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1 Introduction

Fuzzy differential equations (FDEs) are those whose parameters, initial conditions and
solutions are fuzzy numbers, while all these are real- or complex-valued functions for
standard differential equations. Recently, the theory of FDEs has been developed by the
community, since it is not only of interest but also one of the useful tools for modeling
dynamic systems, in which uncertainties or vagueness pervade. For basic theory of FDEs
one may refer to [1]. Some relevant applications that uses FDEs for demographic and life
expectancy modeling problems have been proposed in [2], which are also problems that
present high parametric uncertainty. In [3], the authors prove the existence and unique-
ness of the solution of the FDEs with the right-hand side satisfying the Lipschitz condition
by the concept of Hukuhara derivative. For more examples one can refer to the significant
results in [4—16]. Therefore, the construction of a theory that combines appropriately the
theory of impulsive differential equations with that of FDEs is essential. In [17], the au-
thors consider the exact solutions of fuzzy wave-like equations with variable coefficients
by a variational iteration method; see [18]. A systematic spectral-t method for the solution
of fuzzy fractional diffusion and fuzzy fractional wave equations are investigated. In [19]
the authors study the calculus of fuzzy-valued functions of two variables and some prop-
erties are discussed, and the solutions of the fuzzy wave equations are given. In [20] the
homotopy analysis method is proposed to obtain a semi-analytical solution of the fuzzy
wave-like equations with variable coefficients. In [21] the authors study a geometric ap-
proach for solving the density-dependent diffusion Nagumo equation. In [22], a numerical
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solution of the time-fractional diffusion-wave equation with the fictitious time integration
method are investigated.

On the other hand, nonlinear hyperbolic equations are applied widely to the modeling
of many phenomena arising from experiments in physics and engineering, such as elec-
tromagnetic waves, elastic vibration in nonlinear media, and water waves. Indeed, as one
studies the long-time behavior of any dynamical system, the periodic solutions are very
important for a deep understanding of the dynamics of the system of fuzzy wave equa-
tions. To the best of our knowledge, there are no research results on the global exponential
stability of the equilibrium point and the existence of periodic solutions of the fuzzy wave
equations, which will be a more innovative research topic in both theory and applications.
In this work we therefore investigate the global exponential stability and the existence of
periodic solutions of the fuzzy wave equations.

The model equation we study has the following form:

= Yl g ) - b - e R N md)
+Vi ,Baﬁ wi(t — 7 x) + Ny Ty + Vi Hly,  t>0,x € 22,
for i = 1,2,...,n, u;(t,x) corresponds to the state of the ith unit at time ¢ and space x;
b; > 0 represents the rate with which the ith unit will reset its potential to the resting state;
f(uj(t,x)) denotes the activation function of the jth unit at time ¢ and space x; e; > 0 rep-
resents the friction along the ith unit; 7;; corresponds to the transmission delay along the
axon of the jth unit from the ith unit and satisfies 0 < 7;; < 7; ai > 0 corresponds to the
transmission diffusion operator along the ith unit; A and Vv denote the fuzzy AND and
fuzzy OR operation, respectively; a;; and B; are elements of fuzzy feedback MIN tem-
plate and fuzzy feedback MAX template, respectively; T;; and Hj; are fuzzy feed-forward
MIN template and fuzzy feed-forward MAX template, respectively; x;(i = 1,2,...,n) cor-
responds to the ith coordinate in the space; £2 is a compact set with smooth boundary and
mes §2 > 0 in space R".
The initial and boundary conditions of system (1) are

wiltx) _ 0 t>0,x€d8,

on
ui(s,%) = @i(s,x), —-00<s<0, u;(0,%) = 0;(0,x) = up, x€$2, (2)
dui. sx) =Y(s,x), —-oco<s<0,x€ 82,

fori=1,2,...,n, where ug is constant, ¢;(s,x) and v¥;(¢,x)(i = 1,2,...,n) are bounded and
) — (aui(t,x) u;(t,x) Z)uf(t,x))T
dxp 7 dxy 7T Qxp :

continuous functions on (-00, 0] x £2; d”g(;x
With appropriate parameters, system (1) can be reduced to:
1. One-dimensional wave equation

u(t,x)  9%u
o =a 82 +f(x,t)

2. Two-dimensional wave equation

u(t,x,y)  9%ult,x) 82u(t x)
T R

+f(x ).
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3. Two-dimensional dissipative wave equation

0%u(t,x,y) 2u(t,x,y) | ult,x,y)  dul(t,x,y)
=a +b +c

ot? dx? dy? ot

+f(%,9,1)

etc., which have real-world applications.

This paper is organized as follows. Some preliminaries are given in Sect. 2. In Sect. 3, the
sufficient conditions are derived for the global exponential stability and the existence of
periodic solutions of the fuzzy wave equations, by the construction of a suitable Lyapunov
functional and using some analytical techniques, respectively. In Sect. 4, an illustrative
example is given to show the effectiveness of the proposed theory.

2 Preliminaries
Throughout this paper, we make the following assumptions.
(H) The activation functions f; (i = 1,2,..., n) satisfy Lipschitz condition, i.e., there exists
aconstantl; >0 (i=1,2,...,n) such that

i) - fiv)| <llvi-wl, i=1,2,...,m,

for all v, vo €R.
By introducing variable transformation

ou;i(t,x)
ot

vi(t, x) = +ut,x), i=1,2,...,n,

the systems (1) and (2) can be rewritten as

au%(tt,x) = _ui(t)x) + Vi(t:x):
v;(t, u; (2,
) = S (M) — (b — e+ Duy(t, %) = (e — Dvilt,x) )

+ A\ cafi (e = T ) + /1Ly Bifi (it — T3, %)

+ ;1:1 Tl']‘pbj + \/7:1 H[]'M/‘, t>0,x€ 82,
fori=1,2,...,n,

du;(t,x)
an

=0, t>0,x€092,
u;(s,x) = pi(s,x), —-00<s<0, u;(0,%) = ;(0,%) = ug, x€ 82, (4)

vi(s,x) = @i(s,x) + Yi(s,x), —-o00<s<0,x€ 82,
fori=1,2,...,n.

For convenience, we denote v;(s, £) = @;(s, x) + (s, %).
Let w;(t,x) = (u;(t, %), vi(t,x))T, system (3) can be written in the form

n ] dui(tx) n
ow;(t, x) _p (Zkl m(aik ”,dxkx )) Bawi(t) + P (/\j=1 a,jﬂ(bg(t— r,-,,x)))

at 0

P (\/;;1 ,B,lf;(u,»(t— r,»,»,x))) L P (/\;1 Tiij) +P (V;il Hij“i) , (5)
0 0 0
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fort>0,xe€£2,i=1,2,...,n, where

0 0 1 -1
pP-= ., Bi= .
1 0 bi+1_ei e,‘—l

Definition 1 The point u* = (u},u3,...,u*)T is called an equilibrium point of system (1),

if the following equation holds true:

—bﬂ/t;-k + /\otu]j(ul*) + \/ ﬁu};(l/l}*) + /\ le/,L]‘ + \/Hijﬂj = 0, (6)
j=1 j=1 j=1

j=1
fori=1,2,...,n.

The point (u*,v*) is called an equilibrium point of system (3), if the following equations
hold true:

—uj +v; =0,

_biu;’k + /\;‘4:1 O‘u}?(”]*) + \/]}'11 ﬂuf;(”]*) + /\]}'11 Tijﬂj + \/]}?:1 Hi/‘ﬂj =0,

T T

fori=1,2,...,n, where u* = (uj,u},...,ul)", v = (vi,vj,...,vi)".

Definition 2 Let u* = (u},u},...,u’)T, v* = (vi,v5,...,v¥)T be the equilibrium points of

system (3), then we may define the following norms:

osi (2, %) — ui} ”iz = / (it x) - ”f)z dx,
@

|vi(t, %) = vi HEZ =/ (vilt,x) - V;‘)de,
2
lo-ul= sup S |eitt)—u; ]2
—oo<t=<0 i-1
[9=v'la= s e s -vil
T00<t=0 g
AN
v) \»

where ¢ = (¢1,92,...,0,)T and ¥ = (Y1, Y2, ..., ¥,)T are initial values.

=le-wlp+ v =L

12

Definition 3 The equilibrium point u* = (u},u5,...,u’)T of system (1) is said to be glob-

ally exponentially stable, if there exist two constants ¢ > 0 and M > 1 such that

n
ZHui(t,x) —uj Hiz <Me™ o —u"| o,
i=1
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for all £ > 0, where u(t,x) = (u1(t, %), us(t,%), ..., u,(t,x))T is a solution of system (1) with
initial value

wilty) _ 0 t>0,x€d8,

on
u;(s,x) = pi(s,x), —-0co0<s<0, u;(0,x) = ;(0,%) = ug, x€ 82,
% =Yi(s,x), -co<s<0,x€82,
fori=1,2,...,n.

Lemma 1 (Yang and Yang [23]) Suppose u(t,x) and u(t,x) are two states of system (1), then
we have

n

/\a,lﬁ(uj(t,x)) - /\azjfj(ﬁj(trx))
j=1

=1

’

< > Loyl (8 0)) — £ (7(2,)
i=1

)

\/ﬂzjﬁ(uj(t»x)) - \/ Bifi(#(t,x))| < Z |Biil Ifs (i (&, %)) — £ (2, %))
j=1 j=1 i1

fori=1,2,...,n.

Lemma 2 (Forti and Tesi [24]) If H(u) € C°, and it satisfies the following conditions:
(1) H(u) is injective on R",
(2) 1H@)|l — +00, as |[u]l — +00,

then H(u) is a homeomorphism of R".

Lemma 3 Forany « >0 and x, y, there exists a constant 0 < 8 < 1, then we have a|x||y| <
(@) + (' F)*y?].

Proof of Lemma 3 Using the inequality a® + b* > 2ab, we have

alxllyl = (@f1x]) (P lyl) < %[(aﬂ)zx2 + (@)}, O

3 Main results

In this section, we can derive some sufficient conditions which ensure the existence and
globally exponential stability of periodic solution of system (1) by constructing a suitable
Lyapunov functional and using some analysis techniques.

Theorem 1 For system (1), under the hypothesis (H), system (1) has a unique equilibrium
point, which is globally exponentially stable if there exist constants 0 < 8, <1,0<y; <1
(i=1,2,...,n), such that

n n

il 1-pin2 1Biil [ 1-yn2 b —eil
sz(lll’s) +ZTI(Z;V)+ 5 -1<0,

fori=1,2,...,n.
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Proof of Theorem 1 We shall prove Theorem 1 in two steps.

Step 1: We prove the existence and uniqueness of the equilibrium point.

From Definition 1, we know that equilibrium point u* = (u},u3,...,u)T of system (1)
satisfies the following equation:

n n n n
—biuf + /\au]j(ul*) + \/ ﬁ,lﬂ(u}*) + /\ T,'j/,Lj + \/Hij//Lj = 0,
j=1 j=1 j=1

j=1

fori=1,2,...,n. Let ®(u) = (P1 (), P2(1),..., P, ()T, where

Pi(u) = —biu; + /\Oli;ﬁ(uj) + \/ﬁz‘;ﬁ(uj) + /\ Tijp; + \/Hijﬂj;
j=1 j=1 j=1 j=1
fori=1,2,...,n
It is known that the solutions of @ (u) = 0 are equilibria of system (1). If the mapping

@ (u) is a homeomorphism on R”, then there exists a unique point z* such that @ (u*) =0,
i.e., system (1) has a unique equilibrium point #* (see [25, 26]).

Next we prove that @(x) is a homeomorphism.

First, we prove that @ (u) is an injective mapping on R".

In fact, if there exist u = (11, u2,...,u,)", it = (41,82, ...,14,)" € R” and u # & such that
@ (u) = ® (i), then

by~ 1) + [\ oy () ) + \/ By () — () =
j=1 J=1

fori=1,2,...,n. We have

(ui — ﬁ;)|: /\au(f u)) - fi(@)) + \/ﬂl} () - )):| =0,

fori=1,2,...,n. From assumptions (H), Lemma 1 and Lemma 3, we obtain

n n n
- 2 - - - -
Z["”'”i =il Y e Gl — iai] - g — gy + Y 1Byl — ) - |y - u,»|] >0,

i=1 j=1 j=1

Z{ —bi|u; — ;) +Z|a”| |ul—u,| +(l ﬂ’)zu—u,|]

i=1

oS B (- 20

Jj=1

From the above, since

)B)SELUORTRETEES 9) DA (aru I Iy

i=1 j=1 i=1 j=1
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we obtain

S G )

i=1 j=1

+Z(|132ij|(l1)‘/j)2+ LBTji'(l}_yi)z)}|”i—ﬁi|220~ ®)

j=1

From the condition of Theorem 1, we have

S (el pne 1ol agn2 (1Bl e 1Biil 1z
b (S ) e (B oy
j=1

j=1

<—b;+e—|bj—e]| <0, 9)

fori=1,2,...,n From (8) and (9), we obtain u; = ; for i = 1,2,...,n, which is in contra-
diction to u # . So @ (u) is an injective mapping on R”.

Second, we prove that ||@(u)| — +o0 as ||u| — +oo.

Let @ (1) = ®(u) — @(0) = (D1 (u), Py (1s), ..., P, ()T, then

Bi(u) = —biu; + [\ () - £0) + \/ By () - £(0)),
j=1

j-1

fori=1,2,...,n. Calculating u” ® (i), we obtain

ul & (u) = Z[—biu? + N\ esi(fi(w) = £(0) + \/ By (f () —ﬁ(O))}

i=1 j=1 J=1

n n n
2
< Z[—biui + e lhlual ] + |ﬁly|l,|ui||uj|]
i=1 j=1 j=1

< — min {bi _ Z(|ai1'| (lfj)Z + |eji] (13_ﬂi)2)
1<i<n S 2 5
(183l e 1Bl 1y
_121< 3 ) =55 )}nuniz.

By the Schwartz inequality -X7Y < |XTY| < |X|||Y] (X,Y € R"), where |X| =
(X1 )2, we get

o))

5 (Iﬂ;l (Y + @(@”)ﬁ } el

Page 7 of 17
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When ||u#| # 0, we have

n
- . loeil v il 1-p;\2
||¢||zlgli1<nnibi— 1( 2 B) =)

_i(ﬂg'(zﬁ)% P oy )}n I

j=1

Therefore ||® ()| — +00 as ||u|| — +00, which implies that | H(u)|| — +o0 as ||u|| — +00.

From Lemma 2, we know that @ (u) is a homeomorphism on R”, then system (1) has a
unique equilibrium point.

Step 2: We prove that the unique equilibrium point u* = (u},u3,...,u%)T of system (1) is
globally exponential stable.

Let Z; = (u; — ul,vi —v)T, u* = (uf,ub, ..., )T, v* = (v}, v,...,v5)T be the equilibrium
of system (3). From (5), (6) and (7), we have

9 B(u;(tx)— u; )
0z (Zk ) g (a ))
ot 0

Bt + P (Nﬁ el ) —ﬁ(u7)>)

(v, 1 Bilf(o(¢ = ) f(u,’-‘))>’ 10)

0

fort>0,x€2,i=1,2,...,n
By multiplying both sides of (10) with ZiT = (u; — u},v; — v{), and Lemma 1, we obtain

n

0% _ Z“ 92 (u,
i ot k™7 9

- [(u, - lxl;k) + (ei - 1)(VL' - Vzﬁ)2 + (b, - ei)(u,» - I/l;k) (Vi - V;k)]

+ /\O[l] u](t thrx)) _ﬁ(uj))

+\/,3u (fi (it = 7, %)) f(u/*))

IA

" 3% (u; — u¥)
(Vl' - V;k) ;aikﬁ

_ [(1 _ Wi—;m)(ui—uf)z . (ei— - 'b‘;el")(w_v;)z]

n
+Z|ai/|l/|vi—V?‘Huj(t—r,,,x) u; ’+Z|,3,]|l‘v, v; Hu,(t T, )—uj|

j=1 j=1

n

_V Zﬂzka (u,—u)

I A

Page 8 of 17
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_ [(1_ |bi;ei|>(ui—u2‘)2+ (ei—l— "’i;e"')(w_v;ﬂ)z]

ﬁi)z}Vi—V?|2+(ll ﬂ’) |uj(t — T5,%) — 1] %]

fori=1,2,...,n

We consider the Lyapunov functional

v/ )
Vo - /Z{” G o,

1-B; 1=y
loeg (1, ) + 1By (L)
+ Z ij IB} / (btj(S, X) - u}k)ZeZS(sHij) ds
j=1 2 t Tjj
‘ i il (L, —uf >
. ﬂem[ (ui(t, %) u,)i| dx, (11)
Py 2 Xy

where ¢ > 0 is sufficiently small.

By calculating the upper right Dini derivative D*V(¢) of V(£) along the solution of (10),
with some analysis techniques, we have

+ _ ‘ T 0Zi(t, x) 2et 2et || . 2
D&WL:LEX&QM—srw +ee” | Zi(t,) |2

1-B; 1—v;
" el ()2 + 1By 1Y
5y :

j=1

x [ (ui(t, %) — u;-k)ze%(t”i/) — (uj(t = Ty, %) - uf)zezgt]
" ag 9 3(ui(t, ) — )\
+Z?3_|:e ( Bxk ):”dx
k=1
< fg > eZ”{SHZ )| + (vi— vt Zalk

_ [(1 _ @)(u e (e,» - "’f%el")(vi —v}k)z]

NV v =i P+ (577 e = ) = 2]

S A v P o 07 e - 0 -]

1-8;: 1—v;
oy ;)2 + 1851172
2

et Z aik il 2et a(ui(’:x)_u?) 2

[(uj(t,x) - u;‘)zez”if = (u(t — 7o %) — u]*)z]
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a(uj— u

_d
SEaui—uf = —; +(u,—u}"), aix >0, we have

*
i

Since v, —v

n

. /ﬂ (vi—vf);aikazwal%émdx
R A C e e B e e o
Z”Zal e e B e e
‘ezgtki;“ik /9 B(V;;;:T) a(ug;kuj) "
e[ ()
B[ e ()
E2 L

It follows from (12) and (13) that

Dwm<zﬁ{nmumﬁwtwm

i=1

b —e: b;—e;
(P s (1= Y

ety | ()2 + 1By (17)?

n n
ICjil 1-a
#2 G fwi=ut D= il

j=1 j=1
'y oyl " + 1514~ s Hizezg,ﬂ}
j=1 2
n
|b; — el
< eZst 1= S
B
n 111 Piy2 (Y2
—ET%W1)+W“4)8WMm-wm
-1 2
n
~ |:ei o Z |oa;| 24 |ﬁu j| |vi—v: ”iz }, (14)
j=1

fori=1,2,...,n. From the condition of Theorem 1, we can choose a sufficiently small ¢ > 0
such that

= |ail =~ |B;il |bi — eil
Z%(ll}*ﬂi)%zaqj ¥ %(lil*}/t)Zezsri, - % +e-1<0,
j=1 j=1

Page 10 of 17
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n

, 1bi—eil
2

|Ol,]|
> @)
j=1 j=1

+1+e-¢ <0,

fori=1,2,...,n. From (14), we have D*V(£) < 0, and so V(t) < V(0), for all £ > 0. From
(11), we have

Zit, %)%,
vioz [ S gy - w09

A(u;i(0,x)—u’)

If we assume the initial values #;(0,x) = ug, x € §2, then T L =, thus from (11) we

obtain

Z;(0
Vo) - /Z{” 0,%)12

1-8; 1-y;
" el ()2 + Bl ) 0
+E A 5 i / (M,'(S,x)—u;‘)zezg(s”"/)ds dx
5y

j=1

/ Z l90.8) ~ufl7, 19:0.8) w17,
o & 2 2

1-; 1-y
"yl (P g0 (0 ..
+Z I\ . y I\ /_ ((pj(s,x)—uj)zezg(ﬁr”)ds dx

j=1 Tij

lp —ull2 I — w2

- 2 2
lo; I +|f3 |( Iy 0
L3y e [ [ (otsm -y ds} dx
i=1 j=1 2L~
% T %
e—wle 1wl
- 2 2
n 1-Bi\2 1-viy2
o (L + 1B |(L:
.. max{| il (92 + 1l )}ezgf“w_u*||L2
= 1<i<n 2

1 < ol (P2 + 18l (7)Y
) Lzm{ I G L 2
I:

b—u*||2
s Iy ”L'

5 (16)

Since V(0) > V/(¢), from (15) and (16), we obtain

eZat 12 12
ZT(”ui_ui ”LZ + ||v,-—vi ||L2)

i=1

1 “ il (1772 + 183l (7)o I — w2
§|:§+IXI:E?<)§[{ : 3 : e*r ||<p—bt*||L2+ 5 . (17)
=

Page 11 of 17
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By multiplying both sides of (17) with 2e72¢¢, we get

n

> (o=t 22+ vi=vi12)

i=1
n 1-Biy2 1-viy2
aji|(l; + Bl (L
56_2”{|:1+21: max{| il s )" + 1Bl G 7) }ez”:|Hg0—u*” )
1<i<n 2 L
j=1
-l
1-B; 1-yi 7
B PR max{ ol + 1B (4 }ezg, -l
B o Lsisn 2 lp — u*l
x o —u| 2 (18)
forallz > 0.
1-Biy2 1-viy2 7k
leal(t; P 2418501171 19 —u*| .
LetM =1+21 Z;lﬂ maxi <j<p{ % ; 2 }e2T + Ilw—:*szz > 1, we obtain from (18),

n
> N o < e o — w2,
i=1

for all £ > 0. It implies that the equilibrium #* of system (1) is globally exponentially sta-
ble. O

Theorem 2 For system (1), under the hypothesis (H), system (1) there exist one periodic
solution of system (1) and other solutions of (1) converge exponentially to it as t — +00 if
there exist constants 0 < 8; <1,0<y; <1 (i=1,2,...,n) such that

n

loil 1-pne o~ Biil iz 1B — el
3 bl ey, 3 Bl e el

j=1 j=1
n n

|Ol,]| Bi\2 |ﬂij| Yi\2 |b; — e

5 (l].’) +Z 5 (lj’) +1l+——— —¢;<0,
j=1 J=1

fori=1,2,...,n.

Proof of Theorem 2 Let

0= {¢|¢ = (‘/’: &)T = (§011902:--~1§0r1: &1: &27-“11[/}1)T7¢ : (—O0,0] x 2 — RZVI},

for any ¢ € 0, we define

n n
Il = |(@ ) 2= sup D llgill}+ sup D Il
—oo<t=0 i=1

—00<t=0""

then @ is the Banach space of continuous functions which maps (—00,0] x £ into R*"
with the topology of uniform convergence. For any (¢, lﬁ)T, (p*, &*)T € 6, we denote the
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solutions of system (3) by

(D6 )

as ult,9,x) = (ur(t,0,%), ur(t:0,%)s ., tn(t:0,2) T, V6T, %) = 1t %), v2(6,¥,),
vu(t, U, %)7, and u(t, o*, x) = (u1 (8, %, %), 2 (&, @, %), . . ., tn(t, 0, %)L, v(&, U*, %) = (v1(8, ¥,
%), va(&, ¥, %), ..., vu(t, ¥, %) T, respectively.

Defining u;(¢, %) = u(t + 8, ¢, %), vi(¥, %) = v(t + §,,x), § € (—00,0], £ > 0, then (u,(¢, %),
v, x)T €0, forall £ > 0.

Let

u;(t, 0, %) — ui(t,w*,x)>

Zi,t,go.@ (&%) = (Vi(t) &,x) -v(t, 1/_1*,96)

thus from (3) we have

3 (u; (£,0.%)—ui(t,0*,
3Zi,¢,¢,x/}(t’x) _P<ZZ=1 837,((“1* (uz(th;x: (t.0* %))

)
8t 0 —BiZi’tv(py‘/;(t,x)

p (/\71 g fa (e = 7 0,0) = a4t = 7 w*,x»))
0

P (\/71 Bilfi (¢ — 50, %)) — fiuy(t — 7, 0%, %))

), t>0,x€ 2.
0

We consider the Lyapunov functional

1-8; 1-y;
2N 125 &)1 el (L) + BTt

V(t)=/ 2{7” ’t’w’]/’z( )”Lzez’”+ T 5 S / ((s, 9, %)

29

j=1 t— Tjj

n 2
a; o(u;i(t, 0, x) — u;(t, o*, x
—ui(s,sﬂ*,x))zek(s”’f)ds+ E 7”(62”[ ity )Bxk e ))] ]dx, (19)
k=1

where ¢ > 0 is sufficiently small.

By a minor modification of the proof of Theorem 1, we can derive easily

n

> (it p,2) - wi(t, 0%, 5) [ 12 + Vit ¥r,) = it 9%,2) | )

i=1

n 1-Biy2 1-yiy2
il (P2 4 Bl (1
562”{|:1+21 rnax{| il )" + 1Bl () }62”:|||g0—g0*”L2

— 1<i<n 2
j=1

u { loga (%)% + | Bl (17> }e
2

Page 13 of 17
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||1/_f_1p*”L2 H€0 (p*”
- 2
o = @*ll.2 L
<e M| -o*| (20)
1=Piy2 1-viy2 s
loil(Z; ") +1Bjil(; )" | o =yl 2
forall £ > 0, where M =1 + 21 Z7=1 max<j<,{— 5 le*T + ”‘ﬂ—fﬂ*”LLZ > 1.

1

3- Now we define a

We can choose a positive integer N and w > 0, such that Me 2N¢® <
Poincaré mapping 6 — 6 by

Flp, ¥)7 = (1, %), v (¥, %)),

then

FN((/)! &)T = (uNw((P;x)r VNw(‘(Zlix))T'
Let £ = Nw, then from (20) we have

(0 @)L =516)-C)

It implies that FN is a contraction mapping, hence there exists a unique fixed point
(¢*; &*)T € 9, SuCh that FN((D*, '\Z*)T = ((p*’ '(p*)T' Since

G G 6)

F(oy, ¥,)T € 6 is also a fixed point of FN, and thus F(,, ¥,)" = (@., V)7, i.e., (to(0s),
Vo(W))T = (@s, ¥i)T. Let (u(t, @s, %), v(t, ¥, %)) be the solution of system (3) through

0) (o«
0)"\v:))’
then (u(t + , @y, %), V(t + w, ¥, x))7 is also a solution of system (3). Obviously we have
Utro(Peo%) | _ (et (@ %)) _ [4(@s, %)
VoMo ®) | \nio(Wox) | \veWrun) )
for all £ > 0. Hence
u(t + 0, %)\ [ ult, s, x)
vt + o, &*vx) - (t, 1;*,96) ’

forall £ > 0.
It shows that there is exactly one w-periodic solution of system (3) and other solutions

12 12

of system (3) converge exponentially to it as £ — +00, which implies that u(z, ¢, x) is ex-
actly one w-periodic solution of system (1) and other solutions of system (1) converge
exponentially to is as £ — +o0. d
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Furthermore, as a consequence of the Theorem 2 we have the following corollary.

Corollary 1 For system (1), under the hypothesis (H), there exists one periodic solution of
system (1), and other solutions of system (1) converge exponentially to it as t — +00, if one
of the following conditions holds:

n il n |Bjil \h,—e,
ijl 2li+Z,1 -l + -1<0,

’ (21)
Z;‘zl la—z”llj + Z;‘zl lﬂz” Li+1+ bieil ;e"‘ —e <0,
fori=1,2,...,n,
Jetji] 1Bjil b |bi—ei|
R A P il (22)
levijl 1Bij! bi—e;
YAl lj2+1+ el _e; <0,
fori=1,2,...,n,and
n ol 2,y 1Bjil 2, |b; el
lezl 21121 -1<0, 23)

n o lagl n |ﬁz} |b 1bi—eil
Zj:lT"’Z;l +1+ 755 - <0,

In fact, the conditions (21)—(23) are special cases of Theorem 2 as 8, = y; = %;,B,» =y =
1; B; = y1 = 0, respectively. Therefore, by Theorem 2 we observe that Corollary 1 is true.

4 Numerical example
In this section, we give a numerical example to show the results of our method.

Example Consider the following neural networks with hyperbolic terms:

82u(t, du;(t, u;(t,
L) = 3 o (@ M) — b8, %) — €M+ AT e (e - Ty %)

+ \/,«:1 Bifi(u;(t — vy, %) + /\,:1 Ty + \/,:1 Hjuj, t>0,x¢€ 82,

(24)

fori= 1,2, where b1 = 3, bz = 2, e = 2.8, €y = 196, 11 = 0.2, 1y = 0.1, o1 = —0.2, Oy =
-0.3, ﬁll =0.25, ,312 =0.35, ,321 =-0.15, ,322 = —O3,fk(u) = %(|M + 1| - |Ll - 1|) (k = 1,2)
Obviously, fi(u) (k = 1,2) satisfies the condition (H) and [ =1 (k = 1,2).
By choosing B; =1, y; = 1 (i = 1,2), we have the following results after a simple calcula-

tion:

2 (el 1Bl 11— el

Z( 11_+_11)+ L 1=-05<0,

, 2 2 2

j=1

2 [yl 1Byl by — e

Z Vo R e+ 2 195<0,

, 2 2 )7

j=1

2 (lapl B2l by — e

3 Tl P2 2% - 0455<0,

- 2 2

j=1

2\ (gl 1Byl by — e

N+ N1+ = -1.305<0.
2 2 /

Page 15 of 17
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Hence, it follows from Theorem 1 that (24) has a unique equilibrium point which is glob-
ally exponentially stable. It also follows, from Theorem 2, that there exists exactly one
periodic solution of (24) and all other solutions of (24) converge exponentially to it as

t— +00.

5 Conclusions

In this paper, some sufficient conditions have been derived for the globally exponential
stability and existence of periodic solution of the fuzzy wave equations by constructing a
suitable Lyapunov functional and using some analytical techniques. A numerical example
is given to show the effectiveness of the results. The given algebra conditions are verifiable

and useful in the theory and applications.
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