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1 Introduction

Competitive neural networks (CNNGs), firstly proposed by Meyer-Bise et al. in [1], involve
two types of memory: long-term and short-term memories. Viewed mathematically, there
are two classes of state variables in such a network model described by ODEs, one is short-
term memory, which depicts fast neuronal activity, another one is long-term memory,
which depicts the slow unsupervised synaptic modifications. Such a network model pos-
sesses a two-layer structure and then extensive fundamental results have been reported
to address the dynamic behaviors of such a network model. For example, Lu and He in [2]
gave some sufficient conditions for the global exponential stability of delayed competitive
neural networks with different time scales. Nie and Cao [3], Duan and Huang [4] studied
the dynamics of equilibrium for two different kinds of competitive neural networks with
time-varying delay and discontinuous activations, respectively. Nie et al. [5, 6], and Xu et
al. [7], respectively, investigated the multistability issue of CNNs by using the fixed point
theorem and the contraction mapping theorem. Pratap [8] and Yang [9] investigated the
finite time synchronization and adaptive lag synchronization problem of delayed CNNs.
For other interesting theoretical results of CNNs, one may refer to [10-16] and the refer-
ences therein.

On the other hand, for evident engineering and biological reasons, it is often useful to
bring an inertial term into a neural system. For instance, comparing to electronic neural
networks of the standard resistor—capacitor variety, Babcocka and Westervelt showed that
the dynamics could be complex when the neuron couplings were of an inertial nature [17].
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Another evident biological reason for introducing an inertial term into the standard neural
system is the implementation of the membrane of a hair cell by equivalent circuits con-
taining an inductance in semicircular canals of some animals, such as pigeon [18]. There-
fore, various dynamical behaviors for types of neural networks with inertial terms have
been studied by many authors, such as in [19-26] and the references therein. However,
the method employed in the aforementioned works are all through a reduced-order ap-
proach, that is, by changing the second-order inertial neural networks into the first-order
system, the reduced-order method clearly expanding the dimension of the system, which
increases the difficulty of the theoretical analysis for the NNs.

In this paper, abandoning the traditional reduced-order method and being inspired by
recent work [27, 28], we further study the issue of exponential stability of a delayed inertial
CNNs. The main contribution of this paper lies in the following aspects.

(1) By introducing the non-reduced-order approach, a novel Lyapunov—Krasovskii
functional proposed and new criteria are established for the exponential stability of
the considered model.

(2) Different from existing works on the stability analysis of delayed CNNs in which the
reduced-order approach is employed, the presented non-reduced-order approach
significantly reduces the computational complexity and improves some recently
reported ones.

This paper is outlined as follows. In Sect. 2, a model description and preliminaries are

presented. In Sect. 3, exponential stability of the considered model is studied. In Sect. 4, a

numerical example is provided. Finally, a conclusion is drawn in Sect. 5.

2 Model description and preliminaries
In this paper, we consider the following delayed inertial CNN model:

STM : & () = —awxi(t) — bixi(¢) + 37 Dyfi(x(0)) + 377 Dgjloei (¢ — (1))
+¢; Z;’Zl my(t)p; + I, (2.1)
LTM : m(t) = —my(t) — my(t) + pifi(x:(2)), i=1,...,m1=1,...,q,

where x;(¢) is the neuron current activity level, fj(£) and gj(£ — 7(¢)) are the activation func-
tions, m;(t) is the synaptic efficiency, p; is the constant external stimulus, D;; represents
the connection weight between the ith neuron and the jth neuron, ¢; is the strength of
the external stimulus, Dj; represents the synaptic weight of delayed feedback and J; is the
constant input. In system (2.1), the second derivatives are called inertial terms, and the

time-varying delay 7(¢) is a differentiable function satisfying
0<t(@®)<r, ') <pu<l. (2.2)

Firstly, we shall rewrite system (2.1) as follows:

Setting

q
si(t) = Z my(t)pr = p  my(t),

=1
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where p = (pl,pz,...,pq)T, m;(t) = (mﬂ(t),miz(t),...,miq(t))T, and summing up the LTM
over [, the neural networks (2.1) can be rewritten as the state-space form

STM : &) (t) = —a;x(t) — bix;(t) + Z;ilDl«jﬁ(xj(t)) + Z;’Zlijg-(xj(t - (1))
+C;S; + Ii,

LTM :5/(t) = =s(2) — s:(2) + Ip|1*fi(x:(2)),

where ||p||? = p? +--- + pfl is a constant. Without loss of generality, the input stimulus p

is assumed to be normalized with unit magnitude |p||? = 1, then the above networks are
simplified as

STM : %7 (£) = —ax(t) — bixi(t) + 37, Digfi i (0)) + X7, Dgi(i(t — (1))
+cis; + 1, (2.3)
LTM : s} (t) = —s,(t) — s;(t) + filxi(2)),

the initial conditions associated with (2.1) or (2.3) are to be of the form

x(0)=¢:i0),  x(0)=¢0), 6el-1,0],

i i=1,2,...1. (2.4)
5:(0) = ¥:(0), 5;(0) = ¥:(0), 6 ¢€[-7,0],

Throughout this paper, the activation functions are assumed to satisfy the following
assumption.
(H1) Foranyi=1,2,...,n, the activation functions f; and g; satisfy Lipschitz condition,
that is, there exist constants Lf and LE such that for all u,v € R

i) -fW)| <Lflu-vl,  |gw) -gW)| <Lflu-vl.

Definition 2.1 Suppose (x(¢),s(¢))” and (x*(¢),s*(¢))T are two solutions of the system sat-
isfying the initial condition, the system is said to be globally exponentially stable if there
are two positive constants ¢ and M depending on the initial values, such that

|xi(8) — &7 (8)| < Me™, |si(®) = si(6)| <Me™™, i=12,...,n

3 Main result
In this section, we will derive some sufficient conditions which ensure the global expo-
nential stability for system (2.3).

Theorem 3.1 Suppose that Assumption (H1) holds. The inertial CNNs (2.3) with initial
values (2.4) are globally exponentially stable if the algebra conditions hold:

’!%i < 0! Ai < 0’ (31)
and

4.59,%B; > (€))%, 4A,8; > (C)?, (3.2)
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where

o = &1 + 3 7=1$12i(|Dij|Lf + |ij|LjG) - ai€d,
Bi = 52 Eumi(IDyIL] + IDFILY) + 5 300 (67 + Ejmy) DI Lf
+ ﬁz;l:l(élzj +&1miy) D5l + %(fzi + &) LY — bigrms,

G = hi + 07— aikrin — bigg,
and

Ai = Eyimyi + E2LF - 2,
Bi = 3&amailf — &ainais
Ci = hoi + m3; — E2ini — &5
Proof Let (x(t),s(t)" = (x1(£),%2(¢),..., %4(0),51(8),52(0), .., 54(£)T and (x*(8),8*(D)" =

(5 (8),25(8), ..., x5 (2), 85 (2), 85(2), ..., s5(£))T be two solutions of inertial CNNs (2.1).
Define y;(t) = x;(t) — %7 (£), zi(t) = 5;(t) — s} (¢), then system (2.3) can be rewritten as

v/ () = —aiy(t) = biyi(t) + 3 DyFi(y(0) + 3L, DGyt — (1)),
z] (t) = —z(t) — zi(t) + F;(y:(2)),

(3.3)

where
Ei(yi(4) =fi(x:() = £i (%5 (), Gi(yi() =gi(x() (), i=1,2...,n

In view of (3.1), (3.2) and combining with the continuity theory, there exists a sufficiently
small & > 0 such that

<0,  A<O, (34)
and

A RS (67)', AAB > (C)7 (3.5)
where

A =&+ Eum + 50 1 EL(IDGIL] + IDGILY) - aif,

B =hie+ e+ 5 7=1§1in1i(|Dij|Lf + |D,-T,-|LjG) +1 ;;1(‘512,- + &) | Dy |LE
+ 3150 21 (ELEyM DR + 5 (5ai + E2imai) LT = bi€rimui,

CF = M+ 035 + 26E1m; — aigum — biEd,

and

2 lg ;F g2
AS =&y + Eamai + 362L7 — &5
2., 1 F
Bf = haie + nye + 552l — Eaimis

C = hoj + m3; + 266010 — Enimi — €3
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Consider a Lyapunov—Krasovskii functional given by

n

1o 1 ,
V(e =5 ) Rt @+ 5 (Ei(0) + mi(®) ¢
i=1

i=1

151

n

1 1 2
+ Egkziziz(t)ez” + 52(52;'2;0) + nizi(t)) e

i=1
Va
! ; 2e(s+t t) 36
2(1 /'L) ZZ(Elz +$11nlz |Dll|/ y/ (S)e s, ( . )
V3

First, let us compute the derivative of V;(t), we have

dVl(t)

Z M)y + & Z P AG

i=1

n

+ 3 (E O + mi®©) (E197 () + mayi(©) € + & > (E1yi(®) + mayi(®)) e
i 1

=™ { > Oy + &Y mpde) + ey (i)’
i=1 i=1 i=1

n

+eY i) + 2eE0mayi Oy + ) { ~ag (1) - biELyOy(0)
i=1

i=1

llyl t)|:ZDUF y/(t) ZD y] t T t))):|}

n

+ Z Eliﬂli()’i’(t))z + Z [ ~aiE1imyi(£)yi(t) — biEvimyi (£)

i=1 i=1

i=1

+Eunuyi(t) |:ZD1’/F;‘()’1'(t) ZD i (o (- T(t)))jH + n%iyi(t)y:‘(t)}

n
=%t { Z(ku + 03+ 28E1m1; — aifn — biéf,»)yi(t)yﬁ(t)

i=1

+ 2(512,'8 +&1n1 — ﬂz’fi’) ()’;(t))Z

i=1

+ Z()m@ + 138 = bigum)yi (6) + (E25/(0) + Eumuiyi(8)) DyF; (y;(0))

i=1 j=1

+ ZZ ELYN(E) + Elmuyi(t))ijGj(y/(t -1(8)) - (3.7)

i=1 j=1

Page 5 of 12
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It follows from (H1) and the fundamental inequality uv < 1(u* + v?) (1, v € R) that

Xn; an:(%‘l,yl(t) + Eumyi(0)) DyF; (1))
s
< ZZIZI;:IADALF /) +57(0) + lelshm,u)l,w(x (0) +y7(8)
= =y
_ %ililsiwgwf 01e) + 5 ilil(sunumgwf
i=1 j= =1 j=
+ EIDGILT + E1my | DylLT) v (8) (3.8)
and
ii(éﬁyé(théunm( ))D;G;(y(t - (1))
P

ZZ&I,\D ILE((40)” + 57 (e - 7))

i=1 j=1
\ %éém\pm(ﬁ(w R AGEI0)
_ _Zzghw L) ZZsumllDulL
i1 j-1 i=1 j=1
+ ZZ &+ &um) | DG|L7 v (¢ - 2 (0)). (39)
i=1 j=1

Substituting (3.8), (3.9) into (3.7) leads to

dvi(t) - /
. em{ (M + 0} + 2eE1mu — aigumu — biE)yi()yi(0)

dt ~

i=1

Ele +Eunu + Zsh (IDgIL} + |Dg|LT) - aisf,»)(y;(ﬂ)z

] 1

n
2
n 1 n
+ Z(M;’S +n3E + EZfliﬁliﬂDzﬂLf + |DZ|L,G)
i=1

j=1

1 n
+ 52(512, + &yny;) [Dy| LY — biélmu)yf(t)
j=1

35 ZZ E7 + & |D y, (t ( )} (3.10)

ll}l
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Secondly, calculating the derivative of V,(¢), we obtain

de(t)

n
E 2st 2 2at
)\21 l t& )\21

+ Z(Ezizg(t) +02izi(t)) (52:2] (£) + maizi(£)) €

i=1

reY_ (Enzi(t) + nuzi(t) e

i=1

=N Oz + e ) Aaizt(t) + ey EL(Z(D)°
i1 i-1 i1
+ sanl z; (t) + 2e5m22i(1)7;(t)
+ ZS Z,(0)(—2(0) — zi(0) + Fi(yi(2))) + &amaizi() (—zj() — zi(2) + Fi(y:(0)))

+ &2 (2(8))” + n2zi0)Z(8)

n

=€) " (hai + 13 + 260110 — Eaimi — 3)2i(£)2Z)(0)
i-1

+ 2(522,'8 + Exiai — 37 (Z;(If))2

i=1
n

+ Y (haie + m3ie — Eaum)z (6) + ) (E32(8) + Eamaizi( ) Fi(3i(®) ¢ (3.11)

i=1
One can easily deduce that

n

Z( 2lZl(t) + ng"ZlZz(t)) (yl(t))

i=1

_22}2, Z(6)" +y2(0) + 2521772; (z®) +5; )

n

1
—Zle (z(0)* Z-‘Ezﬂ)zzL Z (1) + 22(5221‘ + &) L 57 (2)

i=1
and thus
avat) 5 e ,
dzt( <é t{Z(th + 03 + 26E0i10; — Eaimai — E33)zi(£)Z)(2)

i=1

- 1
+ 2(522,'8 + &m0 + EgzziLf - 522,) (Zg(lf))2
i1
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+ ()\218 + '7218 + 5217721 Ezﬂ}m)z (t)
(&5 + &Eamai) LT y7 (0).

By virtue of (2.3) and a straightforward computation

dVs(t 1
3() ZZ §11|D |+€1zn1,|D |)y] (£)e* @)

dt
i=1 j=1
(&5 D] + &vm1i| D)7 (£ - T () (1 - £ (2))
i=1 j= 1
ZZ (&5 D] + &yl Di )o@
i=1 j=1

- —ZZ (21D + &umui D)7 (£ — T(®) ",

i=1 j=1

which, together with (3.10), and (3.11), gives

av(t)
dt

< em{Z(Mi + 13+ 26E1m1 — agimu — bigs)yi(0)yi()

i=1

i=1

+ Z{Muﬁ +nle+ - Z&ﬂhl (IDyIL] + |DG|LY)

i=1 ]1

1

* 5 (élj + %-1/771/)|D11|L
j=1
, 1
2 T 281’

+ 2(1-p) ;(51; + 51;‘771,') |Dj;le 5

n
+ Z Agi + 77%5 + 28521’7]2;‘ - 521'7721’ _ S%i)zi(t)Z;(t)

i=1

n

+ Z( €+ &M + %_2, 521> [Z;(t)]z
i=1

n

+ <)\21£ + 772,8 + éZzﬂZt éZz”Zl) ( )

i=

- ew{ (7 (4(0)” + 2 (7(0)” + Eyi0)y ()

i=1

+ (A2 (20) + B: (22(8)” + Cozi(0)Z(8)) }

+Z(sh+sl,m,+ Zsh (ID4IL] +|D|LT) - mfﬁ-)[y;(t)]z

(&g + 52/]21) - bi&iinu }yl (2)

(3.12)

Page 8 of 12



Shi et al. Advances in Difference Equations (2020) 2020:87 Page 9 of 12

2 n £12
Tonto) + (- S0 ooy
i i-1 i

— eZat{ JZ{l-s (yi(t) + ;gz
i=1

. P e (€
+ZA <z )+ 5 = sz,gy,(t)) +Z(<@i- . A§>(zf(t))2

i=1

<0, forallte€l0,+00).
Hence,
V() < V(0), forallte][0,+00),
which implies that

i@ =0@"),  |a@]=0(™),

where O(e**) means that |y;(¢)|, |z:(¢)| exponentially converge to 0 with the same order as
e~°!, This completes the proof of Theorem 3.1. d

4 Numerical simulations
In this section, a numerical example is presented to justify the effectiveness of the pro-
posed exponential stability results. The simulation is performed using Matlab software.

Example 4.1 Let us consider the following inertial CNNss:

x!(t) = —ax(t) — bix;(t) + Z/ Difi(x(t) Z/ lDl/g} (xi(t — (1)
+CiS; + Il’, (41)

57 (£) = =s3,(6) — 55(8) + filxi(2)),

where fi(1) = gi(u) = %(|u + 1| —|u-1]), i =1,2. The parameters in (4.1) are assumed to be
6l1:2,6l2:3,b1 25,b2=3,11 23,1222.5,61 :02:0.6,and

_|-05 05 o |03 03
| 04 —09|’ | 04 -04|

It is not difficult to check that LiF = LLG =1,i=1,2. Let us chose &; = &1 =11 =12 = 1,
N1 = 05, Moo = 01, %‘21 = 13, 522 = 1.7, )\11 = 667, )\12 = 589, )\21 = 279, )\22 = 333, ,@1 =
-0.575, %, = —-0.215, By = —0.325, B, = —0.085. Through simple manipulation, we have

o =-02<0, 4% ~0.46>0.4489 = €7 = 0.67%,
oty =-095<0,  4ohPB,~0.817>0.792 =€, = 0.897,

and

A1 =-039<0, 44,8, ~0.507>0.49 = C7 = 0.7%,
Ay =-024<0, 44,8, ~0.0816 >0.0784 = C; = 0.28".
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Figure 1 The state trajectories of state variables x;(t), s;(t) with different values, i=1,2

Then, all the conditions of Theorem 3.1 are satisfied and thus the inertial CNN (4.1) is
exponentially stable. This fact is revealed in Fig. 1.

Remark 4.1 In recent years, many excellent theoretical results on competitive neural net-
works have been published (see [10, 11, 29—32] and the references therein), however, these
references do not consider the effect of inertia terms. On the other hand, to the best of our
knowledge, fewer dynamic results on delayed inertial CNNs have been reported. There-
fore, our results are new and complement some existing ones.

Remark 4.2 For technical reasons, we impose some conditions on the derivatives of the
time-varying delay (see (2.2)), that is, we demand that the delay increase not too fast. As
for the case of & > 1 or the stability criteria are independent of time delay, which are our
objectives for future research.

5 Conclusion

In this paper, different from the existing methods which usually apply the variable substi-
tution to transform the second-order inertial system into the first-order differential equa-
tions, we investigated the exponential stability for a class of delayed inertial CNNs. A new
Lyapunov functional is constructed and the well-known Barbalat lemma is used to obtain
the stability criteria. Secondly, the asymptotic and adaptive synchronization of the ad-
dressed inertial networks is studied by designing two new control strategies. Finally, two
examples with numerical simulations are provided to show the effectiveness of the derived
theoretical results.
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