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Abstract

We study two hybrid and non-hybrid fractional boundary value problems via the
Caputo-Hadamard type derivatives. We seek the existence criteria for these two
problems separately. By utilizing the generalized Dhage’s theorem, we derive desired
results for an integral structure of solutions for the hybrid problems. Also by
considering the special case as a non-hybrid boundary value problem (BVP), we
establish other results based on the existing tools in the topological degree theory. In
the end of the article, we examine our theoretical results by presenting some
numerical examples to show the applicability of the analytical findings.
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1 Introduction

The fractional calculus has always been one of the most widely used branches of math-
ematics in other applied and computational sciences. This degree of importance is due
to the high flexibility of the tools and operators defined in this theory. On this basis,
researchers have been using various powerful fractional operators in recent decades to
model different types of existing natural processes in the world. In the meantime, because
modeling based on fractional operators yields more accurate numerical results than mod-
eling based on integer order operators, different generalizations of these fractional oper-
ators have been introduced by numerous mathematicians.

The fractional operators have developed over the years, and their importance has be-
come apparent more and more to researchers today. Instances of the application of such
fractional operators can be found in various sciences such as biomathematics, electrical
circuits, medicine, etc. [1-15]. All of these reasons have led researchers to find many as-
pects of the structure of the fractional boundary value problems and the hereditary prop-
erties of their solutions. In this regard, many researchers have been investigating advanced
fractional models [16—18] and related theoretical results and qualitative behaviors of such
boundary value problems [19-28].

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02833-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02833-4&domain=pdf
http://orcid.org/0000-0003-3463-2607
mailto:shahramrezapour@duytan.edu.vn
mailto:sh.rezapour@mail.cmuh.org.tw
mailto:sh.rezapour@azaruniv.ac.ir
mailto:rezapourshahram@yahoo.ca

Amara et al. Advances in Difference Equations

(2020) 2020:369

The fractional operators utilized in models of the current paper are the Hadamard and
Caputo—Hadamard integration and differentiation operators, respectively. In this regard,
one can point to some papers based on these operators; see, for example, [29-32]. In
more recent decades, the attention of researchers has been focused on designing newer
fractional hybrid BVPs subject to hybrid or non-hybrid conditions. For more details, see
[33-39]. More precisely, this novel aspect of fractional modeling initiated with a research
manuscript proposed by Dhage and Lakshmikantham in 2010 (see [40]). They turned to
a new family of differential equation entitled hybrid differential equation and then estab-
lished some useful existence criteria of extremal solutions by utilizing some basic inequal-
ities [40]. Two years later, Zhao et al. extended their work to fractional type models and
formulated a BVP relying on fractional hybrid differential equations [41]. Later, Ullah et
al. continued this process and employed a new structure of hybrid fractional modeling in
which both boundary conditions are presented in the hybrid framework by follows:
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where g € Cr0([0, 1] x R) is nonzero, both p and v are continuous real-valued functions
on [0,1] x R and RDgf represents the Riemann-Liouville derivative of order «* € (0, 1]
[42].1n 2020, Baleanu et al. presented a novel construction of a fractional hybrid model of a
thermostat in which the thermostat controls the amount of heat based on the temperature
detected by its sensors [16]. This hybrid model is described by
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with the fractional hybrid boundary conditions
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where X > 0 denotes an arbitrary parameter, 1 € [0,1], and «* — 1 € (0, 1]. Moreover, D =
;t, CDO+ is the Caputo derivative of order y € {k*,k* — 1}, @ € Cr([0,1] x R), and g €
Cr»([0,1] x R) is nonzero [16]. By using the main ideas of these works, we are going to

investigate the Caputo—Hadamard fractional hybrid differential equation
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with the mixed Hadamard integral hybrid boundary value conditions
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where«* € (1,2], y*, u*,0* > 0,and A}, A%, d1,d, € R. Here, CHD'& represents the Caputo—
Hadamard fractional derivative of order «*, *Z], is the Hadamard fractional integral
of order n € {y*,u*,6%}, ¥ : [1,e] x R> — R\ {0} is a nonzero continuous map, A €
Cr([1,e] x R?),and T € Cr([1,¢] x R).

By reviewing other papers published in recent years, we find that some researchers
have combined the existence theory with the topological degree theory and studied
different models using the existing analytical notions in this theory. For instance, one
can point to some published papers in this regard, such as [43-48]. In the light of
this, we address a special case of the Caputo—Hadamard hybrid BVP (1)—(2) in the se-
quel of the present paper. In other words, we set A(t,y(£), A} ffy(w)dw,”lij(t)) =0
and ¥ (¢, y(¢), A5 ff y(w) dw,HI{ﬁ* ¥(£)) = 1. Then the Caputo—Hadamard fractional hybrid
BVP (1)-(2) reduces to the following Caputo—Hadamard fractional non-hybrid BVP:

CHDE y(8) = T(t,9(0)),

e . 3 3)
CHDy(1) = d1y(1), ﬁ fl (In é)f? ’I[CHDyy(w)]de = dryle).
For this non-hybrid BVP, we will apply a new approach based on the topological degree
theory. Note that both hybrid and non-hybrid BVPs (1)—(2) and (3) are novel in the sense
that boundary conditions are written as mixed Hadamard integral and Caputo—Hadamard
derivative simultaneously.

2 Preliminaries

First, some important and necessary preliminaries on the fractional calculus are recalled
in this section. Assume that «* > 0. The Hadamard fractional integral of y € Cr([a, b]) of
order «* is given by "Z2, (y(£)) = y(¢) and I, (y(¢)) = *) f (nt ) =1) y(w)%’ when-
ever the RHS-integral has finite value [49, 50]. Note that for each ki, k5 € R*, we have
7{Iﬁ(HI:%)/(I,‘)) = HI:?K; (t) and %IKf(ln 5)"5 = M(lnﬁ)"f”; for ¢t > a [50]. It

T (icf +k5+1)

is obvious that HZ:i 1= oD +1 (In t)'(l for any ¢ > a by setting «; = 0 [50]. Now, let

n = [k*]+1. The Hadamard fractlonal derivative of order «* for a function y : (a,b) — R is
introduced by #D¥; (y(t)) = (tdt)” ft(ln é)(”"‘*‘])y(w)dgw provided that the RHS-
integral has finite value [49, 50] The Caputo—Hadamard fractional derivative of order «*
for y € ACg([a, b)) is represented by

n—k*-1)
CHDE (y(8)) = o / (m_) <t%) (w)dgw

whenever the RHS-integral has finite value [49, 50]. Now assume that y € ACg([a, b])
and 7 — 1 < k* < n. In the monograph [50], it is verified that the general solution of the
Caputo Hadamard differential equation CHDK (y(£)) = 0 is obtained of the form y(¢) =
Z] o *(ln )1 and so we have

2 n-1
t t t
HIC (CHDE (L)) = 9(8) + my + mi <ln —> +m <ln —> + <1n —)
a a a

for any ¢ > a. In the following, we review some notions and results on the topological
degree theory which are useful throughout the paper. Let B represent the collection of all
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bounded sets in a Banach space X'. The Kuratowski’s measure of noncompactness i : B —
R* is defined by u(B) := inf{e >0: B = U;q:l B;j and diam(B;) < € forj = 1,...,n}, where
diam(BB;) = sup{ly — ¥'| : 3,5 € B;} and B is a bounded element of B. It is evident that 0 <
w(B) < diam(B) < +o0 [51, 52].

Lemma 1 ([51, 52]) Let X be an arbitrary real Banach space and 3, € B be bounded
subsets of X. Then the following statements are valid:

(al) B is relatively compact if and only if u(B) = 0;

(a2) w(B) = u(B) = u(cnvx(B)), where B and cnvx(B) represent the closure and convex

hull of B, respectively;

(3) IfBCE, then n(B) < u(&);

(ad) pu(A + &) < u(€) foreach 1 € R;

(@5) w(AB) = |A|u(B) for each 1 € R;

(a6) u(B+E&)<uB)+u()sothat B+E={y+y;yeB,y €&}

(@7) uw(BUE) < max{u(B), n(&)}.

Note that conditions (a5) and (a6) mean that u is a seminorm. Let B € B be a bounded
subset of a Banach space &X'. We say that a continuous bounded map @ : B — X' is u-
Lipschitz if there is a constant K* > 0 such that (@ (B)) < K*1(B). Also, @ is called a
strict p-contraction if K* is less than one [51]. A pu-condensing function @ is supposed
to satisfy u(@(B)) < u(B) for each B € B with p(B) > 0. Indeed, the inequality u(®(B)) >
u(B) implies that u(B) = 0 [51].

Proposition 2 ([53]) Let @ : B — X be Lipschitz with constant K* where B C X. Then ®
is u-Lipschitz with the same constant K*.

Proposition 3 ([53]) For every BC X, if @ : B— X is compact, then ® is p-Lipschitz
with constant K* = 0.

Proposition 4 ([53]) For each B C X, assume that @, P, : B — X are two u-Lipschitz
operators with constant K and K, respectively. Then ®, + ®, : B — X is pu-Lipschitz with
constant K + K.

The following theorem due to Dhage is utilized for our result related to the mixed
Caputo—Hadamard hybrid BVP (1)—(2).

Theorem 5 ([54]) Let X be a Banach algebra and B be a convex bounded closed nonempty
subset of X. Moreover, suppose that three operators @1, Py : X — X and @5 : B — X sat-
isfy the following three assumptions:
(i) @1 and @, are Lipschitz with constants IN(ik and I~(§‘ , respectively,

(i) @3 is compact and continuous,

(iii) K¥A + K <150 that A = || @3(B)| x = sup{|| @3yl x : y € B).
Then either (a) the equation (®1y)(P3y) + (P2y) = y has a solution belonging to B or (b) for
eachr >0, there is v* € X with ||v¥||x = r provided that ag(@1v*)(DP3v*) + ag(Pov*) = v* for
some ag € (0,1).

The following theorem due to Isaia is utilized for our result related to the mixed Caputo—
Hadamard non-hybrid BVP (3).
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Theorem 6 ([53]) Let @ : X — X be a p-condensing operator on the Banach space X and
assume that

B= {y € X :there is A € [0,1] such that y = A(@y)}.

If B is a bounded set in X, so that there is a number p > 0 such that B C V,(0), then we
have deg(I — A®,V,(0),0) = 1. Moreover, @ has at least one fixed point, and the family of
all fixed points of @ belongs to V,(0).

3 Main results

Now, we are ready to derive the desired analytical findings. For this reason, we build
a new space as X = {y(¢) : y(¢) € Cr([1,€])} supplemented with the sup-norm |y|x =
SUP;c1,¢ 17(£)| and the multiplication action on & by (y - y/)(¢) = y(¢)y (¢) for each y,y" € X'
Then it is easily verified that an ordered triple (X, | - || x,-) is a Banach algebra. In the
following lemma, we derive an integral structure for the solution of the hybrid BVP (1)-

(2).

Lemma 7 Let g € X. Then a function yy is a solution for the Caputo—Hadamard hybrid

equation
CHpr* [y(t) — Aly(®),41 Ji y(@) do, "I}, y(t))} =g(2) (4)
W (t,y(t), 25 [} y(@) dor, M} y(2)
furnished with mixed Hadamard integral hybrid boundary value conditions
CHp, , PO-ALYOM [y do, :f1+ y()
+ . le=1
(t))‘;fly( )de HII+J' )
_ s [y(t)—A(t,y(t),)\’f Ji @) dw, Il+ (8) I
B ey A*ffy w)dw Ty )
Ry eHp,, (LA OR S, I” e
( AZ fl dw HZ1+ y(t
~ y(t)—/\( A* jly 1+y
=d
2 k*fl deIl+y ]|te

if and only if y is a solution for the Hadamard integral equation

y(t) = w(a y(t), M5 /1 y(@)der, T y(t)>

1 ¢ £\t do
x (F(K*>/1 (1“5) @)

GH1+dan@) ¢f e\ dw
F T O W) /1(1“_) @)

(1 +d; In(2)) /e dw
sl (nn) @)

+ A(t, y(t), At /1 ‘ y()dar, T, y(t)) (6)

Page 5 of 22
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where

Q* _ JZl — (1 +6il)6l~2F(G* + 1)
N re*+1)

£0. @)

Proof As afirst step, we assume that yj is a solution for the hybrid differential equation (4).
Then, by properties of the k*th order Hadamard integral, we seek constants mj, m; € R
such that

o(®) = Alt,50(0), 1% [ o(er) dew, M TL, 5o (8))
W (,50(6), 15 [ yo(@) dewr, T 5o (£))

1 t £\ ! dw
In— —— . 1
F(K*)/l (nw) g(o) — +myg +mj(Int)

and so
Yo(t) = A(t,fo(t):)»yf/‘ yo(@) dwaIﬁfo(t))
1

+W(t,fo(t),)»§/ fo(w)dw,ﬂzﬁ*fo(to
1

1t e\ d
X (F(/c*) /; (ln g) g(w);w +my + m’{(lnt)). (8)

Thus,

cHp . [io(t) — Al 50(0), 1 [ yo(w)dw,’izrfyo(t))}
W (t,50(0), 75 [ Yol ) dar, KL 5o (2))

~ 1 /tl t K*_Z( )dzzr .
S Tk*-1)J); nw gz w M

MppeH. [yw) — Ao, 15 [} do(@) dw,”Ily:JTo(t))]
L w0, 4 S o) de, HTL 5o (8))

=m (Int)” + 1 /t lni K*+9*_2( )d_ZZI
“MTer ) Twro-n ), ' m S g

In the light of both mixed hybrid boundary conditions given in (5), we obtain

my = _@__ /e n < o (w)d_w
O o (k) Jy w g (o
1

e K*+0% -2 d
S S / e )&
Q*I'(k*+60*-1) J; w o

and

= 192 fe In— o (w)d—w
Y7o (k) (o} g w
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By inserting the obtained values 7 and m] into (8), we reach

yo(t) = W(t,fo(t),/\ﬁfl io(w)dw,HI{ﬁ*io(tO

1 tl t K*_l( )dw
X(F(K*) 1<n5> gw;

ayl+darln() (e K*-l( )dw
TToTWn 1(n5) =

(1+d;In(t K02 dow
T QT 67— 1)/ (1 _) (w)?)

+A(t,y0(t),xl / yo(w) da, ™ {fyo(t)).
1

The last equation implies that yj satisfies the Hadamard integral equation (6), and so yj is
the solution of the mentioned integral equation. In the opposite direction, we can easily
confirm that yj is a solution for the two-point Caputo—Hadamard hybrid BVP (4)—(5) if
Yo is supposed to be a solution for the Hadamard integral equation (6). This completes the
proof. d

Now, based on the obtained Hadamard integral equation in the above lemma, we pro-
vide an existence criterion for solutions of the mixed Caputo—Hadamard hybrid BVP (1)-

(2).

Theorem 8 Let V¥ :[1,e] x X2 — X\ {0} and A :[1,e] x X3 — Xand T : [Le]x X — X
be continuous. Moreover, consider the following hypotheses:
(HP1) There is a positive bounded mapping o : [1,e] — R* so that for each y;,y; € X,

3
| (,91(£), 52(),y3(8)) = ¥ (£,9,(8), 758, 5(0) | < 0(®) D _|3i(t) = 5i(2)|,
1

(HP2) There is a positive bounded mapping o : [1,e] — R* such that for each y;,y; € X,

3
| A(571(8), 520, 33 0) = A1, 50, 74(8) | <o (8) > |yict) - ¥(e)
1

(HP3) There is a positive continuous function  : [1,e] - R* and a continuous non-
decreasing map & : [0,00) — [0,00) such that |?(t,y(t))| <y @)&(lyllx) for any
te[l,e]landye X,

(H'P4) There exists a number p > 0 such that

> (U My (lyllx) + AY)
/(1 -o* |:1 +|A3e-1)| + ﬁ]/\]w*é(b’u)

1
—O’*|:1+|)\.T(€—1)|+mi|), (9)

Page 7 of 22
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where we considered W* = sup,.;  |¥(£,0,0,0)|, A* = sup,(; ;| A(£,0,0,0)[, ¥* =
Supte[l,e] |1/f(t)|, Q* = Supte[l,e] |Q(t)|r o* = Supte[l,e] |G(t)| ﬂl’ld

1 ﬂ~2(1+ﬂ~1) (1+611)

M= e ) T orwe ‘Q* T +6%)]

Then the mixed Caputo—Hadamard hybrid BVP (1)—(2) has at least one solution if

0" |:1 + |)»§(e— 1)| + ]w*$(||y||;()1\~/1+a*|:1 + ‘)»’{(e— 1)| + ;)} <1

I(p*+1) 'iy*+1

Proof For every positive number p € R, we construct the ball V,(0) := {y(t) € X' : |lyllx <
p} in the Banach algebra &, where p satisfies (9). It is well known that V,(0) is a convex

closed bounded subset of the Banach algebra X'. Based on Lemma 7, we introduce three
operators @1, P, : X — X and @3:V,(0) > X by

(Puy)(t) = W(ﬁy(t),?\;/l y(@)da, "I}, y(t))

(@)(®) = A(t,y(t),xf /1 y(w)dw,“szm)

and

t Kk*-1 R d
(®9)(2) = Fi*) (ln é) (@ 5(@)

d>(1 + ay In(t)) do
"TOTw) (l _) Te) 2

(1 +d; In(t)) [e e\ do

R Sl A In — T (w, haadl

Q*I'(k*+60*-1) J; n o (w y(w)) w
for any ¢ € [1,e]. It is evident that a function y, € X is a solution for the mixed
Caputo—Hadamard hybrid BVP (1)-(2) whenever y, satisfies the equation (®1y0)(P3y0) +
(D290) = yo. We intend to show that the three operators @1, @, and @3 satisfy all condi-
tions of Theorem 5 and thus, by taking into account hypotheses of Theorem 5, we will

find that there exists such a solution function. First of all, we verify that @, is Lipschitz.
Let y1,y2 € X. By (HP1), we may write

[(@191)(8) = (@172)(2)|

= ‘W(t,yl(t),szl yl(w)dw,HI” yl(t)>

e
4 (t,)/z(t)y)é/ y2(w) dW,HI{ﬁ yz(ﬂ)‘
1

< Q(t)[l +[A3e-D]+ sup [1(£) = y2(0)|

1
F(M*+1)j|tele

for any ¢ € [1, e]. Hence, we get

1
Dy - P <o*|1+|A(e-1 _ - ,
@131 welly <o [ +| 5(e )|+I"( *+1):|||y1 »llx
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showing that @; is Lipschitz with constant o*[1 + [Aj(e — 1)| + > 0 for each

1

ol
I(p*+1)
y1,y2 € X. Similarly, by using hypothesis (#{/P2), one can realize that @; is also Lipschitz

on X. The proof is straightforward as above. Indeed, we have
[(@231)(2) = (D202)(2)|

= ‘A<t,y1(t),k’{[ y1(ZU)dw,HI{fy1(t)>
1
—A<t,yz(t),k’{/ yz(w)dw,”Ifyz(t))‘
1

< o(t)[l +[Aj(e-1)| sup |y1(8) - y2(2)|

ol
+7
F(* ) te(l,e]

for any ¢ € [1, e]. Thus, we get
[[@oy1 = Payallxr <o*| 1+ |Ajle—1)| + L 1 = y2ll x5
- r(y*+1)

demonstrating that @, is Lipschitz with constant 6 *[1 + |A](e — 1)| + ] > 0 for each

y1,y2 € X. Therefore, the first condition of Theorem 5 is fulfilled for :wg operators @;
and @,. In the sequel, we establish the complete continuity of the operator @3 on the
given closed ball m. We have to check that @5 is continuous on m. Thus, consider a
convergent sequence {y,} in V,(0) so that y, — y, where y € V,(0) is an arbitrary element.
By assumption, we know that T is continuous on [1,e] x X, s0 lim,_ s T (£, V) = T, y).

By Lebesgue’s dominated convergence theorem, we obtain

) 1 ¢ N dw
lim (@3y,,)(¢) = D In -~ lim T(w,yn(w))g
n— o0 1 n— o0
1 +dn@®) f¢f. e\ ' . . dw
TR (2 lim 7 (@, y,(w)) —
FToTw) <nw> oo (@ 7:(w) @

(1 + 4, In(t)) el e\ dw
T QT (467 - 1) / (“‘E) Jim (e, yu(e)) ==

do
F(K*) ( ) T y@) -

~ ~ € -1
R L

Q*F(K*) 1 w

1 K*+0* -2 do
-G [(nE) T Heae) F - e

for any ¢ € [1, e]. Hence, we get @3y, — P3y as n — 00, and this means that @3 is contin-
uous on V,(0). The next goal is to check the uniform boundedness of @3 on the ball V,(0).
Let us take y € V,(0). Under hypothesis (HP3), the following estimate is obtained:

1 [t e\, d
F(K*)/1 (lng) \T(w’y(w)ﬂgw

*

e e\ . do
/ (ln —) |T(w,y(w))|—
1 w w

[(®39)(1)] <

6{2(1 + 651)

O*I"(k*)

Page 9 of 22
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(1+ay) ¢ e\ dow
‘W 1 (ln g) |7 (@, (@) —
SUP¢e[1,¢] Y() x E(HJ/HX) d>(1 +dy)
= I'(k*+1) O*I(k* +1) t:}lll;]‘//(t) x & (llyllx)
(1+ay)
‘m te}lp] v (0) x &(lyllx)

foreacht € [1,e]. It follows that || (@3y)(£) | x < ¥*&(|l¥llx). Hence @3(V,(0)) is a uniformly
bounded subset of X'. To establish the complete continuity property of @5 in the last step,
it is enough to verify the equicontinuity of @;. For this purpose, we take two arbitrary

elements t;,%; € [1,¢] so that £; < £, and y € V,(0). Then, under appropriate conditions,
we can write

’(453)/)@2) - (@3y)(t1)]

<[ () -(n2) Jreen

b g\ d
F /ﬁ (m;) [P 5@)| &2

|l (1 Ine2) ~ In(e,)) (1 _) r(wym){d—w

|Q*| T (kc*)
|1 |( In(£2) — In( t1)|) S
* |Q*| I (k* + 6% — <1 _) |7 (e, y(w))|
((In(&))*" - (ln(tl))k*) — (In(tz) - In(t1)*"
= T D) Jup W(e) x &(Iyllx)

(In(t2) - In(t))*'
T+ ey v (8) x &(lyllx)

, 1@ (11n(z) - In(e,)]) / e<1ni)K*1|~f(w,y<w>)ld—w
1

|Q*| T (x*) o w
~ 1 _1 K*+0% -2 R d

When we take the limit on both sides of the inequality as t; — £, then clearly the RHS of
the inequality approaches 0 (regardless of y € W). Thus, |(@3y)(t2) — (P3y)(¢1)] — 0 as
{1 — t, confirming the equicontinuity of the operator @3. Here, by invoking the Arzela—
Ascoli theorem, it is deduced that @3 is completely continuous on V,(0). To fulfill the third
condition of Theorem 5, we utilize hypothesis ({P3) and obtain

A=|2s(V,0)]

= sup {[(@)(0)]:7 € V,0)

te[l,e]

dz(l+dl) ’ (1+ﬂl)
Q*I'(k* +1) O*I" (kc* + 6%)

< w*f(llyllx)<

)

T +1)
=& (llyllx) M
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Hence A < 1//*§(||y||X)A7I. Therefore we have

Q*|:1+|A§(e—1)|+ ¥i|
I(y*+1)

1 .
—— (A +0" 1+|A’f(e—1)|+
I(p*+1)

1 N it
m]w E(llyllx)

1
+o* 1+|)L’f(e—1)|+7 <1
I'(y*+1)

< Q*[l + ‘A;(e— 1)| +

At this point, settmgK* =0* 1+ A5(e- D+ 7 ] and K = o*[1 + Af(e=1)|+ = o +1)]
we reach KfA + K} < 1. So far, all three hypotheses of Theorem 5 are fulfilled. Thus

M+1

in the following, we claim that one of the conditions (a) or (b) in Theorem 5 is pos-
sible. To begin, we check condition (b). Let oy € (0,1) and suppose that there exists
y € X with ||y||lx = p so that the equation y = ao(P1Y)(P3Y) + ot(P2y) holds. Then, we

have

y(8)| < ao|(P19) @) || (@39) ()| + o | (P2)(2)|

lI/(t, y(£), 13 /1 y(w)dw,HI{ﬂ*y(t))‘

1 [t/ e\ d
X (‘ 0 (ln 5) T(w,y(w))gw

a2(1+a11n(t))/ (1[1—) (w’y(w))d;w

(1+ 1 In(2))
O T (ke + 67— 1)

e K*+0% -2 R d
x/1 <ln 5) T(w,y(w))gw‘)
A(t,y(t),k’{ /1 y(w)dwﬁz{fy(t))’

< ‘w <t,y(t),k§ / @) dw,“zfi‘y(t)> ~W(£,0,0,0) + ¥(£,0,0, 0)’
1

=ap

+ 0o

dar)(1+dy)
O*I(k* +1)

SUPci1e ¥ () x E(lyllx)
x ( T+ D) + Sup (t) x E(Iyllx)

A(t,y(t),k*l‘/ y(w)dw,HI{/jy(t) - A(t,0,0,0)| +|A(Z,0,0, 0))‘
1

+ sup ¥(0) x E(Iy ’ A+d)
. _ (+d)
iy N QT (v +67)

* * 1 s | g%
=< |:Q <1 + |)»2(e—l)’ + m)“}’”x +¥ :|MW §(||)’||X)

a*(1+|x{(e—1)| + )>||y||X+A*.

1
'iy*+1
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So, we arrive at the following inequality:

p=y0]

* * 1 Y * *
< [Q <1+|A2(e—1)|+m)p + MY ]t/f £(p)

1
0*(1 + |)Sf(e— 1)} + m)p + A",

This implies that

My*E(p)W* + A*
=1C 0*(1+ A3 (e = D)l + gy MY € (p) — (L + [X(e = D] + 7php)

which is impossible due to (9). Therefore, condition (b) stated in Theorem 5 is not ful-
filled and so condition (a) in Theorem 5 holds. Consequently, the operator equation
(@19)(@3y) + (P2y) = y has a solution. This means that the mixed Caputo—Hadamard hy-
brid BVP (1)—(2) has at least one solution. O

3.1 Special cases
This subsection is devoted to deriving some analytical existence criteria for a special case
formulated by mixed Caputo—Hadamard nonhybrid BVP (3). We state some hypotheses
as follows:
(HP5) (Lipschitz property) There exists a constant Ly > 0 such that for each y,5" € X,
we have |T(6,9) - T (& ¥)| < Lyly—'l.
(HP6) (Boundedness property) There are constants C4 and My such that for eachy e R
we have |T'(¢, M < Cylyl + My
(HP7) One has F(L* 5 <L
In the following lemma, an integral structure of the solution for the mixed Caputo—
Hadamard BVP (3) is demonstrated.

Lemma 9 Let g € X. Then a function y, is a solution for two-point Caputo—Hadamard
fractional differential equation with mixed Hadamard integral boundary conditions

CHDCy(8) = g(t),
CHDE (1) = diy(L), fl(l OCHDE y (o )]d;w=dzy(€)

if and only if yo is a solution of the Hadamard fractional integral equation

1 e\ do @ain@) [¢f, e\ dw
0= [ (o) 2GS [(n) e
L+daln@®) [°f. e\"? dw
- Q*F(;c*+(9*—1)/1 (l“ E) @)=

where Q* is given by (7).

Proof The proof is similar to that of Lemma 7 and so is omitted. O
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We define an operator @ : ¥ — X by @y(t) = 1y(t) + @,y(¢) which splits into two op-
erators @;: X — X and @, : X — X as follows:

t K*-1 . d
¢u@=;é5ﬂ(m£) (@) 7, (10)
ih(1+dIn(t) [ LA d
a0 S [ (n2) e
(1 +d;1In(2)) K2 dw
wax+ﬂ*—n/1( ) SR -

for each y € X and ¢ € [1, e]. In this case, the equivalence of the existence of a solution for
Caputo—Hadamard BVP (3) and the existence of a fixed point for operator @ is obvious.
Note that in all the following lemmas, we assume that X’ is a Banach space with sup-norm
Il - || & and two operators @1 and @, are defined as in (10) and (11).

Lemma 10 Under hypothesis (H'P5), the operator &, is Lipschitz with constant INQ* =

F(L* +7y and the following growth condition holds:

Cs M;
@ 7 T
|20 = oy W + ey
forallye X.

Proof By utilizing assumption (HP5), we obtain

|®1y(2) - @15/ (1)

1 Lo\ d e\, d
= T /; <ln 5) T(w,y(w));w —/1 (ln g) Y (w,y (w));w
<mny gt

Ly
—+1 Hence by Proposition 2, it is

K

This implies that @, is Lipschitz with constant K} =

deduced that @ is also p-Lipschitz with the same constant K T where u is the

= FoD
Kuratowski’s measure of noncompactness. Again, by considering (HP5) for the growth
condition, we get

Cy M;
2100 = g ol + s,

and the proof is concluded. O

Lemma 11 Operator @, is continuous and also, in view of hypothesis (’HP6) we have the

_dp(l+dy)

growth condition || ®2(y)|x < A1llyllx + A for every y € X, where Ay = Cy(| 5555

(1+d1) |)ﬂl’ld

| +

|Q*FK *4+0%)

Ay =M; <

622(1+611 ‘ (1+ﬂ~1)
Q*I'(k* + 1) QI (k* + 6%)
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Proof By assumption, we know that 7" is continuous on [1, ] x X, and so we conclude that
lim,o0 T(2, V) = T, y). By invoking the Lebesgue’s dominated convergence theorem, we
obtain

~ ~ e Kk*-1

lim (®2y,)(t) = %W/ (m %) lim “f(w,yn(w))d;w
Hn—0Q 1 n— 00

(1 +d; In(2)) el e\ do

“ o T =D ). <1n —) nlin;o T(w,yn(w));

w
a1 +dn@®) f¢f e\ . dor
et () e

(1 +a11n(2)) e(ln e

K*+0* -2 dw
T oW o -1 ) 5) T (w,y(@))— > = (@)

for any ¢ € [1, e]. Hence, we see that ®@,y, — P,y as n — 00, and so @, is continuous on
V,(0). Now, for the sake of the investigation of the growth condition on @,, we utilize
hypothesis ({P6) and obtain

1: alln(t) / ( )  (07,5(0)
(1 +d;1n(2)) e e \ 2 dor
O [ E) )
7 g e K*-1 d
= “5“%3)/1 (1“ %) (Crys)] +M¢)§’

(1 +d) e K02 do

ENOIE

“2(1 +d) (1 +a~1)
(1 +dy) (1+dy)

o |

which is the desired conclusion. O

Q*I(k* +1) ‘ QM (k* +6%)

Lemma 12 Operator @, : X — X is compact. Moreover, & is u-Lipschitz with constant
K = 0 where yu is the Kuratowski'’s measure of noncompactness.

Proof Consider abounded subset B C V,(0) in X" and take a sequence {y,} belonging to 5.
Then, by Lemma 11, we have

|P20m)] 5 < Atllyullx + Az <00

for each y, € B which yields that @,(5) is a bounded set. Besides, we verify that {®3(y,,)}
is equicontinuous for each y, € B. Take 1,1, € [1, €] so that ¢ < £,. Then, we obtain

| D2 () (82) — P2 (y) (1)

|@2di (| In(t2) — In(z1)]) + do
=T Q) < > (@ @)l

Page 14 of 22
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~ 1 _] K*+0%-2 d
R (n2) ek

- |@2a1 |(|In(22) — In(1)])
- |Q*| T (kc* +1)

|d1|(|In(22) - In(41)])
|Q*I T (kc* + 6%)

(Cyllylx +My)

(Crllyllac + My).

Evidently, it is seen that the RHS of the inequality approaches 0 (regardless of the choice
of y, € B) whenever t; — ;. Thus, letting t; — £, we get | @, (y,)(£2) — P2(y,) (1) — O
and so {®y(y,)} is equicontinuous. Taking into account the Arzela—Ascoli theorem, we
obtain that @,(B) is compact. In addition, in view of Proposition 3, @, is p-Lipschitz with
constant zero. O

In this position, we establish the main results for the mixed Caputo—Hadamard nonhy-
brid BVP (3) based on the above lemmas.

Theorem 13 Under assumptions (H'P5) and (H'P6), the mixed Caputo—Hadamard non-
hybrid BVP (3) has at least one solutiony € X provzded + A1 < 1. Further, the family
of solutions of (3) is bounded in the space X .

I'(k +1)

Proof In view of the hypothesis (HP7) and Lemma 10, we deduce that @; : X — X de-
fined in (10) is u-Lipschitz with constant K = oD *+1 € (0,1). Furthermore, we find that
operator @, : X — X defined in (11) is u-Lipschitz with K} = 0 according to Lemma 12.
Here, Proposition 4 implies that the operator @ : X — X defined by & = @; + &, isastrict
u-contraction with constant K* = K + Kj = K and, since K* < 1, ® is u-condensing.

Now, take
B:= {y € X :thereis A € [0,1] so that y = A@(y)}.

In this step, it is enough to show that 5 is a bounded subset of X. For this, select y € B.
Then in the light of the growth conditions obtained in Lemmas 10 and 9, we may write

il = [200)] 4 =3[ 20)] » < 2(|2210)]  + [ 220)] )

B (L SN S W NN
—r —r +
(*+1)y" Fer+1)  CoHla® 22

< A 7l + A Mi A
SN T+ o)A Ry T2)

implying that the set B is bounded in &X'. Thus there is a number p > 0 such that B C
V,(0), and so we have deg(I — A®,V,(0),0) = 1, by applying Theorem 6. Finally, under the
hypotheses of Theorem 6 due to Isaia, the operator @ = @; + &, has at least one fixed
point and the family of fixed points of @ is bounded in X'. This means that the mixed
Caputo—Hadamard nonhybrid BVP (3) has at least one solution on [1, e] and the family of
solutions is bounded. The proof is finished. d

Eventually, we derive a uniqueness criterion for the mixed Caputo—Hadamard nonhy-
brid BVP (3) in the following theorem.
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Theorem 14 [n addition to three hypotheses (HP5), (HP6), and (HP7), let us assume

that
) <1.

Then the mixed Caputo—Hadamard nonhybrid BVP (3) has a unique solution on [1,e].

do(1 +dy) (1+ay)
O (k* + 1) O*I"(k* + 6%)

1
LA
T(F(K*+1) *

Proof Lety € X be arbitrary. By Lemma 10 and assumption (HP5), we obtain

|P1y(6) - 215/ ()] < =7l (12)

r(*

where @, : X — X is defined in (10). Furthermore, we have the following estimate:

|@2y(t) - D2y (2)|

d>(1 +dq)

d
LB () Pt - Foren ]
1 e K*+0% -2 ) d R /
\Q*(J—f;’*_ni\(/ (n2) " [Pty 2 - e

<1y Jir=7le (13)

where @, : X — X is defined in (11). From (12) and (13), we have

dr(1 +dy) 1+a1)
Q*I' (kc* +1) Q* I (k* + 6%)

1 tl~2(1 +6l1 1 +ﬂ~1)

|¢(Y)|§Lf(r(x*+1)+ Q*I (k* +1) ’Q*F(K " +67)

Y-l

which yields that @ = @; + &, : X — X is a contraction. By utilizing the Banach contrac-
tion principle, it is deduced that the mixed Caputo—Hadamard nonhybrid BVP (3) has a

unique solution. 0

4 Examples
In this part of the paper, we examine our theoretical results by presenting some numerical

examples to show the applicability of the analytical findings.

Example 1 To illustrater the mixed Caputo-Hadamard hybrid BVP (1)—(2), we formulate
the following hybrid equation:

27 iy dII/'+HIZ+ ¥(t)

)
CHfD%.]S t
2020 (y( ) 1+717jfy(w dw’+HIZ+Hy

©) = 7300 + cosl=s Jy y(e) da) + sin(“TFy e (>)>+o.2021}
) +0.11

= (1 +¢)*sin(y(t)) (14)
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furnished with mixed Hadamard integral hybrid boundary conditions

@) dew ) +sin( HIof?’y(t)))

+0.2021

1+ 717 fle y(w) dm+’HII2;_11y(t)

CH )= 33 0(0)+cos(—5 [{ y(@
D“[ o0 Tfly o) dor LT 5() omt Ne=1
0% 4 27 fl Y dm+H12 AL
2”(;1/ +cos(— 9 fl dw)+sm(HIO :339(£)))+0.2021
= _0'66[ H 211 ]|t:1;
‘ 27 jl y(@)do+ L y(t)
25 0O+ 1 )+0.11

HTLMCHD | | Y()— 5y (8 +c0s(- & [f y(w)dw)+sin(HI?f3y(t)))+0,2021] (15)
1+ 1+ 2717 ffy(w)dw+“1f;n;v(t) I |t=e
m(y(t fl Y dw+HI%‘+uy(t))+0'
0. 89[ y(8)- 2+t(y +cos(—g f/ly :2;511,1211(}333,@)))),0.2021] e
z—c(y(t)+ 77 LG 4 )+0.11
02 % [Eym dw+HIZHy(t)
sothatt e [l,e], k* =178, y* =033, u* =2.11,0* = 1.44, A} = _1 J A= 27, d, = —0.66, and
d» = 0.89. Define the function 7 : [1,e] x R - R by ’f’(t,y(t)) = (1 +1t)? sin(y(£)). Obviously,

T € Cr([1,€] x R). Now, put ¥ (¢) = (1 + £)2 and £(||y||) = 1. Thus ¥* ~ 13.8256. Further,
define two continuous maps A : [1,e] x R® — Rand ¥ : [1,e] x R® — R\ {0} by

A(t,y(t),—% /1 ey(w)dm”l%“y(t))

=5 L ; (y(t) + cos (—1 /ey(w) dw) + sm(HIo 33y(t))) +0.2021

and

W(t,y(t),k§ /1 y(w)dw,ﬂzﬁ‘y(t))

1 e Hr211
t = w)dw + I y(t

=—<y + 27f1y( ) 240 )+0.11.

2020 1+ 5 [ y(w)do + HIEy(t)

ﬁ

Note that A* &~ 0.2021 and ¥*
for every 5,5’ € R, we have

=0.11. We claim that function A is Lipschitz. To see this,

1 e
‘A(t,)q(t),—gf yl(W)dw,”IfP%(t))
1

_ A(t,yz(t),—% / yz(w)dw,HI?;Ssyz(t))‘
1

1 -1 1
1+ -1 —— | s t t
< 2”[ <5 =D+ T35+ 1)Lu£1|yl( ) - y2(2)].
Letting o () = t, we have o*[1 + |3 Lo — 1) + O3 33” —~—=—] ~ 0.8500. In a similar manner,

function V¥ is also Lipschitz. Indeed, for every 5,y € R, we have

‘ (t y1(8), 217/ yl(w)dw,HIlz;llyl(t)>

1 e
-y <t,y2(t), o / y2 () dw,HIf;“yz(t)> ‘
1

Page 17 of 22
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<t iy 1( 1|+ ! sup [y1(2) - y2(2)|
= 2020 27°¢ F@I1+1) | eng? " 77
1
EQ(L‘)|:1+ As(e=1)| + 7:| su ) = y2(2)
| 2 ’ I'(pn*+1) te[ll,)e]b,1 » |

so that o*[1 + |A5(e—1)| + m] = 5551+ 155 (e—1)| + m] = 0.0020. Eventually, we

obtain M ~ 0.9980 and select p > 0.8975 > 0. In addition,

3 1
Q*|:1 +|r5e-1)| + ]w*é(llyllx)Mw*[l +[Afe-D]+ I

1
I(pw*+1) V*+1)]

~ 0.6057 < 1.

Hence, by invoking Theorem 8, it is realized that the mixed Caputo—Hadamard hybrid
BVP (14)—(15) has a solution on [1,e].

Example 2 To illustrate the mixed Caputo—Hadamard nonhybrid BVP (3), we formulate
the following nonhybrid BVP:

CHHl.14 _ 1 ly(®)]
D1+ y(t) T 49+exp (£2-1) (L+|y(8)])’ (16)

HDyy(1) = -1.66y(1), 75 J1 (In 2) 2 [CHD1y(@)] 42 = 0.56y(e),

sothatt € [1,e], «* = 1.14, 0* = 0.74, a; = —1.66, and d; = 0.56. Then, an integral structure
of the solution for the mixed Caputo—Hadamard nonhybrid BVP (16) is represented by

1 t £\ dw
0 i f () TEOT

0.56(1 - 1.661n()) [¢/. e \*™. der
o r(114) (ln5> T(by0)- -

-1.661 e 01z d
—%/1 (mg) T(t,y(t))g 17)

for any ¢ € [1, e], where the continuous function 7 :[1,e] x R — R is defined by

A ) 1 ly(®)]
T(6y(t) = 49 + exp (22— 1) <1 +1y(®)] )

Then, one can write

7 (63(0) - 7 (65/0)] = 55 |01~y 0]

and
. 1
|7 (650)] < =5 b@)]

with Ly = %, C; = %, and M4 = 0. Now, define three operators ®@;,®,,® : R — R as

follows:

t 0.14A d
(@uy)(t) = ﬁ /1 (mé) P e0) 2
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0.56(1—1.661n()) [¢/. e \*™. dew
(Day)(¢) = o T(14) /1 (hl g) T(t,y(t));

(1-1.66In() /. e\ 2. dew
aras ) (ng) Fe0D

and (@y)(t) = (D1y)(¢) + (P2y)(t). Since @; and @, are continuous and bounded, @ = & +
@, is continuous and bounded, too. Further, we have

|P1y(2) - ly-9 2

1
1y (t)) < ———
1 )|_50><F214)

which implies that @, is z-Lipschitz with constant K = by Proposmon 2. Also,

= 50><1"(2 14)

by using hypothesis (HP6) for the growth condition, we get || @1 (y)||r < m 1yll-

Therefore, since @, is u-Lipschitz with constant K and @, is compact with

_ 1
i = 50xI'(2.14)
constant K = 0, by Proposition 4, @ = ¢; + @, is a strict p-contraction with constant

K*=K;+Kj = m =~ 0.0187 < 1. Thus @ is a u-condensing operator. Also, take

1
B= {y S CR([I,e]) :there is A € [0,1] such that y = §(q§y)}.

Then |y|lr < %H@y”m <1 implies that 5 is a bounded set and so, by Theorem 13, it is
deduced that the mixed Caputo—Hadamard nonhybrid BVP (16) has at least one solution
y in Cr([1,€]). In addition,

(iz(l +6Zl) (1+Il1)

OQ*I'(k* +1) ‘ ‘Q* I (k* +6%)

1
L; ~0.0331<1.
7 (F(K* ) ) )
Therefore, Theorem 14 implies that the mixed Caputo—Hadamard nonhybrid BVP (16)

has a unique solution.

5 Conclusion

The fractional calculus has always been one of the most widely used branches of math-
ematics in other applied and computational sciences. This degree of importance is due
to the high flexibility of the tools and operators defined in this theory. On this basis,
researchers have been using various powerful fractional operators in recent decades to
model different types of existing natural processes in the world. In the current research ar-
ticle, two hybrid and nonhybrid fractional BVPs of Caputo—Hadamard type are addressed.
We seek the existence criteria for these two problems separately. We first utilize the gen-
eralized Dhage’s theorem to derive desired results for an integral structure of solutions for
the proposed hybrid BVP (1)—(2). Next, we establish other results for nonhybrid BVP (3)
based on some existing notions in the topological degree theory. At the end of the paper,
we examine our theoretical results by presenting some numerical examples to show the
applicability of the analytical findings.
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