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1 Introduction and preliminaries

Special polynomials have their origin in the solutions of differential equations under some
conditions. Special polynomials can be described in various ways such as by generating
functions, by p-adic integrals, by recurrence relations, by degenerate versions, and so on.

The degenerate versions of some special numbers and polynomials have been studied
by many researchers. The notion of degeneracy provides a powerful tool in defining spe-
cial numbers and polynomials of their degenerate versions. The most important applica-
tions of these polynomials are in the theory of finite differences, analytic number theory,
and applications in the classical analysis and statistics. Despite the applicability of special
functions in classical analysis and statistics, they also arise in communications systems,
quantum mechanics, nonlinear wave propagation, electric circuit theory, electromagnetic
theory, and so on.

Recent investigations involving degenerate Daehee polynomials and numbers of the
third kind [3], degenerate A—g-Daehee polynomials [5], degenerate polyexponential func-
tions and degenerate Bell polynomials [14], degenerate binomial coefficients and degener-
ate hypergeometric functions [15], new type degenerate Bernoulli numbers [8], degener-
ate Stirling polynomials of the second kind [19], degenerate poly-Bernoulli numbers and
polynomials [18], degenerate Daehee polynomials of the second kind [9], new type de-
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generate Daehee numbers and polynomials [17], some results on degenerate Daehee and
Bernoulli numbers and polynomials [20], degenerate Laplace transform and degenerate
gamma function [11], some identities on type 2 degenerate Bernoulli polynomials of the
second sind [10], some identities for degenerate complete and incomplete r-Bell polyno-
mials [21] have been investigated in detail.

We are now in a position to state some special numbers and polynomials, which will be
used in the paper.

Let BY(x) be the generalized Bernoulli polynomials of order r given by the following
generating function (see [1, 6, 12]):

ZBEIr)(x);_n = ( t 1) et (re G1 =1t < 271). (1)

1 et —
n=0 :

In the case where x = 0, Bff) = B(,,r) (0) are called the generalized Bernoulli numbers of or-

der r.
The notion of degenerate of the exponential function

e =1lim(1 + )Lz)%
r—0

is considered without the limit case. That is, the degenerate of the exponential function €*
isequal to (1 + )Lz)?’l» . It follows that the degenerate of the parameter z is logﬂk—“u). This idea
was first considered for Bernoulli polynomials by Carlitz [1] as follows:

ad t" t x
() — = ————— (1 +A)% (LeR). 2
;ﬁx(x)n! (1+mx_1( +x)F (LeR) )

At the point x =0 in (2), B, =: By, (0) are called the degenerate Bernoulli numbers.
Let (x), be the falling factorial sequence given by

Ky =xx-1)---(x-n+1) (n=>1) (3)

with the assumption (x)g := 1.
Asis well known, the degenerate Bernoulli polynomials of higher order were considered
by Carlitz [1] as follows:

Dt
DB =

(71>r(1 + L)% (4)
1m0 1+A0)% -1

Obviously,
lim £, (x) = B (x),

which represents the Bernoulli polynomials of higher order.
For 1 € R, Kim and Kim [8] defined the degenerate version of the logarithm function,
denoted by log, (1 + t), as follows:

log,(1+¢)= Z)»n_l(l)n,m - (5)

n=1

t
n!
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which is the inverse of the degenerate version of the exponential function e; () as

e;(log, (1)) =log, (e:(1)) = ¢

Note that

hm logk(l +1) = Z( 1) 1— =log(1 +¢t).

The degenerate polyexponential function (see [7, 14]) is defined by

[ee]

Wna .
e, 81k) =Y mx (k € No and § € C with 9te(8) > 0). (©6)
n=0

The degenerate Stirling numbers of the second kind (see [9]) are defined by
k (log, (1 + 1)) ZSM(n k)— (k > 0). 7)

Note that
)1}11‘(1)511(?1, k) = Sl(n, k),

which stands for the Stirling numbers of the first kind given by (see [20])
L (10g(1 + 1))" Z Si( k)
k og + 1(n,
The degenerate Stirling numbers of the second kind (see [16, 19]) are given by
1
(e - 252 A0, k)— (k> 0). (8)

It is clear that
lil’[‘(l)SzJ(Vl, k) = 52(}1,/(),

which are called the Stirling numbers of the second kind given by means of the following

generating function:

n

%(er_l)kzz 2= (see [25]).
: n=k

n!

Roman [24] defined the Bernoulli polynomials of the second kind given by the generat-

ing function

el ”)( +1) = Zb <x)— )
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It is worth noting that (cf. [9])
bu(x) = BM(x+1) (n>0).

The degenerate version of Eq. (9) is given by Kim and Kim [14] as follows:

t" t
b, —=———(1+1t), 10
; 'x(x)n! log,\(1+t)( +1) (10)
satisfying

lim b, (3) = by (x).
The Daehee polynomials are defined by

log(1 +¢)

; (1+t)"=ZDn(x)%. (11)
n=0 :

In the case where x = 0in (11), D,, =: D,,(0) are called the Daehee numbers (see [2—4, 8, 13,
14,17, 18, 20, 22, 23, 25]).

Very recently, Kim et al. [17] introduced a new class of degenerate Daehee polynomials
via the following generating function:

Zd,,,)\(x)}tq—rz - W(l ). (12)

n=0

Putting x = 0 in (12) yields d,, =: d,,(0), the degenerate Daehee numbers.
By (2) and (12) we get

e’} tn [ele} 1 .
Xoj Praw)— = mzzodm,/\ () —(ex(6) - 1)
=Y A @Y Saslnm)
m=0 n=m

- Z( $2:.(n, m)dm,x(x)> a3 (13)

n=0 \m=0

By comparing the coefficients on both sides of (13) we have the following summation for-
mula for the products Sy, (1, m) and d,y, . (x):

Bup () =Y Sy (m,m)dy; (%) (n>0). (14)
m=0
In 2017, Kim and Kim [9] considered the degenerate Daehee polynomials of the second
kind defined by
log(1 +¢)

x ad t"
L+alogl+8)* =Y Dysx)—. 15
(1+A10g(1+t))%—1( *Mlog(1+1) nX:O: A(x)n! (15)
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When x = 0 in (15), D, = D,,,(0) stand for the degenerate Daehee numbers of the second
kind.

Motivated by the works of Kim and Kim [8, 17], we first define a new type of degenerate
Daehee numbers and polynomials of the second kind. We investigate some new properties
of these numbers and polynomials and derive some new identities and relations between
the new type of degenerate Daehee numbers and polynomials of the second kind and Car-
litz’s degenerate Bernoulli polynomials.

2 New type degenerate Daehee polynomials of the second kind
In this section, we begin with the following definition.

Definition 2.1 Let A be a real number. The new type degenerate Daehee polynomials of
the second kind are given by means of the following generating function:

>R

o " log, (1
ZDn,x(x)t— = 08,(1+0) ——(1+1log, (1+12)*. (16)
=0 n! (I+xlog,(1+8)x -1

In the case where x = 0, ﬁm = ﬁm(O) are called the new type degenerate Daehee poly-
nomials of the second kind.

It follows from (16) that
lim D, (%) = D(x), cf. [2,4, 13,22, 23].
Theorem 2.1 Let n be a nonnegative number. Then

Dup®) = Y B (6)S1,(,m).
m=0

Proof By using (2) and (16) we get

~ t" I 1+t x
Y D@ = 0g,(1+1) ——(1+2log, (1+8) (17)
pry o1+ Alog, (1 +2)* -1

00 1 ,
= Zﬁm’)\(x)% (1ng(1 + t))
m=0 :
- % B () Zm Sialmm) -

= Z(Z B (9)S1,. (1, m)) fq— (18)

n=0 \m=0

Therefore by (17) and (18) we complete the proof. d

Theorem 2.2 Let n be nonnegative number. Then we have the identity

n k
D=3 (Z) (6)151.0 D Di,

k=0 1=0
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Proof Recall from (16) that

~ t" 1 1+¢ x
> Dopn)= = 80D (14 l0g, 1+ 1),
=0 nt (14 alog, (1+8)7 —1

By the binomial theorem

[e.¢]

(1+Mogk(1+t)% Z( ) log,\(1+t))
1=0
we have
2~ log, (1 +1¢) > <x) !
D, (%)= = . z log, (1 19
; x(x)n, (1+k10gk(1+t))1—11§0: l,(OgA( +1)) (19)

o m o0 o k
5 DM%) (zmu 350 n%)
: =0 k=0 '

o m k k
Z D, %) (Z (Z(x)l,;\sl,x(k: l)) %)

k=0 \ [=0

n k n
» (Z) W3S1 (K, z)ﬁm) a3 (20)

=0 [=0

By comparing the coefficients of the same powers of t” of (19) and (20), we arrive at the
desired result. O

Theorem 2.3 Let n € Ny. Then

Bua®) =Y Dy (%)S,. (1, m).
m=0

Proof By changing t to e, (¢) — 1 in (16) we see that

o]

t x
—(ex(t = (1+A8)>
MZ: x) (60 - 1)" (1+m%_1(+)
=Y s (21)
n=0 :

In addition to expression (21), we have

Z x)— (ex()-1)" =)D ux)Zsu(n,m)—
m=0 m=n
-3 (Z B ()21, m>) £ (22)
n=0 n:

Equating (21) and (22) proves the theorem. O
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Theorem 2.4 The new type degenerate Daehee numbers of the second kind are computed

by the recurrence relation

0 l:fn:O’

5n,k(1) - 5n,k =
M D)y1p ifn>1

Proof We first consider

oo t"
DA W = log, (1+2) (23)

n=1

|

= ((1+Alog(1+8)* - )ZDM—

—-

1 1+t 1
= 0g,(1+%) —— (1 +Alog, (1 +1))* ZD’”\_
(1+2Alog,(1+2)* -1

0 N P
=Y (Dus(1) = Dyy) = (24)
n=0 :
By comparing the coefficients at £ we complete the proof. O
We now state the distribution formula.
Theorem 2.5 Ford € N and n > 0, we have
5 ( 4" IS 1 a+x
n,xx)—z 1x71m)213md 7 )
m=0
Proof Using (16), we have
2~ " log, (1 +¢ x
> D> = 0g,(1+7) ——(1+log,(1+0)* (25)
P no (1+2rlog, (1+2)* -1
d-1
I 1+t¢ arx
_ Og)L( +1) _ Z(1+)‘10gx(1+t)) x
(1 +Ailog, (1+1)* —1 45
(%)
1 dlog, (1+¢ A £
:_( 0g,(1 +1) )Z(1+— (dlog, (1+1)) a
d (1+2 (dlog,\(1+t)))k -1
1 a1 > a+x\ 1 m
EXO:Z - %(dlogx(lﬂf))
d-1 oo 0o
1 a+x - "
2 ﬁm i\_i ( ) Zd Slk n, I’}’l
a=0 m=0 n=m
Gy U _ a+x "
= AD> a8, S1(m,m) | =, (26)
n=0 \m=0 a=0 ¢ d n:

where d € N and # > 0. By (25) and (26) we arrive at the desired result. O
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Theorem 2.6 Forn € N, m > 0, we have
1 N N m j n-1 m
el (Dm+1,x(ﬂ) - Dm+1,k) = Z Z <J )(l)k,ksl,k (s k)Dm—j,)u

m+
j=0 k=0 (=0

Proof We first consider the following expression:

n-1 1
log; (1+2) > _((1+rlog, (1 +2))*) 27)
1=0
1 1+¢ n 1 1+t
= 0g,(1+1) — (L +Alog, (1+1)* - 08,1 +1) -
(L+Alog,(1+8)% -1 (L+2Alog; (1+£)% -1
ey - o
=Y (Dmp(m) = Dip) =
n!
m=0
o~ ~
Dm+1 A(”)_Dnﬂlk "
=t . — | —. 28
;( m+1 m! (28)

Now we proceed (27) with different perspective as follows:

~ t(logx(l +1)
- t

n-1
) (1+)\10gk(1+t))%
1=0

) » 00 j n-1 Y/
= t( dp,,\—') (Z (Z > DeaS1a0 k)) 7>
o P\ &

k=0 [=0
o] m ] n-1 .
=t Z (Z Z <’7) (l)k,ksl,k(j; k)dm_j,)\> % (29)

By comparing the coefficients at :n_r: of (27) and (29) we complete the proof. O

We now consider a new type of higher-order degenerate Daehee polynomials of the
second kind.

Definition 2.2 Let r be a positive integer. New type higher-order degenerate Daehee poly-
nomials of the second kind are defined by the following generating function:

>R

Ooﬁm ﬁ:< log; (1+12) )rl Alog; (1+1))%. 30
,,X:(; n(x)”! (1+)Llog)\(1+t))%—1 (+ om 1+ )) (30

When x =0, fo)k = D%(O) are called new type higher-order degenerate Daehee polyno-
mials of the second kind.

It is worth noting that
lim D) (x) = D (x),

representing the Daehee polynomials of higher order.
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Theorem 2.7 Let n be a nonnegative integer. Then we have the following summation for-

mula:

5(V)A (x) = ,3,(2;\ (%)Sy (1, m).

m=0

Proof Using (30), we have

>R

0 ﬂ:< log; (1 +1£) )rl M log. (14 ¢
Z M(x)”! (1+Mog,\(1+t))%_1 (1+ 2 log, (1 + ))

=) B (logk(l +1)"
m=0

Mg

(%) Zsu n, m)—

- (Z 8,510, m)) L

n=0 \m=0

3

where we have used the following series manipulation:

Y03 -3 b

n=0 m=0

Since (32) = (33), we arrive at the desired result.

(31)

(32)

(33)

O

Theorem 2.8 Let n be a natural number. Then the inversion formula of (31) is given by

the following relation:

n
L @)= > DY), S, (n,m).

m=0

Proof By replacing ¢ by e; (¢) — 1 in (30) we get

[e¢] ~ ¢ r
ZD x)— (ex()-1)" = <71) (1+A0)%
Q+at)r -1
oo t_n
TS
n=0
On the other hand, we see that
o 1 00 00 o
D D@ — (e =1)" =3 D@ Sarlmm)—
m=0 m=0 n=m
oo
Z(Z Dmm)s“(n,m)) —.
n=0

Matching (34) and (35) proves the theorem.

(34)

(35)

Page 9 of 14



Kumar Sharma et al. Advances in Difference Equations (2020) 2020:428 Page 10 of 14

Theorem 2.9 Let the variables r and k be natural numbers with r > k. Then we have the

following summation formula:

n
~(r N\ X(r-k) X
DY @=Y_ ( Z)D}J\ DY, @) (n=0).

=0

Proof Since

iy t" log, (1 +¢ r x
> DY) = ( 018 ) (1 +2log,(1+0)%, (36)
— o (1+Alog,(1+2)* -1
we have
log, (1 +¢ rok log, (1 +¢ k P
_< og, (1+12) : ) ( og, (1+1) : ) (1+1log, (1+0)
(I+Alog,(1+2)* -1 (1+2rlog,(1+2)» -1
~(r=k) (k)
= (ZDM ﬁ) (mex(")_)
=0 m=0
o0 n . t”
= Z(Z (l)D k) Dizk)zl(x)> o (37)
n=0 \ [=0 ’
Equating (36) and (37) proves the theorem. O
It is well known from [17] that
A VP SEFWE (ke) (39)
log, (1 +1) " - i N ’

n=0

where Biai (x) are called A-analogue higher-order Bernoulli polynomials, which are given

by the generating function

(St

Theorem 2.10 Let n be a natural number. Then we have the following explicit summation

formula:

DV(x) = ZB(’" k+1)( + 1)51 3 (n,m).

Proof Changing the parameter ¢ to log; (1 +¢) and x to § + 1 in (38) gives

m!

Z e <x 1) (log; (1 +£))" 9)

>l

B ( log, (1 +¢)
(

T ) (1+Alog,(1+1))
1+xlog,(1+8)x -1
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o P
= D) (40)
n!
n=0
By (39) we have

ZB m—k+1) <f ) (lOgA(l +1))" ZB(’” —k+1) (; + 1) Z&,x(”ly m);_”'
m=0 n=m .
Z( Bin-kD < . I)SM(”I m))% (41)

n=0

Matching the coefficients at tn—n, in Egs. (40) and (41), we obtain

n

DY) =Y BYS k*“(A + 1)sn(n m).

m=0

This completes the proof of the theorem. d

In the case where x = 0 in Theorem 2.10, we have
ZB D (1)S1, 0, m).

Theorem 2.11 Let n be a natural number. We have the following summation formula:

ZZ( ) ma Sk, m )ﬁ,(qr_)k,,\.

k=0 m=0

Proof Using (30), we have

>R

gy ¢ log; (1 +¢) )r
E D = 1+Al 1+t
”' ((1+Alogx(1+t))i—l ( # Hlog, 1+ ))

o 1 o k k
_ (Z Dz(rx) %) (Z (Z(x)m,/\su(k: m)) %)
1=0 "/ \k=0 \m=0 '
00 nk t"
_ ( ( )(x)mxSu(k WI)D kk)
n=0 \ k=0 m=0

This completes the proof of the theorem. d

Theorem 2.12 Let n be a natural number. Then the following addition property for D% (%)
holds:

n

k
nk(x+y = Z(n> ik, (®) S5 (K, 1) (9)
=0

k=0 m

Page 11 of 14
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Proof Observe that

o~ t" log, (1 +1¢) ! 4y
ZDZ;(JC +9)— = ( Ex - ) (1+Alog, (1+1) (42)
pr n. (I+Alog,(1+2)* -1
o0 v tl o0
= (Z D) l,) <Z (Z(Y)mxsn(k m)> )
1=0 k=0 \m=0
0o n k n
n t
=Z< Z() 0 e @810k 1) (D), )— (43)
k n!
n=0 \ k=0 m=0
By equating (42) and (43) we complete the proof of the theorem. O
Theorem 2.13 Let n be a natural number. Then we have following formula:
n—k-r+1)
Z Z NSk + 1,0+ B ().
k=0 I=0 )
Proof Using (38), we have
iﬁ ¢ ((L+xlog,(1+0)F —1Y"
mh ot log, (1 +1¢)
t "rmi 1 -
_ 1+l 1+1)*
(108,\(1+f)> tr T'(( + OgA( + )) )
= m—r+ L
- (ZBLM V@) —,> <Z Surlbn); (log)\(l +1)) )
m=0
nd t r! /
_ (m—-r+1) +r
= (%Bm’ (1) %>t—<ZSM(1+r,r)( Y (logk(1+t)) )
00 ( ) o\ 7l oo [ k-r tk
m—-r+1
= (ZBW\ (1)%> " (Z (ZS“ (U +7,r)S1 k1 + r)) F)
m=0 k=r \1=0
o0 m o0 k k
(m-r+1) 1\t Sopll+7r)Siplk+rl+7)\¢t
(Tmron)(S(p ettt g
m=0 ’ k=0 \ I=0 ( k ) :
00 n k n) "
- Z[ YL SM(Hr,r)sm(kw,nr)B;{;f;’+1’(1)};.
n=0 | k=0 =0 ( k ’
This completes the proof of the theorem. O

3 Conclusions

The idea of degenerate traces back to Carlitz [1]. The aim of degenerate version is to intro-
duce new special functions, polynomials, and numbers. This is one of ways of introducing
new type special functions, polynomials, and numbers. Another way of introducing new
special functions, polynomials, and numbers is studying g-analogs of special polynomi-
als. As has been seen in the references, Kim and his research team ([2-17, 19-21]) have
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been intensively studying degenerate versions of new special functions, polynomials, and
numbers. In this paper, motivated by the works of Kim and his research team, we have
studied new type degenerate versions of Daehee numbers and polynomials of the second
kind. In this paper, we have derived their explicit, closed, and summation formulae using
their generating functions, series manipulation, and analytical means. It seems that these
types of polynomials will be continued to be studied due to their interesting reflections in
the fields of mathematics, statistics, and sciences.
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