0.4
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r=01,f=01,G=05M=0.5,h=01, u=0.1, b =0.07, 011 = 0.01, 015 = 0.01, 093 =
0.01, 093 = 0.01, [ = 0.25, T = 4, when A, = 0.9, the microorganism y(¢) will survive (it can
be seen in (e) of Fig. 3), when %, = 0.1, the microorganism y(¢) will be extinct (it can be
seen in (f) of Fig. 3). From Theorem 4.1, Remark 4.5, and the computer simulations in
Fig. 3, we conjecture that there must exist a threshold /3, if & <k}, the microorganism
y(t) will be extinct, if #; > hf, the microorganism y(¢) will survive. If it is assumed that
x(0) = 0.8, y(0) = 0.3, ¢,(0) = 0.9, ¢,(0) = 0.9, D=1, f = 0.1, k = 0.1, A = 0.05, B = 0.002,
r=01,f=01,¢g=05 m=0.5,h=0.1, u=0.1, h; =0.02, i, = 0.1, 015 = 0.1, 097 = 0.05,
093 = 0.05, [ = 0.25, T = 4, and when o077 = 0.3, the microorganism y(£) will survive (it can
be seen in (g) of Fig. 4), when o1; = 0.6, the microorganism y(¢) will be extinct(it can be
seen in (h) of Fig. 4). From Theorem 4.1, Remark 4.5, and the computer simulations in
Fig. 4, we conjecture that there must exist a threshold o7}, if 011 < 07, the microorganism
y(t) will be extinct, if o1; > o7, the microorganism y(z) will survive.

6 Discussion

In this work, we consider a stochastic eutrophication-chemostat model with impulsive
dredging and pulse inputting on environmental toxicant. The sufficient condition for the
extinction of microorganisms is obtained. The sufficient condition for the investigated
system with unique ergodic stationary distribution is also obtained by the Lyapunov func-
tions method. The results of mathematical analysis and numerical analysis show that the
stochastic noise, impulsive diffusion, and pulse input on environmental toxicant play im-
portant roles in the extinction and survival of the microorganisms. These results indicate
the effective and reliable controlling strategy for water resource management with eu-
trophication.
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