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1 Introduction
For any v, v, € [a,b] and £ € [0, 1], the real-valued function g on an interval [, b] is called

a convex function if the following holds:

g(évl + (1= 0)vy) < Lg(vy) + (1 - £)g(va). (1.1)

The theory and application of convexity has a close relationship with theory and ap-
plication of inequalities or integral inequalities. The convex function (1.1) has been ex-
tended and generalized in several directions, such as pseudo-convex [1], quasi-convex [2],
strongly convex [3], e-convex [4], s-convex [5], h-convex [6, 7], (¢, m)-convex [8, 9], invex
and preinvex [10-12], and other kinds of convex functions by a number of mathemati-
cians; see [13-21] for more details.

Integral inequalities form an essential field of study among the field of mathematical
analysis. They have been vital in providing bounds to solve some boundary value prob-
lems in fractional calculus, and in establishing the existence and uniqueness of solutions
for certain fractional differential equations. Convexity plays an important role in the field
of integral inequality due to the behavior of its definition. Also, there is a strong connection
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between convexity and integral inequality. For this reason, many known integral inequal-
ities have been established in the literature. The Hermite—Hadamard (HH) inequality is
the most well known one: for an L' convex function g: Z C R — R with vy, v, € Z, v1 < v,
the HH inequality is defined as follows:

Vi + Vs 1 2 gv1) +g(v2)
g( 5 )S p— /v1 gl)dx < >——=—. (1.2)

A huge number of researchers in the field of applied mathematics have dedicated their
interest to generalize, improve, refine, counterpart, and extend HH inequality (1.2) for
various types of convex functions; see e.g. [22—30].

Recently, Samet [31] introduced a new notion of convexity for certain functions that
depends on some axioms. This often generalizes various types of convexity e.g. €-convex
functions, a-convex functions, s-convex functions, and so on. Also, for further details,
visit [16, 32].

Throughout our study, we suppose that Z € R (R the set of real numbers), V =
{0, m2); e € [vi,val, € = 1,2} and R = {(n1, 92, m3); i € R,£ = 1,2,3}. Then the family of
F of functions F : R x [0,1] — R satisfies the major axioms [31]:

(Ay) Ify, € L}(0,1), £ =1,2,3, then for every y € [0,1] we have

1
/O F (yi(n),y2(n), ys(n), v) dn

1 1 1
- dn, dn, dn,y ).
F(/O y1(n) n/o y2(n) n/o y3(n) ny)

(Ay) Forevery u € L'(0,1), w e L*(0,1), and (z1,23) € R%, we have
y

1

1
/0 F(W(n)u(n),W(n)Z1,W(n)Zz,n)dn=77r,w(/0 W(n)u(n)dn,zl,Zz),

where Tg . : R — Risafunction depending on (F, w). Moreover, it is a nondecreas-
ing function according to the first variable.
(A3) Forany (w,y1,¥2,¥3) € R, yq € [0,1], we have

wl (Y1, Y2, Y3, Ya) = F (Wy1, wys, wys, ya) + Ly,
where L, € R is a constant (depending on w).

Definition 1.1 Let g: [v1,2] € R — R with v; < v, be a function, then we say that g is a

convex function according to /€ F (or briefly / -convex function) iff

F(g(nx+(1=n)y),gx),g»)n) <0, (xy,m) eV x[0,1].

Remark 1.1 Suppose that (v, v;) € R? with v} < vy,
(i) if g : [v1,v2] C R — Ris an e-convex function, or equivalently [26]

gnx+ (1 -n)y) <nglx) + A1-ng) +&  (xy.n) eV x[0,1],
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then we define the functions f : R x [0,1] — R as follows:

F YL Y2, Y3 Ya) = Y1 —VaYe — (1 —Ya)ys — &, (1.3)

and Tr,wzi)_% x [0,1] — R as

1 1
Ty ¥ ¥s) = 1 - ( | tW(n)dn)Yz _ ( [a- n)W(n)dn)Ys . (14)
0 0
For
L,=(1-w)s, (1.5)
we can observe that f € F and
F(g(nx+ (1= n)y),g(x),g),n) =g(nx + 1 - n)y) - ngx) - (1 - n)g(y) — <0,

and this tells us g is an /" -convex function. In a particular case, we take ¢ = 0 to show that
g is an F -convex function according to f when g is assumed to be a convex function.
(ii) If g : [v1,v2] C R — Ris a u-convex function with u € (0, 1], or equivalently
g(nx+ (1 -n)y) <n"gx) + (1-1")gl), xyn) eV x[0,1].
Then we define the function  : R x [0,1] — R as follows:

Fynysysya) =yi-vay2— (1-v4)ys (1.6)

and Ty, : R x [0,1] = Ras
1 1
Tr w(Y1Y2,¥3) = Y1 — (f n"W(n)dn)Yz - (/ (1- n“)W(n)dn)w. (1.7)
0 0
For L,, = 0, we can observe that f € F and

F(g(nx + (1 =n)y),gx),g),n) =g(nx + 1 - n)y) - n"glx) - (1-n")gy) - & <0,

or g is an F -convex function.
(iii) If #: T — R is a function and it is not identically 0, where (0,1) € Z. Also, suppose
that g : [v1,v2] CZ — [0, 00) is an h-convex function, that is,
g(nx+ (1=n)y) < h(ng®) + k(1 -n)g®), (xyn) €V x[0,1].

Then we define the functions F : R x [0,1] — R as follows:

F(Y1,¥2,¥3:¥a) = Y1 — h(ya)ys — h(1 - ya)yo, (1.8)
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and TF,W:S_% x [0,1] — R as

1 1
T wbyioyarys) =y = ([ )y - ( [ na- n)w(n)dn>Y3. (19)
0 0
For L,, = (1 — w)e, we can observe that / € F and

F(g(nx + (1=n)y),gx),g(),n) =g(nx + (1 =n)y) - h(n)g(x) — h(1 - n)g(y) —& <0,
or we can say that g is an / -convex function.

In recent years, many possible inequalities have been proposed in the context of frac-
tional calculus including the midpoint and trapezoidal formula inequalities and inequal-
ities for e-convexity, a-convexity, («, m)-convexity, and /-convexity; see [26, 31, 33] for

more details.

2 Conformable fractional operators and 7, -convexity
In the last fifteen years, the definition of fractional calculus has been more appropriate
to describe historical dependence processes than the local limit definitions of integer or-
dinary differential equations (ODEs) or partial differential equations (PDEs), and has re-
ceived more and more attention in many mathematical and physical fields, see for de-
tails [34—44]. Differential equations of fractional order are more accurate than differential
equations of integer order in describing the nature of things and objective laws. In 1695,
Leibnitz discovered fractional derivatives, and after that more and more researchers have
dedicated themselves to the study of fractional calculus. The most commonly used frac-
tional calculus definitions are Riemann-Liouville definition, Caputo definition, and con-
formable fractional definition in basic mathematical and engineering application research.
In the present paper, we deal with the conformable fractional definition [45—47] in order
to obtain our results.

In this section, we recall some preliminaries and properties on conformable fractional
calculus. For further details and applications, see the previously published articles [33, 45—
54].

Definition 2.1 ([47]) Let g: [0,00) — R, then the puth order conformable derivative of g
at 1 is defined by

I-py _
D@ = tim ST =8 1150 @

For u-differentiable function g in some (0, i), i > 0, lim,_, o+ g%/ () exist, define
" (0) = lim ¢"(n).
Furthermore, if g is differentiable, then we have

Du(@)(n) =n""g'(n), whereg'(n)= lin%w'
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Observe that we can write g () for d%(g(n)) or simply D,,(¢)(n7) to denote a uth order
conformable derivative of g at 5. Furthermore, if the uth order conformable derivative of
g exists, then we can simply say g is p-differentiable.

Theorem 2.1 ([48]) Assume that ju € (0,1] and f, g are two p-differentiable functions at
a point 1 > 0. Then we have:
1. D, (vif + vag) = viD,(f) + voD,,(g) for all vi, v, €R,

2. D,(fg) = fD,(g) + gD,(f),

3. Dp.(jg;) _ gDM(f)—ZfDM(g),

4. D, (c) = 0 for each constant function, namely g(n) = c,
5. D,(1) =0,

6. Du(;n*) = 1.

Some basic properties of conformable operator are now stated, which are useful in what
follows.

Definition 2.2 ([47]) Assume that u € (0,1], 0 <v; <y, and g: [v1,v2] CR — R, then
we say that a function g is u-fractional integrable on the interval [v;, 5] if the following

integral
v v .
[ emdan= [ emw-tay 23)
V1 V1

exists and is finite.

Remark 2.1
(a) We indicate by L}L([vl, v,]) all u-fractional integrable functions on an interval

[VI’ VZ] .
(b) The usual Riemann improper integral has the form

LY g)n) = I (n“_lg) = / ¥ le(x)dx, we(0,1]. (2.4)

V1

Theorem 2.2 ([47, 48]) Let g : (v1,v2) — R be differentiable and p € (0,1]. Then, for all
n > vy, we have

DN (g)(n) = g(n) — g(v).

Theorem 2.3 ([51]) Suppose that g : [vi,00) — R such that g" is continuous. Then, for
each n > vy, we have

D;V)];il @M =gn), nemn+1],
which is called the inverse property.

Theorem 2.4 ([47, 48]) Let g: [v1,v2] C R — R be two functions with fg is differentiable.
Then

/ DY (@) dyx = ghl” / WD @) dyx.

V1
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Theorem 2.5 ([47,48]) Letf,g: [v1,v2] C R — R be a continuous function on vy, v,] and
with 0 < vy < vy. Then

1M @) <LMfI(), e (01].

It is time to define the concept of /', -convexity on conformable integrals, namely the
family of F,.

The family of F, of functions F , : R x [0,1] — R satisfies the major axioms:

(A1) Ify, € LY(0,1), £ = 1,2,3, then for every y € [0,1] we have

1
/0 Fu(yi(m),y2(n),y3(n),y) dn

1 1 1
=FM( fo yin)dn, fo ya(n) dn, /0 ya(mdn,y).

(A,) Forevery u € L1(0,1), w € L°(0,1), and (23, 23) € R?, we have
y

1

1
fo F o (wOn)u(n), w(n)z, w(n)za, n) dn = Tr < /O W(n)u(n)dn,zl,zZ>,

where T, w R — R is a nondecreasing function according to the first variable
which depends on (F ,, w).
(A3) For any (w,y1,¥2,y3) € R%, y4 € [0,1], we have

Wk (Y1,¥2,¥3,Ya) = F u(Wy1, wya, wys, ya) + Ly,
where L, € R is a constant (depending on w).

Definition 2.3 Let i € (0,1] and g : [v1,v2] C R — R with v; < v, be a function, then we
say g is a conformable convex function according to f ,, € F (or briefly /-, -conformable
convex function) if

Fulgms" + (1=n")y"),g(x").g(»").,n") <0, (xy,m) €V x[0,1].

Remark 2.2 Suppose that (vi, ;) € R? with v; < v,.
(i) Let g : [v1,v2] C R — R be an e-conformable convex function, or equivalently

gx" + (1 - ") <n"g(x*) + 1 -n")g0") +&,  xyn) eV x[0,1].
Then we define the function f, : R x [0,1] — R as follows:

Fulyny2aysya) =y1-Yiva— (1-v4)ys — &, (2.5)

and Tp,w: R x [0,1] > Ras

1 1
Tr (Y1, ¥2,¥3) = y1 — <fo n“W(n“)dﬂn)yz - (/0 (1- n“)W(n)dun>y3 & (26)
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For
Ly, =(1-we, (2.7)
it can be observed that /- € F and
Fu(g(re + (1-u")y") g(x"+),g(»"),n")
=g(n"ak + (L—n")y") - n'g(x") - (1-n")g(y") - <0,

or in another meaning g is an f -conformable convex function. In particular, g is an [ -
conformable convex function according to / for ¢ = 0 when g is a conformable convex
function.

(ii) Let g : [v1,v2] C Z — R be a u-conformable convex function u € (0, 1]; that is,

g + (L= n*)y") <ng(x*) + (L-ng(y"), @yn) eV x[0,1].

Then we define the functions f, : R x [0,1] — R as follows:

F (Y1, Y2, 3, ¥4) = y1 — Yay2 — (1 - ya)ys, (2.8)

and Tp,w: R x [0,1] - Ras

1 1
Tr (Y1, ¥2,¥3) = y1 — </0 tw(n™) d,ﬂl))’z - </0 (1-nw(n") d,m)ys. (2.9)

For L,, = 0, we can observe that f , €  and

Fulg(ra + (1-n")y").g(«").8(*)n")
=g(n"x + (1-n")y") - ng(x") - (1 —n)g(y") - <0,
or equivalently g is an /-, -conformable convex function.

(iii) Let #:Z — R be a function, which is not identically 0, where (0,1) C Z. Let g :
[vi,v2] € Z — [0, 00) be an /-conformable convex function, or let

g+ (1=n")y") <h(n")g(*") + (1 -n")g(y"), xy,nm) €V x[0,1].

Then we define the functions F , : R x [0,1] — R as follows:

Fu(y1,¥2,¥3,¥4) = y1 — h(ya)ys — (1 - y§)y2, (2.10)

and Ty, w: R x [0,1] > Ras

1
Tr (Y1, ¥2,¥3) = Y1 - (/0 h(flﬂ)W(ﬁ#) d;ﬂl))’z

- < | Ch(1 = () d,m)yg. @11)
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For L,, = (1 — w)e, we can observe that /-, € F and
Fulg(n>" + (1=n")y").g(x").g(") n")
=g(n"a" + (1=n")y") = h(n")g(+") —h(1-1")g (") —e <0,
or equivalently we can say g is an f,,-conformable convex function.

For the conformable operators, we recall some early findings in the earlier literature
which may help us in finding our main results. For example in [55], Sarikaya et al. investi-
gated new results for the conformable fractional operator, and their results are as follows.

Theorem 2.6 ([55, Theorem 11]) Let € (0,1] and g : [v1,v2] CR — R be a p-fractional
differentiable function on (vi,v,) with 0 < vy <v,. Then we have

T vy I I
ity K / ") d <g(V1)+g(v2) 212
e e R L e 212
Lemma 2.1 ([55, Lemma 3]) Letu € (0,1] andg: [v1,v2] CR — R bea p-fractional differ-
entiable function on (vi,vy) with 0 < vy < vy. If D, (@) is a p-fractional integrable function

on [vi, 2], then we have

(v)) +g(vy "2
gl%_/ g(x) dyx
Vi
vy -1 . o N
T2 /0 (L=20")Du@ (Vi + (1 =n")vy) dyn. (2.13)

Lemma 2.2 ([55, Lemma4]) Letu € (0,1] andg: [v1,v2] CR — R bea p-fractional differ-
entiable function on (vi,vy) with 0 < vy <vy. If D, (@) is a u-fractional integrable function

on [vi, 2], then we have

i 123 VH+VH
m u/ g(x")d,pc—g( 12 s

Vo =V1 Jn
1
= (vy =v)) / pmD @) (" VY + (1 —n")vy) dyn, (2.14)
0
where

", 0<t= g,

P(n) = oo
nt -1, <t<l.

ol/u

In view of these indices, we investigate some new inequalities of HH type for the F and
F ,.-convex functions involving conformable fractional operators in this attempt. Specifi-

cally, we investigate some inequalities of trapezoidal and midpoint type.

3 Hermite-Hadamard inequalities for / -convex functions
This section deals with the investigation of HH-type inequalities for f -convex functions.

Page 8 of 25
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Theorem 3.1 Let g: [vi,v2] C R — R be a p-fractional differentiable function on (vq,v;)
with 0 < vy <vy. If g is an I -convex function on [vy,v,] for some F € F, then

v+ v V2 . " V2 . 1 1
( ( L 2 ) m / g(x’ )dﬂx, T / g(x’ )dﬂx, 5) + / Lw(n) dT]
-V1Jn Vo =V1 Jn 0

<0, (3.1)

2 1% 1
T e [ o) dumg(t) +e08)e0t) +e04) )+ [ Lupdn=0. 62
2

1 Jn

Proof The F -convexity of g leads to

f <g<’¥>,g(x),g(y),%>, %,y € [vi,1n].

For the values x = n*v{ + (1 — n*)vy and y = (1 — n*)V} + n*v4, where n € [0, 1], we obtain

Vi + vy o WY M WY L oy L
Flg 5 ,g(n v1+(l—n )vz),g((l—r/ )v1+n VZ)’E <O0.

Multiplying this inequality w(n) = 1 and making use of axiom (A3), we get

V}f+vl2L wo s Y\, M WY, M W 1
Flg 5 &M+ (1 =n*)y)g((1-n" ) +n vz),§ + Ly <0.

Integrating over [0, 1] according to n and making use of axiom (A;), we get

P oD, [ e+ (1= )
og 5 u’%og’?l n)va)aun,

1 1 1
A g((l - nu)vlll + 7)“"5) d;ﬂ?: E) +/0‘ Lw(n) d;/.’] < o,

that is,

itV R - /vz L 1> /1
ax, —— " d,x, - Lypd
P52 )t [ et s [ ety )« [ Ly
0,

IA

where we have used
1 1
/0 g v + (1=n")y)dun = /(; g((X =" +nvy)dun

w 2
= VM m f g(x“) d'ux.

2~ V1 Jn

This completely gives the proof of (3.1). On the other hand, since g is F -convex, we have

Fg(mi + (1=n")vy),g(v)).g(5),m) <0,
Fg((1 ="y +n"vy).(v5).g(v))m) 0.
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We make use of the linearity of F to get
Fg(nvi + (1=n")vy) +g((1—n")v)' + n"vy).g(v) +&(v2).g() +&(v2),m) < 0.
Applying the axiom (As3) for w(n) = 1, we get

Fag(mvi + (1=n")vy) +g((1=n") + nv5),g(W)) + &(v),g()) +£(v5),m)
<0.

+ L)

Integrating over [0, 1] according to n and making use of axiom (A3) we get

2 12 1
Tp,w( m e m / g(x")dux,g(vf) +2(v5).g(V)) +g(v’2‘)) +/0 Ly dn <O0.

Vo V1 Jn
This completes the proof of (3.2). Thus, the proof of Theorem 3.1 is completed. d

Corollary 3.1 Theorem 3.1 with g to be e-convex leads to

vVl i v2 V) +g0y) e
g( 12 2>_8§V# u/ g(xu)duxwa“a (3.3)

2 ~V1Jn 2

Proof By making use of w(n) = 1 in (1.5), we get

1
/ Ly dn =0. (3.4)
0

Making use of (1.3), (3.1), and (3.4), we get

AV n v2 n v2 1 1
02F<g<¥), / gzt dx,—/ g(x” dx,—>+/ Ly dn
2 vy = Sy, (") d vy = (<) d 2 o win)
M M Vo
v+ v W "
= - x)d,x —¢,
g< 2 > vy =i /m g") d

or equivalently,

M I Vo
Vi + vy u
g( 2 ) me= v — W /v g") .

1

Making use of w(n) = 1 in (1.4), we have

1 1
7'r,w(y1,yz,yg)=y1—</ tdn)w—(/ (1—n)dn)yB—€
0 0

IRZARE
2

=y

-& YuLY»Ys€R (3.5)

Now, from (3.2) and (3.5), we can deduce

2/“‘/ 12 1
0=>7T; W(—v“ / (") dux,g(vy) +2(v5).g(W) +g(vg)) + /0 Ly dn

w
Vo —V1 Jn

- [ el - ) +g() e

Vo =V1 Jn
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This gives
1) M
_gn)+elvy) e
x*) d —_— + —.
g ], s = R
This ends the proof of (3.3). O

Remark 3.1 Inequality (3.3) with & = 0 becomes inequality (2.12).

Corollary 3.2 Theorem 3.1 with g to be h-convex leads to

L (n+v " ") +g(vh)
Zh(%)g<vl-zﬂ/z>§ MHVM/ g(x")dﬂx +g gvi) +g(vy) /h( )dn. (3.6)

Vo =V1 Jn

Proof Making use (1.5) and (3.1) with L,,(;) = 0, we have

M M 12) 12 1
Vi +Vy 2 7 1 f
0>F ) Mydx, —— ) d,x, - Lyoyd
- (g( 2 )v’;—v‘f/w ) o vé‘—v’f/n ) 2)+ 0 M
T v
v+, 1 21 /2
= -h| < )= ") d,x,
g( 2 ) (2)1/’;_‘/‘; 121 g(x) Mx

or equivalently,

1 Vi vl i v2
< "Nd,, x.
2h(§)g< 2 )‘vé—v’f/m 8

Now, by making use of w(n) = 1 in (1.4) and (3.2), we get

2/“‘/ 12 1
0=>7; ,W( — / (") duxg(Vy) +2(v5).g()) +g(vg)) + /0 Ly dn

Vo =V1 Juyy

- [ o) dn= a(4) v () ([ Honan),

Vo =V1 Jn

This gives

n () + g%
V;’_LVQL / 1 g(x") dyx < (‘L ;g % )( / h(n)dn)

Thus, the proof of (3.6) is completed. d

4 Hermite-Hadamard inequalities for / ,-convex functions

Here, we deal with the investigation of HH-type inequalities for /|, -convex functions. This
section is separated into two subsections: a section for the trapezoidal formula inequality
and the other one for the midpoint formula inequality of HH type, respectively.

4.1 Trapezoidal inequalities for / ,-convex functions
Theorem 4.1 Let g : [vy,vo] C R — R be a pu-fractional differentiable function on (vq,v3)
and D, (g) be a u-fractional integrable function on [vi,v,] with 0 < vy < v,. If |D,,(g)| is

Page 11 of 25
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an F ,-convex function on [vi,v;] for some I, € F and the function n € [0,1] = Ly n)

belongs to L1[0,1], where w(n") = |1 — 2n*|, then we have the inequality

2

g0h) +g(vy) % "2
TFH'W<VI'L .y : 2 = - Y / g(x“) d/’»x ’ Dlt(g)(vlf)" D/L(g)(VlgL)i; n
2 1 2 1 Jn
1
+ / Lygyd,un <0. (4.1)
0

Proof The F ,-convexity of | D, (g)| leads to

Fu(‘Du(g)(ﬂuVlf + (1 - 77”)"/24) )

Du(@) ()],

Du(g)(Vg)|'”) =0.

By applying axiom (A3) for w(n*) = |1 - 2n*|, n € [0, 1], we can deduce

Fu(w(n")|Du@ (Vi + (1 =0*)v) [, w(ir)[Du(@) (v)) | w(n") |D,u(€) (v5) |- m) < 0.

Integrating over [0, 1] according to 1 and by making use of axiom (A,), we obtain

)

Du(g)(v’f)

Du(g)(‘/g)

1
Tr o ( fo w(ir")|Du(@) (0" vy + (1= n*)vy)| dyun, )
1
+/ Ly dﬂt <0.
0

From Lemma 2.1, we have

M M %)
DD

T
2 vy =V Uiy

m

o 1
=< e 5 A /0 W(’?M)|Du(g)(77MVl1£ + (1 - UH)Vg)|dun-

Since T, is nondecreasing according to the first variable, then we can deduce

2 |gW)+gvy) [,
Tr o e S5 - e [ ) i) IDu @) D10
vy =V 2 vy =i Jy
1
+/ Lw(nu)dﬂnfo,
0
which ends the proof of (4.1). O

Corollary 4.1 Theorem 4.1 with |D,,(g)| to be & conformable convex leads to

M M 1)
’g(Vl) +g(V2) _ w / g(x“) dﬂx

nn
2 vy =i Jn

- V23 6 x 2 8
-2 6 x 231

)Pt e+ % te). a2
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Proof We know that any e-convex is f ,-convex. So, by making use of w(n*) = |1 — 2n"|
in (2.7) and by using Definition 2.2, we get

1

1 1
Ly, dn:s/ 1-w(n))dn=—=c.
/0 (n) A 0( ) w o

By making use of w(n#) = |1 — 2n*| in (2.6), we get

1 1
Tr w(Y1,¥2,¥3) = y1 - (/0 "1 —2n“|dm)‘/z - (/0 (1-n")|1-20"| d;m)‘/s -¢

2317 L6 x 21 8

6 x 2317 )(Y2 ¥s) e

for y1,y2, Y3 € R. By making use of Theorem 4.1, we get

2 |g0h) +g(vh w P
Ozﬁﬂ,w(vg_v,f 5 _v’;—v’f/m g(x") dux),
1
|Dﬂ(g)(v’f)|, Du(g)(vg)i’”> +'/0 Lypy dun
2

o
2 vy =V Jy

g0 +g(h) M /Vzg(xu) d,x

TR
Vo =11

(23ﬂ2 +6x20 -8

1
6 x 231 >(|D“(g)(vlf)| +[Du(@)(¥h)]) — &+ —=.

2p
This rearranges to the required inequality (4.2). O
Remark 4.1 Corollary 4.1 with & = 0 becomes Theorem 13 in [55].

Corollary 4.2 Theorem 4.1 with | D, (g)| to be p-conformable convex leads to

g) +g(vh) Iz /V2 ;
_ ) d
2 vy =iy, g") dux

< & 1 N D " D w 4
S+ )2u+ )\ 2k (D@01 + [Du@(5)])- (4.3)

Proof We know that any jt-convex is /-, -convex. So, by making use of w(n*) = |1 — 2n*|
in (2.9), we get

1 1
TF,L,W(YhYLYB)ZYI_(/ t|1—2n“|d,m>yz—</ (1—n)|1—2n“|dun>y3
0 0

— 1 1 H
—Yl—m< +21—/ﬂ>(Y2+Y3)

for y1,y2,¥3 € R. Then, by applying Theorem 4.1, we have

g0 +g0y) ke /Vzg(x“)dux

H i
2 Va = V1 Un

2
OZ’TFWW< M I
vy

’

RAGIGIE

1
DMQ@("?)L") "'/(; Ly dyn
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2

yza
Vo =11

g0 +evy)  w /Vzg(x“)dux

L
2 vy = Sy,

1

-y (1 2 ) (@) [+ D@0

This rearranges to the required inequality (4.3). O

Corollary 4.3 Theorem 4.1 with |D,,(g)| to be h-conformable convex leads to

) +g(vy) &
Ig 12} ;g va) Vg/f]/f /Vl g(x")d,x
W 1
<% 2v1 (/0 h(mt)|1—2nlt|dﬂn>(|DH(g)(V‘f)| +[Du(@)(¥)])- (4.4)

Proof Itisknown thatevery u-convexis F ,-convex. So, by making use of w(n*) = |1-2n*|

in (2.11), we get

1
Tr (Y1, Y2, Y3) = y1 — (fo h(n*)[1-2n"| dw)vz
1
- (/0 h(1-n*)[1 —2n”|dﬂn)y3
1
=yi - </ h(n*)[1-2n"| d,m)(yz +Y3)
0

for y1,y2,¥3 € R. Then, by using Theorem 4.1, we get

2 |g0) +g(vh) i 2o
OZT;M,W<V5_V,1L 5 _v’;—v’f/m g(x") dux|,
1
DO D)) + [ L d

2

TR
Vo =1

.(fwmunw@ﬂwmwmwm@wm

g0) +evy)  m /Vzg(x”)dux

i
2 Vy =V Jy

This completes the proof of (4.4). d

Theorem 4.2 Let g : [vi,v,] C R — R be a pu-fractional differentiable function on (vq,vs)
and D, (g) be a p-fractional integrable function on [vy,vy] with 0 <vi <vy. If D, (g)|1’%1 is

an F ,,-convex function on [v1,v;] for some [, € F, then we have

b
-1

Du(@)(vy)|”

D@ (V)T ) <o, (4.5)

7; }Lvl (Vl(g’p)7
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where

2\ 1 1\ 1 PN
V1@’P)=(W) <M{2_(1_2M21) _<2u21_1) })

Mm M 123 T
« ‘g(V1)+g(V2) M / g(x“)dﬂx 1z

o
2 vy =V Jy,

Proof By using the [, -convexity of |D,(g)] P%, we have

Fu(IDu@ (0 + (L= ")) [T, D) () |77, | Do) () |77, m) < 0.

By making use of w(n**) = 1 in axiom (A3), we obtain

Du(g)(vlll)V%’

1 » b
Tr s </o (D@ (0" + (1= 1")3) |7 dyn, Du<g>(v’z‘)|"‘1) =0

Then, by making use Lemma of 2.2, we have

M M 12
DD [,

R
2 vy =V

1

<Vl2L_Vllt 1 2 1_; 1’+1_ L_l 7 }7
— 2_1 2_1
2 2u(p +1) I o

) (/°1|D”(g)("ﬂvlf L (L-n))|PT dﬂ)p_l

P

Since 7, is nondecreasing according to the first variable, then we can deduce

b
-1

Tr 1 (vi(gp)s Du@("’fﬂ’%’ D, (9)(v3)|”

)<0.

This completes the proof of (4.5). d

)4

Corollary 4.4 Theorem 4.2 with |D,,(g)|7T to be e-conformable convex leads to

‘g(v‘f)+g(v’{)_ 0 /Vzg(x“)dux

2 vy =i ),
vy — v 1 1\ 1 PN B
< 2-(1-——) —(—=-1
2 2u(p +1) ou2-1 ou-1
IDL@QUAIFT + D WP\
X ( r L 5 r 2 +£> . (4.6)
m

Proof By making use of w(n*) = |1 — 2n*| in (2.6) and by Definition 2.3, we get

1 1
Trow(y1,¥2,¥3) =y1 - (/ n*|1- zn“!dun)w - </ (1-n")[1-20"| d;ﬂ?)Ys —-&
0 0

Y2+Y3
- —-&
2u

=y
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for y1,y2,¥3 € R. Then, by using Theorem 4.2, we have

b

02 Tr .1 (@) [Du@ () |77, D) ()| 77) - €

_ D@D +ID,@UAPT
2u

=11(gp)

-1

_2%1211"*1111’“H
S\ 2u(p +1) 221 2021

P

g0) + g(y) 1w "2 =
x' ! 5 2 g g(x")d,x
v
P R
_ |Du(g)(V/f)|p_1 + |D;L(g)(Vlz)|”‘1 e
21 ’

This completes our proof.

Remark 4.2 Corollary 4.4 with & = 0 becomes Theorem 13 in [55].

Corollary 4.5 Theorem 4.2 with |D,,(g)| to be w-convex leads to

|g(V’f)+g(V5)_ 1 /Vzg(x“)dux

2 vy = Sy,
< el Co) -GN
-2 2u(p +1) ou?-1 ou-1
P 2 p-l
« (MDA DAY
u(p +1)

Proof By making use of w(n*) = 1in (2.9), we get

1 1
Trui(Yiy2,y3) =y1 - </ ndm)‘/z - (/ 1- n)dw>y3
0 0

_HY2tY3
u(p +1)

=V

for y1,y2,¥3 € R. Then, by using Theorem 4.2, we have

_p_

0> T7 1 (@ p), [Du@ (V)| 71, | D) ()77

1D, () (V)| 7T + Dy (g) (V) |77
p(p+1) '

=v(gp) -

This rearranges to the required inequality (4.7).

(4.7)

Page 16 of 25
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Corollary 4.6 Theorem 4.2 with |D,,(g)| to be h-convex leads to

I
2 Vy =1

‘g(V’f)+g(V’z‘ K / Vzg(xﬂ)d“x

V1

vg _ V;IL 1 1 p+l 1 p+l }7
= 2-\l-mg) —\sag -l
2 \2up@+1) 2u?-1 2u-1

p-1

p_ pl
p

. ( | lh(n“)d,m> " (1Du@() T + D))

(4.8)

Proof By making use of (2.11) with w(n*) = 1, we have

1 1
Tr 1 (Y1, y2,¥3) =y1 — (/O h(n”)%n)w - (/O h(1- n“)dun))'s
1
=y1 - (/0 h(n") d;ﬂl)(h +Y3)

for y1,y2,y¥3 € R. Then, by making use of Theorem 4.2, we get

b

D, (g)(v)|7T)
) - ( / h(n“)%n)(\DM(g)(V'f)\fl + D) ()T

b

0> TFu,l (Vl(grp)’ Dﬂ(g)(vlf)v 1’

This rearranges to the required inequality (4.8). O

4.2 Midpoint formula inequalities for /,,-convex functions

Theorem 4.3 Let g : [vi,v,] C R — R be a pu-fractional differentiable function on (vq,v3)
and D, (g) be a ju-fractional integrable function on [vy,v2] with 0 < vy <vy. If |D, ()| is an
[ -convex function on [v1,v,] for some [, € F and the function n € [0,1] — L,y belongs

to L1[0, 1], where w(n) = |P(n)| (P(n) is given in Lemma 2.2, then we have the inequality

1 m "2 Vvl
TFM,W(W W/:l g(xﬂ) dux—g( L 5 2> ’ Du(g)("lf) ’ D,L(g)(vg) rﬂ)
1
+/ Lygyd,n<0. (4.9)
0
Proof By using the [, -convexity of |D,(g)|, we have
Fu(|Du@ (v + (1=0")v5) |, [Du(@ ()], [P, (@) (v5)],n) <0.

Making use of axiom (A3) for w(n) = |P(n)], n € [0, 1], we obtain

Fu(w)| D@ (Vi + (1= "))

W[ D@ ()], w(n) | D (@) (v4)

;1) <0.
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Integrating over [0, 1] according to  and by making use of axiom (A,), we can obtain

)

Du(@) (1)l

Du(g)("l;)
1

+/ Lygyd,n <0.
0

From Lemma 2.2, we have

w "2 vl + vy
W/ g(x“)dux—g(T

vy 1 Jv

1
< (4 -o0) [ D@ + (1))

Since 7y ,,w is nondecreasing according to the first variable, then we can deduce

Vo M M
Lﬂ/ g(x“)dux—g<vl ;V2>

m
Vo =V1 Jn

1
T -
F.w Vg _ V/]L

1
+/ Lygyd,n <0.
0

’ ’

Du(g)(Vllt)

Du(g)(Vg)

)

This completes the proof of (4.9). O

Corollary 4.7 Theorem 4.3 with |D,,(g)| to be e-convex leads to

%) M M
/AM u/ g(’cﬂ)""ﬂx_g(v1 ;VZ)
v

Vo =V1 Jn

< (VM Vf)(IDM(g)(VlILNS;'DM(g)(Vg)' . 4,LLM— 38).

(4.10)

Proof By making use of w(n*) = |P(n)| in (2.7) as well as Definition 2.3, we get

3

1 1
Lyond,n= 1-|P d,n=—se.
/0 () Al 5/0 ( | (77)‘) ull 4148

Then, by making use (2.6) with w(n*) = |P(n)|, we get

1 1
Truw(Y1 Y2, ¥3) = y1 — </o n"|P(n)| dw)Yz - (fo (1-n")|P(n)| d,m)‘/s -

_Y2+Y3_8
8u

=Vy1

’

for y1,y2, Y3 € R. Thus, by using Theorem 4.3, we have

1 u P ~ V’f+v’2‘>
OET“W(v*;—v*f e AL g( 2 )l
1
DO D))+ [ L
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1 w P v+ vy
- d x—
ol [ e dame(
_ |Du(g)(V/f)| + |Du(g)(vg)| e 2
8u 4

This completes the proof of (4.10).
Remark 4.3 Corollary 4.7 with & = 0 becomes Theorem 14 in [55].

Corollary 4.8 Theorem 4.3 with |D,,(g)| to be w-convex leads to

m v2 A
w w / g(x“)dﬂx—g<¥)
v Juy 2

" [z 1 ]
== Vlf){ (n+1)(2u +1) (1 T 2Uk g 1>|D“(g)(vll)‘

1 ® 1
' [@ S (uD)@p+1) <1 2l 1)] |D“(g)("§)|}'

Proof By making use of w(n*) = |P(n)| in (2.9), we get

1 1
Tr (Y1, ¥2,¥3) = y1 — (/o t|P(n)|d,m>Yz - (/0 (1 -n)|Pm)| d,m>Y3

_ 1% 1 1
- (L+1)Q2u+1) ik 41 Y2

1 nw 1 1
B [@' <u+1)(2u+1>< B 2W+1ﬂys

for y1,v2,y3 € R. It follows from Theorem 4.3 that
W o
" dx—
VlZL - Vllt /V1 g(x ) wr g< 2
1
(g)(ﬁ)}ﬂ]) +/0 Ly dyun
1 w P Vi +Vh
" dox—ol 122
T [, (5
g 1 "
- 1- D
(u+1)(2u+1)( 21/M+1>} M(g)(vl)‘

1 nw 1
) [@ CERCTESY (1 P 1)]|D"(g)(vg)|'

This rearranges to the required inequality (4.11).

1
0 2 TF;UW< m

m
Vo =V

’

’Du(g)("lf)|» D,

Corollary 4.9 Theorem 4.3 with |D,,(g)| to be h-convex leads to

12 M M
#l/« M/ g(x“)dwc—g(vl ;V2>

Vo V1 Jn

< (=) ([ 10 =207 dun ) (O] + LG

(4.11)

(4.12)

Page 19 of 25
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Proof By making use of w(n*) = |P(n)| in (2.11), we get

1 1
Tr (Y1, ¥2,¥3) = Y1 — (/ h(n*)|P(n)| d,m)Yz - (f h(1-n*)|P(n)]| dw)%
0 0
1
=y - </0 h(n*)|P(n)| dw)(Yz +3)

for y1,y2,¥3 € R. Then, by using Theorem 4.3, we get

1 w P ~ VT+V‘2‘>
027}“"”<'v;‘—v¢ i f §6) dux g( 2 )l
1
|D;4(g)(Vlf)|, D/L(g)(vl;)i; 77> +/0‘ Lw(n“)dun

1

o

w P v+ vy
| x) dyx —
vy =V | vy = /],‘1 g(") dpx -2 2

([ s leldun) (L) (2. @C))

which rearranges to the required inequality (4.12). O

5 Application test
In this section we give some applications of our theorems to the special means for the
positive numbers v; > 0 and v, > 0:
« Arithmetic mean:
V1 +Vy

A(vi, 1) = 5

+ Harmonic mean:

21/1 Vo
H=Hvi,v)= » Vvi,12>0.
V1 +Vy
+ Logarithmic mean:
Va—W1

L(vi,v2) = , o Inil #val, v, va Z0,v1, 1 €R.

In|va| —Infv,]

+ Generalized log-mean:

V2p+1 _ V1p+1

)= |

p
] , PEZN\{-1,0},vi,v2 ER, v #Va.
Proposition 5.1 Let i € (0,1], vi,v, € R with 0 < vy < v,. Then we have

F(A_l (Vit, Vlzt), E_I(Vllt’ Vg-); E_l (VllL! VlZL)’ %) <0, (51)

i <zz:—1(vf;, ) S ), S vg)> <o, (52)
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Proof The assertion follows from Theorem 3.1 and a simple computation applied to g(x) =
%, x € [v1,v,], where g is convex and therefore F -convex function on [vq, ;] according to
F defined in (1.3) with & = 0. a

Proposition 5.2 Let i € (0,1], vi,v2 € R with 0 < vy < vy. Then we have
ATV < L7V (V) < H TN (V). (5.3)

Proof The assertion follows from Corollary 3.1 and a simple computation applied to g(x) =

%, x € [v1, 2], where it is easy to check that g is convex and therefore ¢-convex with ¢ = 0.
Proposition 5.3 Let i € (0,1], vi,v, € R with 0 < vy < v,. Then we have
(A0 L0, 500, 5 ) <o (5.4
Trw (L) Vi + v ™ +vat). (5.5)
Proof The assertion follows from Theorem 3.1 and a simple computation applied to g(x) =
x", x € [v1,v] with n > 2, where g is convex and therefore F -convex function on [vy, v;]

according to F defined in (1.3) with & = 0. O

Proposition 5.4 Let i € (0,1], vi,v, € R with 0 < vy < v,. Then we have

N YD X TR SN VT
(1 () - L7 (V)| < 2 2 : ( 6 x 231

) (VIM(HM) " V;M(lﬂl)). (5.6)
Proof The assertion follows from Corollary 4.1 and a simple computation applied to g(x) =

- %, x € [v1, 2], where it is easy to check that | D, (g)| is convex and therefore ¢-convex with
e=0. O

Proposition 5.5 Let i € (0,1], vi, vy € R with 0 < vy < vy. Then we have

V1 +V,

—p(1+p) —(1+p)
—) (5.7)

|£’1(v’1‘,v’2‘) —A’l(v’f,vg)| < (vy —V’f)( 8

Proof The assertion follows from Corollary 4.7 and a simple computation applied to g(x) =
- %, x € [v1, 2], where it is easy to check that | D, (g)| is convex and therefore ¢-convex with
e=0. |

6 Three illustrative plots
In this section, we give three plots of three dimensions to the above propositions in the
previous section.

« Fig. 1 represents Proposition 5.2 with u = %, Vi=X, V=Y.

« Fig. 2 represents Proposition 5.4 = %, VI=X, V) =9.
« Fig. 3 represents Proposition 5.5 u = %, VI=X, V) =9.
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Figure 1 Figure representation for Proposition 5.2

oy egh
ot logyt2 fHog 20
3, =]

Figure 2 Figure representation for Proposition 5.4

1 (el 3 A
B ) ey )

v

(EHIRER
log|y 2"-Ionx 2 )
= h oo
y\2/ 2 A2 i3
1 [1' RO TR
B [yl -x2 {xl d+yl al
2 \

Figure 3 Figure representation for Proposition 5.5
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7 Conclusion

Introducing new definitions in the calculus will always open new doors in the field of sci-
ence and technology. The use of these new definitions in mathematical analysis always
requires the presentation of integral inequalities related to them in order to find the ex-
istence and uniqueness of such problems. One of the new definitions presented for local
fractional calculus is conformable fractional operator. In this study, we have considered
the Hermite—Hadamard integral inequalities in the context of conformable fractional cal-
culus. Also, we have introduced the notion of /|, -convexity. For this, we have established
some Hermite—Hadamard inequalities and related results in the contexts of fractional cal-
culus and conformable fractional calculus.
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