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Abstract

Dengue fever is a common disease which can cause shock, internal bleeding, and
death in patients if a second infection is involved. In this paper, a multi-serotype
dengue model with nonlinear incidence rate is formulated to study the transmission
of two dengue serotypes. The dynamical behaviors of the proposed model depend
on the threshold value Rj known as the reproductive number which depends on the
associated reproductive numbers with serotype-1 and serotype-2. The value of R} is
used to reflect whether the disease dies out or becomes endemic. It is found that the
proposed model has a globally stable disease-free equilibrium if R§ < 1, which
indicates that if public health measures that make (and keep) the threshold to a value
less than unity are carried out, the strategy in disease control is effective in the sense
that the number of infected human and mosquito populations in the community will
be brought to zero irrespective of the initial sizes of sub-populations. When Rj > 1,
the endemic equilibria called the co-existence primary and secondary infection
equilibria are locally asymptotically stable. The effects of cross immunity and
nonlinear incidence rate are explored using data from Thailand to determine the
effective strategy in controlling and preventing dengue transmission and reinfection.
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1 Introduction

Dengue is a viral mosquito-borne infection which in recent years has become a major in-
ternational public health concern, a leading cause of illness and death in the tropics and
subtropics with more than 50 million dengue fever cases per year [1, 2]. There are four
distinct serotypes of the dengue virus (DEN 1, DEN 2, DEN 3, and DEN 4) that coexist
in many endemic areas [3, 4], although recently a potential fifth strain has been discov-
ered [5]. Infection with one serotype affords life-long immunity to that serotype [6], but
only cross immunity or none at all to the other three serotypes [6, 7]. Patients reinfected
with a different serotype, called secondary infection, face an increased risk of developing
DHF and DSS [8]. Recently, cross protection, or cross immunity between serotypes, has
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been conjectured to play a role in the dynamics of dengue in the sense that while a pri-
mary dengue infection with a particular serotype may confer life-long immunity to that
serotype, it may also confer temporary cross immunity to the other serotypes. It means
that the cross immunity may be complete (individuals cannot contract a secondary infec-
tion during the cross immune period) or partial (cross immune individuals have a reduced
but not zero probability to contract the disease) [9, 10]. Cross immunity may be the re-
sult of an immunological response to the disease. It acts to reduce the susceptibility to a
secondary infection lowering the effective probability for reinfection to happen [11]. In
general, the length of the cross immunity period may vary depending on the disease. In
case of dengue fever, the cross immunity may last from two to nine months [12] after the
antibodies have dropped to sufficiently low levels that allow infection with other serotypes
and subsequent ADE. The study in Bianco et al. [13] showed that the main risk factor as-
sociated with DHF/DSS in secondary infection is the presence of pre-existing dengue an-
tibodies at sub-neutralizing level after the cross immunity period. This increasing risk has
been attributed to the effect of cross immunity [14]. These indicate that the cross immu-
nity, thus, plays a crucial role in the co-circulation of serotypes and the pathogen diversity
[15, 16].

Today, dengue is regarded as the most prevalent and rapidly spreading mosquito-borne
viral disease of human beings. This leads to an upsurge in research on dengue virology,
pathogenesis, and immunology and in development of antivirals and vaccines. Especially,
mathematical models are one useful tool to investigate the cause of epidemic and to sug-
gest the best way to control and prevent dengue [9, 16—-27]. Kooi et al. [22] studied an
asymmetric two-strain dengue model for predicting characteristic dynamic behavior and
chaos occurring for smaller parameter regimes. Zheng et al. [24] formulated a two-strain
dengue model and suggested that the measures of enhancing awareness of the infected
and susceptible human self-protection should be taken, and the mosquito control measure
is necessary in order to prevent the transmission of dengue virus from mosquitoes to hu-
mans. Souto-Maior [25] studied the transmission of dengue virus using multiple-serotype
models and showed that the proposed model can sustain oscillations in the absence of any
of the latter effects or stochasticity. This model was applied to simulate both epidemiologi-
cal and viral evolution for epidemiological surveillance. These research works constructed
the epidemiological model and employed bilinear and standard incidence rates (given by
BSI and %, respectively), which may be a good approximation if the number of available
partners is large enough and everybody could not make more contacts than is practically
feasible [28, 29]. Woodall et al. [16] presented a new modeling framework based on SIR
model with enhancement to study cross enhancement between dengue serotypes which
may be influencing the epidemic oscillations. Gonzalez Morales et al. [23] studied the
asymptotic and dynamical behavior of a two-strain dengue model under the application
of a vaccine and indicated that vaccination and cross immunity period are seen to decrease
the frequency and magnitude of outbreaks but in a differentiated manner with specific ef-
fects depending upon the interaction vaccine and the strain type. Meanwhile, Anggriani
et al.[26] studied the effect of reinfection with the same serotype on dengue transmission
dynamics by developing a multi-strain dengue mathematical model, which suggested that
reinfection with the same serotype may be one of the underlying factors causing an in-
crease in the number of secondary infections. Further, the dengue model with standard
incidence rate proposed by Janreung et al. [27] was applied in order to investigate only the
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effect of vaccine parameters in controlling reinfection dengue by vaccination. In addition,
empirical data in Thailand 2018 [30] showed that secondary infection leads to severe dis-
ease which is a major cause of death from dengue. Therefore, the reinfection between two
serotypes is a major cause of yearly outbreaks of dengue [8, 30]. However, a number of au-
thors have pointed out that a nonlinear incidence rate that includes the behavioral change
and crowding effect of the infected individuals and also prevents unboundedness of the
contact rate may be more realistic than others during the disease transmission process
[9, 17, 31-41]. In addition, studies have found that epidemic models with nonlinear inci-

dences have more complicated dynamics than those with bilinear or standard incidence.
BIS
1+al
better model the cholera epidemic spread in Bari in 1973. This is important because the

For example, Capasso and Serio [31] suggested a saturated nonlinear incidence to

number of effective contacts between infective and susceptible individuals may saturate
at high infective level due to overcrowding of infective individuals or due to protective
measures enclosed by susceptible. Since then Cunningham [32] introduced an incidence

rate k(SI)” (p > 1) to point out that there may exist periodic solution in a deterministic
BIls
L+alh
upon the behavior of SIRS epidemiological models. Roop-O et al. [38] studied the influ-

. . . 1. . . .
ence of nonlinear incidence rates % upon the backward bifurcation for a malaria model

with temporary immunity. The study results suggested the different control strategies of

model for measles. Li et al. [33] studied the influence of nonlinear incidence rates

infectious diseases. For dengue fever, infection by one serotype confers life-long immu-
nity to that serotype and a period of temporary cross immunity to other serotypes. In-
fection with other kinds of dengue viruses in a person who already had a dengue fever in
the past is called secondary dengue and has been found to be more severe disease than
the primary infection due to cross immunity between serotypes [7, 9, 17]. In this paper,
therefore, a mathematical model of dengue fever epidemiology with two serotypes is con-
structed by incorporating cross immunity and nonlinear incidence rate to explore the risk
of secondary infection.

The paper is organized as follows: In Sect. 2, a mathematical model of two serotype
dengue fever is constructed based on the biological aspects of dengue fever epidemiology.
In Sect. 3, the formulated model is analyzed for the existence and stability of its equilibria.
The reproductive number is derived using the next generation. By constructing a Lya-
punov function, the disease-free equilibrium of the formulated model is globally asymp-
totically stable if the reproductive number is less than or equal to unity. The existence of
endemic equilibrium is determined and its local stability is proved by applying the cen-
ter manifold theory [42]. In Sect. 4, numerical simulations are illustrated to determine the
appropriate parameter values used for the formulated model and to determine the param-
eter which is sensitive to disease prevalence. The effect of temporary cross immunity and
nonlinear incidence rate for disease prevention and secondary infection control is inves-

tigated. Finally, discussion and conclusion are presented in Sect. 5.

2 Multi-serotype dengue model

In this section, the dengue model is formulated based on the situation of dengue transmis-
sion as follows. Dengue fever is caused by any one of four types of dengue viruses spread
by mosquitoes. When a mosquito bites a person infected with a dengue virus, the virus
enters the mosquito. When the infected mosquito then bites another person, the virus
enters that person’s bloodstream. Thus, the study populations are human population and
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mosquito population. Although, there are four types of dengue virus, infection with any
one of the viruses provides lifetime immunity to future infections from the same virus
but it will have cross protection (cross immunity) against other types for a short period
which leads to the possibility of secondary infection. Moreover, secondary infection will
increase the risk of developing dengue hemorrhagic fever. Thus, temporary cross immu-
nity can lead to subsequent infection with a different serotype. To study the influential
factors to secondary dengue infection, the infection is divided into two parts: primary
dengue infection and secondary dengue infection, respectively. The total human popula-
tion is divided into two groups: human populations who are infected with dengue with
serotype-i for the first time (the primary infection) and populations who are infected with
dengue with serotype-j for the second time. In the primary infection, human populations
consist of humans susceptible to both serotypes (S,,), i.e., susceptible to dengue serotype-
1 and dengue serotype-2; exposed humans with serotype-i (E;), infected humans with
serotype-i (Ix;), and recovered humans with serotype-i (Ry;) who recover from the first
infection with serotype-i, that is, if individuals are infected with the same dengue virus
serotype they become immune to future infections. However, if individuals are infected
subsequently with a different serotype, immunity wanes over time, which increases the
risk of developing dengue hemorrhagic fever [43]. Thus, these sub-populations become
susceptible to infection with a different serotype. For this reasons, the sub-populations
in the second infection consist of recovered humans with serotype-i (Ry;) and then be-
coming susceptible to other serotypes (serotype-j), exposed with serotype-j when the first
infection was caused by serotype-i (Ep;), infected with serotype-j when the first infec-
tion was caused by serotype-i (Iz;); and recovered humans from the secondary infection
(Rp22) who then have life-long immunity to both serotypes, respectively. Thus, the total
population is given by

2
Nu(®) = Su®) + Y (Erae) + Li(t) + Ry(£))

i=1

2 2
+ Z Z(EHij(t) + 11(£)) + Rera (2). (2.1)

=1 j=1

7
For mosquito population, there is a pool of mosquitoes that are exposed and yet in-
capable of passing on dengue because virus incubation is 4—10 days and after this pe-
riod an infected mosquito is capable of transmitting the virus for the rest of its life.
The total mosquito population at time ¢, therefore, denoted by Ny, is split into five sub-
populations: susceptible mosquito (Sy(¢)), exposed mosquito with serotype-i (Ey;), and

infected mosquito with serotype-i (Iy;(£)), so that

2
Ny () = Sy(®) + Y (Evi®) + Ii(®)). (2.2)

i=1

It is noted that the population of recovered mosquitoes is not consider, because once a
mosquito is infected with one serotype it never recovers from the infection and it cannot
be reinfected with a different serotype since the life cycle of Aedes aegypti is short (ap-
proximated one and a half to three weeks) [19]. The description of variables in (2.1) and
(2.2) are summarized in Table 1.
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Table 1 Description of variables in model (2.4)-(2.5)

Variables Description

Sy Susceptible human to both serotypes

Epi Exposed human with serotype-i in primary infection
Ii Infected human with serotype-i in primary infection
Ry Recovered human from serotype-i and susceptible human to serotype-j
Exj Exposed human with serotype-j in secondary infection
I Infected human with serotype-j in secondary infection
R Recovered human from both serotypes

N1 Susceptible mosquito to both serotypes

Ey; Exposed mosquito with serotype-i

lvi Infected mosquito with serotype-i

2.1 Nonlinear incidence rate

The incidence rate in an epidemiological model is the rate at which susceptible become
infectious, which plays a very important role in analyzing the transmission of diseases.
Several researchers thus used the standard incidence for studying dengue transmission,
(see for instance [7, 9, 17, 20] and the references therein). However, dengue is a viral in-
fection caused by four types of viruses (DENV-1, DENV-2, DENV-3, DENV-4), infection
with one serotype will provide life-long protection to future infections from the same virus
but only short-term cross immunity to the other types, leading to the possibility of sec-
ondary infections by other serotypes and developing into severe dengue. In addition, the
dengue viruses are transmitted through the bite of infected female mosquitoes that feed
both indoors and outdoors during the daytime (from dawn to dusk). These mosquitoes
thrive in areas with standing water, including puddles, water tanks, containers, and old
tires. Lack of reliable sanitation and regular garbage collection are also the causes of con-
tribution to the spread of the mosquitoes. These are due to influence on nonlinearities in
dengue transmission. For these reasons, the standard incidence rate should be modified
into a nonlinear incidence rate order to be more realistic (see [31-33, 38, 40, 41]). More-
over, Bartley et al. [44] suggested that the strongest influences on the pattern of dengue
infection and its seasonal variation were duration of infectiousness of the host, vector mor-
tality, and biting rate. Let ¢; and ¢y; represent the nonlinear incidence rate with serotype-i
from an infected mosquito to a susceptible human and the nonlinear incidence rate with
serotype-i from an exposed human and an infected human to a susceptible mosquito, re-
spectively. Motivated by Capasso and Serio [31], the nonlinear incidence rates for humans
and mosquitoes are defined by

__bBilv
1 +Olv[vl'

wnd o = DBviu(Er + Erg) + I + L) (2:3)
Pvi 1+ o (I + 1) ‘

Qi

for i,j =1,2,i #j. The modification parameter 7; accounts for the relative infectiousness
of exposed humans with serotype-i in relation to infected humans with serotype-i, and «y,
ay denote the parameters measuring the inhibitory effect for human and mosquito, re-
spectively. Notice that when oy = 0 and oy = 0, the nonlinear incidence rate (2.3) becomes
the bilinear incidence rate.

2.2 Cross immunity
Cross immunity introduces significant challenges to researchers looking to create an accu-
rate and identifiable epidemiological model of the disease. Temporary cross immunity can
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give rise to complex temporal dynamics in disease incidence, creating oscillating time se-
ries from which it is difficult to elicit information on or draw conclusions about parameters
that govern the underlying epidemiological processes. It is known that a person currently
infected with dengue or recovered from one serotype may experience a double infection
or reinfection by a different serotype, but at a rate reduced by cross immunity. The phylo-
genetic data further suggest that there is a clade-specific immunological reaction between
two serotypes. This cross immunity is encapsulated by the parameter A, which modifies
the probability of secondary infection. Values of A between 0 and 1 represent cross pro-
tection with A = 0 giving complete protection against secondary infection and A = 1 no
protection [45].

2.3 Multi-serotype dengue model with a nonlinear incidence rate
A flow diagram of the transmission of multi-serotype dengue in the primary and sec-
ondary infections is shown in Fig. 1. The model of dengue with two serotypes and nonlin-
ear incidence rates, from Fig. 1, is described by the following system of differential equa-
tions: for i,j = 1,2 and i #}.

Human population:

dj_fl =y - Z?:l PiSH ~ KHSH
i = ;S — KiEni
% = 0;En;i — Kisolhis
dRpi
dgf“ = Yilti — A@jRui — r R, -
ﬁ = A@jRui — KjE i,
SHR =) i1 21 Vilkji — iRy,
i

Mosquito population:

dj_tv =y -3 7 pviSy — LSy,
% = Z?:l (leSV - 1<i+4EVi: (25)
2 = ovilvi — pvlvi,

where K; = 0; + pp, Ky = vi + 8 + i, Kiya = oy + iy System (2.4)—(2.5) is called a multi-
serotype dengue model. The dynamics of human populations in (2.4) are described as
follows. The susceptible human population is generated via recruitment of humans (by
birth or immigration) into the community at a constant rate I7y. This population is de-
creased due to the primary infection with serotype-i, which can be acquired via effective
contact with an infectious mosquito with serotype-i at a rate ¢; and the natural death at
a rate puy. It is also assumed that all classes of human population die at the same natu-
ral death rate p¢f. In the primary infection by serotype-i, exposed humans (Ey;) develop
clinical symptoms of dengue and move to the infectious class at a rate o;. Infected humans
(Iy;) recover and move into the recovered class, which has life-long immunity to serotype-
i, but partial cross immunity to serotype-j, at a rate y; and suffer disease-induced death
by infection with serotype-i at a rate §;. In the secondary infection by serotype-j, recov-
ered humans with serotype-i (Ry;) in the primary infection are susceptible to dengue with
the second serotype-j. Due to the cross immunity, this population can be infected with
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Figure 1 Schematic diagram of multi-serotype dengue model

serotype-j and becomes exposed human population at the reduced rate A¢;, 0 < 1 < 1. Ex-
posed humans (Ep;) develop clinical symptoms of dengue by the secondary infection with
serotype-j and move to the infectious class at a rate o;. Infected humans (/;) recover and
move into the recovered class (Ry;) with life-long immunity to both serotypes at the rate
¥;- This population suffers the disease-induced death by infection with serotype-j at a rate
8.

For the mosquito population in (2.5), the susceptible mosquito population is generated
by birth at a constant rate ITy. Susceptible mosquitoes are infected by both serotypes by
biting the exposed and infected humans with serotype-i at the rate ¢y;. After virus incuba-
tion for 4 — 10 days, the exposed mosquito with serotype-i develops symptoms of disease
and becomes the infected mosquito with serotype-i at the rate oy;. It is assumed that all
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Table 2 Description of parameters and values used for the multi-serotype dengue model (2.4)—(2.5)

Parameter  Description Value Range Refs.
Iy Recruitment rate of human 100 people per day - -
11y Recruitment rate of mosquito 11,690 mosquitoes per day - -
1/n Natural death rate of human 70 years [50-70] [29]
1/ y Natural death rate of mosquito 14 days [8-42] [53]
) Disease-induced death rate for infected 81 =0.00031 8, = 0.00063 [0.05,0.32] [59]
human with serotype-i
1/o; Rate at which infected human with 1/01 =5.7 days [4-10] [60]
serotype-i becomes infectious 1/0, =54 days
1/yi Recovery rate from serotype-i 1/y1 =7.9 days [4-12] [53]
1/y, =7 days
/oy Rate at which infected mosquito with 1/oy1 =109 days [6-12] [53]
serotype-i becomes infectious 1/0y, =8 days
1/A Cross immunity between serotypes 3 months [2-24] [53,54]
NHi Modification parameters with serotype-i N = N =0.0072 [0-1] [20]
Bi Transmission probability rate from B =1320 x 107° 0,1) -
infected mosquito with serotype-i to B> =13080 x 1076
susceptible human
Bui Transmission probability rate from By =959 x 10°° 0,1 -
infected human with serotype-i to By =9835 x 107°
susceptible mosquito
b Biting rate 0.68 per day 0.33-1] [53]
ay Inhibitory effect for human 8648 x 107 o) [30]
ay Inhibitory effect for mosquito 1.3405 x 1070 o,M [30]

mosquito populations die due to their finite life span (natural death) at the same rate py.

It is noted that the index i refers to the virus serotype (DEN-1 or DEN-2 or DEN-3 or

DEN-4), and the new index j refers to different virus serotypes. The state variables and

parameters of the multi-serotype dengue model are described in Tables 1 and 2, respec-

tively.

Since multi-serotype model (2.4)—(2.5) monitors human and vector populations, all the

associated parameters and state variables are nonnegative. The region of biological inter-

est, then, is given in the following theorem.

Theorem 2.1 The closed set

2=2,U802, CRZ xR,

where

2, = {(SH:EHIyIHlyRHIyEHlZ)IH12:EH2yIH2yRH2yEH21y1H211RH22) e fi2:

§2; = {(SVrEVhIVl:EVZ,IVZ) €N :Ny =

Ny < @},
MH

is positively invariant and attracting.

Proof Let Py = (Su, Erny Ity Ry Erngs Inzs Evos Trizs Rias Erons Iy Riaz) € 02 be a so-
lution of human system (2.4) with nonnegative initial conditions. Adding all equations in

HV}
1224 ’

Page 8 of 32
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(2.4) yields

ANy
e My — puNy — (81 + 81 + 82102 + 821112). (2.6)

It follows from (2.6) that
dNy
HH—(/LH+51+82)NH§ 7 SHH_H«HNH- (27)

Using Gronwall’s inequality and solutions of two linear first order equations in (2.7), we
get
Iy

II
4 N (0)e 91t < N (1) < Ny (0)e " + =2 (2.8)
nH + 31 + 82 MH

where Np(0) represents the initial value of a total human population (2.1) at time ¢ = 0.

Thus, as t - oo,

1T IT
— <Ny <=
Wi+ 81+ 6 2974

Therefore, all feasible solutions of the human population (2.4) enter the region £2;:

2= {(SH,EHI,IHI,RHI,EHH,IHu,EHz,IHZ,RHZ,EHzl,IHm,Rsz) e R

Iy Iy
———  +e<Nyp<—+¢Ve>04.
WH + 81+ 8y H

Further, let Py, = (Sv, Ev1,Iv1, Eva, Iy2) € R be a solution of the mosquito system (2.5)

with nonnegative initial conditions. Adding all equations in (2.5) yields
—_— = HV - ,vaN\/. (29)

Obviously, the total mosquito population Ny (¢) approaches ITy /iy as t — oo. Then, all

feasible solutions of the mosquito population (2.2) enter the region §2:

I
§2, = {(SVrEVIrIVI:EVZ,IVZ) €N :Ny = l/«_}
v

Taking N = min{Ny, Ny}, it follows that all possible solutions of system (2.4)—(2.5) will
enter the region £2 = £2; U £2,. O

Hence, the region of biological interest 2 is positively invariant under the flow induced
by system (2.4)—(2.5). Furthermore, the existence and continuation results of system (2.4)—
(2.5) hold in £2. Thus, model (2.4)—(2.5) is mathematically and epidemiology well posed.
It is, therefore, sufficient to consider the dynamics of the flow generated by system (2.4)—
(2.5) in £2.
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3 Analysis of multi-serotype dengue model

3.1 Stability of disease-free equilibrium

Multi-serotype dengue model (2.4)—(2.5) has a disease-free equilibrium (DFE) denoted by
P? which is given by

o _ (¢o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Pn - (SH’EHI’IHI’RHI’EH12’1H12’EH2’]H2’RHZ’EHZI’IHZI’RHZZ’SV’EVI’IVI’EV2’IV2)

I I1
= (_H,0,0,0,0,0,0,0,0,0,0,0,_V,O,O,O,O). (3.1)
HH Ky

According to the next generation method and the notations proposed by van den Driess-
che and Watmough [46], the 12 x 12 matrices F (containing the new infection terms) and
V (containing transfer terms) are given by

o o o0 O 0 0 0 0 0B 0 0
o o o0 O 0 0 0 0 0 0 0 O
o o o0 O 0O 0 0 0 0 0 0 O
o o o0 O 0 0 0 0 0 0 0 O
o 0 0 0 0 0 0 0 0 0 0 B
sl 0 0 0 0o 0o 0 0o 00000
o 0o o0 0 0 0 0 0 0 0 0 O
o o o0 O 0 0 0 0 0 0 0 O
AL Aq 0 0 0 0 nmA; A1 0 0 0 O
o o o0 O 0 0 0 0 0 0 0 O
0 0 nmds Ay nmAx A 0 0O 0 0 0 O
.0 0 0 0 0 0 0 0 0 0 0 O]
and
[k, o o o o O O O O O 0 O]
o1 K3 0 0 0O O O O 0 0 0 0
o 0 K,k 0 0 O O O 0 O 0 0
0 0 oo K, 0 0 O O 0 O 0 0
0o 0 0 0 Kk 0 O O 0 O 0 0
y_| 0O 0 0 0 -;m Ky 0O 0O 0 0 0 0
o 0 0 o0 0 0 KK 0 o o0 o o}
0 0 0 0 0 0 -4 K3 0 O 0 0
0o 0 0 0 0 0O 0 0 Ks O 0 0
0 0 0 0 0 0 0 0 -0y py O O
0o 0 0 0O 0 O O 0 0 0 K& O
(0 0 0 0 0 0 0 0 0 0 -ow uv

respectively, where A; = % and B; = H/’j—f{’% fori=1,2. The matrix G:= FV~1 = (gil12x12

is a sparse matrix with nonzero elements as specified below:

_ Oybprovy _ Opbpy _ ybproys _ Opbpy
819 = TuuyKs 8110 = Ty 8511 = 7y Ke 8512 = Ly
_ _ Tybpyi(nH1K3+01) _ _ ybpva
291 =897 = kG 892 =894 = s (3.2)
Ty bBva (e Katog) TybBys

8113 =8115= = koK 8114 = 8116 =~ K, -
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The entries of G in (3.2) are interpreted as the number of secondary infections pro-
duced by infected mosquitoes and humans during the course of their infection. The en-
tries go,1,897,£11,3, and g11,5 are defined as the expected number of infectious humans with
serotype-i generated by the infectious period of mosquitoes with serotype-i. The entries
1,0 and g5 11 are defined as the expected number of infectious mosquitoes with serotype-i
generated by incubation period and infectious period, respectively. It is noted that in-
fected humans produce infected mosquitoes and vise versa. Thus, the entries go2, g9 4, 211,45
and g1 display that humans cannot infect humans. The entries g;19 and g5 15 show that
mosquitoes cannot infect mosquitoes. The other entries are zero, which means no sec-
ondary infection in mosquitoes. Let R} = p(G), where p is the spectral radius (dominant
eigenvalue in magnitude) of G. It is easy to show that

Rg =max{R,1, R,»}, (3.3)

where

My Ty b? B Bviovi(miKis ;
R,,,»:\/ ny b pipviovilnriKina +01) g g (3.4)

W KiKioKivs

According to Theorem 2 of [46], the local stability of disease-free equilibrium (DFE) P?
is established in the following lemma.

Lemma 3.1 TheDFE P!, given in (3.1), of system (2.4)—(2.5) is locally asymptotically stable
(LAS) in 2 whenever R} < 1 and unstable if Rfj > 1.

This lemma verifies that Rj) is a threshold value called the basic reproduction number of
multi-serotype dengue model and R,; is the basic reproduction number associated with
infection serotype-i for i = 1,2. In epidemiology, the reproductive number R represents
the number of cases one case generates in a completely susceptible population [47]. It
is found that Rfj, see (3.3), depends on the values of R,; and R, see (3.4). Further, it is
found that if Rjj < 1 whenever R,; <1 and R, < 1, a small influx of infected cases into the
community would not generate large outbreaks in both primary and secondary infections,
and the disease dies out in time because the DFE is LAS as guaranteed by Lemma 3.1.
However, to ensure the effective disease control of both primary and secondary dengue
infections, it is imperative to show that the DFE is globally asymptotically stable (GAS) in
order to make sure that the number of infected cases in the community at steady state are
independent of the initial sizes of the sub-populations of a multi-serotype dengue model.
The following theorem is established and its proof is given in the Appendix.

Theorem 3.1 The DFE, P!, of multi-serotype dengue model (2.4)—(2.5) is globally asymp-
totically stable (GAS) in §2 whenever Rjj < 1.

Lemma 3.1 and Theorem 3.1 verify that the asymptotic behavior of multi-serotype
dengue model (2.4)-(2.5) is determined by the basic reproduction number Rj. As evi-
dent in Fig. 2(a)—(m), all profile solutions of multi-serotype dengue model (2.4)—(2.5) al-
ways converge to P for all initial sizes of sub-populations used whenever Rj <1 in the
sense that the numbers of infectious human and mosquito populations decline to zero, see
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Figure 2 Time series plots of the multi-serotype dengue model (2.4)—(2.5) with different initial sizes of the
sub-populations. The parameter values are given in Table 2 at which (R,; =0.9747,R,, =0.9851) and

Ry = max{Rn1, Rn2} = Rna < 1. (@)—(h) Showing the dynamics of human sub-populations. (i)-(m) Showing the
dynamics of mosquito sub-populations

Fig. 2(c),(d),(e),(f), and (j)—(m). These study results suggest that when R; < 1 the disease
will be eradicated from the population irrespective of the initial sizes of sub-populations,
which should be the great public health interest.

3.2 Existence of endemic equilibrium
Let

ok ((Qik ek PRk ek ok ok sk PRk pEk ok ok
pn _(S ’EHl’ H1»"\H1»*~H12’ H12’EH2’ H2)"\H2'~H21’*H21’

Hk sk ek PRk ek PRk
H22 PV =V iV =V V2) (35)

be an arbitrary endemic equilibrium. Solving the endemic (positive) equilibrium of multi-
serotype dengue model (2.4)—(2.5) in terms of state variables at steady state is laborious
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owing to its high dimensionality. For simplicity, we start from defining the force of infec-
tion with serotype-i of human and the force of infection with serotype-i of mosquito at

steady state as follows: for i,j = 1,2, (i #j),

DB R bBvi(nmi(Ex; + Ex) + Lig; + L) (3.6)
L= an (p‘/ = R
! 1+0[w *VT : 1+OlHi( I”-:IT+ ]),j;]kt) ’

respectively, where ** represents the component of the positive equilibrium at steady state.
Then all state variables of system (2.4)—(2.5) at steady state can be expressed in terms of

@;* and @} as given in the following: for i,j = 1,2 (i #}),

s _ Ty s _ o™ Ll 1

H = G Hi = KGg, Hi = KiKi12Glp’

v HOvier*

Hi K"K’”G’Z*f}%; .

o HOVOGTG e TTHOOYATG (3.7)
Hij ~ KiKiKi12Grr) G’ Hij ~ KiKiKi42Kj12Grry, G’ :
i Zz Z'Z YilHji wx _ Iy « _ vy

H22 i=1 /;} 7 VT Gy’ Vi~ KinaGiipy’

ok _ HV‘TWW\;;

Vi ™ uvKiaGllpy,’

ok — kk ko __ kk kk kok — skek sk
where G, = A+ s Gl = 0 + @ + and G, = ¢y; + @y + wy.
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Substituting expressions (3.7) into (3.6) and after simplifying, we get the following sys-

tem:
*k _ nvbﬁl‘ﬂ*v*l
1= wvKs(py +ovh+uy)+ayiyoyiey;’
*k _ HVbﬂ%ﬂ,\‘/*z
b = wyKe(py +ovh+uv)+ayalyoyre’
TPy (11 K2 +01) K4 G 401 120205 ™ (3.8)

sk _

Py1 = K KngKz}G}i* G*+IMyap o1 (1(21(4Gi* +A1 yzaz(p;*)(pf* ’
- THbBy2 (N2 K3+02) (KL K363 +hy10107 )93 *

Py = ](1K2K3K4G§; G** + Mo 09 (K1K3 G:; +A2y101 wf*)w;* ’

where G** = 1" + 93" + un, G5 = Api™ + un, and G = A@3™ + .

In the case when ¢ = ¢3* = 0, it follows from (3.8) that ¢} = ¢} = 0. Substituting
these values into expressions (3.7), we get the disease-free equilibrium.

In the case when ¢}, (p]?k* >0fori,j=1,2 (i #j), system (3.8) is rearranged to the system

bg;
<Mv1<i+4 +yoy; <Olv,- - w—;))%}" + uv1<i+4(go"'}jf +1y) =0, (3.9)
i
A(p;‘* 2 B avj(p}fk* ‘
e MR- TP,
R,; =R, o ; o | (3.10)
(1 + W—JFMHM]R”/)(I - b_ﬂl(pl )P/
where
Ao MR,
Pi=@f + " + gy + RouMiog]™ (14 ———2
AT+ iy (3.11)
) .
o My 0iYiKia Moor = Hui®hi
" OpITyb2BiBviovi(niKiss + 07) 2 Vi "

Clearly, system (3.9)—(3.10) is consistent if and only if R,;/R,; > 1, which implies that sys-
tem (3.8) is consistent whenever R,; > R,; > 1. Therefore, the endemic equilibrium P};*
given in (3.5) of system (2.4)—(2.5) is obtained by solving the fixed point problem (3.8) for
positive ¢;* and ¢}, i = 1,2, and then substituting the results obtained into (3.7). Further,
the existence of endemic equilibrium of system (2.4)—(2.5) in the primary infection and
secondary infection is investigated based on the cross immunity when 0 < A < 1 as follows.

Casei: A =0

In this case, system (3.9)—(3.10) gives the endemic equilibrium which has only the pri-
mary infection whenever R} = max{R,1,R,2} > 1, that is, R,;; = Rz > 1. This equilibrium is
called the co-existence primary infection equilibrium and is given below.

Theorem 3.2 If A = 0, the multi-serotype dengue model has the co-existence primary in-
fection equilibrium, denoted by Pj;:

ok sk Rk Rk ok sk Rk Kk sk pekk Rk sk Rk
Py = (SH’EHl’IHl’RHl’O’O’EH2’IH2’ +2:0,0,0, V’EVI’IVI’EVZ’]VZ)’
whenever R,; = Rp > 1.

This theorem indicates that when A = 0, the infection with one serotype produces com-
plete immunity against the other serotypes in the sense that there is no reinfection dengue.

Page 14 of 32



Janreung et al. Advances in Difference Equations (2020) 2020:147

Caseii: 0<A <1

In the case when R = max{R,1,R,»} > 1, that is, R,; > R,; > 1, system (3.9)—(3.10) has
the endemic equilibrium which is called the co-existence secondary infection equilibrium
in the sense that the second infection occurs following the primary infection after some
time interval. Thus, the following result is claimed.

Theorem 3.3 If0 < A < 1, the multi-serotype dengue model has the co-existence secondary
infection equilibrium, denoted by P;;*, whenever R,; > Ry > 1, i #}.

This theorem indicates that the infection with one serotype produces partial immunity
against another serotypes when 0 < 1 < 1.

3.3 Local stabilities of co-existence equilibria

The local stabilities of co-existence equilibria of the multi-serotype dengue model (see
Theorem 3.2 or Theorem 3.3) are analyzed based on the use of the center manifold theory
[42]. To simplify, the state variables are changed first of all. Let Sy = x1, Eg1 = %2, Iy1 =
%3, Rp1 = %4, Egna = %5, 1112 = %6, Eny = %7, Iy = %8, Rz = %9, Epay = %10, I21 = %11, Ruop =

1

2
%12, Sv = %13, Ev1 = %14, Iv1 = %15, Eva = %16, and Iy = %17, so that Ny = )

o1 %y and Ny =

Zi:l %412, respectively. Further, by using the vector notations x = (x1,%2,%3,. .. ,x17)T and
F(x) = (A®),f2(x),...,fiz(x))T, multi-serotype dengue model (2.4)—(2.5) is written in the

form

dx
— =F(x), 3.12
dt (<) (3.12)
where
Si =M = (g1 + @2)x1 — ppxy, fo=o1x1 — (01 + ),
f=oxy— (1 +81+um)xs,  fa=y1x3 — (A@a + [ip)xy,
S5 = hpaxa — (02 + p)xs  fo = 00x5 — (Y2 + 82 + )6,
fr = @ax1 — (02 + pp)x7, Ja = 02%7 — (v2 + 82 + [Lpr)%s,
Jo=vaxg — (Aor + ¥,  flo = Aprxe — (01 + pr)x10, (3.13)
fu =o1x10 — (Y1 + 81 + Lu)X11, f12 =Y1X11 t VaXe — MHX12, ’
Si3 =My = (@v1 + @v2)¥13 — X3, Sia = ovixiz — (ovi + ny)x1a,
fis = Ov1¥1a — Ly X5, Jfie = vaxiz — (Ova + v)x1e,
_ _ _bpix _ bpox

Ji7 = ovaxie — pyxi7, D1 = Travos P2 = Trages?

_ bBvi(nm1 (x2+x10)+43+x11) _ bBva(nma (s +x7)+x6+x8)
$v1 T+apyy (x3+x11) ’ Pv2 T+ap (x6+x8)

Since system (3.12) is identical to system (2.4)—(2.5), the disease-free equilibrium P
and the reproduction number Rjj of system (3.12) are given in (3.1) and (3.3), respectively.
Consider R} = max{R,1,R,»} = 1, then

By = B = pr Ky KaKeg
> yulyb®Byrova(nuaKa + 02)

is chosen to be a bifurcation parameter with

8 B5* Bvaova(niaKy + 02) K1 K3Ks5
1 =
Bviovi(nmKs + 01) KoKy Ko
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The Jacobian of system (3.12) evaluated at P with B, = B5* is given by

i Osxs )2
J(B5) = 0sx6 S5 Ju |
Js Jo Tz
where 0,,x, is a zero matrix of m rows by #n column and the matrices J;,i = 1,...,7, are
given by
(—py O 0 0 0 0 ]
0 -Ki 0 0 0 0
o o -kz 0o 0o o
loo 0w o 0 0|
0 0 0 0 -K, 0
L0 0 0 0 o -K
[0 0 0 -CBy* 0 -CB*]
000 CB* 0O 0
looo o o o
21600 o o o |
0 0 O 0 0 0
looo o o 0 |
[-&, o o o0 0] 0000 0 CB*
o, -K, 0 0 0 0O 0 0 0 O 0
Ji=| 0 w» —uw 0 0|, JL=|l0 0000 o0 |
0 0 0 -K; 0 0 0 0 0 O 0
L 0 0 0 o1 —Kg_ 0 0 0 0 O 0
[0 0 0 0 0 V2 ]
0 -nmAr -A1 0 -nmAr -As
o mmar A4 0 0 0
5=l o 0 0 0 0|
0 0 0 0 nmd, A
0 0 0 0 0 0 |
0 0 0 0 |
-nmAx Ay 0 -nmAr A
0 0 0 nmA; A
Jo = )
0 0 0 0 0
NH2 A A, O 0 0
0 0 0 0 0 |
[~y 0 0 0 0 0 ]
0 —uy O 0 0 0
0 0 -Ks 0 0 0
J7 = )
0 0 oyl —My 0 0
0 0 0 0 -Kq 0
L 0 0 0 0 oy —Hv
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: IybBvi My bByaoyr(nHaKa+02)K1K3Ks ;
ithA; = “X2% i=1,2,an = r ively. It can hown
with A; o hi=12a dC R e DKk Tespectively. It ca be show

that J(8;*) has at least one eigenvalue with zero real part. Hence, the center manifold

theory [42] can be used to analyze the dynamics of (3.12) with 8, = 83*.
Next, the right eigenvector of J(8;*) associated with the zero eigenvalue at 8, = B;* is

given by w = [wy, wo, w3, ..., wi7]7, where

_ _Kiw+Kowy _ oiwy _ 7101wy _
wy = PR W3 = =, =R wy =wy >0,
_ _ _ 0wy _ yoowy
ws = wg =0, W8 = e Wo =R
wio = wi1 = wip =0, wy =w; >0,
Wiz = _ by Bv1Ka(n1 K3 +01) Wy — by By K3 (np2Ka+03) Wy (3.14)
1y K3Ky Wy K3Ky ’
by Bvi(np1K3+01) by Bviovi(ny1Ks+o1)
Wi = — STy Wis = w:
14 wyK3Ks 2 15 #%/KSKS 2y
bIly By (np2Ka+0o) bIly Byaova(npaKa+og)
Wie=—""p - W Wiy = wry.
16 1y KaKe 7 17 12 KsKe 7

Similarly, the components of the left eigenvector of /(8;*) associated with the zero eigen-
values at 8y = 3%, denoted by v = [vy, v, vs,...,v17], are given by

Vi=Vy=v9=v1p=v13=0, V14 =v14 >0, V16 = V16 > 0,

Vo = anﬁ;‘:t(Izlfll(§<3+Ul)vl4’ Vg = bllx}";? Vids Vs = bnvﬂx@(]fg]z{fwﬂz) 16

Ve = —bll“jlﬂa/z V16 V7 = —anﬂX?/(ZI;I%i(4+G2)V16’ Vg = _bll‘\:liln Vie6» (315)
Vio = —anﬂKt(Zfé;<3+al)V14, Vi = —hg“f,’i‘;l V14,

Vi5 = UI%VM and 7 = J%,

respectively.

Computing the associated nonzero partial derivatives of F(x) at P and using the ex-
pression in (3.14)—(3.15), the coefficients a and b defined in Theorem 4.1 [48] are given
by

17
i
= ———(0,0
a= Y ViWWy T me( )

konm=1
_ 2]917vl3\/11(7W2W14
Loy T KK,

_ 2bI1y By Kswrwie
v ITgK3 K,
20113

ud K2K2KsKs
_ 20 ITy (Bv1KaK7wy + B2 K3Kgwy)
HyK3KG

(K1Kgwy + (Ko Ky — y2000)w7)

(1(11(4W2 + (K21<4 - )/20'2)\)W7)

(ﬂ‘z/l O'VI(X\/11<721<51<6W% Vig + ,3‘2/20'\/2(){\/21<321<51<§ W%VIG)

(Bv1KaK7waviy + ByaKsKgw7v16) (3.16)

and

02f;

k
Axn 05"

(0,0)

17

b= ViWy

k,n=1

_ My ITE 0 Byaoya Ks(BviKaKowavia + ByaKsKswrvie)
W K K K2 K

) (3.17)

where [(7 = T]Hll(g + 01 and 1<8 = 771-121(4 + 0.
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Clearly, the coefficient b is always positive and the coefficient « is positive whenever 0 <
A < 1. Similar results are obtained when the bifurcation is chosen to be g; = 8;*. According
to Theorems 3.2-3.3 and Theorem 4.1 of [48], the following lemmas are established.

Lemma 3.2 If A = 0, the co-existence primary infection equilibrium P}, of the multi-
serotype dengue model exists and is locally asymptotically stable whenever R} > 1 (that

is, Ry = Ryj > 1for i,j = 1,2 and i #j) and is close to 1.

Lemma 3.3 If 0 < A < 1, the co-existence secondary infection equilibrium P} of multi-
serotype dengue model exists and is locally asymptotically stable whenever R} > 1 (that is,
R,i > Ry > 1fori,j=1,2and i #j) and is close to 1.

4 Numerical simulations

4.1 Estimation of model parameters

The Ministry of Public Health Thailand reported the dengue outbreak during 2014-2018
and indicated that dengue is epidemic every year, especially the number of dengue cases
increased in the year 2018 [30]. Thus, the multi-serotype dengue model is applied for
predicting the number of infectious populations and computing the cumulative number

of dengue cases by solving the following differential equation [49]:

dc
— =k1(Ig1 + Iy21) + koI + IH12), (4.1)

at

where C denotes the cumulative number of dengue cases, «; and «; are the rates of pro-
gression from infective to diagnosed. The parameters used in simulation are A = 0.0111,
ap =8.648 x 107, ay = 1.3404 x 107%, k1 = 0.0361, k» = 0.0283, and the other parameter
values are given in Table 2. The values of X, oy, and «y [30] correspond to three months
of cross immunity, the prevalence rates per one million people, and mosquitoes’ density,
respectively. The other model parameters chosen are reliable data corresponding to the
dengue transmission in Thailand and those in the literature.

The cumulative numbers of dengue cases produced by the multi-serotype dengue model
are compared with the real data in the year 2018 [30], see Fig. 3. The accuracy of the
approximated data obtained are tested by using the coefficient of determination denoted
by R? [50]. It is found that R? = 0.9997 verifies that the approximated data are closer to
the real data, see Fig. 3. This study indicates that the values of model parameter in Table 2
are appropriated values for the multi-serotype dengue model. These values will be used
to investigate the sensitivity of model parameters that impact the transmission of dengue
and then to analyze the effects of cross immunity and nonlinear incidence rate on the

occurrence of reinfection dengue.

4.2 Sensitivity analysis

The parameters that have high impact on the transmission and should be targeted by in-
terference strategies can be discovered by the sensitivity analysis [51]. When a parameter
changes, the relative change in a variable can be measured by the normalized forward
sensitivity index of a variable with respect to a parameter. The normalized forward sensi-

tivity index of the reproduction number of a multi-dengue model R with respect to the
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Figure 3 Comparison of the cumulative number of infected number produced by the multi-serotype
dengue model and the cumulative number of reported dengue cases in Thailand, 2018
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Figure 4 Sensitivity indexes of Rfj = R}, to the twelve different parameters for dengue serotype-2: wy, b, tn,
Iy, Iy, B2, Bva, V2. Ov2, N2, 02, 82 at the baseline parameter values given in Table 2

parameter p is given by

7,0 = R L (4.2)
p Ry

It is found, from predicted cumulative number of dengue cases, that Rj = R} > 1. Then
the sensitivity indices of R} to the twelve different parameters at the baseline parameter
values (see Table 2) are shown in Fig. 4. The study results show that the most sensitive pa-
rameter for mosquito is the natural death rate j1y followed by the mosquito biting rate b,
the probability of disease transmission from infectious humans to susceptible mosquitoes
Bv1, and the recruitment rate by mosquito birth 7y, respectively. Meanwhile, the most
sensitive parameter for human population is the mosquito biting rate b followed by the
natural death rate py, the recruitment rate I7y, the transmission probability rate from
infected mosquito to susceptible human f;, the human recovery rate y;, and the modifi-
cation parameters 11, respectively. It is also found that the sensitivity indices of Rj; with
respect to B1, Bv1, [Ty, and ITy do not depend on any parameter values, which implies that
increasing these model parameters will lead to increasing R = R} and vice versa. Similarly,
the same results are found when R} = R} > 1 by changing index 2 to index 1. These study
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results indicate that the model parameters By», b, B3, and ny, affect the transmission of

dengue. On the other hand, the model parameters py and y; impact its prevention.

4.3 Effect of cross immunity and nonlinear incidence rates on secondary
infections

It is found that, from (3.3)—(3.4), the reproductive number of the multi-serotype dengue
model Rjj does not depend on the cross immunity and nonlinear incidence rates. However,
the co-existence equilibria of the multi-serotype dengue model exist whenever the ratio
of R2 and R2 is greater than unity (see system (3.9)—(3.10)) and is guaranteed by Lemmas
3.2-3.3, respectlvely. To investigate the effect of cross immunity and nonlinear incidence
rates on the secondary infections, the relation of R?; and R2 given in (3.10) is compared

with the following functions:
2> fi(Ry) iRy = Ryi> 1, (4.3)

where

RZ

L+a(l-av)(l-¢ “H"l °E)M ,[R 1]’ (4.4)

fi(Ry) =

and M, = My Iy b ﬁ;ﬁv;dv,(n/—[, =
/- l’-Hll U/V/K/+4
Let A = A}, apy = o}y, and a0y = orf; be the bifurcation parameters of f;, i = 1,2. The first

2% for i ,J =1,2 and i #j, respectively.

and second derivatives of f; (R ) with respect to R are given by

1-A “2A(1 - A)

m and f”( n/) m, (4.5)

f/ (Rij) =

respectively, where 4; = A(1 — ay)(1 - &~ )M for j = 1,2 and i #j. Further, solving
f{(RY) = 0 for A}, oy, and @y, we get

1 1
A= oo\’ ay=1- aHo; \? (4.6)
M1 —ay)(1 - g&5) M1 = gies)
KiK; 1
Ol;[i _ Ni+2 1— ) (47)
g; )\M}(l —Olv)

According to (4.4)—(4.7), the following lemma is established.

Lemma 4.1 Forall R >R} >1,i,j=1,2and i #].

(i) The function ﬁ(Rf,j) is increasing and concave down if one of the following conditions
holds:
(@) A <Al
(b) ay > afy;
(0 ay>af,.

(i) The function fi(R* ;) is decreasing and concave up if one of the following conditions
holds:
(@) A>A%
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Figure 5 Showing the region of primary and secondary infections which are separated by the functions f;
and f, given in (4.4) under the condition in Lemma 4.1

(b) an <oafy
(0 ay <af;.
(ili) The functions f1(R%,) = fo(R%,) = 1 if one of the following conditions holds:
(@ A=A}
(b) am =ajfy;
(€ ay =aj,.
(iv) The functions fi(R2,) = fo(R%) > 1 if one of the following conditions holds:

(a) A=0;
(b) = K2,
(¢) ay =1.

4.4 Theoretical results

The results in Lemma 4.1 are applied to monitor the effect of cross immunity (1) and
the inhibitory effect for humans () and mosquitoes (ay) on the secondary infection as
follows. First, the conditions in Lemma 4.1 are tested to determine the area of secondary
infection by plotting the functions f;(R%,) versus R2, and f,(R2,) versus R?,. The model
parameter values/ranges used for simulation are given in Table 2. The results obtained are
shown in Fig. 5. In this figure, the secondary infection is the area bounded by the profiles of
/f1(R2,) and f5(R2,). The primary infection with dengue serotype-i represents the stability
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Figure 6 Showing the region of secondary infection covered by the functions f; and f, given in (4.4) with
A =0.0714 (brown solid), 0.0110 (blue dashed), 0.0037 (red dashdot), and 0.0014 (green solid)

region of co-existence primary infection equilibrium P}, (in line with Theorem 3.2), and
the secondary infection represents the stability region of co-existence secondary infection
equilibrium P}, (in line with Theorem 3.3) whenever R}, > R>, > 1 for i,j = 1,2 and i #j. It
is found that the second infection occurs whenever conditions (i)—(iii) in Lemma 4.1 hold,
see Fig. 5(b)—(d). On the other hand, the second infection is reduced if the condition (i)
holds, see Fig. 5(b), and then it is eliminated if condition (iv) holds, see Fig. 5(a). These
study results reveal that the cross immunity and nonlinear incidence rates for human and

mosquito are important factors in controlling and preventing the secondary infection.

4.5 Effect of cross immunity

The effect of cross immunity is investigated with various A. The values of X are chosen to
be 0.0714, 0.0110, 0.0037, and 0.0014 which correspond to the period of cross immunity
as two weeks [52], three months, nine months, and two years [53, 54], respectively. With
these parameters and the parameter uses given in Table 2, the secondary infection, which
is the area bounded by the profiles of f;(R?,) and f»(R?,), is displayed in Fig. 6. It is found
that when A = 0.0714, the area of secondary infection is widest and would reduce when A
increases to 0.0110, 0.0037, and 0.0014, respectively. This study interprets that the cross
immunity affects the decrease in the occurrence of dengue reinfection after getting the
primary infection.

The number of infected populations at steady state is predicted by simulating multi-
serotype dengue model (2.4)—(2.5) using the values of model parameters given in Table 2
and various A. With the parameter values used in Table 2, the reproductive numbers asso-
ciated with infection dengue serotype-1 and dengue serotype-2 are given by R,;; = 3.8987
and R, = 3.9402 so that the reproductive number of multi-serotype dengue model (2.4)—
(2.5) is R} = max{R,1,R,»} = Ry = 3.9402. The results obtained are tabulated in Table 3. It
is found from Table 3 that when R, > R,;; > 1, increasing the period of cross immunity
would decrease the number of infected humans in primary infection, which results in de-
creasing the number of mosquitoes carrying dengue serotype-1 and serotype-2. However,
increasing the period of cross immunity would decrease the number of infected humans in
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Table 3 Effect of the period of cross immunity (1/A) on the number of infected populations: Iy1, I3,
12, 421, Ivr, and Iy at steady state using the multi-serotype dengue model (2.4)-(2.5)

1/A Infected human Infected Stable equilibrium
Primary infection Secondary infection mosquito
I Iz I2 I Iy Iv2

3 months 324 365 23 27 285 367 P

9 months 284 399 7 8 238 383 P

2 years 250 428 2 3 207 405 P,j

6 years 227 448 0 0 187 421 P

15 years 219 455 0 0 180 427 P/j

secondary infection, which exchanges the stabilities of two equilibria (P}* and Pj,). This,
of course, is in line with Lemmas 3.2—-3.3. Further, Figs. 78 display the number of infected
humans and mosquitoes produced by multi-serotype dengue model (2.4)—(2.5) using the
values of model parameters given in Table 2 and various A (A = 0.0111 and A = 0.0014). The
value of A corresponds to the period of cross immunity as three months and two years,
respectively. The initial conditions in simulation vary, which corresponds to the dynamics
of dengue transmission. The numbers of infected humans and mosquitoes for ten years
are shown in Figs. 7-8. It is found that if the period of cross immunity is short (approxi-
mated three months), the number of infected humans in secondary infection increases and
fluctuates, see Fig. 7(c)—(d). On the other hand, increasing the period of cross immunity
(approximated two years) would decrease the number of infected humans in secondary
infection but it would not die out as shown in Fig. 8(c)—(d). This is a strong evidence that
the immunological interactions between serotypes are of central importance in under-
standing epidemiological dynamics and anticipating the impact of strategy in controlling
and preventing dengue.

4.6 Effect of nonlinear incidence rates

It is evident from Table 3 that only the number of infected humans in secondary infection
die out as the period of cross immunity is increased, while the infected humans in pri-
mary infection and the infected mosquitoes still be in the community. This may cause the
dengue outbreak again. For these reasons, in the case when the period of cross immunity
is three months, the effect of nonlinear incidence rates for human and mosquito is investi-
gated with various the inhibitory effect of human oy and the inhibitory effect of mosquito
ay.

When the inhibitory effect of human oy, varies as ayy = 8.6480 x 107>, 0.05, 0.125, re-
spectively. With these values and the other parameter values given in Table 2, the area of
secondary infection is shown in Fig. 9(a). It is found that the area of secondary infection
decreases as oy increases. A similar result is found in the case when the inhibitory effect
of mosquito &y is chosen to be &y = 1.3405 x 107, 0.125, 0.85, respectively, see Fig. 9(b).
By comparing the region of secondary infection, it is observed that slight increase in ay
would reduce the region of secondary infection. It is also found that in order to reduce the
area of secondary infection while increasing oy, the value of oy must be close to unity.
These results indicate that the inhibitory effect of human is sensitive to decreasing the
region of secondary infection more than the inhibitory effect of mosquito.

Further simulations are carried out using various values of oy and «y and are tabu-
lated in Tables 4—6. It is evident from Table 4 that, as the effectiveness of ay increases, the
number of infected humans in primary infection decreases, which causes the numbers
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multi-serotype dengue model (2.4)-(2.5) with different initial sizes of the sub-populations. The values of
model parameters used are given in Table 2 and A = 0.0111 which corresponds to cross immunity lasting as
long as three months after primary experience infection

of infected humans in secondary infection and infected mosquitoes to greatly reduce and
finally die out. Meanwhile, increasing the efficiency level of ay/, the number of infected hu-
mans in primary infection decreases, which causes the number of infected humans in sec-
ondary infection to greatly reduce and finally die out. The results also show that although
the effectiveness of oy would decrease the number of infected mosquitoes, it would not
eliminate the number of infected mosquitoes. This study suggests that the strategy of vec-
tor control only may induce the risk of reinfection dengue in these populations.

The study results also show that at 5% effectiveness of inhibitory effects (that is, oy =
ay = 0.05), the steady states P}; and P;;* exchange their stability, see Tables 4—5. This new
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Figure 8 Time series plots of the number of infected humans and mosquitoes predicted by the
multi-serotype dengue model (2.4)-(2.5) with different initial sizes of the sub-populations. The values of
model parameters used are given in Table 2 and A = 1.3699 x 1073 which corresponds to two years of cross
immunity after primary experience infection

result verifies that even nonlinear incidence rates oy, oy are not parameters in the asso-
ciated reproductive number with serotype-i, but they are important factors that influence
exchange of the stability region of co-existence primary infection equilibrium Pj; and the
stability region of co-existence secondary infection equilibrium P}*, which leads to elim-
inating the infected populations and decreasing the risk of reinfection dengue. Thus, the
combination of inhibitory effect of human and mosquito is explored by varying oy and
ay. The obtained result is shown in Table 6. The results in Table 6 verify that if the effi-
ciency level of oy is 85%, the efficiency level of oy must be 95% in order to eliminate the
infected human in secondary infection and the infected mosquito. It is also shown that
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Figure 9 Showing the region of secondary infection covered by the functions f; and f, given in (4.4) with
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Table 4 Effect of ayy on the number of infected populations: Iy1, 12, 112, 1421, Iv1, and Iy, at steady
state using the multi-serotype dengue model (2.4)—(2.5)

oy Infected human Infected Stable equilibrium
Primary infection Secondary infection ~ Mosquito
I I I2 It21 Iva Iva

8648 x 107 324 365 23 27 285 367 Pi*

0.02 230 236 2 2 34 40 P

0.05 154 158 0 0 14 17 P,’g

0.85 15 16 0 0 0 1 P,’:

095 14 14 0 0 0 0 PY

1 13 13 0 0 0 0 P,’:

when oy is close to unity and ay slightly increases, that is, ay = 0.9 and «y = 0.3, these
shall reduce the number of infected humans in primary infection, which leads to eliminat-

ing the infected humans in secondary infection and the infected mosquitoes. Therefore,
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Table 5 Effect of ayy on the number of infected populations: Iy, I, I12, IH21, Iy, and Iy, at steady
state using the multi-serotype dengue model (2.4)—(2.5)

oy Infected human Infected Stable equilibrium
Primary infection Secondary infection mosquito
I Iz Iin2 I In Iv2

1.3405 x 107° 324 325 23 27 285 367 P

0.02 256 225 2 2 212 218 pr*

0.05 176 154 0 0 146 150 P,j

0.85 18 16 0 0 15 16 P,

0.95 16 14 0 0 14 14 P/j

1 16 14 0 0 13 13 P¥

Table 6 Effect of ayy and @y on the number of infected populations: i1, I, 112, IH21, Iyr, and Iy at
steady state using the multi-serotype dengue model (2.4)—(2.5)

oy ay Infected human Infected

Primary infection Secondary infection mosquito

I I In2 I In Iv2
0.85 0.95 8 7 0 0 0 0
0.87 0.87 8 8 0 0 0 0
0.90 0.3 1 1 0 0 0 0

these study results suggest that the best way of dengue prevention and control should be
the effective vector control measures and personal protection.

5 Discussion and conclusion

In this paper, we formulate the multi-serotype dengue model with nonlinear incidence
rate (2.4)—(2.5) for studying the influence of cross immunity and nonlinear incidence rate
on the secondary infection. The main results from this study are as follows. The repro-
duction number of the multi-serotype dengue model derived by using the next generation
method is given by R} = max{R,1,R,2}. This number depends on the reproduction num-
ber associated with infection serotype-i (R,;, i = 1,2) in the sense that the transmission
of dengue serotype-1 or dengue serotype-2 in primary infection has strong influence on
the possibility of secondary infection in some period when the cross immunity is weak.
Mathematical analysis has shown that the multi-serotype dengue model has a globally sta-
ble disease-free equilibrium if Rjj < 1, as guaranteed by Theorem 3.2. This result indicates
that if public health measures that make (and keep) the threshold to a value less than unity
are carried out, the number of infected human and mosquito populations in the commu-
nity will be brought to zero irrespective of the initial sizes of sub-populations, see Fig. 2.
The local stability of co-existence infection equilibria of the multi-serotype dengue model
is analyzed by applying the center manifold theory. When Rfj > 1, the endemic equilibria
of the multi-serotype dengue model called the coexistence primary and secondary equi-
libria exist and are locally asymptotically stable as guaranteed by Theorems 3.2-3.3 and
Lemmas 3.2—3.3, respectively.

The multi-serotype dengue model is applied to predict the number of infected humans
and compare it with the real data reported by the Ministry of Public Health Thailand [30].
This study gives the appropriated values of model parameters of the formulated model.
Sensitivity analysis shows that the model parameters Sy, b, B2, and ng influence the
transmission of dengue. On the other hand, the model parameters 1y and y; impact the
prevention. In biological meaning, the sensitivity of parameter 1y indicates that dengue
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prevention and control depends on effective vector control measures. Meanwhile, the sen-
sitivities of parameters By, b, B2, and 1y indicate that reducing the number of contacts
between humans and mosquitoes, through a reduction in either or both, the frequency of
mosquito blood meals, and the number of bites that a human will tolerate would have the
largest effect on disease transmission. The sensitivity of parameter 1y also shows that the
infected asymptomatic humans are the main carriers and multipliers of the virus, serving
as a source of the virus for uninfected mosquitoes. In addition, the sensitivity of recov-
ery rate in both primary and secondary infection humans indicates that early detection
and access to proper medical care lowers fatality rates due to no specific treatment for
dengue/severe dengue [55].

The appropriate values of model parameters relevant to dengue transmission dynamics
in Thailand are used to investigate the effect of cross immunity and nonlinear incidence
rate on the transmission of dengue and reinfection. The study results reveal that the cross
immunity affects reinfection of dengue transmission. These study results suggest that in-
creasing immunity to people who have previously had a dengue infection is the best way
to prevent dengue, which is in line with the developing dengue vaccine [56], including the
manufacturer recommendation that the vaccine only be used in people who have previ-
ously had a dengue infection, as outcomes may be worsened in those who have not been
previously infected [57].

Further, the results are shown that the nonlinear incidence rates oy and oy affect ex-
change of the stabilities of the coexistence primary and secondary equilibria. The study
results verify that increasing the effective level of ay; would decrease the numbers of the
infected humans in secondary infection and infected mosquitoes and they would finally
die out. On the other hand, increasing the effective level of oy leads to elimination of the
infected humans in secondary infection but it does not eliminate the number of infected
mosquitoes, which may induce the risk of reinfection dengue in these populations. In ad-
dition, increasing both the effective levels of ay; and «y shall eliminate both the infected
humans in secondary infection and infected mosquitoes. Therefore, these study results
suggest that the best way of dengue prevention and control should be the effective vector
control measures and personal protection, especially boosting immunity should be pro-
vided to people who have previously had a dengue infection.

In summary, the multi-serotype dengue model considered here is refined to incorpo-
rate cross immunity between serotypes and nonlinear incidence rate. These findings will
impact strategies for designing dengue vaccine studies and future multi-strain modeling
efforts in order to understand the evolutionary pressures in multi-strain disease systems

which will be the future work.

Appendix: Proof of Theorem 3.1

Proof Consider the Lyapunov function for model (2.4)—(2.5)

F = h1(Emn + Epor) + ho(Ipn + Ih1) + h3(Ena + Epnz) + halpo + Iio)

+ hsEv1 + helvi + h7Evy + hgly,
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where

hy = MybByvi(nmKs + o1)oviyi, hy = ITybByioviKiyi,
h3 = My bByva(Nu2Ka + 02)ov2ys,
hy =TTy bByvr0v2 Koy, hs = v KiKzov1 iR, he = nvKiK3Ksy1 R,

h7 = v Ko Kaov2yaR2,, hs = 1Ko KaKsyaR2,.

The derivative of F along the solution of system (2.4)—(2.5) is given by

dF(t bBiI
A =ITybBvi(nmKs + o1)oviyi _bbidvi
1+ Otv11\/1

Sy —KGE
i H — 1K1 H1:|

+ Ty bByioviKiyi[o1En — Kalp]

AabBalyy

Ry — K3Epn
1+ Olvz]vg

+ Iy bBvo(nmKa + 02)0V2V2|:

+ Iy bBvoovoKoya [0 Ema — Kalpio]

bBalyy

Sy — KyE,
1+ vl H — K2 H2i|

+ Iy bByvo(nma Ky + 02)0V2V2|:

+ Iy bBvr0vo Ko ya [0 Ers — Kadpp)

MbpBily,

+ Iy bBvi(nmKs + o1)oviyi
1+ O[VIIVI

RHZ - I<1EH21]

+ Iy bBvioviKiyilo1Enar — K]

bBvi(Mu1(Ext + En1) + I + Ipot)
1+ o (un + Iao1)

+ MVK1K3GV1V1RT[ Sy —KsEv1i|

+ uyvKiKsKsyi Ry [oviEvi — pvivi]

bBvo(ua(Epz + Ema) + Ino + Irno)
1+ oo + I2)

+ pyv Ko Kyovaya, Ry [ Sy - K6E\/2i|

+ wy Ko KuKeyo Ry [ovoEvy — pviva]

< ITybBviovinuKiKsy [Rﬁl - l]Em + ITybByviovi1 K1 Ksy [Rf,l - 1]1H1
+ [Ty bBy20vanmKaKaya[ Ry — 1]Epa + Iy bBv2ova KoKy [Roy — 11k
+ Iy bBy20ovanmKaKaya[ Ry — 1|Epy + Iy bBvaovaKoKays[Roy — 11
+ Iy bByviovinmKiKsy [Rf,l - 1]EH21 + [Ty bByiov1 K1 Kzy [Rf,l - 1]1H21
+ Uy KKKy R [R2 = 1]1yy + wy KoKaKeya R [R2, — 1]y

= ITybPy1oviKiKsyi [0y (Ery + Eno) + Iy + I |[Roy — 1]
+ HvbﬂvzaszzKM/z[ﬂHz(EHz +Epo) + Iy + Ile] [Rﬁz - 1]

+ Uy K KsKs i R [R2 = 1]1yy + wy Ko KaKeyaRop [ R2y — 1] 1.

It is obvious that # < 0 whenever R} = max{R,1,R,2} < 1 and % =0 if and only if

EHI = 11-[1 = EH12 = IH12 = EH2 = 1]-12 = EH21 = IHZI = 1\/1 = Ivz = 0. This indicates that the
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maximum invariant set in {(Sy, Ex1, Iu1, Rus Ernas Inizs Enos Inos Ruos Enots Inot, Reos, Sy,
Evi,Iyi,Evo, Iyo) € 2 % = 0} is the singleton P?. Hence, F is a Lyapunov function in
§2. Thus, it follows from LaSalle’s invariance principle [58] that

(Er (0, Ii1.(8), Erna(6), Iz (8), Erga (6), I12(8), Ergzn (8, Iz (8)) — (0,0,0,0,0,0,0,0)

ast— oo.

Substituting Exy = Iy1 = Egiz = Ime = Ena = Ina = Epor = Inor = Iyh = Iy = 0 into the
first and the thirteenth of model (2.4)—(2.5) gives Sy (¢£) — S}, and Sy(¢) — S}, as t — oo.
Therefore, every solution of multi-serotype dengue model (2.4)—(2.5) approaches the DFE
(P9), as t — oo for Rjj = max{R,1,R,2} < 1, so that P! is GAS in £2 if Rj = max{R,1, R} <
1. d
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