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cells are given by general functions. Moreover, the production/proliferation and

removal/death rates of all compartments are represented by general functions. The
model is an improvement of the existing HIV infection models which have neglected
the incidence between the silent infected cells and healthy CD4*T cells. We first show
that the model is well posed. The proposed model has three equilibria and their
existence is governed by derived two threshold parameters: the basic HIV
reproduction number Ry and the HIV-specific CTL-mediated immunity reproduction
number ;. Under a set of conditions on the general functions and the parameters
No and Ny, we have proven the global asymptotic stability of all equilibria by using
Lyapunov method. We have illustrated the theoretical results via numerical
simulations. We have studied the effect of cell-to-cell (CTC) transmission on the
dynamical behavior of the system. We have shown that inclusion of CTC transmission
decreases the concentration of healthy CD4*T cells and increases the concentrations
of infected cells and free HIV particles.

Keywords: HIV infection; Cell-to-cell spread; Global stability; Silent infected cells;
CTlL-mediated immune response; Lyapunov function

1 Introduction

Acquired immunodeficiency syndrome (AIDS) is one of the fatal human diseases which
is caused by human immunodeficiency virus (HIV). HIV infects the healthy (uninfected)
CD4*T cells which play a crucial role in the immune system. HIV-specific cytotoxic T
lymphocytes (CTLs) kill the HIV-infected cells. On the other side, B cells generate spe-
cific antibodies which in turn neutralize the viruses. Therefore, the HIV infection can be
controlled for long period up to 10 years [1]. However, during this period of time the con-
centration of healthy CD4*T cells declines. When the concentration of the CD4* T cells
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reaches below 200 cells/mm?, the patient is said to have progressed to AIDS. During the
last decades, mathematical modeling of a within-host HIV infection has witnessed a sig-
nificant development. Moreover, mathematical analysis of the HIV dynamics models has
also become one of the most important and fundamental approaches for understanding
the within-host HIV dynamics [2—-11]. Nowak and Bangham [2] introduced an HIV in-
fection model which describes the interaction between healthy CD4*T cells (S), active
HIV-infected cells (), free HIV particles (V'), and HIV-specific CTLs (C):

S:p—aS—nSV,
I=nSV —al - uClI,
V=bl-¢V,
C=0CI-nC.

1

The healthy CD4*T cells are generated at specific constant rate p and die at rate oS. The
term 1SV refers to the rate at which new infectious appears by virus-cell contact between
free HIV particles and healthy CD4*T cells. The active HIV-infected cells die at rate al.
The term p CI is the killing rate of active HIV-infected cells due to their HIV-specific CTL-
mediated immunity. The free HIV particles are generated at rate b/ and cleared from the
plasma at rate ¢ V. The proliferation rate of the effective HIV-specific CTLs is given by
o CI. The term 7 C represents the decay rate of the CTLs. HIV infection models with
CTL-mediated immune response have been investigated in many papers (see e.g. [2, 12—
16]).

Model (1) has been formulated based on the assumption that HIV can only spread by
virus-to-cell (VTC) transmission. However, several works have reported that there is an-
other mode of transmission called cell-to-cell (CTC) where HIV can be transmitted di-
rectly from an infected cell to a healthy CD4*T cell through the formation of virological
synapses (see e.g. [17-20]). Sourisseau et al. [21] showed that CTC transmission plays an
efficient role in the HIV replication. Sigal et al. [22] demonstrated the importance of CTC
transmission in the HIV infection process during the antiviral treatment. Iwami et al. [19]
showed that more than 50% of HIV infections are due to CTC transmission. The effects of
both VTC and CTC transmissions on the virus dynamics have been addressed in several
works (see e.g. [23—-29]. Moreover, virus dynamics models with CTL-mediated immunity
and both VTC and CTC transmissions have been investigated in [30, 31].

It is known that current anti-retroviral drugs can suppress HIV replication to a low level
but cannot enucleate HIV from the body. One of the main reasons of this fact is the pres-
ence of silent (latent) CD4* T infected cells where the HIV provirus can reside [32, 33].
Silent HIV-infected cells live long, but they can be activated to produce new HIV particles
[34]. Silent HIV-infected cells have been included in the virus dynamics models with both
VTC and CTC transmissions in [35—39]. In a recent interesting discovery [40], it has been
shown that both silent and active infected cells can infect the healthy CD4*T cells through
CTC mechanism. In the literature, the viral infection models with CTC transmission and
silent infected cells have assumed that the CTC transmission only occurs due to the active
infected cells. In a very recent work, Wang et al. [41] formulated a viral infection model
by assuming that both silent and active infected cells can participate in CTC infection.

However, in [41], the immune response has not been considered.
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In the present paper, we first formulate an HIV infection model with CTL-mediated
immune response and both VTC and CTC transmissions. The CTC transmission is due
to the contact of healthy CD4"T cells with silent or active HIV-infected cells. The in-
cidence rates of the healthy CD4*T cells with free HIV particles, silent HIV-infected
cells, and active HIV-infected cells are given by general functions. Moreover, the produc-
tion/proliferation and removal/death rates of all compartments are represented by general
functions. We show that the model is well posed by establishing that the solutions of the
model are nonnegative and bounded. We derive two threshold parameters which deter-
mine the existence and stability of the three equilibria. Global stability of all equilibria is
proven by formulating Lyapunov functions and utilizing LaSalle’s invariance principle. We

perform some numerical simulations to illustrate the strength of our theoretical results.

2 Model formulation

We formulate an HIV infection model by assuming that the HIV virions can replicate by
two mechanisms, VTC and CTC transmissions. The CTC infection has two sources: (i) the
contact between healthy CD4*T cells and silent HIV-infected cells and (ii) the contact
between healthy CD4*T cells and active HIV-infected cells. Under these assumptions we
propose a model that contains five compartments: healthy CD4* T cells (S), silent HIV-
infected cells (L), active HIV-infected cells (1), free HIV particles (V), and HIV-specific
CTLs (C).

S=¥(S) - Ry(S, V) = Ro(S, L) - R3(S, 1),

L=8y(S, V) +Ry(S,L) + R3(S,]) - (A + y) (L),

1=2(L) - ado(l) - nJu(C) (D), ()
V=bh(I)-eJ(V),

C =0 Tu(C) () - 7 Tu(C).

Here, (S,L,1,V,C) = (S(t), L(t), I(t), V(¢£), C(¢)), where t is the time. Function ¥(S) refers to
the intrinsic growth rate of healthy CD4*T cells accounting for both production and natu-
ral mortality. The model assumes nonlinear general forms of virus-cell, silent cell-cell, and
active cell-cell incidence rates of infection as R1(S, V), Ry(S, L), and R3(S, I), respectively.
The terms A 71 (L) and y 7 (L) are the rates of silent HIV-infected cells that become active
and the natural death of the silent HIV-infected cells, respectively. The term © J4(C)J> (1)
is the killing rate of active HIV-infected cells due to their specific CTL-mediated immunity.
The proliferation and death rates for effective HIV-specific CTLs are given by o J4(C) J2(I)
and 7 J4(C), respectively. The free HIV particles are generated at rate b7,(I) and die at
rate £ 73(V). All parameters and their definitions are summarized in Table 1. The func-
tions ¥, R;, i =1,2,3, and Ji, k = 1,2,3,4, are continuously differentiable and satisfy the
following conditions [42—-44].

Condition (H1)
(i) There exists Sy such that ¥(Sy) = 0 and ¥(S) > 0 for S € [0, Sp);
(i) ¥'(S) <0 forall S>0;
(iii) There are p > 0 and «g > 0 such that ¥(S) < p — aoS for S > 0.
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Table 1 Parameters of model (2) and their interpretations

Symbol  Biological meaning

y Death rate constant of silent HIV-infected cells
a Death rate constant of active HIV-infected cells
% Killing rate constant of active HIV-infected cells due to their specific

CTL-mediated immunity

A Transmission rate constant of silent HIV-infected cells that become active
HIV-infected cells
b Generation rate constant of new HIV particles
e Death rate constant of free HIV particles
o Proliferation rate constant of HIV-specific CTLs
T Decay rate constant of HIV-specific CTLs
Condition (H2)

(i) R;(S,U)>0and R;(0,U) =R;(S,0)=0forall S>0, U >0,i=1,2,3;
(ii) PS5 0, WG 5 0, and D |, o> 0forall §>0,U>0,i=1,2,3;
(iii) 4 (2D, V> 0forallS>0,i=1,2,3.
das ou

Condition (H3)
(i) Jk(x)>0forallx>0, 7;(0)=0,k=1,2,3,4;
(ii) J/(x)>O0forallx>0, k =1,2,3,4. Further, 7/(0) >0, k = 1,2,3;
(iii) There are ax > 0 such that Ji(x) > ayx forallx > 0, k = 1,2, 3,4.

Condition (H4) %(Rﬁif’vv))) <0, %(Néﬁi@)) <0,and %(f;ﬁ;’;) <O0forallS, L, 1,V >0.

3 Well-posedness of solutions
Let £2;>0,j=1,2,3, and define

© ={(S,L,1,V,C) € R2,:0 < S(t),L(£), I(t) < £21,0 < V() < £25,0 < C(t) < £25}. (3)

Proposition 1 Suppose that Conditions (H1)—(H3) are satisfied. Then the compact set ©

is positively invariant for system (2).
Proof We have

Sls-0 = ¥(0) >0,

Ll =R1(S, V) +R5(S,1)>0 forallS,V,I>0,
Iico=ATJ(L)>0 forallL>0,

Vlveo =bJo(I) =0 foralll >0,

Clco =0.

This ensures that (S(¢), L(¢),I(¢), V(¢), C(¢)) € ]RSZO for all £ > 0 when (5(0), L(0), 1(0), V/(0),
C(0)) e Rszo- To show the boundedness of all state variables, we let

a I
V=S+L+I+—V+—C.
2b o
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Then

W =¥(S) - y Ji(L) - gjz(f) - %Jm - %Jm

ao asa o
5,0—0505—)/051L——21— 3V—M :

2 2b O’C

5p—¢(S+L+I+ ;—bV+§C)=p—d)lI’,

where ¢ = min{oy, y a1, %,80@,,7{014}. Hence, 0 < W (¢) < £21 if ¥(0) < £2; for ¢t > 0, where
21 = %. Since S, L, I, V, and C are all nonnegative, then 0 < S(¢), L(¢),1(t) < £2;,0 < V(¢) <
£2;,and 0 < C(¢) < 25 if S(0) + L(0) + 1(0) + 5; V(0) + %C(O) < §21, where £2, = %% and
25= T 0
4 Equilibria

In this section, we study the equilibria of the model and derive the conditions for their
existence. Model (2) always admits an infection-free equilibrium By = (Sp, 0,0, 0,0), where
¥(So) = 0. This case describes the situation of healthy state where the HIV infection is
absent. The other equilibria can be computed by letting the right-hand side of system (2)
be equal to zero as follows:

0= ¥(S) - R1(S, V) = Ry(S, L) - ¥3(S, 1), (4)
0=R1(S, V) +Ry(S,L) + R3(S,1) — (A + y) Ji (L), (5)
0=2T(L) - ad>(l) - nJu(C) (D), (6)
0=>b7)-eJ3(V), 7)
0= (0 ) - ) Ja(C). (8)

From Eq. (8) we have two possibilities:
(i) Ja(C) = 0, which leads to C; = 0. From Egs. (4)-(7), we get

¥(S) =R(S, V) + Ro(S,L) + 83(5,0) = (A + y) (L)

_all+y) _as(A+y)
== L) =— —5V) )

Condition (H3) implies that 7, ! exists, is continuous and strictly increasing. From Eq. (9),

we obtain
L =£(S), 1=£(S), V = £(9), (10)
where
o ¥(©S) L M) o DAX(S)

Obviously, from Condition (H1), fi(S) > 0 for all S € [0, Sp) and fi(Sp) =0, i =1,2,3. Let us
define

as(A+7y)

F1(8) = Ri(S,/5(9)) + 2 (S,£1(S)) + 83(S,£2(S)) - TJB ((5))-
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Then from Conditions (H1)—(H3), we have

AO == g 50) <0, s =0
Moreover,
Fi(9) =55 +5(S )ﬁ fl(S)&ﬁ;;s f:,’(S)%
- (“yz,(f%w))ﬁ,(s
Fiisg - 200 g MEOD IO ) (50
w ],2(50)3&3(50,0) ms(m;/)jg(o)f3 o)

Condition (H2) implies that SOO =0, i=1,2,3. Also, from Condition (H3), we have
J3(0) > 0, then

e(A

bLOR1(Sy,0)/0V
Shg ”Jé(ov;(so)[—l(" )/

ag(r +y)J3(0)
s bAS](S0)dR2(So, 0)/0L N bify(So)dNs(So, 0)/01 1]
as(A +y)J30)f3(So)  as(h +y)T5(0)f3(So)

Fi(So) =

From Egs. (9) and (10), we obtain

broR1(Sp,0)/0V  9R,(Sp,0)/0L  A0N3(Sy,0)/01
]:1,(50)=¥,(50)|: 1(S0,0)/ 2(S0,0)/ 3(S0,0)/ B ]

as(h+ Y)T0) | Gt 1) T0)  alh+ 1) 73(0)

. / bLOR(S0,0/8V . 382(S0,0)/0L
From Condition (H1), we have ¥'(Sp) < 0. Therefore, if 2e0oiy) 70) + )70 +

% > 1, then F{(So) < 0 and there exists S; € (0,Sp) such that F;(S;) = 0. From

Eq. (10) and Condition (H3), we have

¥(S) L S) L BR¥(S)
Lo=Jy ( +y>>°’ h=2 (a(mw)”’ 1= (as(k+y))>0

It follows that D, = (81, L1, 1, V1, 0) exists when

DAINI(S0, 018V 9Nx(So, 0)/AL  20N5(S0,0)/d1 _
as(A+y)J300)  (A+y)T[(0)  a(r+y)T5(0)

At the equilibrium D; the chronic HIV infection persists, while the CTL-mediated im-
mune response is unstimulated. In order to state the threshold dynamics of infection-free
equilibrium, it is necessary to define the basic HIV reproduction number N, of the model.
If the antiviral drugs are taken into account in that HIV dynamics model, then %, can
be used to determine the minimum drug efficacy which stabilizes the system around the
infection-free equilibrium and clears the viruses from the body. The basic HIV repro-
duction number of model (2) can be calculated by different methods such as (i) the next-
generation matrix method of van den Driessche and Watmough [45], (ii) local stability of
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the infection-free equilibrium, and (iii) the existence of the chronic HIV infection equi-
librium with inactive CTL-mediated immune response. In the present paper we derive N,

by method (iii) as follows:

mo = 9{01 + 5)102 + 9?03,

where
o - b R (So, 0)
sor ac(L+y)J30) 9V
% 1 R, (S0, 0)
NRop = ,
2T+ T 6L

A 0R3(Sp, 0

Ros 3(S0,0)

T al+y)J0) ol

The parameter Ny determines whether or not the infection will be chronic. In fact, %o,

measures the average number of secondary HIV-infected cells caused by an existing free

HIV particle due to VTC transmission, while 3ip; and 9ip3 measure the average numbers

of secondary HIV-infected cells caused by living silent and active HIV-infected cell, re-

spectively, due to CTC transmission. Thus, D1 = (81,L1,11, V1,0) exists when %y > 1. We

call B; chronic HIV infection equilibrium with inactive CTL-mediated immune response.
(ii) Jo(I) = Z, which leads to I, = j2‘1(§). From Egs. (4)—(6) we get

¥(S) = M(S, V) 4 Ma(S,L) + No(S, D) = (h + ) (L) =

Y (a4 nT(©) D). (11)

According to Condition (H3) and from Eq. (7), we have
b (I b
w=lﬁ(3ﬂ”):£lcﬁ)>a
£ co

From Eq. (11), we get

¥(S
L:jﬂ(ki;>:ﬁ6) (12)

Obviously, from Condition (H1) we have f4(S) > 0 for all S € [0,Sy) and fi(Sp) = 0. Let
V =V, and I = I, and using Eq. (12) in Eq. (4), define

Fa(S) = ¥(S) = ¥1(S, Va) = ¥y(S, fa(9)) = R3(S, 1) = 0.

Conditions (H1) and (H2) imply that F,(0) = ¥(0) > 0 and F5(Sp) = —[R1(So, V2) +
R5(80,1>)] < 0. Thus, there exists S, € (0, Sy) such that F5(S;) = 0. From Eq. (12) and Con-
dition (H3), we obtain

¥(S
L2:;71_1<}\5-;))>0.
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Further, from Eq. (11), we have

=7t <z [ok{m(sz, Va) + Ra(S0,La) + Rs(S0, b)) ID
an(A+y)

Clearly, C, > 0 when ”[Rl(SZ'Vzi:fﬁﬁ/’?z“%(&'h)] > 1. Now we define the HIV-specific CTL-

mediated immunity reproduction number as follows:

o A[R1(S2, V2) + Ro(S2, L) + R3(S2, 1n)]
ar(A+7y)
_ ARI(S2, V2) + Ra(S2, Lo) + R5(S2, 1)
) a(h+y) (L)
__DA(Sy, Vo) . AR, (S, Lo) . AR3(S, 1) ‘
ac(h+y)J3(Va)  alk+y) () al+y)Ja(l)

Ry

Thus, Cy = ﬂ‘l(ﬁ(ﬂtl —1)). The parameter R; determines whether or not the HIV-specific
CTL-mediated immune response is stimulated. Therefore, D, = (S, Ly, I, V3, C;) exists
when 9; > 1. We call B, chronic HIV infection equilibrium with active CTL-mediated
immune response.

From the above discussion we have the following result.

Lemma 1 Suppose that Conditions (H1)—(H3) hold true, then there exist two positive
threshold parameters RNy and R, such that
(i) if Ro <1, then there exists only one equilibrium Dy;
(il) if N1 <1< No, then there exist only two equilibria Dy and D1; and
(ili) if Ny > 1, then there exist three equilibria Dy, D1, and D;.

5 Global stability analysis
In this section, we prove the global asymptotic stability of all equilibria by constructing

Lyapunov functional following the method presented in [46—49]. Define

Ri(S, V) ML) (5,
B A T R AT

F1(S) = lim

voot J(V) ' (13)

From Conditions (H2) and (H3), we obtain

Fﬂazji»§%§9>’

P a0

F3(S)= JZ/I(O) w >0 foranyS>0.
Moreover,

Fi(8)>0, i=1,2,3. (14)
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Therefore, the parameter Ry can be rewritten as

bAF 1(So)  F2(So)  AF3(So)
+ + .
acL+y) A+y a(A+y)

Jg =
To investigate the next theorem, we need the following condition [50].

Condition (H5)

(i) The supremum of ffzg) is achieved at S = Sy for all S € (0, Sp];

(i) The supremum of fgg) is achieved at S = S for all S € (0, Sp].

Theorem 1 Let Ny < 1 and Conditions (H1)—(H5) be satisfied, then Dy is globally asymp-
totically stable (G.A.S.).

Proof Construct a Lyapunov functional candidate:

S (S bF (S S
¢O(S,L,1,V,C)=S—SO—/ F1(S0) 4y, g, BELS) +6F5(S0)
so F1(6) as

F1(So) w(bF 1(So) + &F 3(So))
+ V+ C.
& cae

We note that @(S,L,I,V,C)>0forall S,L,I,V,C >0, and ®¢(Sy,0,0,0,0) = 0. We calcu-

d‘Do

late along the solutions of model (2) as follows:

o, (1_ F1(So)
dr F1(S)

+R3(S5,1) — (A + y) (L)
s bF 1(So) + eF 3(So)

> (¥(S) = R(S, V) = Ry(S,L) = R3(S, 1)) + R1(S, V) + Ry(S, L)

(VA RN AV ETTNAGNA)

ae
N 1250) (b - e7u(v)) + ML l(sz);r 280 (VD) - 7 Tu(©)
F1(So) F1(So) Fl(So) F1(So)
_¥(S)<1 VNG ) MGV sy PR Dy RS, 1) F1(S)
Gty 5 DTN 7y 570 - a0 1)
ui(bF 1(So) + eF 3(50))%(@‘ (15)

oaes

From Condition (H4) and Eq. (13), we get

&1(3'! V) < i &1(3'! V)

A e AT I
NZ(S»L) < 1 NZ(SrL) _

AR AT R
N3(S,1) . R3(S,1) ~ F5(S).

G = AT

Page 9 of 25
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Then we obtain

Ri1(S, V) < F1(S)T5(V), Ro(S,L) < F2(S)Ti(L), N3(S,1) < F3(S)F().

Therefore, Eq. (15) will become

ddg F1(So)\  F1(So)F2(S) F1(So)F3(S)
ik (S)<1 e ) e P 20

SOt )+ M S el 580 gy s

ae

_ ur(bF 1(So) + €F 3(S0))

oae

F1(50)> . [FI(SO)F3(S)

Ja(C)

= ¥(S)(1 - - Fa(So)] Jo(I)

F1(S) F1(S)

F1(So)F 2(S) N ADF 1(So) + eF 3(S0))
A+ ) (S) as(h+y)

+(x+y)[ —1]Jl<L)

~ uiw(bF 1(So) + EF3(SO))%(C). (16)
oas

Condition (H5) implies that

F1(So)F 2(S)
F1(S)
F1(So)F 3(S)
F1(S)

So)
F1(50)
£y
3(S
< F1(So)— 150

Substituting inequality (17) into Eq. (16) and using ¥(So) = 0, we get

ddy

I = = (¥(5) ¥(SO))(

F1(50))
F1(5)

c 00 )|:)LbF1(So) . F2(So) . AF 3(So)
ac(A+y) A+y alrA+y)

- l}Jl(L)

_ ur (bF 1(So) + 8F3(SO))]4(C)

agae
_ B _ F1(So)
= (¥(S) - ¥(S0)) (1 6

e (bF 1(So) + eF 3(S0))

oae

> + (A +y) (Mo - DA(L)

Ja(C).

Conditions (H1), (H2) and Eq. (14) provide that ¥(S) is a strictly decreasing function of S,
while F1(S) is a strictly increasing function of S. Then

(¥(5) -¥(50))(1 L 1(S°)> <o.

F1(S)

Therefore, = d<1>0 <O0forall S,L,1, V,C > 0 with equality holding when S = Sy and L = C = 0.
Let Yo = {(S, L LV,C): d% = 0} and 7} be the largest invariant subset of 15. Therefore, the
solutions of system (2) converge to Ty [51]. The set 7} is invariant and contains elements

Page 10 of 25
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which satisfy S(£) = So and L(£) = C(¢) = 0. Then S(¢) = 0 and L(¢) = C(¢) = 0. From the third
and fourth equations of system (2), we have
1=-aZD), (18)
V=bJ(I) - eJ5(V). (19)

Let us define a Lyapunov function as follows:
Bo=I+ 2V
=I+—V.
0 2b
Therefore, the time derivative of &, along the solutions of system (18)—(19) can be calcu-

lated as follows:

d(io a &
— == I+ -J3(V)) <0.

o 2<n72()+b(73( ))_
Utilizing Condition (H3) it is clear that dd;’io =0 if and only if I(¢) = V/(¢) = 0 for all . Let
Yy ={(S,L,LLV,C)e Ty d% =0}. Then Yy ={(S,L,I,V,C) € Y§:S=Sp,L=1=V =C=
0} = {by}. Hence, all solution trajectories approach Dy, and this means that Dy is G.A.S.
[51]. O

Remark 1 From Conditions (H2) and (H4), we get

Rl(sﬂ V) _ Nl(sr ‘/t)
J(V)  F (V)

(R1(S, V) = R4(S, \/i))( ) <0, S, V,V;>0,i=1,2,

which leads to

Ri(S, Vi))<&1(5, V) JB(V)) )
1- - <0, SV,V;>0,i=1,2. 20
( NS V) AN V) TV )~ ’ 20
Define the following functions [50]:

N2(51L)
Ri(S, V)’

N3(S, 1)

L _
G/ (S0 = Ri(S, V)

Gl(S,I) = i=1,2. (21)

We state the following condition:

Condition (H6)

glL(SrL) _ glL(Sl!LL)) <0
Ji(L) SL) )~

Gl(S,1) B giI(Sirli))

(i) (giL(S:L) - giL(SirLi)) <

<0

=Y

(ii) (Q{(S,l)—gf(si’li))( KA AD)

for all L, L,‘, I, 1,' >0,i=1, 2,5 € (O,So)
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Remark 2 From Condition (H6), we get

( B giL(Si:Li))( GE(S,L) _ A
GES,L) J\GESLL)  Ti(Ly)

(1 B gf(&Ji))( Gl(s.1) _ D)
Gl J\GI(SiLy) Tl

) <0, Se (O, S()),L,L,', >0,
(22)

) <0, SE(O,S()),I,I,‘>0.

Theorem 2 Suppose that Ny < 1 < Ny and Conditions (H1)-(H4) and (H6) hold true, then
b, is G.A.S.

Proof Define @(S,L,1,V,C) as follows:

s L
R1(S1, V1) Ji(Ly1)
D1=8-5, - drx+L—-L; - dx
! ! ./;1 R1(s, V1) ! 1, J1(%)

s bjz(h)Nl(SlyVl)+8j3(V1)N3(51y11)<1_I B L () d%)
ae Jo(11) J3(V1) ! 5, Ja(x)
R1(81, V1) V- J3(V1)
YA <V‘V1‘ w B0 d")

s wlb T (I1)R1(S1, V1) + e J3(V1)R3(S1,11)]
oaeJ(1)J3(V1)

C.

Calculate d% as follows:

dd, ( R1(S1, V1)

2= (1R )(¥(5) (S, V)~ (S, L) — Na(S. D)

N (1 _ jjl((LLl))) (R1(S, V) + Ra(S, 1) + Ra(S, ) — (. + ) (L))
PR S D) (1 PO 0.0 - et

- 1w T(C) D) + ilgt‘,f ;) (1 - 2((3)))(1952(1) ~eJ5(V))
e T CYAURER A NED

Collecting terms of Eq. (23) and using the following equilibrium conditions for b,

F(S1) = R1(S1, V1) + R (81, L1) + R3(S1, 1) = (A + y) Ti(Lr),

b
Ma(“) _am), )= 28(’1),

we get

b (I)R1(S1, V1) + e J3(V1)R3(S1,11)
e (1) T3(V1)

_ ADT(1)R1(S1, V1) + e J3(V1)R3(S1,11)]

B ae Jo(1) J3(V1)

R1(S1, V1) + R3(S1, [) = Jolh)

Ji(Ly).

Page 12 of 25
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Further, we obtain

dd
dtl (¥(S) - ¥<Sl))(

( R1(S1, V1)
x|1-
R1(S, V1)

R1(S1, V1)
81(S, V1)

) + (Nl(sh Vi) +Ra(81,L1) + N3(51,11))

R1(S, V) Ro (S, L)R1(S1, V1)
+89(S1,Ly)
R1(S, V1) Ro(S1,L1)R1(S, V1)

R3(S,1)R1(S1, V1) Ji(L) R (S, V) (L)
R3(S1,11)R1(S, V1) ~RalS1, Ll) J(Ly) - RS VI)N1(51;V1)~71(L)
R (S, L) J1(L1) R3(S, 1T (L)

_ S s
TN AN ATA BN WA ATH

D)
Jo(lh)
J(L) (L) T (L) J (1)
A AT IR ATAY AT
J3(V) To(D) T3(Vy)
AU BN ATAY AT

u[bjz(h)m(sl Vi) + e Js(V1)Rs(S1, 1)) -
ae T (1) J3(V1) (Jz(h) - ;>J4(C). (24)

Rearranging Eq. (24), we have

)+N1(51,V1)
+R3(81,11)
= Ry(81,L1)
+R1(81, V1) + Ra(S1, L) + R3(S1, 1) = R3(S1, 1) ——=

N1 (81, V1)

+R1(51, V1)

+ R3(S1, 11)—3‘*1(51,‘/1) R1(S1, V1)

d@l
dr

I(S) Vl)

R1(S1, V1) _ Ri(S, V)T (L1)
Ri(S, V1) Ri(S1, Vi) A(L)

L@ RKML)  HUIT5(V1)  Ri(S, Vl)jB(V)i| Ry(S1,L )|:3_ R1(S1, V1)
JTL)KU)  H)T(V) RS, V)T3(Vh) 2o R1(S, V1)

B Ro (S, L) J1(L1) B R1(S, VI)NZ(Slel)jl(L):| FRs(SLT )[ B R1(S1, V1)
Ro(S1, L)L) Ry(Sy, VIRo(S, L) A (Ly) |~ >0 Ry(S, V1)

_ R3(S, 1) T (L1) B T T)  Ra(S, Vl)Ns(SlJl)jz(l):|

+R1(S1, V1)|:5 -

N3(SL L)AL TiL)Td)  Ri(Sy, VR3S, DTa(l)

RS,V J3(V R1(S, V1)V
MGy Vl)[m((s s V))J:((Vl;]
. Ng(Sl,L1)|: Ro(S, L)1 (S1, Vi) (L) 1+ R(S, VI)NZ(SI)Ll)jl(L):|
Ro(S1,LORI(S, Vi) Ji(Ly) R1(S1, VI)R2(S, L) J1(L1)
. N3(51,11)|: B3(S,¥1(S1, V1) b)) N Ri(S, Vl)N?)(SlJl)Jz(I)]
N3(S1, [1)Ri(S, V1) Jally) R1(S1, V1)R3(S, 1) Ja(lh)
u[b T (11)R1(S1, Vi) + e J3(V1)R3(S1, 1h)]

ae Jo(1) J5(V1) (o) = To(12)) Ta(C).

Using the definition of GY (S, U) given in (21), we obtain

Ro (S, L)R1(S1, V1) B Ji(L) 14 R1(S, V1)R2(S1, L1) T (L)

Ro(S1, L1)N(S, V1) Ji(Ly) R1(S1, VI)R2(S, L) 1 (L1)
_ gis,L)y W) 14 Ji(L)GE(S1,L1)
gf(SIrLl) Ji(Ly) Ji(L1)GE(S, L)
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and

R3(S,1)R1(S1, V1) B Jo(l) 14 R1(S, V1)R3(S1,11) T ()

R3(S1,)R1(S, V1) Jalh) R1(S1, VI)R3(S, D) T (1)
_Gsn AW HDGSLL)
Gi(S1,11)  Ja(h) DGUS, D

Then

dd;

T (¥(5) - ¥(50) (1 _ N, 1) Ni(S1, V)

85 V1) ) R Vl)[S TG

NS VAE) - HWW)Dl)  HD)Ts(V1)  R(S, V1).73(V)]
RS, V)WL) L)) Fl)Ts(V) RS, V)T(V1)

dt

FRy(S1,L )|:3_ R1(S1, V1) _ Ry(S, L) J1(L1) _ R1(S, Vl)Nz(SlrLl)Jl(L):|
2o RS, V1) Ro(SLLDAL)  Bi(Sy, Vi)Ro(S, L) (L))
R1(S1, V1) R3(S,DAL) S Ta(hL)

' NS(S““[‘*‘ AR N GHANABIRATANAT

_ (S, Vl)?“¢3(51,11)‘72(1):|
R1(S1, VI)R3(S, 1) Jo (1)

WS VD (NS V) (V)
+ Ml Vl)<1 NGV )(m(s, V)~ J3<v1>>
B GE(S1,L1) GE(S,L) _ j1(L)>
+N2(SI’L1)(1 gf(s,L))(gﬂsl,Ll) GAA)
B g{@hh))( Gls,n B Jz(l))
*“3(51’11)(1 g5, )\elsun) - B

N w[b T (I)R1(S1, V1) + e T3(V1)R3(S1,11)]
ag Jo(1) J3(V1)

(Rh) - T2(12)) Ja(C). (25)

The arithmetic—geometric mean inequality (% Yo xi = 112, x:) implies that

R1(S1, V1) N R1(S, V)Ti(L1) N Ji(L) T (hh) N T (D T3(V1) N R1(S, V1) J3(V) >5
Ri(S, V1) RS, VAW SHhl)Fd)  FHU)T(V) RS, V)Ta(Vh) —
R1(S1, V1) . R3(S, 1) J1(L1) . J(L)Ta(lh) . R1(S, V1I)R3(S1,11) T2 (1) -

N1(S, V1) Rs(Sp, )AL JiL)Ta)  Ri(Sy, VORs(S, D) ~

R1(S1, V1) . Ro(S, L) J1(Ly) . R1(S, V1)Ra(S1, L1) T (L) -3

Ri(S, V1) Ra(S, L) JA(L) RSy, VI)Ra(S, L) (Ly) —

We have C, = j[l(ﬁ(ﬂil —1)) <0 when %; < 1. It follows that C(¢) = o (Fo(I) — 2)Ja(C) =
o (J2(1(2)) — T2 (12)) Ja(C(2)) < O for all C > 0, which implies that 75(/1) < J>(1;). Moreover,
since @; is always positive and approaches its global minimum at P;, then from Eq. (25)
we have % <O0forall S,L,1,V,C > 0 with equality holding when S =83, L = Ly, I = I,
V' = Vi, and C = 0. Let 77 be the largest invariant subset of 77 = {(S,L,1, V,C): % =0}.

It can be seen that 77 = {P;} and D; is G.A.S. using LaSalle’s invariance principle. g

Theorem 3 Let %, > 1 and Conditions (H1)—(H4) and (H6) be satisfied, then D, is G.A.S.

Page 14 of 25
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Proof Define a function @,(S, L, 1, V, C) as follows:

s L
R1(S2, V1) Ji(L2)
DPy=8S-8y — dwx+L—Ly— d
? ? /S NG Va) S P R

s bJ2(I2)R1(S2, V2)+8~73(V2)N3(52,12)< I L T d%)
ea + nJa(Cr) Jall) Ts(Va) S AP

R1(S2, V2) V- T3(Va)
F () <V‘V2‘ AP d”)

N w[bTa(L)R1(Sa, Vo) + £ J3(V2)R3(S2, 12)] (C— C,_ € Ja(Cy) d%)
oe(a+ 1Ja(C) Ta(l) J5(Va) 27 e, TG )

We calculate d‘% as follows:

@ B (1 B R1(S2, Vo)
dt R1(S, Va)
s <1 ~ J(lo)
Ji(L)

. bJo(12)R1(S2, V) + e J3(V2)R3(S2, 12) (1 B ‘.72(12)>

e(a + nJa(Cy)) Jo (L) T3(V) Jo(I)
R1(S2, Vo) J3(Va)
x (MWL) = aoI) - nJu(C) (D)) + A (1 AL )
w[bJr(I)R1(S2, V) + e J3(V2)R3(S2,15)]
oela+ uJu(Cy)Jol2) J3(Va)

)(ajﬂ,(cmu) _x7(C)). (26)

)<¥(S) SRS V) = (S, L) - Na(S. 1)

)(?%(5, V) +8(S,L) + 83(S,1) = (A + ) (D))

x (b)) —eJ5(V)) +

5 <1 ~ J(G)
Ja(C)

Collecting the terms of Eq. (26) and using the equilibrium conditions for D,

¥(S2) = R1(S2, V) + R (S2, L) + R3(So, L) = (A + ¥) T1(Lo),

ML) = (a+ nTC)) ), Tall) = J,,(Vz):bji(fz{

)
o

we obtain

b (L)R1(S2, Va) + e J3(V2)R3(Sa,12)
e T (1) T3(Va)

_ ABT(L)R1(S2, V2) + e T5(V2)R5(S0, )]

- e(a+ nuJu(C)) J2 (1) J3(Va)

R1(S2, Vo) + R3(S2,12) = Joll2)

Ji(Ly).

In addition, we get

d b
T - (¥(9)-¥(5) (1 - ill(f; X;’) + (1S Va) + NS5, L) + Na(8,1))
R1(S2, Va) Ri(S, V) Ra (S, L)R1(S2, Va)
x <1 D) ) RSz VZ)Nl(S, Va) ’ NZ(SZ,LZ)?*2(52,142)?‘?1(5; Va)
n &3(52712) RB(Srl)Nl(SZr VZ) _ Nz(Sz,Lz) jl(L) _ Nl(SZ; VZ) NI(S) V)tjl(LZ)

R3(S2, L)R{(S, V>) Ji(Ly) R1(S2, Vo) N1 (L)
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Ro(S, L) T1(L2) CRy(Suly) R3(S, ) J1(L2)
R (S2, L) (L) owi R3(S2, 1) T (L)

o)
Jo(lz)
)

—Ry(S2, L)

+ R1(S2, V) + Ra(Sa, L) + R3(Sa, Ir) — R3(S2, 12)

J(L) (b)) ( )~71(L)\72(12
TL) )~ 27 T(Ly) DD
J3(V) T () T5(Va)
AT BRARNATAY AT

- R1(Sy, V2) +R1(S2, Vo) + R3(S2, 1)

—R1(S2, Vo) +R1(S2, V). (27)

Rearranging Eq. (27), we obtain

4o, i R1(Sy, V)
- (¥(S) - ¥(5)) (1 D) )

RS, Vo) (S, V)T (Lo)
Ri(S, Vo) RSy, Vo) (L)

+R1(S2, V2)|:5

_h@D)RhL)  HU)IT5(Va) RS, Vz)js(V)i| . Nz(Sz,L2)|:3 _Ry(55, Va)
(L) T) L) T(V) RS, V)T5(V2) R1(S, Va)
RS L)L) Ry(S, Vz)Nz(Sz,Lz)jl(L):| +R5(S, 12)[4_ R1(S2, V)
Ra(So, La) Ji(L)  R1(S2, Va)Ra(S, L) J1(L2) ’ R1(S, V)
_R(SN(Le)  S(L)Ta(l) RS, V2)33(52,12)‘72(1)i|
R3(S2, ) 1(L)  Ti(La) To()  Ri(Sa, V2)R3(S, 1) Ja(la)
RS, V) JV) 14+ Ri(S, Vz)jS(V)]
Ri(S, Vo) T3(V) R1(S, V) T3(V2)
. &2(52,L2)|: Ry(S, LIR1(S2,Va) WD) . Ri(S, Vz)xz(Sz,Lz)j1(L)i|
Ra(S2, L2)R1(S, Vo) Ji(La) R1(S2, Va)Ra(S, L) J1 (L)
. &3(52712)[ B3(S,DR1(S2,Va) ) 1+ RS, Vz)Ne,(Sz,Iz)Jz(I)]'
R3(S2, L)R1(S, Vo) Jalla) R1(S2, Va)R3(S, 1) (L)

+R1(S2, V2)|:

Using the definition of G/ (S, U) given in (21), we obtain

Ro (S, L)R1(S2, Vo) B Ji(L) 14 R1(S, V2)Ra(Sa, L) J1 (L)

Ro(S2, Lo)W1(S, Va)  Ji(La) R1(S2, V2)Ro(S, L) T1(L2)
_ GL(S,L) @) 1+ Ji(L)GE(S2, Ly)
Gh(S2 L) Tila) Ji(L2)G5(S,L)

and

R3(S,1)R1(S2, Va) B Jo(l) 1+ R1(S, V2)R3(S2,12) Jo ()

R3(S2,L)R1(S,Va)  Ja(lh) R1(S2, V2)R3(S,1) (1)
_ gi(s,n _ A 14 To(1)G5(Sa, I)
Gy(Sa,r)  Ja(b) D(I)GYS, D)

Then

AP, R1(52, V2) R1(52, V2)
a O _¥(SZ))<1 TN, V) ) FRE VZ)[S TN, V)

_ RS, V)T (L) _ (L) Jo(L) B To) T5(Va) B Ri(S, Vz)JB(V)]
Ri(So, V)WL) TiLa) o) To2)T3(V)  Ri(S, V) T3(Va)

Page 16 of 25
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+R2(52,L2)|:3 R1(S2,Va)  Ra(S, L) Ji(Ls) NI(S,VQ)NQ(Sz,Lg)Jl(L)}

SN VE) NS L)L) RSz Va)Ra(S, LT (Lo)

RS, Va)  R3(S,0)N(La) (L) Fa(h)
Ri(S,V2)  R3(S2, ) JA(L)  Ji(la)Ja()

N1 (S, V2)33(52;12)\72(1):|

R1(Sa, V2)R3(S, 1) Ja(l2)

Ri(S, Vz))( RS V) J(V) )

RS, V) J\R(S, Va)  T3(Va)

B 95(52,L2)>( Gi(S,L) B j1(L)>
Gi(S,L) GL(S2Ly)  Jila)

gé(sz,lz))< G3(S,1) B 72(1))

gi(s,n Gl(Ss, ) b))

+R3(S2, 1) |:4

+R1(S2, V2)<1 -

+R5(S2, L) (1

+ N3(52,12)(1 -

Hence, if N1 > 1, then d% <O0forall S,L,I,V,C >0and d‘% =0whenS=8,,L=L1L,,1=1,
and V = V,. Define 1, = {(S,L,1,V,C) : d{% =0} and 7; is the largest invariant subset of
75. The solutions of system (2) converge to 7, which contains elements with S(¢) = S,,
L(t) = Ly, I(t) = I, V(t) = V3. Then I(¢) = 0 and from the third equation of system (2),
we have 0 = I(t) = AJy(Ly) — aTJo(lh) — nJa(C(£))Ja(ly), which gives C(£) = C, for all ¢.
Therefore, 7, = {D,}. Applying LaSalle’s invariance principle, we get that D, is G.A.S. O

6 Example and numerical simulations

In this section, we consider the following illustrative example:

¢ _ S s" mv oL n3!
SO =p-aS+:S1- smax) - 1+SS”(1+ﬁ1V t gL T 1+ﬁ31)’

Py S" mv L n3!
L) = 5555 (v + Topor + Taper) — B+ V)L

I(¢) = AL — al — uCI, (28)
V(t)=bl-¢V,

C(t)=oCI-nC.

This example is a special case of system (2) which considers the following forms:
+ The intrinsic growth rate of healthy CD4*T cells

S
Smax '

Here, we consider another source for producing healthy CD4* T cells that is the

¥(S)=p—a5+§5<1—

proliferation of existing healthy cells in the body [4]. The maximum proliferation rate
of healthy CD4* T cells is given by ¢ > 0. It is well known that there is a maximum
level of healthy CD4*T cell concentration in the body which is described by the
parameter Spax > 0. If the concentration reaches Sy, it should decrease. We assume
that ¢ <« [52]. It is clear that ¥(0) = p > 0 and ¥(Sy) = 0, where

Snax 4p¢
_ _ —g)2 4 25
So = 2 <§ a+ [(-a) +Smax>'
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In addition, we have

2%S

max

¥'(S)=¢-a- <0. (29)

Clearly, ¥(S) > 0 whereas ¥'(S) < 0 for all S € [0, Sp). Hence, Condition (H1) holds
true.
« The virus-cell, silent cell-cell, and active cell-cell incidence rates of infection are,

respectively, given by

mS”V
N S,V = ’
1(SV) (1+85")(1+pB1V)
ﬂzS”L
Ry(S,L) = — 2=
25 1) (1+857)(1 + poL)
s
Rs(S,1) = —— 0

(1+85M)(1 + Bs)°

The parameters n; > 0, i = 1,2, 3, account for the infection rate constants. Parameters

n, 8, Bi, i =1,2,3, are positive constants. It is clear that

R1(S,V) >0, Ro(S,L) >0, R3(S,1)>0 forall S,L,I,V >0,
810, V) = Ry(0,L) = R3(0,1) =0 forall LI,V >0,

R1(S5,0) = R8,(S,0) =R3(5,0) =0 forall S>0.

Further, we have

INR(S, V) nmn SV Ny (S, L) i S*L 0
= >V, = >V,
aS (1+6887)2(1+B1V) oS (1+6887)2(1 + BoL)
IN3(S, 1) nn3S" aR1(S, V) mS”
= > U, = > O,
aS (1 +88")2(1 + B3l) Vv (1+85M)(1 + BV)2
IRy (S,L) 728" oR3(S,1) U
= >V, = >V,
oL (1+688")(1 + BoL)? ol (1+688")(1 + BsI)?
oR1(5,0) mS” IR(S5,0)  mS” 0R3(5,0)  n38”
= >0, = >0, = >0,
v 1+468” oL 1+468” ol 1+68"

forall S,L,1,V > 0. Furthermore, we have

i(8N1(5,0)> nnlS”‘l

s\~ av ) T +resr2 "

d [ 98,(S,0) _ m;zS”‘l 20

ds aL T (1+88m2 T

d 3&3(5, 0) nngS"‘l

d_S( ol :(1+6Sn)2>0fora115>0.

All the above discussion ensures that Condition (H2) is confirmed.
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« The natural death rate of the silent/active HIV-infected cells, HIV particles, and
HIV-specific CTLs

Jix)=x, k=1,2,3,4.

Obviously, Condition (H3) is valid.

In addition, we have

i(m(S V)) _ i( 1" ) _ n1B1S" <0
oV \ F(V) AVNA+8SM1+BV)) A+pV)2A+688Y)
9 (Nz (S, L)) _ i( 8" ) _ n2825" <0
Ji(L) AL\ (1 +8S")(1+ L))~ (L+BL)2(1+68S7)
<N3 (S, 1)> i( 138" ) _ n3psS” <0
T () I\ (1 +8SM)1+BD)) (1+Bs)2(A+85")

forall S,L,1,V > 0. Therefore, Condition (H4) is also verified. On the other hand, we have
J{(x) =1, and then

8Rl(S 0) 7]15"

S
=== =T 5
N (S,0)  mS”
S
P8 =—— =T 5o
8N3(S 0) 7}35”
S
Fs®)=—— =T 55

Clearly, frzg = '72 and L 3(5) = Z—i‘, hence Condition (H5) is satisfied. In addition,

Ry(S,L)  m(l+pViIL Ro(SiLi) — ma(1+ B V)L

L(S,L) = = , L(s;, L) = =
GED =S v T marphve S TNV T s LV,
R3(S, 1) m3s(1+ BVl R3(Si, 1) n3(1+ BV
[(§,])= —2 = , 1S, L) = = ,
GSD=S eV T mar gy TS T RS T s BV,
and

)

GH(S,L) i giL(Si,Li)) B3+ BV)AL - Ly)?
L L) nVEIQA+BL)2(1+ Bl

)<gl(5 1) gf(&Jt)) _ Ban3(1 + 1 Vi)* (I - I,)*
I; nIVE(L+ Bsl)>(1 + BsD)* —

(GHS,1) - GH(5, L) (

(G1(5,1) - GL(S, 1) :
forall L, >0, S € (0,Sp), where i = 1,2. Hence, Condition (H6) is ensured. Consequently,
the validity of Conditions (H1)—(H6) guarantees that the global stability results demon-
strated in Theorems 1-3 are valid for this example. Thus, the threshold parameters for

system (28) are given by

_ Selbany + e(any + Ans)]
oo as(h+y)(1+685p)
oAS] < brm n2Lo N3 )
ar(A+y)(1+8S))\eo +bapy 1+ PLy o +7Ps

’

(30)

N =
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Table 2 Some values of the parameters of model (28)

Parameter  Value Parameter  Value Parameter  Value

) 10 2 Varied 0.2

o 0.01 3 Varied & 2

¢ 0005 @ 05 B 0.1
Smax 1200 Yy 0.2 B 02

B 07 by 02 B3 03

n 2 b 5 o Varied
m Varied w 0.1 w 03

To solve system (28) numerically, we fix the values of some parameters (see Table 2) and

the others will be varied.

6.1 Stability of the equilibria
In this subsection, we consider the following initial condition for model (28):

IV-1: (8(0), L(0),1(0), V(0), C(0)) = (930, 2,0.6,1.6,0.4).

Choose the values of parameters 11, 13, 13, and o as follows.

Stability of Do: n1 = 0.03, 1 = 0.01, n3 = 0.02, and o = 0.03. For this set of parameters,
we have 0y = 0.17 < 1. Figure 1 displays that the trajectories initiating with IV-1 reach the
equilibrium by = (1061.32,0,0,0,0). This shows that Dy is G.A.S. according to Theorem 1.
In this case, the HIV particles will be cleared from the body.

Stability of D1: n1 = 0.3, n, = 0.1, n3 = 0.2, and o = 0.03. With such a choice, we
get N; = 0.85 <1< 1.71 = NRy. It is clear that the equilibrium point D; exists with
b; = (878.74,5.97,2.39,5.97,0). Figure 1 displays that the trajectories initiating with IV-
1 tend to D;. Therefore, the numerical results support Theorem 2. This case represents
the persistence of the HIV infection but with unstimulated CTL-mediated immune re-
sponse.

Stability of Dy: 11 =0.3, 1 =0.1, n3 = 0.2, and o = 0.1. Then we calculate %; = 1.37 > 1.
In Fig. 1, we show that D, = (959.47,3.42,1,2.5,0.92) exists and it is G.A.S., and this agrees
with Theorem 3. Hence, a chronic HIV infection with CTL-mediated immune response

is attained.

6.2 Effect of CTC transmission

In this subsection, we investigate the influence of different modes of transmission on the
HIV dynamics (28). We use the parameters given in Table 2 and choose the value o = 0.1
with the following initial condition:

1V-2: (5(0), L(0),1(0), V(0), C(0)) = (1000, 1.5,0.5,1.2,0.2).

We choose four sets of parameters 71, 172, and 13 and investigate the following illustrative
cases:

Case (1): HIV dynamics with VTC, silent HIV-infected CTC, and active HIV-infected
CTC transmissions: Here, we consider the parameters n; = 0.3, n; = 0.1, and 53 = 0.2.
Figure 2 and Table 3 show that the solutions of the system approach the equilibrium b, =
(959.47,3.42,1,2.5,0.92).

Case (2): HIV dynamics with both VIC and active HIV-infected CTC transmis-

sions: In this case, we select the values 1; = 0.3, 7, = 0, and 73 = 0.2. From Fig. 2 and
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Figure 1 The behavior of solution trajectories of system (28)

Table 3, we observe that the solution trajectories converge to the equilibrium b, =
(981.63,2.69,1,2.5,0.19).

Case (3): HIV dynamics with only VTC transmission: Here, we consider the values 1; =
0.3, n2 = n3 = 0. Figure 2 and Table 3 display that the solution trajectories approach the
equilibrium b; = (1040.56,0.71,0.29,0.71,0).

Case (4): HIV dynamics with only VTC transmission: In this situation, we pick the pa-
rameters n; = 0.1, 2 = n3 = 0. It is clear from Fig. 2 and Table 3 that the solution trajecto-
ries reach the equilibrium Dy = (1061.32,0,0,0,0).

From the above discussion, we note that the presence of silent HIV-infected CTC and/or
active HIV-infected CTC transmissions increases the infection rate. As a result, the con-
centration of healthy CD4*T cells is decreased, while the concentrations of silent/active

HIV-infected cells, free HIV particles, and HIV-specific CTLs are increased as shown in

Fig. 2 and Table 3.
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Figure 2 The evolution of HIV dynamics (28) under different modes of transmission

Table 3 Effect of the infection parameters n;, i=1,2,3, on HIV dynamics (28)

ns  Theequilibrium point

m m
0.1 0
02 O
03 O
03 O
03 O
03 001
03 0.1
07 03

0 B0 =(1061.32,0,0,0,0)

0 DO =(1061.32,0,0,0,0)
0 040.56,0.71,0.29,0.71,0)
0.1 999.65,2.10,0.84,2.10,0)

02 D,=(979.70,2.76,1,2.5,0.26)
02 D;=1(95947,342,1,2.5,092)
)

(1
=(
=(
0.2 Dz—(98163269 ,2.5,0.19)
(
(
05 D, =(743.87,994,1,25,744

7 Conclusion

In this paper, we developed and analyzed a general HIV dynamics model with CTL im-
mune response. We incorporated two modes of transmission, VIC and CTC. The CTC
infection is due to (i) the contact between healthy CD4*T cells and silent HIV-infected
cells, and (ii) the contact between healthy CD4*T cells and active HIV-infected cells.
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The incidence rates between the healthy CD4*T cells and free HIV particles, silent in-
fected cells, and active infected cells were given by general functions. Further, the pro-
duction/proliferation as well as removal/death rates of all compartments were given by
general nonlinear functions. We proved that the solutions of the model are nonnegative
and bounded. We showed that the model has three possible equilibria: the infection-free
equilibrium By, the chronic HIV infection equilibrium with inactive CTL-mediated im-
mune response P, and the chronic HIV infection equilibrium with active CTL-mediated
immune response D,. The existence and global stability of the three equilibria were gov-
erned by two threshold parameters, 3 (the basic HIV reproduction number) and ), (the
HIV specific CTL-mediated immunity reproduction number). The global asymptotic sta-
bility of Dy, D1, and D, was investigated by constructing Lyapunov functionals and utiliz-
ing LaSalle’s invariance principle. We performed numerical simulations to illustrate the
theoretical results. We showed that the inclusion of CTC transmission decreases the con-
centration of healthy CD4*T cells and increases the concentrations of infected cells and
free HIV particles. We observed that the inclusion of silent HIV-infected CTC and active
HIV-infected CTC transmissions into the HIV infection model increases the basic repro-
duction number Ry, since Ng = N1 +Nog + NRo3 > Ro1. Therefore, neglecting the CTC trans-
mission will lead to under-evaluated basic HIV reproduction number. We mention that
our model can be extended to take into account time delay [53-56], reaction—diffusion
[57, 58], and stochastic interactions [59].
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