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1 Introduction and basic definitions

Banach spaces, which are separable and reflexive, can exist without a Schauder basis as
proved by Enflo in 1973 [11]. However, in 1972, Morrell and Retherford [8] showed that
in each infinite-dimensional Banach space and for any sequence of positive numbers, that
is, monotonically convergent to zero (A;);cn, where N = {1,2,3,...}, one can construct a
weakly square-summable basic sequence whose norms equal to (4;);en-

In 1977, Makarov and Faried [7] showed how to construct compact operators of the
form ), nifi ® x; between arbitrary infinite-dimensional Banach spaces such that its
sequence of approximation numbers has a specific rate of convergence to zero. It was
also proved that the operator ideal, whose sequence of approximation numbers are p-
summable, is a small ideal; see [4, 10, 11].

In this work, we show how to construct compact operators between arbitrary infinite-
dimensional Banach spaces using a countable number of basic sequences and nuclear op-
erators, represented in the form of an infinite-dimensional matrix (u;);jen defined over
the space ¢; of all absolutely summable sequences, which verifies

lim ;=0
]

for every i € N. For such double-summation operators, a choice of matrix elements is more
convenient than choosing sequence elements in the case of single-summation operators.
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Such a construction will help give counterexamples of operators between Banach spaces
without a Schauder basis. An upper estimate of the sequence of approximation numbers
is given for such double-summation operators. For basic notions and some related results,
one can see [1, 6,9, 13].

The following notations are used throughout this study. The normed space of bounded
linear operators from a normed space X into a normed space Y is denoted by L(X, Y),
while the dual space of the normed space X is denoted by X* = L(X, R), where R is the set
of real numbers.

Also as mentioned before, the space {x = (x;)5% : D, |%:|” < 0o} of all sequences of real
numbers that are p-absolutely summable, is denoted by £, which is equipped with the
norm |lx[ = (3 ;cn |xi|1’)1l’. The space {x = (x;)75, : limx; = 0} of all sequences of real num-
bers that are convergent to zero, is denoted by c,, which is equipped with the norm

llll = sup;ep %4

Definition 1.1 ([12]) A map s, which assigns a unique sequence {s,(7)};°, of real numbers
to every operator T € L(X,Y), is called an s-number sequence if the following conditions
are verified:

L |IT| =50(T) > s,(T) > --->0for T € L(X, Y).

2. Spm(U + V) <s,(U) +5,(V)for U,V e L(X,Y).

3. s,(UTV) < |U|s,(T)| V| for V € L(X,X), T € L(X,Y) and

UeLY,Y).

4. s,(T) =0if and only if rank(T) <rfor T € L(X, Y).

5. 500 = {5 forr=1,
where I; is the identity operator on Euclidean space ¢5.

As an examples of s-numbers, we mention the approximation numbers «,(T), Gelfand
numbers c,(T), Kolmogorov numbers d,(T), and Tikhomirov numbers d} (T, defined by
1. o (T)=inf{|| T - A| : A € L(X,Y) and rank(A) < r}. Clearly, we always have
TN =ao(T) > ar(T) > az(T) > -+ - > 0.
2. ¢(T) = a,(Jy T), where Jy is a metric injection from the space Y into a higher space
£>°(A) of all bounded-real functions for a suitable index set A.

)= GJaf, s, 751,

where K C Y.
4. dX(T) =d,(JyT).

Definition 1.2 ([11]) Anoperator T € L(X, Y) isnuclear ifand only if it can be represented

in the form

T@) =) aix)y,

i=1

with ay,a;,... € X* and y1,9,... € Y, such that

o0
> llailllly:l < oo.
i=1
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On the class N(X, Y) of all nuclear operators from X into Y, a norm v(7T) is defined by

v(T) = inf{Z las }

where the inf is taken over all possible representations of the operator 7.

2 Basic theorems and technical lemmas
It is well known that an infinite matrix defines a linear continuous operator from the space

¢; into itself if its columns are absolutely uniformly-summable; see [3, 4, 10].

Lemma2.1([11],6.3.6) AnoperatorT € L(£1,£1) is nuclear if and only ifthere is an infinite

matrix (o )i ken Such that
o0
Jorx = (x1)22, € 41

T(x) = (Z Uikxk>
k-1

i=1

and

o0
Zsup |oik| < 0.
-1 K

In this case

v(T) =) sup|oul-
k

i=1

Lemma 2.2 ([3]) If(T}), is an absolutely summable sequence of bounded linear operators
then

oy (i T’l) =< lnf{ianl(ﬂ) : ini =ng,
i=1 i=1

i=1

where the inf is taken over all possible representations for

The following is a consequence of Lemma 2 in [2].

Theorem 2.3 Let (x;)7°, be a sequence in a Banach space X such that

ZV(xi)} <oo foreveryf e X",

i=1

then the series Yy ) Aix; converges unconditionally in X for every sequence (1;)?%) € c,.
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Theorem 2.4 (Morrell and Retherford [8]) Let X be an infinite-dimensional Banach space
and let (1;){5, € ¢, with 0 < A; < 1, then there is a basic sequence (x;) in X such that
||l = A; forall i = 1,2,... that verifies

ZV(M)!Z <|\fI* foreveryfeX*.

i=1

Remark 2.5 Theorem 2.4 is valuable in the case of sequences that are slowly convergent
to zero (1) Indeed, if (1,7, converges rapidly to zero then ) ;) [|;]| < oo and hence,

one can write

S lF@)* < D IRl < CIFI* - for every f € X*.
i=1 i=1

Theorem 2.6 (Dini’s theorem [5]) For a convergent series y .- a; of positive real numbers,

the series
o0
Z ;. | convergent form<1;
— s
m ,
1 R; divergent  form>1,

where R; = 3™, a; is the remainder of the series 3", ;.

Theorem 2.7 ([7]) Let X and Y be infinite-dimensional Banach spaces and let (A,)>2, be
a monotonically decreasing sequence of positive real numbers, then there is a completely

continuous operator A € L(X, Y) verifying
274 s, < di(A) <a,(A) <8A, foreveryre({l,2,...}.

Lemma 2.8 ([3]) Let {&;}ien be a bounded family of real numbers and let K € N
be an arbitrary subset of indices, such that cardK is the number of elements in K.
Then

sup inf& = inf supé;.
card K=r+1 €K cardK=r jg

3 Main results
Proposition 3.1 Let X and Y be infinite-dimensional Banach spaces and let M = (11;)); jen
be an infinite matrix verifying that:
1. limj p;; = O for every i € N.
2 377 supS gl < o
Let (f;)ijen be a matrix of functionals in X* and (z;j),jen be a matrix of elements in Y that

verifies

S?f%) > | @) F(zy)| < 00 )
= 1=1
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forevery F in Y* and every x in X. Then the expression
oo o0
T@) =YY wfy®)z
i=1 j=1
defines a linear continuous operator from X into Y.

Proof Let

Z sup |M1}

i>n =1

then from Dini’s theorem 2.6 we get

i Sup;;ol |sz| oo
v

i=1

From condition (1) and Theorem 2.3, the formula
Mij
Ti(e) = Z ey 2)

defines a linear continuous operator T; € L(X,Y) for everyi=1,2,....
Now we need to prove the unconditional convergence of the series

T@) =Y VAT
i=1

In order to do so, it is enough to apply again Theorem 2.3, noting that A, — 0 and we only
have to verify that

o0
Z|gTi(x)’ <oo, foreverygeY™.

i=1

In fact,
N Mij L oo |/Mj| =
f )g(zj)| < ) sup i(%)g(z7)
;Zl } ) ;Fl \/X—,;lfl 1|

Then the expression

T@) =Y Y wify®z

i=1 j=1

defines a linear continuous operator from X into Y. g
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Remark 3.2 From Theorem 2.4 and for every i = 1,2,..., there exist a basic sequence of

functionals {f;}7%; in X* and a basic sequence of elements {z;}} in ¥ such that
[e¢]
2
Z[ﬁj(x)| < |lx||* foreveryxeX
j=1

and

oo
> |E@y)|* < IFI* forevery Fe Y.
j=1

Basic sequences can be found by choosing different convergent to zero sequences (A;)5; €
¢o, as mentioned in Theorem 2.4, according to their rate of convergence.

As a consequence of Proposition 3.1 and Remark 3.2 we get the following result.

Theorem 3.3 Let X and Y be Banach spaces and let {f;}°, and {z;}*\, where i € N, be
basic sequences in X* and Y, respectively. Verifying the following,

LY fij(x)|* < ||x||> for every x € X, and i € N.

2. Z]Ofl |F(ZL',«)|2 < ||F||? for every F € Y* and i € N, then every nuclear operator

M ={w;}: 1 — £y, with limu; =0,
j

defines an operator T : X — Y of the form

T(x) = Z Z Wifii(%)z;;.

i=1 j=1
Proof The proof follows directly from Proposition 3.1 and Remark 3.2. O

Theorem 3.4 Let X and Y be infinite-dimensional Banach spaces and let {11;}7°, be a se-
quence of real numbers that is convergent to zero and {f;}7°,, {zi}7°, be sequences in X* and
Y, respectively. Verifying that

o0
Z[ﬁ(x)|2 <> foreveryxeX,
i=1

and

oo
Z|F(Zi)|2 <|F|* foreveryFeY*.
i1

Then for the operator

T:ZMifi®Zi

i=1
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we have

an(T) < inf sup|ul,

cardK<n jgx
where K is any subset of the index set N with card K < n.

Proof For every operator T € L(X,Y) and every subset of indices K C N with card K < #,
we define a finite rank operator

Ag = Z wifi ® z;
iek
with rank(Ak) < n. From the definition of approximation numbers we get

Zmﬁ@%

K
Y nfiWF ()
i¢K

< sup sup Z|mﬂ(x)F(Zi)|

lell=1 I1FlI=1 {57

<suplul sup sup B |fi(WF()]
i¢K lll=1IFI=1 5%

au(T) < IT - Akl =

= sup sup
lxll=1[IF|l=1

< sup |u;l.
i¢K

Since this relation is true for every index subset K with card K < n,

T)< inf 18
a,(T) < cu iz, SUP | il 0
Remark 3.5 As a consequence of Theorem 3.4 and by using Lemma 2.8, we can get the
following similar result:

a,(T) < sup inf|wl.
card K=n+11€K
Theorem 3.6 Let X and Y be infinite-dimensional Banach spaces and let (j;j);jen be an
infinite matrix with linearly independent rows such that conditions of Proposition 3.1 are
verified, and let {f;}2), {zy}5 for i=1,2,..., be sequences in X* and Y, respectively, such
that conditions of Theorem 3.4 are fulfilled for all i = 1,2,.... Then for the operator

T= D nifi®z

i=1 j=1
we have
o0
(1) = inf { inf sup|uij|}, 3)

card K <n; jeK

where K is a subset of the index set N with card K < n;.
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Proof From Lemma 2.2, Theorem 3.4 and by using the same operator T; defined by Eq. (2)
throughout the proof of Proposition 3.1, we get

o o0 o0
oD -ao( 1) = Ty <3t sl
i=1 i=1 =1

This relation is true for every X'n; = n, then we get the proof.

In the following, we are going to give two examples of nuclear operators over ¢; and
use them to construct operators over general Banach spaces with specific approximation
numbers. O

Example 3.7 Consider the operator A € L(cy, 1) such that A = (zz,«j)z;?zl, where

a;=0 forij,

a;; for 25 < i < 2F*1,

- 2k(k +1)2

Also, consider B € L(£1, cp), such that

By 0 O
0 By O
O 0 B, --
B= 2 ,
where
BO = (1);

Bi_ By
B = k-1 k=1 is a 28 x 2% matrix fork=1,2,3,....
Bi.1 =By

Thus we have D = AB € L({1,¢1), such that

Dy 0 O
0 D; O
O 0 D, .-
D= 2 ,
where
DO = (1))
K2 Dy.1 Dy
Dy=——— k-1 k=1 is a 28 x 2% matrix fork=1,2,3,....
2(1+k)* \Dr-1 —Diy
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Let D = (1), then this operator has the following properties:
1.
> 1 1 1 1 1 1 1 1
Z|,u,-,'|:1+ —t—- |+t | =t =t =t+t= )+ ==+ |+
=) 8 8 36 36 36 36 128 128
~ i 1 w2
L2 6
i=1
2.

v(D) = Z supliuy| = - <00,

i=1

then by using Lemma 2.1 D is a nuclear operator.
1,1 1 1 1
3. Trac(D) = 1+(———)+(——%+%—%)+ s mto)too=1
4, D= (,u,,)i,l.:1 is having linearly independent rows.
Now, for D = (,ui}-)zle and by using Proposition 3.1 and Theorem 3.6 one can construct an

operator T € L(X, Y) for any Banach spaces X, Y of the form

[ INee)
T = ZZM; L]®Zl])
=1 ]:1

where {ﬁ;}z;?zl, {zi,»}fle, are basic sequences in X* and Y, respectively, such that conditions
of Theorem 3.4 are fulfilled foralli=1,2,....
Now by applying Eq. (3), one can get

2 k+1

b4
o,(T) < — - - forn=1,2,3,... where 2¥ < < 2k+1,
i
i=1

Hence, we have
o0
. m? 1
lim a,(T) < — E — =0,
n—00 6 1 2

which is consistent with the properties of the approximation numbers.
By applying Eq. (3) in the case of n = 0, we get

1 1 1 1 1 1 1 1
ao(T) =TI <1+ =+= —t—+—+— |t =+ )+
8§ 8 36 36 36 36 128 128

oo

1 =
-2 7%

Example 3.8 Consider the operator J € L(£1,¢1) such that ] = ()»,-,»)Z]‘;l where 1;; = then

this operator has the following properties:

21+] 4

Lov() = 308 sup; [Al = 3200 é supj(%) =1 < 00, then by using Lemma 2.1 ] is a
nuclear operator.

Page9of 11
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2. ] = ()Llj);fle has linearly independent rows.
Now for J = (A;);}.; and by using Proposition 3.1 and Theorem 3.6, one can construct an
operator T € L(X, Y) for any Banach spaces X, Y on the form,

[o¢] o0
T= Z Z)‘-ijﬁj ® zij
i=1 j=1

where {ﬁ;};f]‘;l and {z,-j}fle are basic sequences in X* and Y, respectively, such that condi-
tions of Theorem 3.4 are fulfilled for all i = 1,2,....
Applying Eq. (3) yields

n+1

o,(T) < forn=1,2,3,....

Thus, we have («,(T))52, € £1 because

i on+l
Z%(T)SZ 5 =3<o0.
n=1 n=1

Applying Eq. (3) in the case of n = 0 yields

T RS S P
o = - —==-x2=1,
0 =24u2i 2
i=1
noting that this is independent of the selection of {ﬁj}fle and {zi,f}ﬁf:l.

If we choose {ﬁj}fj’zl and {zij}iia such that

1
il = 1zl = —F7=»
Ifiill = 11l 77
then we get
- (i 1
o(T) < D 2yllflllizyll = Z(;) (5) =1<o0,
ij=1 ij=1

which means that 7, in this case, is a nuclear operator.

4 Conclusion

By using nuclear operators defined over ¢; with particular representation, one can con-
struct compact operators over general Banach spaces with specific approximation num-
bers. Such compact operators are been constructed using a countable number of basic
sequences and nuclear operators. For such nuclear operators, its construction in a matrix
form will yield to double-summation operators. This double-summation gives more free-
dom rather than choosing sequence elements in the case of single-summation operators.
Such a construction will help give counterexamples of operators between Banach spaces
without a Schauder basis.
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