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1 Introduction and preliminaries
In [1, 2], Carlitz studied degenerate versions of Bernoulli and Euler polynomials, namely
the degenerate Bernoulli and Euler polynomials, and obtained some interesting arithmetic
and combinatorial results. In recent years, various degenerate versions of many special
polynomials and numbers regained interest of some mathematicians, and quite a few re-
sults have been discovered. These include the degenerate Stirling numbers of the first
and second kinds, degenerate central factorial numbers of the second kind, degenerate
Bernoulli numbers of the second kind, degenerate Bernstein polynomials, degenerate Bell
numbers and polynomials, degenerate central Bell numbers and polynomials, degener-
ate complete Bell polynomials and numbers, degenerate Cauchy numbers, and so on (see
[3, 10, 13, 16, 18, 19] and the references therein). Here we would like to mention that the
study of degenerate versions can be done not only for polynomials but also for transcen-
dental functions like gamma functions. For this, we let the reader refer to the paper [14].
The aim of this paper is to study two degenerate versions of Bernoulli polynomials of
the second kind, namely the partially and fully degenerate Bernoulli polynomials of the
second kind, and their higher-order versions by using p-adic Volkenborn integrals. We
derive several explicit expressions for those polynomials and identities involving them and
some other special numbers and polynomials. The possible applications of our results are
discussed in the last section.
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The paper is organized as follows. In this section, we recall what is needed in the rest of
the paper, which includes the p-adic Volkenborn integrals, the ordinary and higher-order
Bernoulli polynomials, the Bernoulli polynomials of the second kind, the degenerate expo-
nential functions, the Daehee numbers, the Stirling numbers of both kinds, the degenerate
Stirling numbers of both kinds, and the degenerate Bernoulli polynomials. In Sect. 2, we
define the partially degenerate Bernoulli polynomials of the second kind and their higher-
order versions by using p-adic Volkenborn integrals. We derive several explicit expressions
for those polynomials. Further, we obtain identities involving those polynomials and some
other polynomials including the higher-order Bernoulli polynomials, the Daehee num-
bers, and the usual and degenerate Stirling numbers of both kinds. In Sect. 3, we define the
fully degenerate Bernoulli polynomials of the second kind and their higher-order versions
by using p-adic Volkenborn integrals. We deduce several explicit expressions for those
polynomials. Moreover, we obtain identities involving those polynomials and some other
special numbers and polynomials. Here we observe that, for x = 0, both partial degenerate
Bernoulli polynomials of the second kind and fully degenerate Bernoulli polynomials of
the second kind become the same degenerate Bernoulli numbers of the second kind.

Throughout this paper, Z,, Q,, and C, denote the ring of p-adic integers, the field of
p-adic rational numbers, and the completion of an algebraic closure of Q,.

The p-adic norm | - |, is normalized as |p|, = }7. Let f be a C,-valued uniformly differ-
entiable function on Z,. Then the p-adic invariant integral of f on Z, is defined by (see
[8,23-25])

N1 L
I(f) = f(x)duo(x)— Jlim Zf(x)uo x+pNZ,) Zf(x). (1)
x=0

From (1), we note that (see [8, 9, 23, 25, 26])

L(f) - () =£(0), ()

where fi(x) = f(x + 1), f'(0) = £ (x)]xo.
By (2), we get (see [8, 23, 26])

Z/Z (x+y)"dﬂo(y); =/ eI duo(y) = ZB (x tn 3)
n=0 v “p :

where B, (x) are the Bernoulli polynomials and B,, = B,(0) are the Bernoulli numbers.
For r € N, we note that (see [8, 24])

(o) tn
Z/ | b an s+ ) dpo(n) dpto(xa) - dptole)
z z, !

=/ / P12t gy (x1) Ao (%) - - dpno ()
Zp Zp

(&

) => B ><x)— (4)
n=0
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where BY (x) are the Bernoulli polynomials of order r, and BY = B"(0) are the Bernoulli
numbers of order r.

The Bernoulli polynomials of the second kind (also called the Cauchy polynomials) are
defined by (see [2, 7, 10, 11, 17, 22])

t

_— "
log(1 +1£) (L+0)"= nzzojb"(x) n!’ ®)

More generally, for any r € N, the Bernoulli polynomials of the second kind of order r are

given by

t ' N0l
(log(1+t)) (L+2) _gb" (x)n!' (©)

It is well known that (see [8, 9, 21])

¢ ' x-1 _ . (n—r+1) ﬁ
(log(l + t)) L+ 0y = ;Bn (x)n!' @)

From (5) and (7), we note that
b,=B"(1) (n=0).
The degenerate exponential function is defined by (see [12, 14, 16, 18-20])
W) =1+r)%,  ext)=e () = (1+A8). (8)

Note that lim; ¢ €} (¢) = €*.
We note that (see [12, 14])

[e¢]

HOEDY s ©

n!
n=0

where (x)o, = 1, (¥)x = %(x = A) - (x = (1= DA) (1 > 1).
As is known, the Daehee numbers are defined by (see [4, 5, 15])

1 =
/ (1+8)*dpo(x) = —log(1+2)= Y "D,—. (10)
Zp t 'm0 n!
The Stirling numbers of the first kind are defined as (see [3, 6, 10, 15, 25])

@ =) Sim D' (n=0), (11)

=0

where (x)g =1, (), =x(x—-1)---(x—n+1) (n>1).
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As an inversion formula of (11), the Stirling numbers of the second kind are defined by
(see [18, 21])

K= Sa(m D). (12)
=0

Recently, Kim considered the degenerate Stirling numbers of the second kind given by (see

(10])
n
(). = Zsz,x(l’l; D) (n=0). (13)
In light of (11), the degenerate Stirling numbers of the first kind are defined as
=Y Sum D@y (1=0). (14)
In [1, 2], Carlitz considered the degenerate Bernoulli polynomials given by

t t x
()= —————— (1 + A)7 = » 15
ex(t)—lek(t) (1+At)%—1 +At) 2/3 A X (15)

When x =0, B, = B,(0) are called the degenerate Bernoulli numbers.

2 Partially degenerate Bernoulli polynomials of the second kind

1
In this and next section, we assume that 0 # A € Z, and ¢t € C, with [t], <p 7T. Let log, ¢
be the compositional inverse of e; (£) satisfying

log, (e:(2)) = e; (log, () = ¢

From (8), we note that

log, (t) = — (t -1). (16)

By (16), we easily see that lim; _,¢ log; (¢) = log(¢).
From (2) and (16), we can derive the following equation:

t t
log, (1 +1¢) "~ log(1+1) Z,

(1 + )™ dpo(x). (17)

Let us define the partially degenerate Bernoulli polynomials of the second kind as follows:

on, (1 et 1 = an,\(x)—. (18)

Then, from (17), we see that

Ay+x
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Note that limy_, ¢ b, (x) = b, (x) (n > 0). For x = 0, b, = b,,,(0) are called the degenerate
Bernoulli numbers of the second kind.

First, from (18) we note that

o n

t t )
an,x(x)a = m(l +1)

n=0
m
o

> x)l
"

Z
3 m,x(xn_mf. (20)
n'
n=0 m= :

Thus we get the next result by (20).

Theorem 1 For n > 0, we have

n

b=y (Z) B @)oo

m=0

By (3), we get

¢ - t A x\"
f(1+t)” dpo(y) = mz (log(1 +1£))" /Zp<y+x> dio(y)

log(1 +¢)
00 | ©0 00 k
t X t
1=0 g m=0 <)”> k=m ) K

tk

Zb, ZZA"‘B ( )Slkm)k!

" k=0 m=0
3] n k " x o
= Z (Z Z (k)AMBm <X>Sl(k’ m)bnk) —. (2D
n=0 \ k=0 m=0 n
Therefore, we obtain the following theorem.

Theorem 2 For n > 0, we have

ZZ( )xmsl %, m)bn_kBmG),

k=0 m=0

In particular, we have

n k
b= <Z> XSy (k)b 4B

k=0 m=0
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From (9), we note that

) | m
Lew -1 =y s, O

pn I+1 I — !
(I (1) t"
=Z< ( )( Jit <x>n_m)—. (22)
1) I+1 n!
n=0 \ [=0
By (14), we get
k (log, (1 + 1)) ZSM(M k)— (23)

Thus, by replacing ¢ by log, (1 + £) in (22), we get

N\ (D 1
10g1(1+t)( +t) ZZ() lu mu (10gk(1+t))

=0 /=0

i m (I)M'A(x) is . m)ﬂ
1) 1+1 mil’An:m RO

" (m\ (D). t"
Droiz S mm) | 2 (20)
1) I+1 n!
n=0 \m=0 [=0

Therefore, by (18) and (24), we obtain the following theorem.

Theorem 3 For n > 0, we have

mx)-zz( ) ’*“(x)m 1.1, (m,m).

m=0 [=0

In particular, we have

b _ = (1)m+1,AS ( )
n,k—z P 1,2\, m).

m=0

From (17), we note that

log(1 +¢t) t ad

Ay+x _ ) .
[ et = PRy ; l,tzbmm)
S (S (Vom0 ) - (25)
= ; ; (I’ﬂ) m,\ X n—-m ;
On the other hand,
x ad Ay +x .
/Z,,””W ) =3 /Z< ) )duo()/)t~ (26)

Therefore, by (25) and (26), we obtain the following theorem.
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Theorem 4 For n > 0, we have
Ay + % 1 < (n
d =— by (x)Dyy_pyy.
/z,, ( . ) Hol) = — % (m> (%)
In particular, we have
A 1 (n
f ( y) dMo()/) = o Z ( )bm,ADn—m'
7, \ 1 nt = \m

By replacing ¢ by e, (t) — 1 in (18), we get

0 00 £
= Z by () Z So(n,m) ;
m=0 n=m
o0 n t}‘l
= Z( So.(n,m) by ) (x)) -
n!

On the other hand, by (22), we get

%(e,\(t) - 1)8§(t) = Z(Z (l) (I)HM( V- M) i
n=0 \ /=0

Therefore, by (27) and (28), we obtain the following theorem.

Theorem 5 For n > 0, we have

n

S S0 0@ = 3 (’Z) et ) 1.

m=0 =0

In particular, we have

- 1
> Saulmm)bmy = ——(Lners
n+1

By replacing ¢ by log, (1 + t) in (15), we get

10&(1 80D () gy Zﬁm(x)— (log, (1 + )"

m=0

Z <Z B, (x)S1,. (1, Wl))

n=0 \m=0

We observe that

log,(1+t) 1 &« 1 w1 — ad ¢
= o) A (log(1+8)" ==Y A" Si(n,m)—
t e (Og( +1) At; n:Zm 1(my )

1 0 n " 0 1 n+l
— m _ m—1
= (ZA Sl(n,m))E—X(;n+l(Z)» Si(n+1,m)

n=1 \m=1 m=1

t
n!

n

(27)

(28)

(29)

(30)
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From (30), we obtain

m=0 k=1 =0
o n 1 " m+1 p

= ( ) DM m 4 LK) | (6)m (31)
n=0m=0m+1 m)\‘5 n!

Therefore, by (29) and (31), we obtain the following theorem.

Theorem 6 For n > 0, we have

n 1 m+1 n
2(:) m+1 <:/1> ;kk—lgl (141, k) (%) = X(:)ﬁm,/\(x)&,x(l’l,l’rﬁ.
m= =1 m=

In particular, we have

n+l n

1
Tl Z)Lk_lsl(”l +1,k) = Z Bm.S1,.(n, m).
k=1 m

=0
From (21), we note that

tk

i 1 m
T ;Sm(m, k)%(e,\(t) - 1)

o0 o0 tn
= Z Sy(m, k) Z Sy (n,m) o
m=k n=m

=Z< sl,k(m,msz,un,m));—j (k = 0). (32)

n=k \m=k

By comparing the coefficients on both sides of (32), we obtain the following theorem.

Theorem 7 For k > 0, we have

Z S12.(m, K)Sy,.(n, m) =

m=k

1, ifn=k,
0, ifn>k.

For r € N, we define the partially degenerate Bernoulli polynomials of the second kind
of order r by the following multiple p-adic integrals on Z,:

t r
(—) / o (U )M g0 () dpno () - - - dpro (%)
log(1+2)) Jz, z,
(—f r(1 +1) = ib(’) o (33)
log, (1 +1¢) — CEA T

Forx =0, bs)x = b%(O) are called the degenerate Bernoulli numbers of the second kind of
order 7.

Page 8 of 20
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On the other hand, (33) is also equal to

t r
( )/ / (L4 )20 g () dpao (cy) -+~ dpto ()
10g(1+t) Zy Zy

ZBZ ) ’"B( ( ) (log(1 + )"

_ ZBEI’”D(I Z B (;_‘) ZSl(k’ m)_
=0 m=

0 (ors1) tl ook " x tk
:;B, (1ﬁZZx B <X>Sl(k,m)ﬁ

k=0 m=0

nd " K n m p(r) X (n—k-r+1) t"
:§:<§;2;(}>A Bm(X>Sﬂk m)B", 1) g

n=0

Therefore, by (33) and (34), we obtain the following theorem.
Theorem 8 For n > 0, we have
X n—k—r+
Hw-3 ( )”Biﬁ(x)sl(k’mwik’ ).
k=0 m=0

In particular, we have

by, = ZZ( ))»’”B(’)S (k)BT (1),

k=0 m=0
By replacing ¢ by e; (¢) — 1 in (33), we get

mex(x)—(ex(i‘) 7= 2 e 1) 6w

m=0

n+r

= ZS“ nenn e )

> S (m+1,7) 1" ¢
= Z W % Z(x)l,xl—!

1=0

= Z Eﬁ), Sop(m +7,7)(x) ma

S

Il

(=]

3

Il

(=]
—~~
~
~

m=0 n=0 \m=0

Zbi:zk(x); (ek(t) Z(mek )S2,5. (1, m))

From (35) and (36), we obtain the following theorem.

(34)

(35)

(36)

Page 9 of 20
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Theorem 9 Forn > 0andr e N, we have

> f,:") Sop(m+ 1, ) ®)nms = 3 b (S, (n, ).

o (") o

In particular, we have

n
n+r .
Sop(n+r,r) = ( > Zbi,z;\Sg,A(n,m).

r
m=0

From (13), we note that
1 k ad t"
S =1)"=3 S0k — (k=0 (37)
Thus, by (35), we get

n n
Su M+ 1 7)(X) pomp — (38)
I’l

(e;\(t) i

n=0 m 0 r

By replacing ¢ by log, (1 + £), we get

LI W
<1ogk(1+t)> *

oo m

1 m
Szx (k +r, )(x)m-k,x%(logx(l +1))

M

k+r

m=0 k=0 r
ZO< O; 7S ) () “) ; (39)

Therefore, by (33) and (39), we obtain the following theorem.

Theorem 10 For n > 0, we have

n m m)

b @)=Y D Ky (ke + 1) Sy (1, 1) (8) e
m=0 k=0 r )

In particular, we have

r - S ’
b= %Sum,mw
m=0 r

By (14), we get

; (log, (1 + )" ZSu(n k (k > 0). (40)

Page 10 of 20
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Thus, by (40), we have
logA(1+t))’ > Sum+rnr) " St
— ) A+t = — Z(x)l—
( 4 P " m o U
o0 n (n) t”
= Z %SM(WI +7, r)(x)n—m,k_‘~ (41)
n=0 m=0 ( r ) n

t r o0 m m 1 "
(ex = 1) G0=33 ((kk)) Sualh 1) Win (60 - 1)

n

t
Sialk +1,7)Sy,.(n, Wl)(x)m—k,x> i (42)

As is well known, the degenerate Bernoulli polynomials of order r are defined by

( ¢ )4@:2ﬁ3mg (see [1, 2]). (43)

e (t) -1 "m0
Therefore, by (42) and (43), we obtain the following theorem.

Theorem 11 For n > 0, we have

N

Sialk +1,7)S82,. (1, 1) (X) 1.+

In particular, we have

n

. Sip(m+r,r)
ﬂ;i;\ = Z MTsz,,\(ﬂ,m)~

S )

From (33), we note that

/ ... 1+ t))‘(x1+"'+x’)+x dpo(xr) -+ - duolxy)
7, Jz,

_ 10g(1+t) r ¢ r . 00 Mt_l 00 " ﬁ
_< t ) <10g)\(1+t)> (L+2) _Z (l+r) I me’k(x)m!

SE

n=0 \ [=0 r

, "
&u+nmggﬂ@);. (44)

Thus, by (44), we obtain the following theorem.

Theorem 12 For n > 0, we have

Ao+ 4 ) s ,
/Z fZ( e ”‘)duo(xl)-~-duo(xr>= > (Eéf)sl(zw,r)b;E,,A(x).

Xl

Page 11 of 20
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In particular, we have

A+ e+ 1 - (7)
/Zp /Zp ( " >dﬂo(x1) “dpo(xr) = o L (M)

Observe from (30) with A = 1 that bir)l () = (%)u, bfj)l =80

Now, let us take A = 1 in Theorem 12. Then we have, for n > 0,

/Z o, (1 + 2y + o+ Xy + K)y dpto(®1) - dpro) = Y (0 S+ r,r)(X)u-1, (45)

= (7)

/ / (1 422+ -+ Hudptoln) - dppoley) = SUEHTT) (46)
Zp Zp ( r )
On the other hand,
/ o | e X+ X)pdpo(xr) - - dpo(xy)
ZP ZP
T I e
1=0 Zp Zp
=Y " $1n,1)B) (x). (47)
1=0
Thus, by (45), (46), and (47), for n > 0, we get
Y Sim DB %)= S) Su+7,7) (@)t (48)
1=0 =0 ( r )
Zsl n,)BY) = Siln+ ) (49)

("7
By replacing ¢ by log, (1 + £) in (43), we get

(%log,\(lﬂf) (1+p)”* Z log,\(1+t))

m=0

= Z(Z B (9)S1,.(m, m)) fq— (50)

n=0 \m=0

Therefore, by (41) and (50), we obtain the following theorem.

Theorem 13 For n > 0, we have

> %smm 1) s = Y By (6)S1,.(, m).

o () o
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In particular, we have

n+r

Siplm+r,r) = ( > ,BZ?ASLA(VI,VI’I)'
m=0

r

3 Fully degenerate Bernoulli polynomials of the second kind

Let us define the fully degenerate Bernoulli polynomials of the second kind as follows:

t

00
t”
xlog; (1+8) _ bn iy 51
log, (1 + t)e Z ’A(x)n! 1)

n=0

Then, from (17), we see that

oo
t” t
b = o [ (10 duoe e, (52
— n!  log(l+t) z,

Note that lim, o by, (x) = b,(x) (n > 0). We note that b,, = b,,,(0) are the degenerate
Bernoulli numbers of the second kind.
We note here that

o0 n t”
o8 =% "N S, k)t = (53)
n=0 k=0 "
Here, recalling (14), one should compare (53) with the following:

oo

tn
exlog(1+t) =(1+¢)" = x), —
(1+12) ;:0( I

oo

n t"
= Sl,x(l’l, k) (x)k,x pr (54)
n!
n=0 k=0

From (51) and (53), we note that

> £ 0 Aom o
Z bn,x(x) prie Z bly)\ ﬁ Z Z Six (m, k)xk —
n=0 n: 1=0 * m=0 k=0 m.
o n o m " . o
:;;;@WW%WW;
n=0 m= -0
Ll (s orrissistmon S (55)
n=0 k=0 m=

Thus we get the next result by (55).

Theorem 14 For n > 0, we have

b=y 3" (Z) DS m, .

k=0 m=k
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By Theorem 2 and (53), we get

t

v xlogy(1+p)
log; (1 +¢)
oo m k m ) o oo l ' tl
(S (st 3 Ssuteie )
m=0 \ k=0 i=0 1=0 \ j=0
00 n m k n-m ;
n ¢
=Z< 2> ( )( )Slkz)Su(n 11, /)A'Bibys kx’)—‘
n=0 =0 k=0 i=0 j=0

o0 n n l m Vl
- Z( Z ( ) < )Sl(k i)S1,.(n — m, j)A'B;b,,_ kx’) ) (56)
j

n=0 =0 m=0 k=0 i=0
Therefore, we obtain the following theorem.

Theorem 15 For n > 0, we have

n—-j m k
bn,ux)-Z(ZZZ(”)( )sl(k 0)S1(n — 1m,)3 Biby k)xf

j=0 \m=0 k=0 i=0

From (9), we note that

1 = (D ¢! ml”
t (ex(6) - ZZ [+1 1! Z m!
-0
00 n R P
: z(z (5) ) &
n=0 \ I=0 * "
Thus, by replacing ¢ by log, (1 + £) in (57) and making use of (23), we get
4 grlog (1+1) S (1)l+lk e 1
1 1+¢
logk(1+t) ;; I+l (ng( +0)"
oo m
_ m (1)l+1 X 2 /
2 (1) P st
m=0 [=0 n=
00 n . o
:Z< ( >()11)\W,IS (nm)>_'
n=0 \m=0 [=0
oo n n
1)- t"
=y M Dot g et |2 (58)
l)m-1+1 n!
n=0 \ [=0 m=[

Therefore, by (51) and (58), we obtain the following theorem.

Theorem 16 For n > 0, we have

=300 (1) Dttt .

1=0 m=[

Page 14 of 20
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From (17), we note that

log(1 +¢) t
t log, (1 +¢)

00 Dl ) o) o
= —t bm, (x)_
; I mZO M
- Z(Z ( :q )bm,,\(x)D,,m> % (59)

n=0 \m=0

xlog; (1+t)

/ (1 + t))\y d,uo()/)exk)g)‘(lﬁ) —

Zp

On the other hand, from (53) we have

o oo I
/ (1 + ) dpo(y)e™o 140 = / O dpro(y) — ZZ no k)x —
Zp m=0 m =0 k=0

n

ZZZ( >Su(l k) / (M’)n—ldMOO’)xk%

n=0 [=0 k=
=y Z( >S1A(l k) f (s3I — (60)
n=0 k=0 [=k

Therefore, by (59) and (60), we obtain the following theorem.

Theorem 17 For n > 0, we have

Z(m> by (WD, m-ZZ( >51)\(l k)/ )1 o,

m=0 k=0 I=k

By replacing ¢ by e, (t) — 1 in (51), we get

ex(ti -1 ot = Z bm,x(x)i (ex(t) - 1)"‘ _ Z (Z Sy (n, m)b,,; (x)) % (61)

m=0 n=0 \m=0

Therefore, by (57) and (61), we obtain the following theorem.

Theorem 18 For n > 0, we have

. " (n (D1, _l
252,)\(”; m)b,,,; (x) = Z ( )—'xn .
— ) I+1

=0

For r € N, we define the fully degenerate Bernoulli polynomials of the second kind of

order r by the following multiple p-adic integrals on Z,:

t r
(—) / L 1+ t)k(x1+x2+'.<+xr) dﬂo(xl)dﬂo(xZ) .. -duo(x,)e"log*(l”)
log(1+2)) Jz, z,

¢ rxlog;» 1+¢) - (r) ¢
=| —— b — 62
(log,\(1+t)> ZO x(x) (62)
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)

Note here that b,
order r.
On the other hand, we have

= b%(O) are the degenerate Bernoulli numbers of the second of

¢ r
<4) / o | )R g () d o (%) -+ - dpno ()
10g(1 + t) Zp Zp

= (I=r+1) t 1 m
= IZBI (l)ﬁ ZO)\’”BZ)%(log(l +1))
-0 m=

= iBY‘”U(l ZA’"B ZSI (k, m)—
1=0

k=m

0o ] oo k k
3 (t-r+1) 1\ E p— r
= E B, (l)l' E E A BmSl(k,m)k!

=0

* k=0 m=0

0 n k n
()9 ol R =
k=0 m=0 ’

Therefore, by (53), (62), and (63), we obtain the following theorem.

Theorem 19 For n > 0, we have

n n-j m
AGOED IS ( )( )Sl(k 0)S15 (1 — m, ALBY B KT (1),
j=0 m=0 k=0 i=

By replacing ¢ by e; (t) — 1 in (62), we get

megx)—(eur) "= 2 e -

m=0
~ ad S”(m+r,r)t_ ,t_l
20 mt
oo n n o
= Z Eﬁ)r Soy(m+r, r)x”_"’—'. (64)
n=0 m=0 ( r ) n

On the other hand,

> b (-1 Z(Zb )5, (1, m)) “ (65)

m=0 n=0 \m=0

From (64) and (65), we obtain the following theorem.

Theorem 20 Forn > 0 andr € N, we have

Z %Sm(m +r,r)x"" = ZS“(n, m)b(yzk (%).

o () pou
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From (37), we recall here that

tr

(o0 - Zsz 05 k=0 (66)
Thus, by (66), we get
@O-1r e’ = Z ,(ﬂz Sop(m+r, V)x"_mﬁ. (67)

L ’ xlog, (1+2) _ SN (rl:l) m—ki m
(1ogk(1+t)> < _§; (k;V)Sz'*(k”’r)x 1081+ 1)

= Z Z Z ((+)) So,.(k +1,7)81,(n, m)x”’_k;—n!.
=0 r

= Z( m(/;() )Szx(m k+1,1)S1,(n, m)x ) (68)

Therefore, by (62) and (68), we obtain the following theorem.

b
Il

(=]

N

]

>
—_~

Theorem 21 For n > 0, we have

ZZ

kOmk r

Sg,\ m—k+rr )Sl,k(n,m)xk.

From (62), we note that

/ v [ e g () - - d o () e 080
Zp Zp

_ IOg(l + t) " 1 rexlog)L(1+t)
t log, (1 +¢)

:i51(1+r,l")tl ad b(r) ( )tm

=0 (l:r) ﬁ m=0 " g %
=> (Z (Q) Sy(l+r,r)b" M(x)) —. (69)
n=0 \ /=0 r

On the other hand, (69) is also equal to

!
Z_/Zp /Zp (A1 + -+ +x7)), dpolxr) - dMO(x’)_ZZSM " k)x"%

m: 1=0 k=0
- Z _Z (Z)Sl,,\(n — m, k)
n=0 m=0 k=0
x /Z /Z (1 -+ )), o)+~ (70)

P P
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Thus, by (69) and (70), we obtain the following theorem.

Theorem 22 For n > 0, we have

Z (giz) S+, l’)bgzl,x(x)
=0 \r

= Z (VI)SLA(H - m,k)xk/ / (A1 + - +x)),, dpo(xr) - dpto(r).
m=0 k0 " 2 Zp

Observe from (62) with A = 1 that b?; (x) = &, b} = b, (0) = 8,0
Now, let us take A = 1 in Theorem 22. Then we have, for #n > 0,

Z 54{2 Sl + 71, )"
1=0 ( r )

n n-m n
S11(n—m, k)x (X1 + - +x)mdpolxr) - duolx,).  (71)
Og( ) 11( /Zp /Zp 1 olx1 0

In addition, we have

/ o | @t X)) dpo () - - dpeo ()
Zp Zp
= ;Sl(m,l) /;p e _Lp(xl +otx) dpo®) - du(x)
=2 _Si0m DB (72)
0

Thus, by (71) and (72), for n > 0, we get the following theorem.

Theorem 23
n (}'l) n n-m m n
Z le 1(l+rr Z ( )Sl,l(n —m, k)S1(m, l)B; )ik
1=0 ( r ) m=0 k=0 =0 "

4 Conclusion

In this paper, we defined the partially and fully degenerate Bernoulli polynomials of the
second kind and their higher-order versions by means of Volkenborn p-adic integrals. We
derived several explicit expressions of those polynomials and identities involving them
and some other special numbers and polynomials.

Next, we would like to mention three possible applications of our results. The first one
is their possible application to probability theory. Indeed, in [18] we demonstrated that
both the degenerate Stirling polynomials of the second and the r-truncated degenerate
Stirling polynomials of the second kind appear in certain expressions of the probability
distributions of appropriate random variables. The second one is their possible applica-
tion to differential equations from which some useful identities follow. For example, in
[7] an infinite family of nonlinear differential equations, having the generating function
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of the degenerate Bernoulli numbers of the second kind as a solution, were derived. As a
result, it was possible to derive an identity involving the ordinary and higher-order degen-
erate Bernoulli numbers of the second kind and generalized harmonic numbers (see also
[4]). The third one is their possible application to identities of symmetry. For instance,
in [13] we obtained many symmetric identities in three variables related to degenerate
Euler polynomials and alternating generalized falling factorial sums. Each of these possi-
ble applications of the special polynomials considered in this paper requires considerable
amount of work and hence needs to appear in the form of separate papers.

Finally, as one of our future projects, we will continue to study various degenerate ver-
sions of special polynomials and numbers and investigate their possible applications to

physics, science, and engineering as well as to mathematics.
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