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1 Introduction
Higher-order Apostol-Genocchi, Apostol-Bernoulli, and Apostol-Euler polynomials are
defined by the following relations, respectively (see [7]):

it w' 2w \"
ZGZ’(Z;A)— = (—) e, |w|<mwheni=1 (1.1)
o n! re? +1

and |w| < |10g(—k)| when A #1;1 € C,

> w” w e
> Bz — = (—) €, |w|<m wheni=1 (1.2)
= n! Ae? —1

and |w| < }log(—k)| when A #1;A € C,

> w 2 "
E EMzA)— = (—) e, |wl<mwheni=1 (1.3)
o n! re” +1

and |w| < |log(—k)| when A #1;A € C.

When m = 1, the above equations give the generating functions for the Apostol-Genocchi,
Apostol-Bernoulli, and Apostol-Euler polynomials, respectively (see [3]). When m =1
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and A = 1, the equations give the generating functions for the classical Genocchi, Bernoulli,
and Euler polynomials (see [4, 10]).

New formulas for the product of an arbitrary number of the Apostol-Bernoulli,
Apostol-Euler, and Apostol-Genocchi polynomials were established in [6] where these
polynomials were referred to as Apostol-type polynomials. Further, higher-order con-
volutions for these polynomials were established in [7]. New identities for the Apostol—-
Bernoulli polynomials and Apostol-Genocchi polynomials were also presented in [8].

Fourier expansion, being a sum of multiple of sines and cosines, is easily differentiated
and integrated, which often simplifies analysis of functions such as saw waves which are
common signals in experimentation [9]. Real world applications of Fourier series include
the use for audio compression [5].

Fourier expansions of Genocchi polynomials and Apostol-Genocchi polynomials were
obtained by Luo (see [11, 12]) using Lipschitz summation, while Bayad [3] obtained
Fourier expansion for the Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi
polynomials using complex analysis theory of residues. Following Luo [12] and Bayad
[3], the Fourier expansion of Apostol Frobenius—Euler polynomials was derived by Araci
and Acikgoz [2]. Fourier series of periodic Genocchi functions and construction of good
links between Genocchi functions and zeta function were also obtained in [1]. Fourier
series of higher-order Bernoulli and Euler polynomials were used by Lépez and Temme
[10] to obtain asymptotic approximations of these polynomials. Using the method in [10],
approximations for higher-order Genocchi polynomials were derived in [4].

In this paper, Fourier expansions for higher-order Apostol-Genocchi, Apostol-
Bernoulli, and Apostol-Euler polynomials are derived as no Fourier expansions of these
polynomials are available in the literature. The method of Lépez and Temme [10] is used
to derive the desired Fourier expansions. It is found out that the method using Lipschitz
summation is not applicable to these higher-order polynomials. Moreover, it is shown that
for m = 1 the Fourier series obtained reduce to those obtained in [3] and [12] . Exceptional

values of the parameter X are also considered.

2 Fourier expansions
In this section Fourier expansions for higher-order Apostol-type polynomials mentioned
above are presented and proved.

Theorem 2.1 For . € C, 1 #0,-1,0<z<1,and n>m,

om TTin -1
G(z52) = ne (n )

A? m-1
oo m-1 )
m-—1 (2k+1)miz
—-v-1)B" 7 91
" k-Z_oog ( v )(n V- BE) [log A — (2k + 1)mi]* (2.1)

where B!)'(z) = Bl (z; 1) denotes the Bernoulli polynomials of higher order defined in (1.2).

Proof Applying the Cauchy integral formula to (1.1),

G;"(Z;)») L/( 2w )mewz dw (2.2)
C

n! 2mi reV +1 wi+l’
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where C is a circle about zero with radius < |ir —log A|. Let

fw) = ( Mivi 1) % (2.3)

Note that 0 is a pole of order # — m + 1, while the values wy such that Le** + 1 = 0 are poles

of order m. For k € Z,
wi = —log A + (2k + 1)7i. (2.4)

Let Cy be a circle about 0 with radius < |wg|. Letting k — oo and using the residue theorem,

k—oc0 277§ rew +1) wrtl

1 2 " e =
lim — ( id ) Z—dz=Res(f(w),0) + > Ry, (2.5)
Ck k=—00

where Ry = Res(f (w), wy).
For 0 < z < 1, the limit on the left-hand side of (2.5) is 0. For k = 0,

Ry =Res(f(w),0) /f w)dw Z’A).

Then (2.5) becomes

[e¢]

0= G(Z,A) ZRk

& GlaN=-(n) ) R (2.6)
k=—00

To compute the residues Ry, k > 1, the Laurent series of f(w) about wy will be used. Since

wy is a pole of order m, its Laurent series is

Zar(w wi) +Za, w—wi)' (2.7)

r=-1

where a_; = Res(f(w), wg).
Multiplying both sides of (2.7) by (w — wy)™, we have

oo

(w—wp)"f(W) =Y aw=wi)™" +ay(w—wp)"
r=0

+as(w—-w)" 2+ v a_y,

where a_; is now the coefficient of (w — wy)”1. That is, a_1 = a,,_1 in the expansion

(w—we)"fW) = a(w—w)". (2.8)

r=0
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Let

e(2k+ )iz

m 2(n )
Gl Z Aiitn [ log A + (2k + 1)mi]"’ (2.9)

where 8;"(n,z) are to be determined. From [3] and [12],

2(14!) x e(2k+1)m’z

AZ k;@ [—log A + (2k + Dmi]"’

Gn(z; k) =

(2.10)

it is seen that B} (n,z) = 1, Vk.
To find an explicit formula for 8" (n,z), substitute wy = —log A + (2k + 1)7i to (2.8) and
use f(z) in (2.3) to give
) " ZmeWZ
(w - [—logk +(2k + l)m]) —(Aew P

[e¢}

= Za,(w— [— log A + (2k + l)m‘])r. (2.11)

Lets=w—[-logA + (2k + 1)7ti]. Then w = s —log A + (2k + 1)7ri and (2.11) becomes

(_2)m6(2k+1)nize—z log A

s eZS
’ r 2.12
[s—logh + (2k + 1)mi]"=m+1  (es —1)m Z ars'. (2.12)

Using (1.2) and writing

o0

[s—loga + 2k + Dmi]"™ ! Z(m " 1) ’[~loga + 2k + Dmi]" -

v=0

the left-hand side of (2.12) becomes

(-2)mwe<2k+nmz<z (”" - 1> *[~logh + (2K + )] " )
v

v=0

x (Z B;:’)(!z) s“). (2.13)

v=0

Applying Cauchy-product on (2.13) will yield

(_2)m z (2k+1)71 iz

monl v-rB'(2)
[logk+(2k+1)m]n+1mzz< ) log/\+(2k+1)m] TS

=0 v=0

0.¢]
= Z as’. (2.14)
r=0
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Thus,
(_2)me(2k+l)niz
o= A[=log A + (2k + 1) i]H+i-m
N (m-n-1 v_rB™(2)
—logi + 2k + 1)mi L, 2.15
X;( i )[ og A+ (2k + 1)i] o (2.15)
In particular,
(_2)me(2k+1)niz m-1 m—n—1\B"(z) .
1= L f—logA+(2k+1 . (2.16
-1 AZ[—logk+(2k+1)ni]”; m—-1-v/) ! [Flogh + @k + D] (2.16)
Comparing (2.6) and (2.9),
A [-log A + (2k + 1)mi]"
Bln2) = — . (2.17)
Substituting (2.16) to (2.17),
m-1
m m— m-n-1 B\y)n(z) v
Bl (n,2) = (=2)"* ; (m L v) o [—logk + (2k + l)yn] . (2.18)
Using the identity
1y n-1\/m-1 (n—v—l)!:i m-n—1 , (2.19)
m—1 v (n—1)! vi\m-1-v

(2.18) becomes

m m— -1 - -1 ( - _1)‘ m v
BY'(n,z) =2 1(:1—1>v20:(mv )%Bu(z)[logk—(2k+l)nl]. (2.20)

Substituting to (2.9), the desired Fourier expansion for G(z; 1) is obtained. (]

Remark 2.2 When m = 1, (2.1) reduces to

(I’l') sl e(2k+1)m’t

Z [—logA + (2k + 1)7i]"’

k=—00

2(n!
Gu(z M) = e
which coincides with that of Luo [12] and Bayad [3].

Theorem 2.3 For € C, 1 #0,1,0<z< 1, and n > m,

(n-m)mi -1
Bl(za) = — (” )

AF m—1
oo m-1 .
m—1 e2kmz
—v-1)B"z) ————. 2.21
x Z( v >(" V- VB @ o ok @21)

k=—00 v=0
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Proof The method used in proving Theorem 2.1 will be applied here. Applying the Cauchy
integral formula to (1.2), we obtain

Bi@d) 1 / LA 2.22)
n! 2i Jo\ e” -1 wntl
where C is a circle about zero with radius < |log A|.
Let
w m eW?
gw) = ( o 1) T (2.23)

Note that zero is a pole of order n — m + 1, while the values u; such that Ae*s — 1 = 0 are
poles of order m. For k € Z,

up = —logh + 2kmi. (2.24)

Let Cy be a circle about 0 with radius < |wg|. Letting k — oo and using the residue theorem,

k—o0 271 AeV —1

) 1 w m eW?
lim — . " dw = Res(g(w),0) + Z Sk (2.25)

where Sy = Res(g(w), ux)
For 0 < z < 1, the limit on the left-hand side of (2.25) is 0 and

Res (g(w) O / w)d (Z’ )\)

Then (2.25) becomes

B"(z; A >
0= n(Z )+ Sk
n!
=-00
& B'(zA)=—(n) Z St (2.26)

To compute the residues Sk, use the Laurent series of g(w) about u. Since u is a pole of
order m, the Laurent series of g(w) about u is

[o¢] —-m
gw) =Y bw—w) + ) brw-u)', (227)
r=0 r=-1
where b_; = Res(g(w), ux).
Multiplying both sides of (2.27) by (w — )",
o0
(w—10)"gw) = Y by(w — ue)™" + by (w— )" + b_y(w— )" > + -+ + by,
r=0
where b_; is now the coefficient of (w — u;)”!. That is, b_; = b,,_; in the expansion

(w—w)"gw) = Y by(w - ). (2.28)

r=0
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Let

eZkrr iz

B(z; T ATE 2.29
n@h) = Z V) e g (2.29)

where y;”(n,z) are to be determined. From [3],

B, ()= —) i e for i #1 (2.30)
n\%Z; = r ’ .
P Pl [-log X + 2kmi]” ©

it is seen that ! (n,2) = -1, Vk.
To find an explicit formula for y”(n, z), substitute u; = —log A + 2kmi and the function
g(w) in (2.23) to (2.28) to obtain

wz

(w—[—logk+2kni]) G € Y e Zb log)\+2km]). (2.31)

Lett =w— [-logA + 2kmi]. Then w = £ — log A + 2k7i and (2.31) becomes

A Ze 2kmiz .
[t —log A + 2k i]"—m+1 ( ) Zb £ (2:32)

Using (1.2) and writing

o0
—n-1

[t —log A + 2k i)™ "' = Z (m " )t"(—logk + 2k i)Y,

v=0 v
the left-hand side of (2.32) becomes
gy -n-1 >, B"(2)
A% 2kmiz m-n (=1 A+ 2kmi m—-n—1-v v ). 2.33
e (VZO: ( ) (~log A + 2kmi) ; o ( )

Applying Cauchy-product on (2.33) will yield

A Ze2kmiz m—n-1\B"(z)
log A + 2kmi)"™ ¢+t
[—log A + 2k i]r—m+1 Z{Z( r—v > (~logh +2ki)

r=0 L v=0
= bt (2.34)
r=0
Thus,
e2kmiz " (m—-n—-1 B ( )
= log A + 2kmi)' ™. 2.35
A (=log A + 2k i)n—m+1 Z ( r—v > (-logh + 2ki) (2.35)

v=0

In particular,

e2kmiz m-1 m-n—1 B ( )
m-1 = 2.
b1 A*(—log A + 2kmi)" Z ( -v- ) (2.36)

V=i

Page 7 of 13



Corcino and Corcino Advances in Difference Equations (2020) 2020:346

Comparing (2.26) and (2.29),

A% (=log A + 2k i)"
e2km’z

v (n,z) = by

Substituting (2.36) to (2.37),

m-—=yv —
v=0

m-1
Vkm(n,z)=—2(m_n I)B (Z)( log A + 2kmi)".

Using the identity in (2.19), we have

m—1 v (n—1)!

m-1
¥ (m2) = (-1)" <n - 1) > (m - 1) MB’"(z)(logx 2%ki)’.
v=0

Substituting (2.39) to (2.29), the desired Fourier expansion of B!/(z; 1) is obtained.

Remark 2.4 When m = 1, (2.21) reduces to

( )| o ezkm‘z

—(n
Bn ,)‘- = )
() X X;O [-log X + 2k i]”

which coincides with that in [3].

Theorem 2.5 For A€ C,1 #0,-1,0<z<1,and n>m,

mrnn+m o m-1

El@2) = 0= >N ( )(n +m—v—1)B}""(2)

k=—00 v=0
e(2k+1)mz

" Tloga = 2k + Dmim—”

Proof Multiplying both sides of (1.3) by w” yields

W lew o . whm
(MWH) =Y ENz)) —

n=0

Z G’“(z,,\)— - ZE;”(Z;A)W

n=0

1+m

The left hand-side of (2.42) can be written

M+

S 7
my(,,. w _ m w
;Gn (B0 = Z Gron& N o

n=-m

1+

ad - n!
) Zm Grom(2i2) (n+m) ()

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Page 8 of 13
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Thus,
0 . whm < . n! whm
;En (51— = Z;n G, (% A)m o (2.45)
Comparing coefficients in (2.45) gives
n!
EMNzA) = ——G (5 A). (2.46)
(n+ m)!
Using (2.1),
n! 2"(n + m)e" M (v m—1 Y m-1
E/(z2) = —v-1)
"(z; 1) (n+m)!{ v 1 k;ﬂg; ! m+m-v-1)
e(2k+1)niz
B . 2.47
X B, (@) [log A — (2k + 1) i]rtm—v 247)
Simplifying
n! ( ) n+m-1 1
n+m = )
(n + m)! m—1 (m—-1)!
and substituting to (2.47), the desired result is obtained. O

Remark 2.6 If m =1, (2.40) reduces to

E ( )\) 2(1/11) i e(2k+l)niz
n\Z;A) = ’
AZ el [~log X + 2k + 1)z i]+!

which coincides with the corresponding result in [3].

3 ThecasesA=-1and A =1
Theorem 2.1 does not apply when A = —1 because for A = —1, wy = 0, Yk, while Theorem 2.3
does not apply for A = 1 for similar reason. So these cases are considered here. Using (1.2),

i w' w \”
ZBL"(Z;I)E = (ew_1> e, |w| < 2. (3.1)

n=0

On the other hand, using (1.1), we get

00 n m

w 2w
E Gl(z-1)— = ( ) e"”
- n! —e" +1

w m
= (—2)m< ) e, |wl<2m

eV -1

o0 W”
=(=2)" B (z;1)—.
(-2) nE:() W ( )n!

Page9of 13
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Thus,
G (z;-1) = (-2)"B) (2 1). (3.2)

Also, from (2.43),

!
n. G

E}T(Z;_l) = (Vl N I’Vl)‘ n+m

(z-1)

I (=2)"By.,,.(z:1). (3.3)
(n + m)!

We proceed to finding the Fourier expansion for B/}(z;1). The method in the previous
section will be applied. First consider m = 1. The Fourier expansion for Bl(z; 1) = B,(z; 1)

is given in the following lemma.

Lemma3.1 ForO<z<landn>1,

00 e2kmiz
B(z1)=-(n) ) o (34)
oy (2kmi)

Proof By (1.2)

n! e dw
B,(z1)=BL(z1) = — —,
w5 1) =B,z 1) Zni];ew—lw"

wz

where C is a circle about the origin with radius < 27. Let f(w) = G ¢—. Following the

ew-1)wh

method in the previous section, we obtain
Buz1)==(n) Y R

where Ry = Res(f(w), 2krwi), k = £1,£2,....
These residues can be computed to be

ean i(z-1)

j
k= ki)

Thus,

o 2kmiz

e
By(z1) = —(n!) —.
k=—ooZ,:k7!O (2ki) O

For m > 1, the Fourier series of B/}(z;1) is given in the following theorem.

Theorem 3.2 ForO<z<landn>m>1,

2k iz

- w (n—1 X Em-1 - , €
Bl(z1) = (-1) n<m_1) > Z( ) )(n—v—l).BU(z)(—l) g 39

k=—00,k#0 v=0

Page 10 0of 13
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Proof By the Cauchy integral formula,

B’ (z;1 1 ev?
»@ 1) = —/ — —dw, |w|<2m, (3.6)
n! 21i Jeo (e — 1)myrn-—m+l

where C is a circle about the origin with radius < 2.

The complex numbers uy = 2kmwi, k = +1,£2,... are poles of order m of the function

eWZ
hw)= ——. 3.7
(W) (ew _ l)mwn—m+1 ( )
Then
Bl(z1l)=-(n) Y Ry (3.8)
k=—00,k#0
where Ry = Res(h(w), 2kmi), k = £1,£2,....
Let
[o¢] -m
hw) = "cw—w) + Y c(w— )’ (3.9)
r=0 r=-1
be the Laurent series of #(w), where
c_1 = Res(h(w); u). (3.10)
Multiplying both sides of (3.9) by (w — uy)™ gives
o0
(W= w)"h(w) = erlw— )™ + ca(w— )"+ 4 Ly,
r=0
where c_; is now the coefficient of (w — 1) L.
That is, c_; = ¢;;-1 in the expansion
o0
(w— )" h(w) = > c(w— ). (3.11)
r=0
Following (3.4), write
o e2km’z
B (z;1) = —(n! S (n,z;1) ————, 3.12
"(z1) = ~(n )k?;#o W) s (3.12)

where y/”(n,7; 1) are to be determined. Note that ykl(n,z; 1) =1 (see (3.4)). From (3.11),

wz

(W= 2k i) ———— =3¢, (w— 2k’ (3.13)

w _ 1)mpn—-m+1
(e —1)"e =
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Let t = w—2kmi. Then w =t + 2kmi and (3.13) becomes

m 2kmz
g ) 3.14
(et - l)me z (t + 2k {)n—m+1 ;Cr ( )
Writing
o0
—-n-1
(¢ + 2kmi)" "= (m " )t“(ka)m“” (3.15)
v

v=0
and using (3.1), (3.14) yields
-1 "
(Z B™(z 1)—) (Z (m : )t”(zkm)m-"-l-“>e2km - gc,t’. (3.16)
Applying Cauchy-product, (3.15) becomes
e i[z <m " 1) B'@ o )”"]t': ic,t’. (3.17)
(2kr i)+l —~| = r—v

Thus,

kmiz
¢ = ez—z (m " I)B (Z)(zk s (3.18)
0

2k i)n-m+1 - r—v

In particular,

(2kmi)”. (3.19)

Cm-1=

ekmiz M 1 B"(z)
(2kmi)" m-v-1/ v

Comparing (3.8) and (3.12),

m _m_l m-n—-1 ()
ZACERVED B (3.20)

v=0

Applying (2.19),

m-1
n-1 m-1\(n-v-1)
",z 1) = (=1)"! — ' B™(z)(—2kmi)". 3.21
= (07 3 (7)) g ek 621
Substituting to (3.12), the theorem follows. O

Remark 3.3 When m = 1, the formula in Lemma 3.1 and Theorem 3.2 agrees with that
obtained in [3].

Using (3.2) and (3.3) the following corollary is a direct consequence of Theorem 3.2.
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Corollary 3.4 ForO<z<landn>m>1,

oo m-1

-1 -1 2kmiz
G;"(z;_n:zmn(" 1) 3 (’” )(n—v—l)!B’:’(z)(—l)”ﬁ,

m- k=—00,k#0 v=0 v ( (T”)

om o m-1 m—1 eaniz
EM(z-1)= —— —v-1)B2)(-1) ————.
D G k_gk#();( v >("+m v DB oy

4 Conclusion

It is seen that the Fourier expansions for higher-order Apostol-Genocchi, Apostol—
Bernoulli, and Apostol-Euler polynomials are readily obtained using the method of Lopez
and Temme [10]. Following [12] and [10] it will be interesting to consider the integral rep-
resentations and asymptotic approximations of these polynomials for future study.
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