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1 Introduction

Over the past few years, mathematicians have realized that fractional calculus has many
applications in various scopes of applied science and engineering. Several researchers have
employed the fractional calculus as an experiential style of describing the properties of
natural phenomena such as chemistry, biology, physics, bioengineering, electrochemistry,
finance, economic, etc., for more details, see [12, 20, 21, 23] and many other references.
The interesting issue about this theme is that it is completely unlike classical derivatives,
because it deals with arbitrary and noninteger order, e.g., the fractional derivative of non-
integer order depends not just on the diagram of the function very near to the point but
also on some chronicle.

Recently, there has been considerable growth in fractional differential equations (FDEs)
involving several different fractional derivative operators, we indicate here the more fa-
mous operators like Riemann-Liouville (RL), Caputo, Hilfer, Hadamard, Katugampola,
and several other generalized operators.

So, this implies that different categories of FDEs involving several fractional opera-
tors have been considered. Researchers who are concerned with this topic have pre-
sented many generalizations of fractional derivatives like Hilfer—Katugampola, Hilfer—
Hadamard, ¥ -Caputo, and v -Hilfer, see [10, 16—18, 24, 29]. Some existence, uniqueness,
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and Ulam—Hyers stability results of generalized FDEs have been studied, see the recent
references [1-4, 9, 11, 22, 25, 30—34].

On the other hand, many interesting and recent results on the existence and stability of
a coupled system for different categories of FDEs have been investigated, see the following
studies [6—8, 26] and the references therein.

Terminal value problems (TVPs) for FDEs for the time being play a major role in the
modeling of numerous phenomena in engineering, science, and simulation. In short, the
existence results for ordinary and fractional TVPs have been studied by many investiga-
tors, see [5, 13-15, 27, 28, 35]. For example, Benchohra et al. in [13] obtained the existence

and uniqueness of solution to the fractional implicit TVP

PDTy(¢) =f(t,y(t),pDZ’+"y(t)), a<t<T,a>0, (1)

a

under the terminal condition
¥WT)=weR, )

where "DZf’ is the fractional derivative of order (0,7) in the Hilfer—Katugampola sense
(0<0<1,0<n<1),p>0,andf:(a, T] x R — R isa certain function.

Motivated by the aforementioned works, the target of this work is to investigate the exis-
tence, uniqueness, and Ulam—Hyers stability of solutions of a coupled system for fractional

TVPs involving generalized Hilfer fractional derivative of the type

DZ‘;'“”//y(t) =fi(t,x(t)), a<t<T,a>0,

02,123V (3)
DXV x(t) = fo(t,¥(8)), a<t<T,a>0,
under the terminal conditions
y(T) =W € R;
(4)
x(T)=w, eR,

where 0<6;<1,0<n; <1, DZ’:"”"’ (i = 1,2) is the Hilfer fractional derivative of order
0; and type n; with respect to ¥ and f : (a4, T] x R — R is a certain function under the
conditions listed later.

As far as we know, no papers about a coupled system for fractional TVPs exist in the
literature, specifically for those encompassing the generalized fractional derivative in the
¥ -Hilfer sense. Moreover, the results of the problem at hand are obtained under minimal
assumptions on nonlinear functions fi, f.

The rest of the structure of this paper is as follows. In Sect. 2, we briefly state some es-
sential definitions and the results that are applied throughout the paper. Section 3 studies
the existence and uniqueness results on v -Hilfer FDEs with the terminal conditions via
fixed point techniques of Banach and Krasnoselskii. The stability analysis in the concept
Ulam—Hyers of the proposed system is investigated in Sect. 4. At the end, some examples

are included to illustrate the applicability of the obtained results in Sect. 5.
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2 Auxiliary results
Let [a, T] C R* with (0 <a < T < 00), we also consider C[a, T] the Banach space of real-

valued continuous functions defined on [a, T] with the norm

lollc = max |0 ()], o €Cla,T).
tela,T)

Let ¢ =0 +n(1 —0) where 0 <6 < 1,0 <75 <1, and let ¥ € C'[a, T] be an increasing
function with v'(t) # 0 for each ¢ € [4, T]. For 0 < ¢ < 1, the weighted spaces Ci_c,y[a, T],

Ci o [a, T of continuous functions are defined by [29]

Cicyla T ={o:(a,T] > R; [y (t) - ¥ (@)] “o(t) € Cla, T},

Cioyla,T)={o e C"'a, T, 0" € Ci_gyla, T1}.

Obviously, Ci_¢;y[4, T] and Cy_ o [a, T'] are Banach spaces endowed with the norms

lolic, oy = max |[¥(6) - (@] o)

tela,T)

’

n-1
”(7||C£§;w = ZO:”O'(/) ”C + ||U(n) ||C1—§;w’
j=

respectively. For n =0, Cfﬁ - [a, T] = Ci_c;yla, T]. Let us introduce the following space:
E= {a(t) 10(t) € Cigyla, T]}
endowed with the norm defined by

lolle = llolley_,y -

It is easy to perceive that, for o € E, (E, |0 ||£) is a Banach space. Then, for (o, p) € E X E,

the product space (E X E, ||(0, p)|lexk) is @ Banach space too, where

”(U,P)”EXE:maX(”U”E» ”IO“E), o,p €E.

Definition 1 ([19, Sect. 2.5, Eq. (2.5.1)]) Let6 >0, o € L1[a, T]. Then the left-sided v -RL

fractional integral of order 0 of a function ¢ w.r.t. ¢ is described by

6-1

zj;wa(t)=%9) / VOO -ve) o) ds.

Definition 2 ([19, Eq. (2.5.17)], [10, Definition 1]) Let n — 1 <6 < n, and o € C"[a, T].
Then the left-sided ¥ -fractional derivatives in the concepts 1 -RL and 1 -Caputo of order

0 of a function o w.r.t. ¢ are described by

DY o) = D" I o ()
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and
Cnov n-0,y _[n]
D o(t) =1, oy (1),

respectively, where o\[;’] (&) =D"Yo(t), D"V = [w,l(t) %]", andn=[6] + 1.

Definition 3 ([29, Definition 7]) Let ¢ =0 + n(n —0) wheren—-1<0<neN,0<n <1,
and o € C"[a, T]. Then the left-sided v -fractional derivative in the concept ¥ -Hilfer of
order 6 and type 1 of a function o w.r.t. ¥ is given by

DZ'IM/[O' (t) — I;IE"*Q);an,IIIIS:'?)(H*m;‘//O, (t)

="V DY 6 (), (5)
where
DV o (t) = DIV 6 (p),

Lemma 1 ([32,Lemmal]) Letf >0and0< ¢ <1.Then (Iz;w is bounded) : Ci_c,y[a, T] —
Cl*é‘ﬂ// [ll, T]

Lemma 2 ([32, Lemma 1], [29, Lemma 4]) Let 0 >0,0< ¢ <1, and o € Ci_cyla, T]. If
¢ <0, then (13;‘/’ is bounded) : C,_c,y [a, T] — Cla, T]. Besides,
I’V o(a) = lim Izi‘[’o(t) =0.

t—at

at

Definition 4 [32, Definition 3] The weighted continuous spaces Cf’jg;w [a, T] and
Ci_..yla, T] are described by

Ci" la T ={o € Cigyla, T, D) o € Ci_gy[a, T1)
and

CylaT1={o € Cigyla, T, D5 0 € Ci_gy[a, T1}, (6)
where ¢ =0 +1n(1-6),0<6 <1,and 0 < 5 < 1. Observe that

Ciyla, TI C CI" (4, T) C Ci_gyla, T] C Cla, T).

Lemma 3 ([2, Lemma 2.3]) Let ¢ =60 + n(1 —0) where 0<0 <1,0<n<1,and o €
Ci_cyla, T). Then

VDo =1V Do and DIV o =D,
Lemma 4 ([29, Theorem 7]) Let6 >0,0<¢ <1,and o € Ci_c[a,T], n € [0,1]. Then

DI o) = o (0).
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Lemma 5 ([29, Theorem 1]) Let 6 >0,0< ¢ <1, and 0 € Ci_cyla, T] and I;:g“”a c
Cllfg,]/,[zz, T]. Then

. 170 (a
DY o) = o) - 7

Tat T\ _ S
o WO-v@)

Lemma 6 ([19, Property 2.18]) Let t > a, and consider x5 (t) := [ (t) — ¥ (a)]~ . Then, for
0 >0and ¢ >0,

0,0 _ I'(s) B O+c-1
0= 1y g WO-v@)

Besides, for 0 <0 < 1,
Dy’ x’(8)=0.

Theorem 1 ([36, Theorem 1.45]) Let & be a Banach space, and let & C E be a nonempty,
closed, convex, and bounded set, and Iy, I, be two operators satisfying
(i) Mu+ IMyve D forallu,ve;
(i) Iy is continuous and compact;
(iii) IT, is a contraction operator.
Then there exists u* € & such that u* = Iyu™* + ITru*.

Theorem 2 ([36, Theorem 1.41]) Let & be a Banach space and & be a nonempty closed
subset of E, then any contraction operator I1 : & — & has a unique fixed point.

The results we study in this paper will only concern0<6 <1 (n=1).

3 Existence and uniqueness results
To shorten the length of equations, we set K]i(t, a) := [Y(t) — ¥(a)]! and H%(t,s) =
Y)Y ) - (s) .

Theorem 3 Let ¢ =0 +n(1 —0) where 0<0 <land 0<n<1l.Ilfo:(aT]—->Risa
function such that o (-) € Ci_c yla,T], then y € Cf_g,]l,(a, T satisfies the TVP for vr-Hilfer

FDEs
DI y(t)=o(t), tel(aT)a>0, @)
WT)=weR, 8

if and only if y fulfills the following fractional integral equation:

- AT, 1 fTH9<T o (5)ds| + — /tH% o(5)d ©)
¥ _le,(T,a) W_F(Q) -y ,8)o (s) ds +F(9) Ty ,8)0 (s) ds.
Proof Assume thaty € C;_ o [a, T] is the solution of the TVP for y-Hilfer FDEs (7)—(8).

According to the definitions of C}_ oy(@ Tland Dii'/', applying Lemma 1, we have

L7yt e Crcyla, T] and DSYy(t) = DY INSVy(t) € Ci_cyla, T). (10)

at a



Abdo et al. Advances in Difference Equations (2020) 2020:316 Page 6 of 21

Thanks to the definition of C}_ - [a, T], we have
II_S‘:W 1
() e Clcy la, T]. (11)
Take advantage of Lemma 5 to get

, I
5V D () = y(0) - o

o lCli(t,a), te(a,T]. (12)

It follows from the assumption y € C;_ " [a, T], Lemma 3, and equation (7) that
VDS y(e) = LV o (0. (13)
Equating both sides of equations (12) and (13), we find that

L y(a)

y(t) = “*F(g) K5 (t,a) + 1 o (). (14)

Using the terminal condition y(T) = w, we get
= 7a [Wl —Iz;wU(T)] (15)

Now, from equations (14) and (15), we conclude that

K5 (t.a) LT, Lo,
y(t) = lCi(T,a) [w— 1"(0)/“ HW(T,S)O'(S)dS] + m/a Hy (t,5)0 (s) ds.

Hence y(t) satisfies the TVP for v -Hilfer FDEs (7)-(8).

Conversely, suppose thaty € C;_ <u [ T] satisfying integral equation (9). Applying frac-

tional derivative Diiw on both sides of integral equation (9) and employing Lemmas 6 and

3, we will surely find

. 1 . . B
72 050 1 W0y
D; y(t) = —’Ci( : )[W_Ia+ 0(T)]D§+ ICj,(t,a) +D§+ I o(t)

=D\ o (p), (16)
where DZi‘pICi (¢,a) = 0. From (10), we have DZfI’y € Ci_c;y[a, T), then (16) implies
DYV y() =D I o (8) = DI 6 (8) € Cey a, T (17)
As o (t) € Ci_gyla, T, it follows from Lemma 1 that

[0 Ci_cyla, T). "

at

From the definition of C”

1-c;y (@ T with the aid of equations (17), (18), we get

"% el la, T

at
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Thus o and I, 1nA-05v satisfy assumptions of Lemma 5. Now, we can apply the fractional
integral I;ﬁl i on both sides of (17) and utilize Lemmas 2, 5 to get

1 n(1-0);¢ o(a)
F( (1-9))
=o(t). (19)

LD () = o (2) - K1, a)
From (5) with z = 1, equation (19) reduces to
DIyt =o(t), tel(aTl.

This proves that y also satisfies FDE (7). Undoubtedly, if y € C;_ o [a, T satisfies integral
equation (9), then it also fulfills terminal condition (8). O

Before we present our main results, we consider that the following assumptions are sat-
isfied:
(H1) fi.fo:(a, T] x R — R are such that

fi(y0) e a, 1], yeCigyla T,
_fZ( ( )) € C;nglz 32)[(1’ T]; VAS Cl—;z;w [(l; T]'

(Hy) There exist Ly (> 0) and Ly(> 0) such that, for p, p*,q,4* € R, t € (a, T], we have

Ifit,p) -fi(t.p")| < Ly
Iht.a) - f(t:q")| < Lalg - q7.

In the forthcoming theorem, by using Theorem 2, we prove the unique solution of a
coupled system for y-Hilfer terminal FDEs (3)—(4). In view of Theorem 3, we get the

following lemma.

Lemma?7 Leti=1,2,¢=0;+n,(1-6;), where 0<0;<1and0<n; <1.Iff1,f»:(a, T] x

R — R two functions such that fi(-,y) € Ci_¢, yla, T| and f,(-,x) € Ci_¢, y[a, T], then y €
cit qu@Tlandx e Cy? o,y Tsatisfy the following coupled system of fractional integral

equations:
K;l(t,a) 6]
YO = s ™~ r Ja My (To9)fi(s(5)) ]
*auf H) (8, )fy s, %(5)) s,
Ky T, 6 (20)
) = /C” [2 Ty Ja Ho (T,9)f(s,9(5)) ds]
+ T fa HP(65)(s,9(s)) ds.

According to Lemma (7), we consider the operators V; : E — E and N, : E — E defined
by

Nix(t) = y(2),
Noy(t) = x(t).



Abdo et al. Advances in Difference Equations (2020) 2020:316 Page 8 of 21

That is,
le(t)=%[w o "I (T, 9)fi (s, %(5)) dls]
21)/ /Hel(t,s)fl(s,x(s))ds, 1)
Noyt) = ,’;zéi)[ s = s [ HE (T,9)fo(s,(s)) ds]
T Ju Mo (6,5)fa(s, 5(s)) ds.

Therefore, we define N : E x E— E x E by
N@,x)(8) = (N1 @) (@), N2 (3)(2)).

For the sake of brevity, we set

_ 2L18(§1,91)
n- ')
Ag = M + 241
AT KN (T,a) " T+ 1)

_[2L:B(52,62) | 6,41
S e
Wy + 2A2
K3 (T,a)  T6y+1)

]1631*1(1 a),

Ki(T,a),

Ap =

K3(T,a),

where A; = max;e,, 1) |fi(£,0)], i = 1,2.
Now, via Theorems 2, 1, we obtain the existence and uniqueness results of a coupled
system for v -Hilfer FDEs (3)—(4).

Theorem 4 Assume that (H,) and (Hy) hold. If Ay, < 1 and Ay, < 1, then r-Hilfer coupled
system (3)—(4) has a unique solution in ES x ES C E?" x E?", where ES := C;_ o w[ T) and

E? = c‘ff’g; ylaT).

Proof Define the closed, bounded, convex, and nonempty set

Sr= {(y,x) €eEXE: H(y,x)nfxEER} CEXE,

with

A A
Rzmax{ 2! /2 }

l_Afl,l_Afz

The analysis of proof will be presented in three steps.
Step(]): NSR C Sg.
Let (y,x) € Sg and t € (a, T]. Then

[ () - (@] Wix)(@)|
1
Sm[ 91 / HelTs[fls, )’ds:|
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1 1 ¢ 0
' Wm/ H (6:5)|fy (5 %(5)) | ds
1 X
S W[ 91 / H T S

< 1A (5:(6)) — £i(5,0)| + [ﬁ(s,0)|]ds]

1
" K6 a) T / Hy (6:9)

X [[fl(s,x(s)) —ﬁ(s,0)| + [fl(s,0)|]ds

Thanks to hypothesis (H3), for (y,x) € Sg, t € (a, T], we have
[v ) -v(@] (N1x>(t>|

1 -1
sm[ o | M 019 (@)l + A1)

Kglita F(el)/ HH (65) (Lo (¥ () - ¥(@) ™ Ixll + Ay) ds

I'(s1) L o4a Ay 0141
7( GI)IC (T,a) + 71*(91 " I)IC‘/’ (T,a)]

N 1 |: I' (1) 91+1
K a T o0 r@+1)

21 24, 2 B(s1,61)
T,q) +2L,R
SKSTa T TE D TR G

(60) + K )]

/C?/}“(T, a),

where we used the fact that

1o
Ky (ta) = K (¢t a)

for ¢ > 6,

and
Ky (ta)<1 for0<g <1.
Hence, inequality (23) becomes
[v(®-v@] " V)0 < 4 + A5 R,
which leads to
[Nixlle < Ap + AgR<R.
Similarly, we can get that

IN2ylE < Ap, + AR <R.

(22)

(23)

(24)

(25)

Page 9 of 21



Abdo et al. Advances in Difference Equations (2020) 2020:316

It follows from (24) and (25) that
ING,)| ;. = max(IN#llg, [N2yllg) < max(R,R) = R.

This proves NSy C Sp.
Step(2): The operator N is a contraction.
Let (y,x), (y*,x*) € Sk and t € (a, T]. Applying (H) we have

[ () - w(a)]l‘“ [(M)(8) — (M) 0]

- /Cgl (lT a) F(91 / HQI(T s)lfl(s’x(s)) ﬁ(S»x (S))|ds

1
Kgl(t a) / H‘lf (&) Vl S’ ) fl(s’ )‘ds
1 Lk 01,9 451
< lCil(T,a)Ll ”x x ||E(1a+ K (s,u))(T)

1
L A

B(61,601) 0,41
=2y

which implies

[N = (M) [ = A =7

I

By the same technique, we can also get

||(N2y)—(N2y )||E<Af2||x x ||E

In view of the conditions A; <1 and Ap <1, we get

”/\/O’:x) —j\/(y*,x*) ”ExE < ” ) - (y*,x*) ”ExE'

Thus ) is a contraction mapping. In accordance with Theorem 2, A/ has a unique fixed

point (¥,%) € E x E.

Step(3): We show that such a fixed point (,%) € C1_¢;y[a, T] X Ci_cypy [a, T] is actually
in Cg1 la Tl x Ci? oy 1@ T1. Since y and ¥ are the unique fixed points of NV} and NV in

Cl_gw [a, T] x Ci_cy;y[a, T respectively, then for ¢ € (a, T'], we have

(t @)

) = in; KT W1 el)f Hy! (T, 5)fi (5, %(s)) dis]
iy Ju Ht (6 5)f1(5,%(s)) ds,
}ng t,a)

?(t)—,cgzm[ 2= ) f H2(T,s)f(s,5(s)) ds]
o7 Jo HP (69)f(s,5(5)) dis.

Page 10 of 21
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Multiplying both sides of the last system by D5V’ v, Dy ad respectively, it follows from Lem-
mas 6 and 3 that

DS3(e) = DSV IO £ (5, %(s))(2) = DY £ (,3()),
D2VE() = DV I fo(s,5(5)(8) = DR £y (5,51(5).

Since ¢; > 0; (i = 1,2) and by (H;), we get

DIV (5,7(s) € Crgyyy la, T,
DY £ (5,5(5)) € Cicpy [, T1.

Hence, D55 € Cy_c.y[a, T] and DV% € Cy_,,y[a, T1, it follows from the definition of
Cf’ o 1//[a, T] (i =1,2) thaty € C;* . w[a, T]andXx e Clgzg2 10[ T1]. As a sequel to the steps
outlined above, we infer that the 1 -Hilfer coupled system (3)—(4) has a unique solution in

Cloyla TIx C2_ la, T, O

We exhibit now the next result, which relies on Theorem 1.

Theorem 5 Assume that (Hy)—(Ha) hold. Then the s -Hilfer coupled system (3)—(4) has at

least one solution.

Proof Let K C Sg C E x E be a bounded set, and we define the operators F1, G: E — E
and F3, Go: E — E by

(Frx)(t) = 1_,(0)/ 7-[ (t,9)f1 (s, x(s)) ds,
K5 (8 a)
600 = ey s - 7 10 ]
(Fay)(@) / 7-[1,, (t,9)f2(s, ¥(s)) ds,
K@z(t,zz)
(gzyxt):W(T’a)[ 2 - F(ez)/ H2(T,5)fs(5,5(5)) d. }

From the above-mentioned operators, we are able to write N; = F; + G; and M, = Fy + Go.

Thus, the operator A can be expressed as
N =F+G suchthat F(y,x) = (Fix, F»y) and G(y,x) = (G1x, G2).

The proof will be divided into several stages as follows:
Stage(1): N is continuous.

The continuity of f; and f; implies the continuity of V.
Stage(2): F(K) is uniformly bounded.

Let (y,x) € K, t € (a, T]. Then, by using (H,), we have

1 Fixlle = max [¥(0) - (@]~ (Fin) o)
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1

te[a T] ICgl(t a) T'(6,) / er// (t, 9)fi (s,%(s)) ds

1
<t€[uT] Kgl(ta F(91)/ 7.[01(t s) {fl(s x(s)) ﬁ(s,0)| [fl(s,O)|)
= : /7—[ (t,8)(Ar + L[y (s) - 1p(oz)]§171||x|| ) ds
tela) K3 (t,a) T'(01) v e E
A 2 B(s1,61) 0,+1
Strer[l%][mlcw(t A+ L=y K@ a)llxllg}
< Al (51:91) 2 -
|:F(61+1)+ T :|/C¢(T,a)||x||5._R1,

where ICe”l(t a) < IC ,(t,a)for 0 < 0; < 1. In the same fashion, we get

Ay AL B(s,62)
r6,+1) 2 T6)

I Fylle < [ ]K@(T, a)|ly|lg := Ry,

which implies
||.7-"(y,x) ||E><E < max(Rl,Rz).

This proves F(/C) is uniformly bounded.
Stage(3): F(K) is equicontinuous in /C.
Let (y,x) € K and t3, £, € (a, T] with t; < £;. Then we have

[w(t) - w<a>]1‘“ (Fi)(t) - [v(t) - v (@]~ (Fx)@n)|

1
< o T / W (0,9 (5.5(9) | s

01
' F(éh) /a le;(tz,a)Hw(tZ’ s) = ,Cgl( )”H o (t1,9)||fi (s, %(5)) | ds

1 -
= Tt VO @ @A),

Vi 9 - vl i)
i B O v |0,
<t e e -vel G,

+ ,Cil(ltz,u) B(ﬁg@ )1)([w(t2> y@]")

1 B(s1,61) Op+ci-1
- Icil(tba) 6, ([Iﬂ(tl)—lﬂ(d)] ) Hfl(’x()) HE

(26)

Page 12 of 21
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B(s1,61) [ (£2) — v (£1)]fr 11
="Ten W"x('))”E[ K (t2a)

01

+ [ () - v@]" - [¥ () - v(@)]

which leads to

||(f1x)(t2) - (flx)(tl)”E — 0, ast, —>t.
Again applying the same reasoning, we have

| Fay(t2) = Foy(tr)|| , — 0, asty— 1.

This exhibits that 7(K) is equicontinuous. Stages 1-3 show that F is relatively compact
on K. By E(= Ci_;y) type Arzeld—Ascoli theorem, F is compact on K.

Stage(4): Q is a contraction operator.

Let (y,%), (y*,5*) € E x E and t € (a, T]. Then, by applying (H>), we easily get

||(g1x) - (glx*) HE =Ap ”x - ||E

and

||(sz) - (gzy*) ”E = 4p ”y_y* ||E

Since Ap, A, < 1, G is a contraction mapping. Using Theorem 1, we see that A has
at least one fixed point, which is the corresponding solution of v -Hilfer coupled system
(3)—(4). O

4 Ulam-Hyers stability
This part is devoted to proving the Ulam—Hyers (U-H) and generalized Ulam—Hyers (G-
U-H) stability of solution to the v -Hilfer coupled system (3)—(4).

Definition 5 The i -Hilfer coupled system (3)—(4) is U-H stable if there exists A =
(A, Ap) > 0 with the following property: For some € = (¢1,€,) > 0 and each (3,X) € E x E,
if
DRV - F (6FD)| < e, (27)
D2V (e) - f(65(0) | < €2, (28)

then there exists (y,x) € E x E satisfying coupled system (3) with the following coupled
boundary conditions:

*(T) =%(T),
complying with

65 - 09, < .
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Definition 6 The y-Hilfer coupled system (3)—(4) is G-U-H stable if there exists ¢ =
(@1, 95) € CR*,R*) with ¢(0) = (¢, (0), ¢1,(0)) = (0,0) such that for some € = (€1,€5) >0
and for each solution (y,%) € E x E of inequalities (27), (28) there exists a solution (y,x) €
E x E of coupled system (3)—(29) complying with

|G:%) = 0.0 o < (O

Remark 1 A function (7,%) € E x E is a solution of inequalities (27)—(28) if and only if
there exists a function (41, /4,) € E x E (where /; depends on solution J and /4, depends

on solution %) such that
(i) |h1(2)] < €1 and |a(2)| < exfor t € (a, T],
(ii) Fort € (a, T],

Dzh’"l"”i(t) = f1(&,%(2)) + h1(2),
Dzzﬁm’w%(t) = fo(t,5(2)) + ha ().

Lemma 8 Let (¥,%) € E x E be the solution of inequalities (27)—(28). Then (y,x) € E x E is

the solution of the following fractional integral inequalities:

W(e) - Zz - @ / Ht (& 5)f (5,%(s)) dis %
and

_ 26, K2 (T, a)

x(t)—Zﬁ—r(ez)/ H 950 ds| = =t
where

“ ]/ch((;?)[ e F(lel)/aTH?(T’S)ﬁ(S’%(S))dS}
and

K3 (t,a)
KT, a) [WZ I ()

Zy = /”H (T, 9)fa(s,5(s)) d. ]

Proof Thanks to Remark 1, we have
DE"5(e) = (6,7 () + (o)

Z% YL t) = (&, 5(2)) + ha(2), .
WT)=wi,  HT)=w,.
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Thanks to Theorem 15, the solution of (30) is defined by

KZ;l(t,u) ’H T d
K (T.a) w1~ 7 ST HINT, 9)fi(s,%(s) ds]
KD oy — s [T (T, s (s) ]
=1 " zczla ol ) (s) ds -
(91 f 7—[ (¢, 8)h1(s)ds
+ 7 Jo HO (& 9)fi(s,%(s)) d
and
K2 (ta)
K%(Tﬂ 92 (s,5(s)) ds]
K52 (ta) P
v
F(t) = TR >[W2 el)f H (T, 5)h(s) ds] 33)
+ oy f‘H"z (t,5)h1(s) ds
o7 Ju HP(68)fs(s,5(s)) ds.
It follows from (31) and (32) with using Lemma 8 that
~ 1 ¢ 0 _
Y(t) — Zz — W / 7‘[‘/, (&, )N (S,x(S)) ds
K:s‘l t 61) ’H T P i H 3 d
<<
< Kg(T 2 T / (T,s)|h1(s)| ds + F(@)/ (t,5)| 1 (s)| ds
IC“(t a) 1 . ¢ .
=€ Ky, )+71 W(t,a)
Ky (T,a) (61 +1) o, +1)
26, K5 N(T,a)
v '
re +1)
where Kﬁ(t, a) < lC‘j,(T,a). Along the same lines, we can also get
~ ZGZIC%H(T, a)
—Zs - Loy d
#e) 92)/ Hy (61 (s516) ds T+ 1) 0

Theorem 6 Under the assumptions of Theorem 4, if 1 — Cy,Cy, # 0, then the \-Hilfer cou-
pled system (3)-(4) will be U-H and G-U-H stable in E x E, where Cy, := L)l ICH”I(T, a)

)Ly g-0a+1 Ierstn)
§2 2 2
and Cy, := Tty Ky (T,a).

Proof Let (3,%) € E x E be the solution of coupled system (30) and (y,x) € E x E be a
unique solution of the ¥ -Hilfer coupled system (3)—(4) with the conditions

y(T) :y(T) = Wi,
x(T) :%(T) = Ws.

(33)

That is,

y(t) =Zy + / Hw (& s)A (s x s)) (34)

T®)
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and

1 t
*(t) =2y + s f HE(E5)f(s,5(5)) ds. (35)

Due to (33), Zz = Z, and Z5 = Z,. Hence relations (34) and (35) become

1 t
y(8) = Zz + W./a Hfl,l(t,s)ﬁ(s,x(s)) ds

and

1 t
x(t)=Zz + m/a H?;(t,S)fz (s,9(s)) ds

Through Lemma 8, we arrive at

~ 1 ! o
50~ 25~ 1o | M50 | < v o)
and
M) = Zi = s / Hy (4,9 (5,5(6) ds| < Ases, 47
61+1 » oo+l p
where A1 Tif) and AZ % :

Thus, by (H,) and inequalities (36), (37), we reach

[5(t) - y(0)|

() - Zz - 91/H (& 9)fi (s, %(s)) ds

F(Q)/ H (¢, s)[fl s,x(s)) ﬁ(s,x(s))|ds

< Ajer + e, )/ ’H L (£,5)L1 [%(s) — x(s)| ds

I'(¢1)Ly
(1 +61)

0
Kyt a) % - x|,

<Ae +
which implies
17 - ylle < Aver + Co, 1% -l (38)

A
where A; := Ke (T

Similarly, we have

% - x|z < Aseas + Co, |7 - yllEs (39)
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Ao

where A, := P TePR Inequalities (38) and (39) can be rewritten again as follows:
AT

(40)

15— ylle - Co, IIX — %l £ < Asey,

1% = xll£ = Co, Il = ¥l < Azéa.
Now, we will represent the relations in (40) as matrices as follows:

)

1 —Co\ (Iy-ylle (A
| T\ e

-Gy, 1 % — x|l
After simple computations of the above inequality, we can write
~ Co —

Hy - y”E < A Tl .A161
~ = CHZ 1 X\ — )
[l — x|l > A -A262

where A =1 -Cy,Cy, #0. This leads to

~ Al CoAy
- < —€ + €,
ly—ylle < A 1 A 2
~ Co A Ay
lx —xllg < ehael €1+ Xzéz'

By compiling the above two inequalities, we get

I+C@2X1> (E+C@1I2)
€1 + €9
A A

7= ylle + 1% - %l g < (

For € = max{eq, €5} and

- <I+CHZE+IZ+C€)1I2)
_ - ,

(41)

we obtain

[G:%) = 0 2) |, e = 2e.
This proves that the ¥ -Hilfer coupled system (3)—(4) is U-H stable.
Moreover, we could put into writing inequality (41) as

163 = 02 .o < (),
where ¢(€) = Ae with ¢(0) = 0. This shows that the v -Hilfer coupled system (3)—(4) is
O

G-U-H stable.

5 Examples
Here, we provide some illustrative examples to validate the obtained results.
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Example 1 Consider the following coupled system of TVP for -Hilfer FDE:

L

103

2 _ 1 [x(8)] 1

Dy- y(t) 10e5T Teix(0] T Vel t€(0,1],
10

2 _ 1 bl 1 (42)
Dg: %) = Ggr npor + v L€ (O]

y(1) =1, x(1) = 2.

w\-»

Set
1 u 1
tu)= , , R,te (0,1
Nt u) IOet+11+u+m u,veR,te(0,1]
and
1
fltv) = 4 wveRte(01].
(t+6)21+v 2Wt+1
Then
1
e (0,1 = %,E% = {fi:(0,1] x R R (ef ~1)2f e C[0,1]},
1
Cr 210,11 = [0 1]={£:(0,1] x R — R; (e3 —1)2f € C[0,1]},

N\»—-

with 6; =05 = % =n=0,61=¢ = %, Y(t) = eé, and (a, T] = (0, 1]. Evidently, the func-
tions f1,/o € C ¢ [O, 1]. So, hypothesis (H;) holds. For ¢ € (0,1] and u, u*,v,v* € R, we

H4

Dl

have

1
it -] = 1ol

’

1
[atv) - f(tv)| < 7 lv—v*|.
Hence, hypothesis (H,) is satisfied with L; = W and L, = —. By some straightforward
calculations, we find that A; = 1, Ay = 3, Ay, ~0.08 <1, Ap ~0.06 < 1, Ay ~ 1.5, and
Ay, ~ 1.7. Thus all the assumptions in Theorem 4 are satisﬁed An application of The-

orem 4 shows that problem (42) has a unique solution in C X [O 1]. However, A =

7€
1-CpCy =1- 360 7’ 0, where Cy, = 7Vi§[ and Cp, = Y—— Therefore, from

Theorem 6, coupled system (42) is U-H and G-U-H stable.

Example 2 A particular case, for 61 =0, = %, m =12 =1, and ¥ (£) = ¢, the coupled system
for v -Hilfer FDE (42) reduces to the following coupled system for Caputo FDE:

1
cn2 _ 1 =) 1
D0+y(t) = T T t e L€ 010,

cp? 1 bl 1
Dg.x(t) = o iy * e € (0.1] (43)

y(1)=1, x(1) =2.

Clearly, the function f;,f; € C[0,1]. Hence (H;) holds. Also, hypothesis (H>) is satisfied
with L; = %Oe and L, = 3—16. Via some straightforward computations, we see that A; = 1,

Page 18 of 21
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1
A2:§’A1 56\/_<1Af2_9f
positions in Theorem 4 are satisfied. An application of Theorem 4 shows that problem
ﬁ #0, where

Theorem 6 shows that coupled system (43) is U-H and G-U-H

<L, Ap=1+ f’ and Ap =2 + 75 . Thus all the sup-

(43) has a unique solution in C[0, 1]. Moreover, since A =1—Cy,Cg, =1 -
Co, = ﬁ and Cp, =
stable.

1sf ’

Example 3 Consider the special case when ¥ (¢) = log ¢ of the coupled system of TVP for
Hilfer-Hadamard FDE

;1
DIy < L 2 5 e

5+2  1+|x(t)
;logt e~logt  |y(8)| 3
Df+3 () = S 1 jy(t)l +2, te(lel, (44)
y(e) =1, x(e) =
Through comparing coupled system (3)—(4) with (44), we have 01 =0, = i, N =1 = %,
§1:§2:%,1//(t) logt,a=1,T=e,w; =1, wy =2and fi(t,u) = 5+2, ”1:: 2and fo(t,v) =

logt v

102 1.8 1+v

(H1) holds. It is simple to verify that

+5 3 for u,v € R, t € (1,e]. Evidently, the functions f;,f; € C1 log[l e]. So, condition

[fl(t,u)—fl(t,u*)| < ;‘u—uﬂ, te(lel,u,u" €R,

%(t,v) —fz(t,v*)| < é €(l,e],v,v* eR.

Thus, hypothesis (H>) is satisfied with L; = % and Ly = é. Through some easy calcula-

tions, we infer that Ay = v/2, Ay = £, Ay, 04 <1, A, 03 <1, Ay ~4.1,and Ay, ~5.3.

Since every supposition in Theorem 4 is satisfied, problem (44) has a unique solution in
1

C? lOg[1, e]. Further, as shown in Theorem 6, for every € = max(e;, €3) > 0, if (,X) € E x E
7:

satisfies
9 n1,log~, t)|
1 Los (t) 5+2t 1+|;‘x( + \/_| = €1,
92 n2,log~ elogt (o)l
|D (t) elogt g 1+\y(t 2 |

there exists a unique solution (y,x) € E x E such that

|G/%) - (y’x)”ExE =he

where
et vt by Y
A
Z:E:%%)’Cﬁ:%’c@z gﬁ,andA—l CQICQI— 63F 27!0

Hence coupled system (44) is U-H and G-U-H stable. Some graphlcal presentation of

Example 3 is shown in Fig. 1.
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Figure 1 Graphical representation of approximate solution for Example 3 at various fractional order of
coupled system (44)
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