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1 Introduction
In this article, we investigate the existence and uniqueness of periodic solutions or positive

periodic solutions for the following system of differential equations:

x'(t) = a(t)x(t) - fi(t, %(2), y(2)) + &1(8),
¥ (£) = =b(t)y(t) + fo(t, x(8), (1)) — &2(8),

(1.1)

where a,b € C(R,R;) are w-periodic for some w > 0, fi(t,x,9),f2(t,x,9) € C(R x R, X
R;,R,) and g1(¢), 22 (¢t) € C(R,R,) are w-periodic functions in ¢ with g;(£) <1,i=1,2. Here
we remark (1.1) is a new system in the context of one-order differential equations. By using
recent fixed point theorems for increasing ¢-(/, T)-concave operators, we not only get the
existence and uniqueness of periodic solutions for (1.1), but also we can give convergent
sequences which can approximate the unique solution. This is a significant improvement
compared with some results in the literature. Different from other articles, we discuss a
differential equation system by new operator methods.

During the past decades, many people have studied the theories of differential equations
in economical, population dynamics, control, ecology and epidemiology; see the mono-
graphs [1-5] for example. Owing to its theoretical and practical significance, the study of
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periodic solutions for differential equations has been paid much attention to and it has a
fast development in ordinary and partial differential equations; see the papers [6—22] and
the references therein. In these papers, some good results have been established on the
existence of periodic solutions. Very recently, there were some articles reported on the
existence of periodic solutions for several systems of differential equations; see [23-26]
for example. In [23], Radu Precup discussed the existence of multiple positive periodic

solutions for the following differential system:

u (t) = —ay ()u1 () + € /1 (8, u1(£), ua (1)),
uy(t) = —ar(t)us(t) + 228, u1(2), ua (1)),

(1.2)

where for i € {1,2} : a; € C(R,R), [y’ a;dt #0, €; = sign [’ a;(t) dt, f; € CR x R%,R,), and
a;, fi(-,u1, up) are w-periodic functions for some @ > 0. The method used to resolve (1.2)
is a different version of Krasnosel’skii’s fixed point theorem in cones.

In [25], the authors studied the following system of differential equations:

u(t) = wi(t)[a;(t) - fi(t, u@), v(t)], i=1,2,...,m,
V;(t) =vi(0)[bj(t) + gi(t, u(®),v(E)], j=12,...,m,

(1.3)

where u(t) = (uy(t), us(t), ..., un(t))T, v(t) = 1 (&), v2(2), ..., vim(@®)T, and f;, g fori=1,2,
..,n,j=1,2,...,m, are w-periodic functions in ¢. By applying a fixed point theorem, they
gave the existence of positive periodic solutions for system (1.3).

However, there are still few papers that studied periodic solutions for systems of differen-
tial equations and the uniqueness of solutions is seldom obtained in literature. Motivated
by some recently published articles [27-34], we will study the uniqueness of periodic so-
lutions for system (1.1). We will give the existence and uniqueness of periodic solutions
or positive periodic solutions for system (1.1) and construct an iterative to approximate
the unique solution. Also, we can get the existence and uniqueness of periodic solutions

or positive periodic solutions for the following system:

®(2) = —a()x(t) + f1(t, x(2), y(2)) - &1(2),
y' (&) = b()y(t) - fo(t, x(2), y(2)) + &2(2),

(1.4)

where a, b, fi(t,%,y), f2(t,x,y) and g1(£), g2(¢) are the same as in (1.1).

From the articles mentioned above, we know that f; — g; (i = 1,2) in (1.1) and (1.4) may be
nonnegative or negative, while the f; (i=1,2,...,n),g (j=1,2,...,m) in (1.2) and (1.3) are
always nonnegative. So systems (1.1), (1.4) are different from (1.2), (1.3) and other ones in
the literature. Moreover, our results indicate that the unique periodic solution exists in a
product set, and can be approximated by making an iterative sequence for any initial point

in the product set.

2 Preliminaries
We shall find a unique periodic solution for system (1.1) and for this purpose we use oper-
ator methods as in [35]. For w-periodic functions 4,5 € C(R,R;) and f;, /> € C(R,R), from
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[23], the unique w-periodic solution (x,y) of the system

®'(t) = at)x(t) — f1(2),

(2.1)
¥ () = =b()y(t) + 2(8),
can be written as
t+w
t H, (¢, ds,
x(t) = t 1L, 8)fi(s) ds 22)
y(t) = f * Hy(t, s)f>(s) dis,
where
e Ji a§)dg ol bE)ds
Hi(t,s) = W; H,(t,s) = W, (t,s) € (R,R). (2.3)
Set

m = mln / Hi(t,s)ds, my = mln / H,(t,s)ds,

M = max / Hi(t,s)ds, M, = max / H,y(t,s)ds.

te[0,w] J; tel0,w] J;

Clearly, (x,y) is a periodic solution of system (1.1) if and only if (x,y) is a solution of the

following integral equation system:

x(t) = [I Hy(t,8)fi (s, (), y(s)) ds — [ Hi(t,s)gi(s) ds,
y(t) = [/ Hy(t, 8)fa(s, %(5), 5(5)) ds — [} H(t,5)ga(s) ds,

which can be regarded as an operator equation.

Now we present some notations, concepts and lemmas which have already become
known in previous work; see [35-37] and the references therein. Let (E,| - ||) be a real
Banach space which is partially ordered by a cone P C E. For any %,y € E, x ~ y means
that there are o > 0 and 8 > 0 such that ax <y < Sx. Take & > 0 (i.e, h > 0 and h #0),
we consider a set P, = {x € E | x ~ h}. Clearly, P, C P. Take another element t € P with
0 <t <h,wedefine P, ={x € E|x+71 € Py}

Next we list the definition of ¢-(4, 7)-concave operators and fixed point theorems for

such operators, which are fundamental to our proofs of our results.

Definition 2.1 (See [35]) Suppose that N: P, — E is an operator which satisfies: for any
x € Py, and A € (0,1), there exists ¢(A) > A such that N(Ax + (A — 1)7) > @(A)Nx + (@(X) —
1)t. Then we call N a ¢-(h, T)-concave operator.

Lemma 2.1 (See [35]) Assume that P is a normal cone and N is an increasing ¢-(h, t)-
concave operator satisfying Nh € Py, .. Then N has a unique fixed point x* in Py, .. In addi-
tion, for any wy € Py ., constructing the sequence w, = Nw,_1,n=1,2,..., then ||w, —x*| —

Oasn— o0.
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Lemma 2.2 (See [36]) Assume that P is normal and N is an increasing ¢-(h,0)-concave

operator satisfying Nh € Py. Then N has a unique fixed point x* in Py,. In addition, for any

wy € Py, constructing the sequence w, = Nw,_1,n=1,2,..., then |w, —x*|| = 0 as n — oo.
For My, hy € P with h1,hy # 0. Let b = (1, hy), then h e P:= P x P. Take < 1; < Iy,

6 < 1, < hy, and denote 6 = (6,60), T = (11, 72). Then 0 = (8,0) < (11, 72) < (b1, h3) = h. That

is, 8 <t < k. If P is normal, then P = P x P is normal (see [37]).

Lemma 2.3 ([27]) P, = Py, X Py,.

Lemma 2.4 ([28]) Pj,; = Py X Py ry.-

3 Existence and uniqueness of periodic solutions

In this section, we will prove the existence and uniqueness of periodic solutions for system
(1.1). Let E = {x € C(R,R) : x(¢) = (t + w) for every t € R}, then E is a Banach space under
the norm

[l%]loc = max |x(£)].
te[0,w]

We will discuss (1.1) in E x E. For (x,y) € E x E, let ||(x,9)]| = %lloc + [¥lloo. Then (E x

E,||(x,9)|l) is also a Banach space. Moreover, let
P={(x9) €ExE:x(t) >0,5(t) > 0,t € R}, P={xeE:x(t)>0,t R},
then P C E x Eand P = P x P is normal and E x E has a partial order: (x1,y;) < (x2,y2) &

x1(2) <x2(), y1(8) < y2(t), t e R
For (x,y) € E x E, we define an operator N = (N;, N;) with

Ni(x,9)(t) = / Hi(t,5)A (s,x(s),y(s)) ds — / Hi(t,5)g1(s) ds,
No(x,9)(8) = / H;(¢,5)f> (s,x(s),y(s)) ds — / Hj(¢,5)g,(s) ds.

Then Nj,Ny: EXE — Eand N : E x E — E X E. From (2.4), (¢, y) is an w-periodic solution
of system (1.1) if and only if (x, y) is a fixed point of operator N.
To obtain our results, we first define several functions:

r(f) = / H9n@6ds, ) - / Hy(t,9)g(5) ds, (3.1)
hl(t) = /Hle(t,S)dS, hz(t) = /Hng(t,S)dS. (32)

Remark 3.1 From (2.3), we can prove that t;(£), 72(£), /11 (£) and 4, () are w-periodic func-

tions. Moreover, it is easy to show ty, o, 411, 13 € P.

Theorem 3.1 Let 11, T2, h1, hy be given as in (3.1) and (3.2). Moreover, for i = 1,2,
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(H1) fit,%,9): Rx [-1{,+00) X [-75,+00) — Ris w-periodic with respect to first variable,
and increasing with respect to the second, third variables, where T} = max{t;(t) : t €
[0, w]};

(Hy) for & €(0,1), there exists ¢(A) > A such that

fi(t; Axy + (A = 1)xg, Ayr + (A - 1))’2) > o(W)fi(t, x1,91),
Ly €R X € [0,77],92 € [0,75];
(Hs) f(£,0,0) > 0 with f(£,0,0) £ 0 for ¢ € [0, ).

Then:

(1) system (1.1) has a unique periodic solution (x*,y*) in Py, ., where
() = (@), @),  h@) = (), h), tel0,wl;
(2) for any point (xo,y0) € Pj,¢, we construct the following sequences:
ttw t+o
5@ = [ (s mOn0)ds— [ a6
t t
t+w t+w
D)= [ Hat ol Ohn(0) ds— [ Hatslgas)
t t
n=0,1,2,..., and then we obtain x,,1(t) — x*(£), yu1(t) = y*(¢) as n — oo.
Proof From Remark 3.1, 7 = (t1,72) € P, h = (h1,h) € P.Duetogi(t) <1,i=1,2.Fort € R,
t+w t+w
a0- [ a@medss [ Hisds=h)
t t
t+w t+w
0= [ @M< [ Hsds= o)
t t
So we get 71 < hj, Ty < hy and thus © = (11, 72) < (Jy, hp) = h.
Now we show that operator N : Pj,; — E x E is a ¢-(h, T)-concave operator. For (x,y) €
Py, and A € (0,1), we get

N(A(xy) + (A =171)() = N(A(xp) + (A = 1)1)(2)

= (N1 (k(x,y) + (- 1)r),N2(A(x,y) + (= 1)r))(t).

Hence we need to discuss Ny (A(x, y) + (A —1)7)(£) and No(A(x, y) + (A — 1)T)(2), respectively.
By considering (H>),

Ny (29) + (0= D7) (@)

=N; (Ax +(A =D, Ay+ (A - 1)r2)(t)

= / Hi(t,9)A (s, Ax(s) + (X = 1)71(s), Ay(s) + (A — 1)7.'2(8)) ds — 11(t)

> o(1) / Hy(6,5)fy (5,%(5), () ds - 1 (6)
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= o) [ / H,y(t,5)f1(s,%(5), y(s)) s — fl(t)] +o(W)11(8) — 11 (2)

= @(W)N1(x,9)@) + [p(A) - 1] (0).
Similarly,

No(Ax,9) + (A = 1)7)(2)

=Ny(Ax+ (A = D1, Ay + (A = 1)) (2)

= / Hy(t,8)f>(s, Ax(s) + (A — 1)71(5), Ay(s) + (A — 1)72(s)) ds — ()
2 90) [ HaltSls5(6)(6) ds - ()

=) |:f Hy(t,8)fa(s,x(5), y(s)) ds — Tz(lf):| + o)1 (t) — 12(2)
= (VN (x,)(t) + [0(1) - 1] (8).
Hence,

N(x(xy) + (A= 1)7)(0)
> (@(MN1(x,9)(8) + [9(1) = 1]71(8), e(MN2 (, 9)(2) + [@(1) - 1] 7a2(2))
= (PN (%,9)(1), e WN2(x, 9)(8)) + (9 () = 1) 1 (8), (9 (1) - 1) T2 (2))
= p(\) (N1 (%,9)(8), No(x,9)(2)) + (9 (A) = 1) (11 (£), 72(2))

= p(MN (%, 9)(0) + (1) - 1)z (2).
That is,
N(A(x,y) + (A= 1)1) > @(MN(x,y) + [go()») - l]r, (x,9) € Py, A € (0,1).

Therefore, we find that N is a ¢-(/, T)-concave operator.

In the following, we prove that N : Pj,, — E x E is increasing. For (x,y) € Pj,., one has
(x,9) + T € P,. From Lemma 2.3, (x + 71,y + To) € Py, x Py,, which means that there exist
A1, A2 > 0 such that

x(t) + 1) = M (2), ¥(t) + Ta(t) = Aohia(t), teR

Consequently, x(t) > A1/ (t) — 11(f) = —71(t) = =17, y(£) = Aalia(t) — 2() = —T2(8) = —75.
By considering (H;) and the definitions of N;, N, we know that N : ﬁh,, — E x E is in-
creasing.

Now we show that the important condition Nk € Py, is also satisfied. That is, we need
toprove Nh + T € Py, For any t € R,

Nh(t) + (t) = N(h1, h2)(8) + T(2)
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= (N1 (h1, o) (2), No(hy, o) () + (71(8), 72(2))
= (N1 (hy, ) (8) + 1(8), No(h1, ha) (8) + T2 (2)).

Clearly, we need to discuss Nj (%7, h12)(£) + 71(2), No(h1, h2)(E) + T2(t), respectively. For con-

venience, we set

1= min]{ﬂ(t, my,my)}, R; = min]{ﬁ(t,Ml,Mg)}, i=1,2.

te[0,w tel0,0

By (H;) and (H3), Ry > r; > 0, Ry > 1y > 0. Note that m; < h;(¢t) < M;, i = 1,2, and from
(Hl)r

Ni(hy, ha)(t) + T1(¢) = / H,y(t,5)fi (s, 1 (s), ha(s)) dis

t+w
> / Ha(t, $)fy (s, m1, ma) dis
t

" /t " H s ds = i (®
and
Ny (g, ) (@) + 11(2) = /t " Hy(&,8)fi (s, 11 (s), ha(s)) dis
< /t Hle(t,s)fl(s,Ml,Mz)ds
=R ft " (e, ds = R (0)

So we get il < Ni(hy, hy) + 11 < Rihy, i.e., Ny(h1, hy) + 11 € Py, Similarly, we can obtain
Ny (h1,hy) + T2 € Py,. Hence, by Lemma 2.4,

N(hi,h5) + T = (N1(h1, h2) + 71, Na(hy, h2) + T3) € Py X Ppy = Py

Finally, an application of Lemma 2.1 implies that N has a unique fixed point (x*,y*) € Pj,,.
And, for any given (xo, o) € ﬁh,t: the sequence

(xmyn) = N(xn—l;yn—l) = (Nl (xn—l,yn—l):NZ(xn—l»yn—l)), n=12,...,

converges to (x*,y*) as n — oo. Therefore, system (1.1) has a unique periodic solution
(x*,5*) in Pj,;; and choosing any initial point (xo,%0) € Py, we have the following se-

quences:
% () = / Hy (, )1 (8, %1 (), Y1 (5)) s — / H(t,5)g1(s) ds,

Yult) = / Hy(t, $)fo (8, %1 (8), Yu-1(s)) ds — / Hy(t,5)gs(s) ds,

n=1,2,..., satisfying x,,,1 — &, ¥s1 = y* as n — o00. O
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Let

eli al)ds o i) de

H. t,S)=————) H. LS)= ——a
)= e 268 = e

(zs) € (R, R). (3.3)

Similar to the proof of Theorem 3.1, we can obtain the following conclusion.

Theorem 3.2 Let 11, T3, Iy, hy be given as in (3.1) and (3.2) with Hy, H, are replaced by
(3.3). Assume that the conditions (Hy)—(Hs3) hold. Then:
(1) system (1.4) has a unique periodic solution (x*,y*) in P}, ., where

() = (u®), @),  hl) = (n0),hnhE), tcl0w];

(2) for any point (xo,0) € Py,¢, construct the following sequences:
t+w t+w
5an®)= [ im0 ds— [ Hioods
t t

Yoo (8) = / " H(t,5)fs (5,5(5),yns)) s = / " Hy(t,)02(6) ds,

n=0,1,2,..., and then one has x,,1(t) — x*(£), yus1(t) = y*(t) as n — oo.

When g;(¢) = g>(¢) = 0, we can get the uniqueness of positive periodic solutions for sys-
tems (1.1) and (1.4) by using Lemma 2.2. The proofs are similar to Theorem 3.1.

Corollary 3.1 Let hy, hy be given as in (3.2). Moreover, for i = 1,2,
(Ha) fi(t,x,9): R X R, x Ry — R, is w-periodic with respect to first variable, and increas-
ing with respect to the second, third variables;
(Hs) for » €(0,1), there exists ¢(A) > A such that

Sfilt,hx, 1y) = oV)fi(t,x,9),  txyER;
(He) fi(t,0,0) 0 for t € [0, w].

Then system (1.1) has a unique positive periodic solution (x*,y*) in Py, where h(t) =
(M (t), hy(t)), t € R. Further, for any point (xo, yo) € Py, make the following sequences:

Xne1(t) = / H, (, $)f1 (8, %(5), yu(s)) dis,

ot (0) = / Ho(t,5)fs (5,20(5), y(s)) ds,

n=0,1,2,..., and then we get x,,1(t) = x*(t), Y+1(£) = ¥*(¢t) as n — oo.

Corollary 3.2 Let h, hy be given as in (3.2) with Hy, Hy are replaced by (3.3). Assume that
the conditions (Hy)—(Hg) hold. Then system (1.4) has a unique positive periodic solution
(x*,y*) in Py, where h(t) = (h(t), h2(t)), t € R. Further, for any point (xo,%) € Py, put the
following sequences:

1 (£) = / Hy(6,8)fs (5,20(),yn(s)) ds,

Page 8 of 12
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3%Mh/’fumm@mwam»w

n=0,1,2,..., and then we obtain x,,1(t) — x*(t), yn.+1(£) = y*(¢) as n — oo.

Remark 3.2 The form of differential system (1.1) is more general. Our method is new to the
study of nonlinear systems of differential equations, which gives the existence and unique-
ness of periodic solutions. Moreover, the unique periodic solution can be approximated
by an iteration.

Remark 3.3 By using the same discussion as with Theorem 3.1 and Corollary 3.1, we can
consider the following differential equation:

&' (t) = a(t)x(t) - f (t, x(t)) + g(2),

where a € C(R,R,) is w-periodic for some w > 0, f(t,x) € C(RxR,,R,) and g(t) € C(R,R,)
are w-periodic functions in ¢ with g(¢) < 1. We can also give the existence and uniqueness
of periodic solutions or positive periodic solutions. Moreover, the unique periodic solu-
tion can be also approximated by making an iterative sequence.

4 Examples
In this section, we present two simple examples to illustrate the main results.

Example 4.1 Consider the simple system of differential equations:

K(8) = ax(e) - [y(6) + £13 sin>£ + 1, (4.1)
Y(t) = ~by(®) + [x(t) + 15 cos?t — 1, |

where a, b > 0. In this example, we let

ey =(r+ 1) st pew=(x+2) ot @@=1 @@=
filt,y) = y+E sin” t, falt,x) = x+% cos“t, &1 =3 & v

and they are 7 -periodic functions in ¢. By direct calculation,

e—a(s—t) eb(s—t)
Hi(t,s) = , Hy(t,8) = ——,
168) = ——2 268) = o
t+m 1 t+m 1
nm=/ Hy (6,51 (5)ds = mm=/ Hy(t, 9gas) ds = —,
t 2a t 4‘b
t+m 1 t+mw 1
mm=/ Hi(t,s)ds = 1, mw=/ Hlt,s)ds = 1,
t a t b

1
4‘_b .
and fo(t,x) : Rx [— i, +00) — Rare m-periodic with respect to first variable and increasing

andthus 7y <h, 1o <hy, 1) = i, 7y = 7. Itis easy to see that f1(¢,y) : R x [—ﬁ, +00) = R

with respect to the second variable. In addition,

fi(8,0) = (ﬁ)gsinztio, fa(8,0) = <$>§coszt¢0, teR.

Hence, the conditions (H7), (H3) are satisfied.
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In the following, we show that (H;) holds. Let ¢(1) = k%, then ¢(1) > A for A € (0,1), and
fOr xl;yl S Rr X € [O) i]; J’z € [O) ﬁ]r

113 .
ﬁ(t, Ay + (A= l)yz) = |:Ay1 + A=D1y + E:| sin¢
1 1 1175 )
=A3 |y + I—X y2+XE sin” ¢

L1111 %,%
+[(1-=)=+==| sin
N »)ab T nab

1 1 %.2
=A3 y1+E sin” ¢

=

> A

=pMAE ),

1
173
fz(t, Ax1+ (A - l)xz) = [Axl +(A=1)x, + 2—:| cos’t
a

. 1 117
=A3[(x1+(1—— Jxp+—-—| cos’¢
A A2a

1 1INT 1178 9
A3 |+ (1= )—+-—| cos’t
AJ2a A2a

= (p()\)fZ(tf x1)~

So, the condition (H>) is satisfied. By Theorem 3.1, system (4.1) has a unique periodic

solution (x*,y*) in Py, where

£(0) = (1 () 72(0)) = (% ﬁ) h(e) = (I (0), ha(0)) = (i %)

Take any initial point (xo, yo) € Py, making the sequences:

1
t+m e—a(s—t) 1713 5 1

el () = —_— n — in“t— — tds,

Xnr1(£) /t l—e-aw{[y (S)+4h:| sin 2} s

t+m eb(s—t) 1
Yne1(t) = /t. oo 1 { |:xn(S) + Z:I

n=0,1,2,...,one has x,,1 — x*(t), yu:1 — y*(t) as n — oo.

al

1
cos’t— = } ds,
4

Example 4.2 Consider the following system of differential equations:

x(t) = a(®)x(t) — [x(t) + y2(¢) + 1]% sin?¢,

1 (4.2)
¥ (t) = =b(t)y(t) — [x*(t) + y>(¢) + 2]6 cos? t,

Page 10 of 12
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where a(t), b(t) > 0 and a(t), b(t) are 7 -periodic in ¢. In this example, we let

1 1
fxy) = [2(2) +y7() + 1] sin’¢, Hltx,y) = [#*(6) + ¥ (£) + 2] cos? ¢,
and they are -periodic functions in ¢. Moreover,
£(£,0,0)=sint#£0,  £(t,0,0)=2cos’t#£0, teR.

So the fi(t,x,y): R x R, x R, — R, satisfy (Hy) and (Hs) in Corollary 3.1. Next, we prove
that the condition (Hs) also holds. Let ¢(1) = A 3 ,then p(A) >4, A €(0,1). And for A € (0,1)
and x,y > 0,

1
filt,Ax,hy) = (Ax + 2%y +1)* sin® £ > Az (x+9% +1)sin’t = p(W)fi (£, %, ),

1
Lt hx, hy) = (A2x% + 2%y +2)® cos® £ > Al (#* + 57 +2) cos® £ = p(M)fa (£, %, ).

Hence the condition (H5) is satisfied. By Corollary 3.1, system (4.2) has a unique positive
periodic solution (x*,y*) in Py, where h(t) = (hy(t), ha(t)), 1 (£) = t”" Hi(t,s)ds, hy(t) =
f:ﬂ H,(t,s)ds with

e J3als)ds i ats)ds

Hi(t,s) = H,(t,s) = W-

1— e Jo a)ds’

Further, for any point (xo, y) € Py, put the following sequences:

t+m 1
X1 (t) = / Hi (¢, S)[x,,(s) +y2(s) + 1]1 sin? s ds,
t
t+m 1
Va1 (t) = / Hy(t,5)[x2(s) + 3 (s) +2]® cos® sds,
t

n=0,1,2,..., and then we get x,.,1(£) = x*(£), yu+1(¢) = y*(¢) as n — oo.
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