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1 Introduction

Fractional differential equations are generally applicable in many fields such as chemistry,
mechanics, fluid systems, electronics, electromagnetic and other fields; for an overview,
the reader should see the literature on fractional differential equations, e.g., [3,4, 12,17, 21,
24, 26, 33-36, 39] and the references therein. Fractional and impulsive differential equa-
tions were used as a powerful method to gain insight into certain emerging problems from
various science and engineering fields [32, 40, 46]. In particular, much attention has been
given to the theoretical studies such as existence, uniqueness, and stability of analytical
solutions, in recent years (we refer, for example, to [1, 2, 6, 14—16, 38, 43]).

Several works on boundary value problems for an impulsive differential equation with
anti-periodic boundary conditions were conducted, and results on the existence of so-
lutions for mixed-type fractional integro-differential equation were established (see, e.g.,
(5,19,30,42,51,52, 54, 55]). More recently, the theory of existence, uniqueness, and stabil-
ity analysis for impulsive fractional differential equations with different kinds of fractional
operators and initial/boundary conditions has attracted the attention of many researchers;
for an overview of the literature, we refer the reader to [8—11, 49, 50]. For example, in [47]
Wang and Lin investigated the impulsive fractional anti-periodic boundary value prob-
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lem with constant coefficients. Recently, motivated by [47], Zuo et al. [56] investigated the

existence results for an equation with impulsive and anti-periodic boundary conditions
described by:

DI u(t) + Au(t) = f (¢, u(t), Tu(t), Su®)), te] =]\{tr,....tm}
Auliey = L(ut), k=1,2,...,m, (1.1)
u(0) = —u(1),

where ¢D? is the Caputo fractional derivative of order g € (0,1), . >0,y e R, 0=ty <1 <
o<ty < b1 = 1, f € CJ x R3,R), J = [0,1], R is the set of real numbers, Auls-s, denotes
the jump of u(t) at £ = t, S and T are linear operators. Under Lipschitz and nonlinear
growth conditions, they established sufficient conditions for the existence and unique-
ness of a solution to (1.1) using Banach mapping principle and Krasnoselskii’s fixed point
theorem.

On the other hand, in the deterministic situation there is a very special delay differential
equation known as the pantograph equation given by

Z(t) =az(t) + Bz(rt), 0<71<T,

where 0 < A < 1. It is used in various fields of applied and pure mathematics, such as num-
ber theory, probability, dynamic system, and quantum mechanics. In particular, an im-
portant studies were conducted on the properties of both the analytical and numerical
solutions of this equation (see [18, 22, 23, 31]), also recently multi-pantograph and gen-
eralized nonlinear multi-pantograph equations were studied in [29, 37, 53]. Owing to the
increasing interest and importance of this equation, Balachandran et al. [13] established
the solution of abstract fractional pantograph equation via fractional calculus techniques
and fixed point method. They consider the following equation:

Dy, y(t) =f(t,y(t),y(A8)), te],
y(o) = yO;

(1.2)

where 0<p<1,0<Ai<1,andf:] x X x X — X is a continuous function.
In this paper, motivated by [13, 47, 56], we consider the following impulsive fractional
pantograph differential equation:

“Dg,x(t) + Ax(2) = £ (&, %(2), x(y 1)),
tel*=\{t1,....tx},0<a<1,0<y <1,

Ax|ie, (0) = Ly(x(t), m=1,2,...,k,

ax(0)+bx(1)=0, a>b>0,

(1.3)

where °D* is the Caputo fractional derivative of order o, 0 = £y < t; < -+ < fg < fgy1 = 1,
feCU xRLR), J = [0,1], Ax|iy,, = x(t},) — x(t,,), with x(¢,) and x(t;,) representing the
right and left limits of x(¢) at £ = ¢,,,.

The main aim of this paper is to establish the existence and uniqueness of solutions for
the boundary value problem (1.3), by using the contraction principle of Banach and the
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fixed point theorem of Krasnoselskii. Presently, different techniques have been extensively
applied in obtaining solutions to the impulsive fractional differential equations (see, e.g.,
[20, 41, 44]). However, in this article, we adopt the solution approach used in [47] to solve
the impulsive fractional equation (1.3).

We highlight the main contributions of this paper as follows:

+ We consider the impulsive pantograph fractional differential equation.

+ We consider more general anti-periodic boundary value problems with constant

coefficients.
In general, this paper contributes toward the development of qualitative analysis of frac-
tional differential equations.

This paper is organized as follows: the statement of the problem, preliminaries, and
some useful lemmas that will be required for the later sections are presented in Sect. 2. In
Sect. 3, we prove the existence and uniqueness of solutions for problem (1.3) via Banach
and Krasnoselskii’s fixed point theorems with some illustrative examples. Conclusions on

our findings are presented in the last section.

2 Preliminaries and lemmas
Let Jo = (0,#],/1 = (¢1,2), -+, Jec1,Jk = (8, 1], and PC(J,R) = {x: ] > R:x € C(J,,,, R)},
where m=0,1,2,...,k, x(t},) and x(£,,) exist, m = 1,2,...,k, is a space of continuous real-
valued functions on the interval J, and x(z,,) = x(t,,).

Then, clearly, PC(J,R) is a Banach space with the norm ||x|pc = sup{|x(¢)| : ¢ € J}, and

let the norm of a measurable function ¢ : / — R be defined by:

([, lp@)Pdt)'’?, 1<p<oo,

lellrg) = g .
1nfmes(j)=o{supt€]\7 lx(£)|}, p=o0.

Then L?(J,R) is a Banach space of Lebesque-measurable functions with [|¢||.»¢) < co.

Definition 2.1 (see [26]) The fractional integral of order p with the lower limit zero for a

function g is defined as

I&g(t):ﬁfo(t—r)"’lf(r)dt, p>0,neN,

provided the right-hand side is pointwise defined on [0,00), where I'(-) denotes the

Gamma function.

Definition 2.2 (see [26]) The Riemann-Liouville derivative of order p with the lower

limit zero for a function g is defined as

1 d"

t
/ (t—7)" " g(t)dr, p>0,mn-1l<p<n,
0

provided the function g is absolutely continuous up to order (n — 1) derivatives, where I"(-)

denotes the Gamma function.
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Definition 2.3 (see [26]) The Caputo derivative of order p > 0 with the lower limit zero

for a function g is defined as

n-1

1 a [
“Dg,g(t) = m%/o -7yt (g(r) - Z s—,g(l)(0)> dr, n=[p]+LneN,

=0

provided the function g : [0,00) — R, where I'(-) denotes the Gamma function.

Remark 2.4 (see [28]) If g € C"[0, +00), then

1 12
‘D g(t) = T /0 (t—1)"" g () dr =" Pg"(t), t>0,m=[p]+1.

Since in this paper we deal with an impulsive problem, Definition 2.3 is appropriate.

Definition 2.5 A functionx € PC(J,R) is said to be a solution of problem (1.3) if it satisfies
the equation °Df, x(t) + Ax(t) = f(¢,x(¢),x(yt)) a.e. on J* and the conditions Ax|;,,(0) =
L,(x(t,),m=1,2,...,k, and ax(0) + bx(1) = 0, witha > b > 0.

Lemma 2.6 (see [45]) The nonnegative functions E, and E, ,, given by
o0 o0 m

u™ u
Ea(u)=2m, Ea,a(u)=2m,

m=0 m=0

have the following properties:
(1) Foranyr>0andte],

E,(-t“A) <1,  Ega(-t"4) < —.

Moreover, E;(0) = 1,E, 4(0) = ﬁ
(2) Forany > >0andty,t, €],

E (-t51) > Eo(-51) ast, — ti,

Evo(—t51) = Equ(—£51) ast, — 1.
(3) Forany A >0 and ty,t, €] such that t; < t,,
Eo(-£51) <Eo(-tf1),  Euu(-£51) <Equ(-t72).

Lemma 2.7 (see [27]) Let P be a closed, convex, and nonempty subset of a Banach space
X, and let Fy, F, be operators such that:

(1) Fix+ Fyy € M whenever x,y € P,

(2) F is compact and continuous,

(3) F; is a contraction mapping.
Then there exists z € P such that z = F1z + Fyz.
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Lemma 2.8 (see [48]) Let X be a Banach space, and let ] = [0, T]. Suppose that W C
PC(J, X) satisfies the following conditions:
(1) W is a uniformly bounded subset of PC(J, X),
(2) W is equicontinuous in (b, byy1), m=0,1,...,k, where ty = 0,f,1 = T,
(3) Its t-sections W(t) = {x(t) :x e W, t € J\{t1,..., el L, W(E;,) = {x(2},) s x(E),) : ¢ € W},
and W(t,) = {x(¢t,,) : x(t;,) : x € W} are relatively compact subsets of X.
Then W is a relatively compact subset of PC(J, X).

Lemma 2.9 (see [47]) Let g:] — R be a continuous function. The function u given by

—Eq(—W)Eq(~t12)

e i iy + o= 9T Egg(=(e —9)A)g(s) ds
- R 0(1 91- 1qu( (1-90gls)ds, o,
1+eqqi){2, i tq)L — [} (1= )T E g (—(1 - 5)10)g(s) ds)
u(t) = — E,(~t7)) ZFME‘I({—%% (2.1)
+ft —s)q-lqu(—< —)TNgE)ds, teSmm=12...,k-1,
1+Eq ){Z, 1Eg th — [ (1= 8)1 g (—(1 = 5)70)g(s) ds)

+ fo(t —$)1 E, (—(t - s)TA)g(s)ds, t €

is a solution of the impulsive problem

DI, u(t) + au(t) =g(t), teJ*,
Attliey, (0) =y, m=1,2,...,k, (2.2)
u(0) + u(1) = 0.

It follows from Lemma 2.9 and by using the boundary condition ax(0) + bx(1) = O that
the solution of (1.3) can be expressed by

—Eq (-MEq(=t*}) Nk _Lix(t)
1+Eq (=) Zi:l E;(—tf’"}\)

[t = 8" Eqo(—(t — 5)*A)f (5, %(s), x(y's) ds

1%((5‘5 2) Kfo (1= 8)* L Ey o (—(1 = 8)*M)f (s, x(5), x(ys)ds, t e,
Eqo(=1%1) {Z 1i(x(t))

1+kEy (- i=1 Ey( t"k)
- K fo —5)*” le( (1 —8)*A)f (s,x(5), x(y 5)) ds}
W) =1 —Ea(t0) X 2y ta);) (2.3)

+ [yt =) Ey o (—(t — 8)*A)f (s,x(5), x('s)) s,
tel,m=1,2,..., k-1,

Ey(=1%4) 1,(x(t,
1+kEq (- {Zl 1 Ey(—

—k [y -5 1EW(—(I = 8)*A)f (s, x(s), x(y5)) ds}
o (=) Equ(—(t = )2 (5, x(5), x(ys)) ds,  t €,

where k =

QIS
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3 Main results
Theorem 3.1 Counusider the following hypotheses:
(C1) Function f x J x R2 — R is continuous and there exists a constant L, > 0 such that

Lf(t,x»)’) _f(t’ u, V)| = L1(|x - Ml + |)’— Vl)r

forallt €], x,y,u,veR.
(Cy) There exists a positive constant Ly such that

|Im(x) —Im(y)| <L)x-y|, forallx,yeRm=1,2,...,k.

(Cs)

 2+x) oL, (4kc +2)L, .
1= L+ kB (0] ZlEa(—tf‘A)|+(2+K)F(a+l) <t

i=1
Then the boundary value problem (1.3) has a unique solution.

Proof Define a mapping T : PC(J,R) — PC(J,R) by

(Tx)(2)

Ea(-3) [ Lix(n)
T 1+ KkE (=) {Z E.(—£72)

i=1
1
- K / (1-5)"1E,, (—(1 - s)“k)f(s,x(s),x(ys)) ds
0
k
o Li(x(%;))
—E,(-t*%) Z Eia(—tﬁ)\)

Jj=m+1

+ ft(t = 8)* Eq o (=t = 9)*A)f (s,%(s), %(y5)) ds,
0

te [tmrtm+l))m:01 1)27“~)k7 (31)

then we show that T has a fixed point, which is a solution of problem (1.3). Letting G =
sup,¢s If(£,0,0)|, G* = max{|[;(0)| : i = 1,2,..., k}, we choose

)P CL
i=1 B, (-0 © Ta+])

(3.2)

r> .
— |1+kEy(=))] k Ly (4ic+2)L1
ooy i Ea(—0] T eryareel

Firstly, we show that TH, C H,, where H, = {x € PC(J,R) : ||x|pc < r}. It follows from the
hypotheses above and Lemma 2.6 that

[(Tx)(@)]

= [Ea(-£72))|

1 L)
1+ KkE,(-2) iz Eq(—£22.)

i=1
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L e a £ p(y)
_,(/O (1= 8)* " Eqa (-1 = 9)*A)f (s, %(s), x(ys)) ds | — Z Eu (£

Jj=m+1

+ /t(t —8)" 1 E,, (—(t - s)“k)f(s,x(s), x(ys)) ds
0

1 ) L I S
= e kEa () iZ B T J, 0 st

k
i 1 ~
+Z ||a t))| F(a)/ (t - 5)" 1V(S,x(s),x(ys))|ds

i=

_ Lt I1+kEl(-)] {Z \Li(x(1) ~ 1(0)] + G* }

T kB | & Bl

(a)|1+/cE / (1-s5)* 1Hf(s,x(s x(ys)) f(sOO)} [f(500)|] s

JE— _ el
F(a)/(; (= 9)* [ |f (s,x(5), 2(5)) = £(5,0,0)| +|f(s,0,0)|] s

(2 +«) i Lyr + G* . G s G
T |1+ kEL(=A)] - [Eo(—tfAN)] T+ 1D)|1+kE,(-A)| I'la+1)

a—1
F(Ol)|1+/<E Py / (1=5)"""L([x(s) + x(ys)]) ds

a-1
@ f (6= 9 Ly (|x(s) + x(y9)|) ds

k *
- (2+«) Z Lyr+G s G
T 1+ kEq(=M)] o |[Eq(=tfA)]  TI'(e+1)
+ 2KL1}" + 2L17‘
IF(a+1)]1+«E,(-A)] T(e+1)

2+0) [« G G
= [t kEo( ) i; E (0] " Ta+1)

k
Ly (4x +2)L4
+ |:; |Eq (—£7 )] T2+ (@t 1)i|r}

<r.

Secondly, we show that the mapping T is a contraction. Indeed, given any x,y € H, and

each t € J, we obtain

(Tx)(0) - (Ty)(2)|

| Ea=ew) ib(x(t,»))—n(y(ti»
|1+ kEu(=A) Eqo(—£72)

1
—K /0 (1= 8)* " Eqa (-1 = 9)*A) (F (s, (), x(y)) = f (5, 7(5), (v$)) ) ds
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Li(x(5)) - L;(y())
! TRG

Jj=m+1

+ /0 (t = )" Eaa(=(t = 9)*2) (£ (5,2(5), x(v'5)) = £ (5, 7(5), 9(5)) ) s

1 L Lylx(®) - ()]
= (Il +kEy(—A)] * 1> Z E,(—£%2)

i=1

F(ot)|1+/<E k)|/ (1-5)7" Ly (|x(s) — y(9)| + |x(ys) - y(ys)|) ds

/ (t =)Ly (|x(s) = y(9)| + |%(ys) = y(ys)|) ds

k

(2+K) X2
< TaeEC MZEa P LAL

=
2KL1
+
I'(a+ 1)1 +kE,(-A)]

" T@)

¢ = yllpc + = yllrc

2L,

I'lox +1)
@2+ k) oL (4k +2)L,

= [t kEg(—0)] (Z; E (2 " @+l (e + 1)) % =lpe

=nlx-ylec.

This implies that || 7x — Ty|| < n|lx — y|lpc. Thus, T is a contraction, Hence we conclude
the proof by applying Banach contraction principle. O

Theorem 3.2 Assume that condition (Cy) and the following additional conditions are sat-
isfied:

(Cy) A function ¢ € LYP)(J,(0,+00))(0 < p < a < 1) exists, and & € C([0, +o0)) is a non-
decreasing function satisfying the following inequality:

If (£, x(5),x(y5)) | < @®d(l|xllpc), x€PCU,R),te].

(Cs)

(2+K) ( (1+2K)||(p” l(]) _(T) k LZ )

liminf — —_
11+ KEq(—1)] (2+K)r(a)(“)1lel‘o r +;|Ea(—t;’k)l

Then problem (1.3) has at least one solution.

Proof 1t is easily to see that the set H, = {x € PC(J,R) : ||x| pc < r} is a closed, bounded,
and convex set in PC(J,R) for all > 0. Let M and N be two operators on H, defined by

(Mx)(t) = /o (t—s)"Eyq (—(t - s)“k)f(s,x(s),x(ys)) ds

(-t*2)

m f (1= 8)* " Eqa(~(1 = 8)*2)f (5,%(5), x(r9)) ds, (33)

Page 8 of 15
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Ea(=12) o Lix(t)) vy s L)
(Nx)(t) = T3 R 21: ECE) ~E, (-t )\)j;lT(_tm. (3.4)

It follows from condition (C,) and Holder inequality that for any x € H, and each ¢ € ],

/0 (£ = 9)* " f (s5,x(5), x(y5)) | ds

! _ a-1 - d
< fo (¢ = 9 pls)o(r)| ds
t 1 1-p t
954
5( /0 (t-3) s) ( fo (@()e(s))

loll 3

a=pyI-
()

bl'—

)

< (r).

Repeating the same procedure as above, we obtain

1
/ (1= 9 Eya(=(1— 92 (5,261, 1(7)) s = =2 o),
0 l—p

Next, we show that there exist ry > 0 with Mx + Ny € H,, for x,y € Hy,. Suppose by contra-
diction that for each r > 0 there exist x,, . € H,, and ¢, € ] such that [(Mx,)(¢,) + (Ny,)(¢/)] >
r. Assumption (C,) implies that |;(x(z;)| < |L;(x(¢;) — I;(0) + [;(0)| < Lor + G*.

Thus,

r< {(Mxr)(tr) + (Nyr)(tr)|

KW”L#(]) )
= (@)1 +kEy(- ,\)|(£)1_pw(r)
lell 1 ) R .
4”(/)— o + Lyr+ G-
* @ b ool 2 el T & e
(1+2K)||§0|| k
(2+«) _ Lyr+G
kB (=)l ((2+K)F(a)( )1 @) Z |Eu(— m)l)

Dividing both sides by r and taking the lower limit as r — +00, yields

(2 +k) 1 +2K)”(p”L/l_’(]) @ k L,
< 11m1nf—+24 ,
1+ kE (DI \ @+ ) (@) (D) e 7 2 (B, ()]

which contradicts condition (Cs). Hence, there exist ro such that Mx + Ny € H,,, for all
x,y € Hy,.
Thus, for all £ € J and %,y € H,, one gets

|Ea (=93] i Lx(t)) - L)

|(N%)(2) - (Nw)(8)| < L+ kEa (M) & [Ea (£ 0)]

Page 9 of 15
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gy |Zl(x(t i) — l(i(tl))

k

(x(r >) L) 1
Z ()] (l BT +KEC,(—A>|)

Q+r) <
=\ Toemc |Z| m lx = yllpc.

=

Denoting n* lhé;" o Zl 1V TER :“ it follows from (Cs) that 0 < n* <1 and ||[Nx +

Nyllpc < n*|lx — yllpc. Thus N is a contractlon mapping.

Since f is continuous, this implies that operator M is also continuous. Now to show
M is compact, we apply the same procedure as in Theorem 3.1. One can easily see that
M(H,) is uniformly bounded on PC(J,R). We now show that M(H,) is equicontinuous on
Jnm=1,...,k).Let ® =] x H, x H, and f* = SUP (¢ 1(0) 1y 5)) e |f (£, x(¢), x(ys))|, then, for any

b < & < &1 < byy1, we have

|(M2)(&) — (M) (&)

&
i (&2 — 9 Eq o (&2 — )" A) (f (s, %(s), x(y 5)) ds

&1
- A (gl - S)a_lEa,a (_(t - S)D[A.)(f(s’x(s), x()/S)) ds

k(Eq(—=T5A) = Eg (-7
1+«kEy (—A)

1
1) /0 (1= 9)*"Eqa (-1 = 8)*1)f (s, 2(5), x(ys)) ds

&
(sz — )" Eqq(—(&2 = 8)* 1) (f (5, %(5), x(v'5)) ds

(S = 8)* Eq o (—(&2 = 97A) (f (5,(s), x(y ) ds
&
. fo (1 9 Enpo (=2 - 72) f (5,206, x(y)) ds
&
— | (1 =9)""Ega(~(t1 = 8)*A)(f (s,x(s), 2(y5)) ds
0

&1
- / (61 = )" Ena(=(&1 - 5)°2) (f (s(5), (y5)) ds

&
|k (Eq(—E5'2) — Eq(=£7'2))]
T(@)1 +xEy(-2)]

/ (1= 8)*f (s, %(5), %(y5)) | ds
&
=< /0 |(Ez —s)“—l — (& - s)a—1| |Ea,01 (_(52 _ S)ak) Lf* ds

&
16 =9 (62 59%) = B (e -9 s

o |K( W(EZL) — E, (—EX L))

o-1 2 1 y

F( )’Ez &=9 T +1)|1 +kEy (=) f
A |(52—s)°“1_(,§1_s)a—1|ds N (1 - &) f*

I'lox +1)

<
~ I'(x)
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s |k (Ea(=§5'2) —Ea(—f;'f‘)»))lf*
I'(a + 1)1 +kE,(—A)]

&
+f*A |(£1 _S)a_l | |Ea,a (_(EZ _S)Dl)‘-) _Eoz,oz (_(Sl - S)a)‘-)| ds

_G-g) -t
- I'a+1)

(&1 - &) s lic(Eq (—€5'A) — Eo(=§1'1))]
I'lox +1) I'(a+ 1)1 +kE,(-A)]

f*+ f*

3
+f fo (& =) Ea (~(82 = $)*A) = Ewa (—(E1 = 9)*1)]| ds.

By (2) of Lemma 2.6, it follows that E, ,(—t*1) is continuous on ¢ € J, and thus E, ,(-t*2)
is uniformly continuous on ¢ € J, hence, there is a sufficiently small § > 0 such that, for
t,ty € J with |t; — £,] < 5, we have

|E°‘v°‘ (_t‘f)") - Eoz,oz (_tg)\-) | < —5.

Let p; = % and py = £%. Then p; > 1,2 > 1, and pil + é = 1. Applying Holder in-

2 "

equality yields

&
fo (61— 5)* | Eqa (=62 = )*A) = Eqo (—(&1 — 9)%1) | ds

2(1-a)

& 2w )
0

&

° 2-a 2-a
x |:/ (ED""‘(_(EZ _S)a)‘) —Eya (—(51 —S)D‘)»))T ds]
0

5 [2513 26 —sz)%]z‘zlf)a

o

Hence,

|(M2)(&) — (M) (&)

_E-8) e -8 L (G -8 [k(Ea(=E7A) - B (M)

== Ter) " T " TesynseEn ¢
[2;{5 - 26 - &) ]”
| 2 €
o

— 0,

as & — &, which implies that M is equicontinuous on the interval J,,. Hence, we have
shown that M(H,) is relatively compact on J. It now follows by Arzela—Ascoli’s theorem
that M is compact. Therefore, we conclude from Lemma 2.7 that problem (1.3) has at least

one solution. O

We now present some examples to illustrate our result.

Page 11 of 15
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Example 1 Consider the following fractional pantograph-differential equation with im-

pulsive and anti-periodic boundary condition described by:

D x(e) +alt) = 0 PO 01y peTe 0,1V},

(£+5)2 (1+42(2)) (e +4)
_ \x(7)|
Ax|t=% T 7+(b)) (3.5)
x(0) = —x(1).

By comparing with problem (1.3), we get:

2
fe,x(0),x(y) = 228 0o+ DU ox(dn),ee] € [0,1\(3}a=b=x=10a=13, L) =
Ix(3)]

17+\x<%)l '
Then for any x,y,u,v € R and ¢ € J, we obtain

[f (&, %,9) - f(t u,V)|<—||x yllec,

1
[1(x) = ()] < 7 k= lec.

2 [,=-1

Z, Ej(-1) ~ 042,

Then by a simple calculation we can easily see that L; =

E;(-(3)%)~052,I'(3) ~ 089, and

17’

3 L, 6 x Ly 3 (5 . 0%
n= it 3 ~ + —=——) <1
1+E CDINIE (-(b)2)) 3% T() 1.42\052 " 3% (0.89)
2

Therefore, all the hypotheses of Theorem 3.1 are satisfied. Hence problem (1.3) has a

unique solution on [0, 1].

Example 2 Consider the following impulsive fractional pantograph differential equation:

1 3 i 3
“DZ,x(t) + 2(t) = LI (OLy | SEy(3p), ) e [0,1\{1),

()l
Al = Bond (36)

2x(0) + 4x(1) = 0.

Denote

F(tx(0),2(r1)) = @:“(2” <|1'f(|;)('t)|) + Ex@t) (37)
This implies that

(6500, ()| < (ﬁ—l )(”x(t) [ +1). (38)
Thus, applying the same procedure as above yields o = %, 2 = §,K =2,0=r+

LE(-2) ~ 0.25,F, (-2(%)%) ~ 0.40,I'(3) ~ 3.14 and ¢(¢) = This implies that
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liminf, o0 £ = 1,25 = & and ()] 3 = JHAETY3 dr)s & 0.08. Therefore

1
p

1, 413 1 1
4 (5(fo( 14 )1 dt)13 " 15 — > ~ 0.58 < 1.
I1+E1(-2) 41“(%)(3;13)1*3 |E%(—2(§)7)|
-3

Thus, according to Theorem 3.2, problem (1.3) has at least one solution.

4 Conclusions

Using the Banach and Krasnoselskii’s fixed point theorems, we have established the exis-
tence and uniqueness of the solution for fractional pantograph differential equation with
impulsive and generalized anti-periodic boundary conditions. We note that it would be
interesting to study this kind of problem for a certain kind of generalized fractional deriva-
tives and integrals [7, 25]. In addition, this is the first paper, to the best of our knowledge,
dealing with a fractional pantograph differential equation with an impulsive and general-
ized anti-periodic boundary conditions. Therefore, our result improves and generalizes
the results in [13] and can be considered as a contribution to the development of the
qualitative analysis of fractional differential equations. Lastly, we offered two examples
to illustrate the obtained results.
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