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1 Introduction

Let X be a real Banach space with norm | - ||. The purpose of this paper is to discuss
the existence and regularity of w-periodic solutions for the abstract neutral functional
differential equation with delays

(u(t) - G(t,u(t - £))) + Au(t) = F(t, u(®), u(t - 1)), teR (1.1)

in X, where A : D(A) C X — X is a closed linear operator, and —A generates a compact and
exponentially stable analytic operator semigroup 7'(¢) (¢ > 0) on X, G, F are appropriate
continuous functions which will be specified later, &, t are positive constants which denote
the time delays.

The theory of partial differential equations with delays has extensive physical back-
ground and realistic mathematical model, and it has undergone a rapid development in
the last fifty years, see [19, 42] and the references therein. During the last few decades,
more researchers have given special attention to the study of the equation, in which the
delay argument occurs in the derivative of the state variable as well as in the independent
variable, so-called neutral differential equations.
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Neutral differential equations have many applications. They can model a lot of prob-
lems arising from engineering, such as population dynamics, transmission line, immune
response, or distribution of albumin in the blood. For instance, in the theory of heat con-
duction in fading memory material, see [9, 37], the following partial neutral differential

equation

% (u(t,x) + /_; ki(t = s)u(s,x) ds) —cAu(t,x) = /:; ko(t —s)Au(s,x) ds (1.2)

has been frequently used to describe these phenomena, which has better effects than par-
tial differential equations without neutral item, where £2 C R” is a bounded domain with
a sufficiently smooth boundary 942, (¢,x) € [0,00) X §2 represents the temperature in x at
the time ¢, c is a physical constant, kj, k; : R — R are the internal energy and the heat flux
relaxation respectively. If the solution u is known on (-00, 0], k; = 0 on (r, 00), and k, =0,
then we can transform system (1.2) into the abstract neutral evolution equation (1.1).

In fact, many of partial neutral differential equations can be written as first-order ab-
stract neutral functional differential equations on an appropriate Banach space. There has
been an increasing interest in the study of the abstract neutral evolution equations of the
form (1.1). The existence and uniqueness of mild solutions to the abstract neutral evolu-
tion equations with delay have been considered by many authors in literature. Here we
only mention [1-3, 13, 18, 20, 22, 23].

It is noteworthy at this point that the problem concerning periodic solutions of par-
tial neutral functional differential equations has become an important area of investi-
gation. The periodic problems can take into account seasonal fluctuations occurring in
the phenomena appearing in the models, and have been studied by some researchers
in recent years. Specially, the existence of periodic solutions for the neutral evolution
equations has been considered by several authors, see [4-7, 11, 12, 14-17, 21, 24, 43]
and the references therein for more comments. We notice that, in many works, the
key assumption of prior boundedness is employed and the most important ingredient
to prove the existence of periodic solutions is to show that Poincaré’s mapping is con-
densing. Thus, a fixed point theorem can be used to derive periodic solutions. For the
delayed evolution equations without neutral item, the existence of periodic solutions
has been discussed by more authors, see [8, 26, 30-32, 34-36, 44] and the references
therein.

Although there have been many meaningful results on the neutral evolution equation
periodic problem in a Banach space, to our knowledge, these results have a relatively large
limitation. First of all, the most popular approach is the use of boundedness or ultimate
boundedness of solutions and the compactness of Poincaré map realized through some
compact embeddings. However, in some concrete applications, it is difficult to choose
appropriate initial conditions to guarantee the boundedness of the solution. Secondly, we
observe that the most popular condition imposed on the nonlinear term F is its Lipschitz-
type condition. In fact, for equations arising in complicated reaction-diffusion processes,
the nonlinear function F represents the source of material or population, which depends
on time in diversified manners in many contexts. Thus, we may not hope to have the
Lipschitz-type condition of F. Finally, there are few papers to study the regularity of peri-

odic solutions for the neutral evolution equation with delays.
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Motivated by the papers mentioned above, we aim in this work to study the existence
and regularity of periodic solutions for the partial neutral functional differential equation
(1.1). In this paper, it is worth mentioning that the assumption of prior boundedness of
solutions is not necessary. More precisely, the nonlinear term F only satisfies some growth
conditions and the functions G and F may not be defined on the whole space X. These
conditions are much weaker than Lipschitz conditions. The obtained results will improve
the main results in [6, 14, 21] and develop the work in [30].

The paper is organized as follows. In Sect. 2, we collect some known notions and results
on the fractional powers of the generator of an analytic semigroup and provide preliminary
results to be used in theorems stated and proved in the paper. In Sect. 3, we apply the
operator semigroup theory to find the periodic mild solutions for Eq. (1.1), and in Sect. 4,
we investigate conditions for Eq. (1.1) to have the classical and strong periodic solutions.
In the last section, we give an example to illustrate the applicability of abstract results
obtained in Sect. 3 and Sect. 4.

2 Preliminaries
Throughout this paper, we assume that X is a Banach space with norm || - ||.

Now, we recall some notions and properties of operator semigroups, which are essential
for us. Assume that A : D(A) C X — X is a closed linear operator and —A generates a
compact analytic operator semigroup 7'(¢) (t > 0) on X. For the detailed theory of operator
semigroups, we refer to [38].

For a general Cy-semigroup T(¢) (t > 0), there exist M > 1 and v € R such that || T(¢)| <
Me"* for all t > 0 (see [38]). Let

Vo = inf{y € R| There exists M > 1 such that || T(t) ” < Me"!,Vt > O},

then vy is called the growth exponent of the semigroup T'(¢) (¢t > 0). Specially, if vy <0,
then T'(¢) (¢ > 0) is called an exponentially stable Cy-semigroup. Furthermore, vy can be
also obtained by the formula vy = limsup,_, , . w If T'(t) is continuous in the uniform
operator topology for every ¢ > 0 in X, it is well known that vy can also be determined
by vo = —inf{Re A|X € 6 (A)} (see [38, 41]). We know that T'(¢) (¢ > 0) is continuous in the
uniform operator topology for ¢ > 0 if T(¢) (¢ > 0) is a compact semigroup or an analytic
semigroup (see [25]).

If T(¢) (t = 0) is analytic satisfying 0 € p(A)(p(A) is the resolvent set of A), then for any
a >0, we can define A by

1 o0
A% = —— / VT () dt.
() Jo
It follows that each A™ is an injective continuous endomorphism of X. Hence we can
define A% := (A™)~!, which is a closed bijective linear operator on X. We define D(A%) as
the domain of the operator A%, obviously, the subspace D(A%) is dense in X. Furthermore,
D(A*) endowed with the norm ||x||, := [|[A%x|| for all x € D(A%) is a Banach space. Next,
we denote D(A*) by X, and C, := ||[A™*||. The following properties are well known [38].

Lemma 2.1 IfT(t) (t > 0) is an analytic semigroup with infinitesimal generator A satisfy-
ing 0 € p(A), then
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(i) D(A%) is a Banach space for 0 <o < 1;
(i) A~ is a bounded linear operator for 0 <« <1in X;
(ili) T(¢): X — D(A%) for each t > 0;
(iv) A“T(t)x = T(t)A%x for each x € D(A*) and t > 0;
(v) foreveryt>0,A*T(t) is bounded in X and there exists My > 0 such that

|[A“T ()] < Mat™;

moreover, if a € (0,1), then My, = MI" («);
(vi) Xg—> X, for0<a < B <1 (with Xy =X and X; = D(A)). Xg <> X, is compact
B B p
whenever the resolvent operator of A is compact.

Observe by Lemma 2.1(iii) and (iv) that the restriction T,(t) of T'(¢) to X, is exactly the
part of T(¢) in X,. Moreover, for any x € X,, we have

oo, = |4 T0] = [ T@A] < [ 7@ - |a%] = | 7)1l
and
|Ta@)x - x|, = |A“T(t)x — A%%| = || T()A*%x - A%x|| > 0, t— 0.

It follows that T, (¢) (¢ > 0) is a strongly continuous semigroup on X, and || T (¢)|, <
IT(¢)| for all £ > 0. To prove our main results, we need the following lemmas.

Lemma 2.2 ([33]) IfT(¢) (¢ > 0) is a compact semigroup in X, then T,(t) (t > 0) is a com-
pact semigroup in X,.

Lemma 2.3 ([10]) If X is reflexive, then X, is also reflexive.

Now, recall some basic facts on abstract linear evolution equations, which are needed
to prove our main results.

Let / denote the infinite interval [0, 00) and % : ] — X, consider the initial value problem
of the linear evolution equation

u'(t)+Au(t) =h(t), tel,
u(()) = X0.

(2.1)

It is well known, when xy € D(A) and 4 € C(J, X), the initial value problem (2.1) has a
unique classical solution u € C*(J, X) N C(J, X;) expressed by

u(t) = T(t)xo + /t T(t - s)h(s)ds. (2.2)
0

Generally, for xy and /# € C(J,X), the function u given by (2.2) belongs to C(/,X) and it
is called a mild solution of the linear evolution equation (2.1). A function u:J — X is
called a strong solution of Eq. (2.1) if it is continuous on J, differentiable a.e. on (0, 00),

/ 1
u el

(/,X), and satisfies Eq. (2.1). Furthermore, we have the following results.
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Lemma 2.4 ([38]) Let h € C([0,a],X) (@>0),0<a<f <1, u=p-a,x €Xg, then the
mild solution u of Eq. (2.1) satisfies u € c*([0,a], Xy).

Lemma 2.5 ([38]) Let h € C*([0,a],X) (a>0),0< u<1,xq €X. Then the mild solution u

of Eq. (2.1) is a classical solution on [0, a].

Let C, (R, X) be the Banach space {u# € C(R, X)|u(t) = u(t + w),t € R} endowed with the
norm ||u|l¢c = maxeeo,w) |#(8)||, and C,(R,X,) be the Banach space {u € C(R, X,)|u(z) =
u(t + w),t € R} endowed with the norm ||u||ce = max;e(o,o] [|24(2)]lo. Clearly, C, (R, X) —
C,(R,X).

Given & € C,(R,X), we consider the existence of an w-periodic mild solution of the

linear evolution equation
u'(t) + Au(t) = h(t), teR. (2.3)
Lemma 2.6 ([28, 29]) If—A generates an exponentially stable Cy-semigroup T(t) (t > 0) in

X, then for h € C,(R, X), the linear evolution equation (2.3) has a unique w-periodic mild

solution u, which can be expressed by

u(t)=(I- T(a)))_1 /t T(t - s)h(s)ds := (Ph)(t), (2.4)
t—-w
and the solution operator P : C,(R,X) — C,(R, X) is a bounded linear operator.
Proof For any v € (0, |vg|), there exists M > 0 such that
IT®)| <Me™ <M, t=o0.
In X, define the equivalent norm | - | by

’

x| = sup|| " T'(£)x
£20
then x| < |x| < M|x|. By |T(¢)| we denote the norm of T(¢) in (X, | - |), then for ¢ > 0, it
is easy to obtain that |T'(¢)| < e™*. Hence, (I — T(w)) has a bounded inverse operator
[o¢]

(I-T@)" =Y Tmo),

n=0
and its norm satisfies

1 1
< .
T(w)] ~— 1-eve

[(1-T@) "] =1
Set

xo=(I-T())™ / " T( = h(s) ds = B, (2.6)
0
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then the mild solution «(¢) of the linear initial value problem (2.1) given by (2.2) satisfies
the periodic boundary condition #(0) = u(w) = x¢. For t € R*, by (2.2) and the properties
of the semigroup T'(¢) (t > 0), we have

u(t + w) = T(t + w)u(0) + /Hw T(t+w—s)h(s)ds
0
=T(t) (T(a))u(O) + /w T(w — s)h(s) ds) + /.t T(t—s)h(s — w)ds
0 0
= T(t)u(0) + /t T(t — s)h(s)ds = u(t).
0

Therefore, the w-periodic extension of # on R is a unique w-periodic mild solution of
Eq. (2.3). By (2.2) and (2.6), the w-periodic mild solution can be expressed by

u(t) = T()B(h) + /0 t T(t - s)h(s) ds

= (I-T()™ /t T(t - $)h(s) ds := (Ph)(t).

Evidently, P : C,(R,X) - C,(R,X) is a bounded linear operator. In fact, for every 4 €
Co(R, X),

t

|Qh(®)| - H (-1e)™ [ Tl-9hods

t-w

<|@-1@) - [ |7e-9]dsinic

< CMo|hl|c,

where C := ||(I — T(w))™!||, which implies that P is bounded. This completes the proof of
Lemma 2.6. O

To prove our main results, we also need the following lemma.

Lemma 2.7 ([39]) Assume that Q is a condensing operator on a Banach space X, i.e.,
Q is continuous and takes bounded sets into bounded sets, and o(Q(D)) < a(D) for every
bounded set D of X with a(D) > 0. If Q(2) C $2 for a convex, closed, and bounded set 2
of X, then Q has a fixed point in 2 (where a(-) denotes the Kuratowski measure of non-
compactness).

Remark 2.8 It is easy to see that, if Q = Q; + Q, with Q; a completely continuous operator
and Q, a contractive map, then Q is a condensing operator on X.

3 Existence of mild solution
Now, we are in a position to state and prove our main results of this section.

Theorem 3.1 For o € [0,1), we assume that G: R x X, — X; and F : R x Xg — X are
continuous functions, and for every x,x9,x1 € Xy, G(t,x), F(t,x0,%1) are w-periodic in t. If
the following conditions hold:
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(H1) Foranyr >0, there is a positive value function h, : R — R* such that

sup ||F(t;x0;x1) ” = hr(t), te Rr

%o llersll lla<r

the function s +— (?fg?x belongs to Lioc(R,R*) for all t € R and there is a positive

constant y > 0 such that

1% h
liminf—f ) ds=y < o0;

ro00 1 Jiy (E-5)*
(H2) G(¢,0) =0 fort eR, and there is a constant L > 0 such that
|AG(x) - AG@ )| < LIx-lar tER 2y €Xe;

(H3) CMyy + Ci_oL + CMaL“i—_: <1, where C = ||(I - T(w))!||, then Eq. (1.1) has at
least one w-periodic mild solution u.

Proof From the assumption, we know that G(¢, u(t — §)) € D(A) for every u € C,(R, X,),
thus, we can rewrite Eq. (1.1) as follows:

(u(t) - G(t,u(t - £))) + A(ut) - G(t,u(t - £)))
=F(t,u(t),u(t - 1)) - AG(t,u(t-§)), teR. (3.1)

Forany r >0, let
2, = {ue CoR X ullca < 7). (32)

Note that £2, is a closed ball in C,,(R, X,,) with center 6 and radius r. Moreover, by condi-
tion (H2), it follows that

|T(t-9)AG(s,uls - £))|, = [A*T(t - )A(G(s, u(s - §)) — G(s,0))

< HA" T(t-s) || . ||A(G(s, u(s — E)) - G(s, 9)) ||
- M,L
T (-9

(s &)

o’

which implies that s — T(¢ — s)AG(s, u(s — £)) is integrable on [t — w, t] for each u € £2,.
Hence, we can define the operator Q on C, (R, X,) by

t

Qu(t) := (1 - T(a)))_1 / T(t- S)F(s, u(s), u(s — ‘L’)) ds + G(t, u(t — E))

t—w
t

~([-T()™" / T(t - 5)AG(s,u(s - £)) ds, teR. (3.3)

—w

From Lemma 2.6, it is sufficient to prove that Q has a fixed point.



Li and Zhang Advances in Difference Equations (2019) 2019:330 Page 8 of 21

Now, we show that there is a positive constant r such that Q(£2,) C £2,. If this were not
the case, then for any r > 0, there exist u, € £2, and ¢, € R such that [|Qu, ()|, > . Thus,
we see by (H1), (H2), and (H3) that

r< lout)l,

+ Gt - £) |

o

o

< H (1 - T(a)))71 /tr T(t, — s)F(s, u,(s), u-(s — ‘C)) ds

tr

(I- T(a)))_1 / T(t, — S)AG(s, u,(s - &)) ds

tr—w

+

o

<[@-1@) - [ A T3] L0 - )| ds
+ | AN AG (8, u, (8 - §)) - AG(£,0)) |

(- T@) |- / r [A*T (@ - s)| - ||AG(s, ur(s - &) — AG(s,0) | ds

1
ds + Ci_aLlltr|l ca + CMaL/ ——dsllullc
tr—w (tr - 5)

" hy(s)
tr—w (tr - s)a
X0 '

ds + Ci_qLr + CM,L r.
tr—w (tr - S)a l-«o

< CM,

= CM,

Dividing on both sides by r and taking the lower limit as » — oo, we have

l-a

CMyLy + Ciol + CMaL;U >1, (3.4)
-

which contradicts (H3). Hence, there is a positive constant r such that Q(£2,) C £2,.
In order to show that the operator Q has a fixed point on £2,, we introduce the decom-
position Q = Q; + Q,, where

t

Quu(t) := (1 - T(a)))f1 / T(t- s)F(s, u(s), u(s — r)) ds, (3.5)

-

Qou(t) := G(t, u(t - S)) - (I - T(a)))f1 / T(t—- s)AG(s, u(s — zg‘)) ds. (3.6)

Then we will prove that Q; is a compact operator and Q5 is a contraction.
Firstly, we prove that Q; is a compact operator. Let {u,} C 2, with u, — u in £2,, then
by the continuity of F, we have

F (&, un(8), un(t — 7)) = F(t,u(t), u(t — 1)), n— oo,

for each ¢ € R. Since ||F(¢t, u,(t), u,(t — t)) — F(¢, u(t), u(t — 1))|| < 2h,(¢) for all £ € R, then
the dominated convergence theorem ensures that

|Quun(t) - Quu(®) |,

= H (1 - T(a)))f1 / T(t—- s)F(s, U, (), u,(s — r)) — F(s, u(s), u(s — r)) ds

t—w

o
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<[@=T@) ] [ AT =9 (5005065 - 0) = Flstsh s =) | ds

SCMa/t I E (s, t4n(S), (s — T)) — F(s, u(s), u(s — 7)) | s
o (t —s)*

—0 asn— o0,

which implies that ||Q u,, — Qiu|/ce — 0 as n — o0, i.e., Qg is continuous.

It is easy to see that Q; maps 2, into a bounded set in C,,(R, X, ). Now, we demonstrate
that Q(£2,) is equicontinuous. For every u € £2,, by the periodicity of #, we only consider
iton [0,w]. Set 0 < #; < t, < w, we get that

Quu(ty) — Quu(ty)

=(I- T(a)))_l /tf T(t, — $)F(s, u(s), u(s — 7)) ds

ty—w

- (- T(a)))_1 /tl T(t1 - s)F(s, u(s), u(s — 7)) ds

t1—w
15}

=(I- T(a)))_1 / (T(t2 =) = T(tr = 8))E(s, u(s), uls — 7)) ds

ty—w

ty—

—(I- T(w))_1 / ! T(t, - $)F(s, u(s), u(s — 7)) ds

t1—w

+(I- T(w))_1 /tz T(t, — $)F(s, u(s), u(s — 7)) ds

51

= 11 + ]2 + 13.
It is clear that
|Quu(t) = Quu(tr) ||, < Milla + 12l + 15 la- (3.7)

Thus, we only need to check that || ;|| tends to 0 independently of 1 € 2,whent,—t; — 0,
i =1,2,3. From the continuity of ¢ — || T'(¢)| for ¢ > 0 and condition (H1), we can easily
see

]l <C- / 1 |A*(T(t2 - 5) = T(t1 =) | - | F (s u(s), u(s — 7)) | ds

02—

f bh—s ty—t t - t—
<o [ (5550 (40| e ()
tyt0 2 2 2 2
f ty—s ty—t t - h,
con [ 058 ()| s
tr—w 2 2 2 (IT)O[

— 0, astr—t; —>0,

‘ ~h.(s)ds

)l <C- / - HAT(t1 —s)|| . ||F(s,u(s),u(s - t)) || ds

W

Page 9 of 21
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2= p,(s)

<CM,
¢ t1—o (tl - s)o{

—0, asth—t — 0,

3]l <C - / ’ ||A(T(t2 —s)) || . ||F(s, u(s), u(s — 'C)))” ds

t
<CM, - / LACN
t (t2 - S)a

—0, astp—-t; —> 0.

Asaresult, ||Q,u(t;) — Qiu(t1) |, tends to 0 independently of u € £2, as t, — t; — 0, which
means that Q;(£2,) is equicontinuous.

It remains to show that (Q; £2,)(¢) is relatively compact in X,, for all £ € R. To do this, we

define a set (Q.2,)(¢) by
Q20 = {(Qu)(O)lu e 2, 0<e <t R, (3.8)
where
Qu)(®) = (I - T(@) ™ f w T, (¢ — F (s, u(s), u(s ~ 7)) ds
- To(e)(I - T() ! /t t: To(¢ — 5 — £)F (s, uls), uls — 7)) ds.

From Lemma 2.2, the operator T, (¢) is compact in X, it follows that the set (Q.£2,)(¢) is
relatively compact in X,,. For any u € £2, and ¢ € R, from the following inequality

|Quu(t) - Qeu(r) |,
< C/.t || T, (t - S)F(s,u(s), u(s — 7:)) ||a ds

< C/t ||A°’ T(t- s)F(s, u(s), u(s — r)) || ds

t
SQQ/ hw)%
t—e (t - S)a

one can obtain that the set (Q;£2,)(¢) is relatively compact in X,, for all £ € R.

Thus, the Arzela—Ascoli theorem guarantees that Q; is a compact operator.

Secondly, we prove that Q, is a contraction. Let u,v € £2,, by condition (H2), Lem-
ma 2.1(vi), and Lemma 2.6, we have

|Qau(t) - Quv(®) |,

= H G(tu(t-8)-(I- T(a)))71 /tw T(t - )AG(s,u(s —&)) ds

~G(tvt-8)+ (I-T(w)™ / e —$)AG(s,v(s - £))

o

= |6t ue-9)-GEve-9)|,
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+

(- T(a)))_I/ i T(t-s5)A(G(s,u(s— &) - G(s,v(s — §))) ds

o

< ||A“MAG(t, u(t - £)) - AG(t, v(t - &) |
cla-1@) |- [ AT -9 A6 (suts - £) - Glovls - £) |
< Cio|AG(t, u(t - &) — AG(t,v(¢ - 8)) |

vcat [ 1AG(s s 9) - A6 s 9) s

< Cual|ult-8)-we-), + CMoL [ = uts= &) vts- )] ds

1-«
< <Cl—aL+ CMaLw >||M_V||Ca;
l-«
therefore,
a)l—ot
1Qau — Qavlic < <Cl—aL +CM,L I a ) lu - vlice- (3.9)

-

—<1,50 Ci_oL + CMaL“’l_

1-a

o

Since CMuLy + Ci_oL + CM, L2

< 1, it follows that Q, is a
contraction.

By Lemma 2.7, we know that Q has a fixed point u € £2,, that s, Eq. (1.1) has a w-periodic
mild solution. The proof is completed. d

In condition (H1), if the function %, is independent of £, we can easily obtain a constant
y > 0 satisfying (H3). For example, we replace condition (H1) with the following: (H1')
There are positive constants ay, a;, and K such that

|E(tx0,%0) | < aollxolle + a1l llo + K

for t € R and xg,x; € X,.

In this case, for any r > 0 and xy,x; € X, with ||xollq, [[*1l« <7, we have
||F(t,xo,x1)|| <r(ag+a1)+K:=h(t), tekR,

thus,

1 t hr l1-a
liminf — / (s) ds = (aog + a1) @ =y >0.
r—00 1 Ji_, (E—8)* l1-«

Therefore, we have the following result.

Corollary 3.2 For « € [0,1), we assume that G: R x X, — X; and F: R x X> — X are
continuous functions, and for every x,x9,x1 € Xy, G(t,x), F(t,x0,%x1) are w-periodic in t. If
conditions (H1'), (H2), and

(H3') CM,(ag+ar + L)2" + Cy_oL < 1, where C = ||(I = T())" 1,
hold, then Eq. (1.1) has at least one w-periodic mild solution u.

l1-a

Page 11 of 21
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Furthermore, we assume that F satisfies the Lipschitz condition, namely
(H1"”) There are positive constants agy, a; such that

||F(t)x0;x1) _F(try();yl)H S a()”xo _y()”t)t +da; ”xl _J’l ||ou te R;xO’xl’y()vyl € Xon
then we can obtain the following result.

Theorem 3.3 For « € [0,1), we assume that G: R x X, — Xj and F: R x X> — X are
continuous functions, and for every x,x9,x1 € Xy, G(t,x), F(t,x0,%x1) are w-periodic in t. If
conditions (H1"), (H2), and (H3') hold, then Eq. (1.1) has a unique w-periodic mild solu-
tion u.

Proof From (H1") we easily see that (H1’) holds. In fact, for any £ € R and x,x; € X,, by
condition (H1”),

|E & %0, 20) | < |E x0,%1) = F(£,6,0)|| + | F(2,6,0)|

< apllxolle +arllxlle + |F(56,0)].

From the continuity and periodicity of F, we can choose K = max;¢[o,) [|F(Z,6,6)|l, thus,
condition (H1’) holds. Hence, by Corollary 3.2, Eq. (1.1) has w-periodic mild solutions.
Let uy,u; € C,(R, X,y) be the w-periodic mild solutions of Eq. (1.1), then they are the fixed
points of the operator Q which is defined by (3.3). Hence,

| Qua(£) — Quia (2) ||a

‘ (I - T(a)))f1 / T(t- s)(F(s, u>(8), U (s — t)) - F(s, u1(s), ur(s — r))) ds

-w

=<

o

+G(bwa(t-) - Gt me-£)],

+

(- T(a)))_1 / T(t - 5)(AG(s, ua(s — &) — AG(s, u1(s — §))) ds

o

<C- / ||A"‘T(t —5) || . HF(S, us(s), us(s — ‘L')) - F(s, u1(s), ui(s — T)))H ds
+ A% (AG(t ua(t - §)) —AG(t, w1 (£ - §))) |

+c./ |A*T @ -9)| - |[AG(s, ua(s - &) = AG(s,u1(s - §)) || ds
<CM, - ﬁ(ao ||u2(s) —u1(s) Ha +a Huz(s - 1) —ui(s - r)||a) ds

+ CroaL st - ) - (- )],

t L
+CM, - [_wm”ug(t—é)—ul(t—f)nads
1-a

w l1-a

= CM,

(a0 + ar)llug — urllca + Croa Ll — 11 || ca + CMg 1 Lluy — u1llca

l-« -
wl—a
1-—

= (CMa(do +a; + L) + Cl_o,L) . ||u2 — U ”Ca’

o
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which implies that ||uy — u1||ce = [|Qua — Quillce < (CMw(ag + ay + L) + C1_oL) - |luy —
1| cq- From this and condition (H3'), it follows that u; = u;. Thus, Eq. (1.1) has only one
w-periodic mild solution. O

4 Regularity of mild solutions
In this section, we discuss the regularity properties of the w-periodic mild solution of
Eq. (1.1) and present essential conditions on the nonlinearity F and G to guarantee that
Eq. (1.1) has w-periodic classical and strong solutions.

Now, we are in a position to state and prove the main result of this section.

Theorem 4.1 For « € [0,1), we assume that G: R x X, — X; and F: R x X> — X are
continuous functions, and for every x,x9,x1 € Xy, G(t,x), F(t,x9,%x1) are w-periodic in t. If
the following conditions hold:

(H4) There exist Ly and u, € (0,1) such that

| F (#2055 %1) = F(t1,50,71) | < L1(12 = 11" + [1%0 = yolla + 1 = 11 la)

foreach t1,t, € R and xg,%1,y0,91 € Xo;
(H5) G(¢,0) =06 fort eR, there exist Ly and i € (0, 1) such that

|AG(t2, %) = AG(t1,9) | < La(1t2 — 611" + 5 = o)

foreach t1,t, € R and x,y € Xy;

(H6) CM, (2L, +L2)“1’1__: + Ci_oLo < 1, where C = ||(I - T(w))™Y||, then Eq. (1.1) has an

w-periodic classical solution.

Proof Let Q be the operator defined by (3.3) in the proof of Theorem 3.1. By the as-
sumptions of Theorem 4.1 and the proof of Theorem 3.1, we know that the opera-
tor Q: Cy(R,X,) = C,(R,X,) is well defined. From conditions (H4) and (H5), for any
uy, uy € Cu(R, Xy), t € R, similar to the proof of Theorem 3.3, we have

wl—a
|Qua(2) = Qua(9)]|, < | CMa(2Ly + L) T o CiaLa | - lluz —uillc,»
which implies that
wl—a
|Quz — Quilica < (CMa(le +Ly) T’ ClaL2> Nz —mlle, < lluz—mllc,. (4.1)

Hence, Q: C, (R, X,) — C,(R, X,) is a contraction, thus Q has a unique fixed point u, €
C,(R, X,). By the definition of Q, 1 is an w-periodic mild solution of Eq. (1.1).

Next, we prove that u, is an w-periodic classical solution. From the periodicity of u,
we only need prove it on [0, w]. Let t € [0, w] and h(t) = F(¢, u(t), u(t — 7)) — AG(t, u(t - 8)),
then & € C([0, w], X). For Ve € (0, w), since uy is the w-periodic mild solution of Eq. (1.1),
hence uy is the mild solution of the initial value problem

(u(t) — G(t, u(t - 98))) + A(u(t) - G(t,u(t - 98))) = h(t), telswl,

(4.2)
u(e) = ug(e).
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While uy(e) € Xy, from Lemma 2.4 it follows that
g € C" ([&, 0], Xa—py) = C*3([6,0],X), s €(0,a).

On the other hand, from conditions (H4) and (H5), we can deduce & € C*([¢, w], X), where
w =min{uy, 1o, n3}. By Lemma 2.5, we obtain that i is a classical solution of Eq. (4.2) and
satisfies

uo € C'((s,0],X) N C([e, @], X1).
By the arbitrariness of ¢, we claim that
uo € C'([0,w], X) N C([0, ], X1).
Therefore, uy is an w-periodic classical solution of Eq. (1.1) and satisfies
up € CL(R, X) N C,(R, Xy).
The proof is completed. O

Theorem 4.2 Assume that X is a reflexive Banach space. For a € [0,1), we assume that
G:Rx X, —> X; and F : R x X2 — X are continuous functions, and for every x,x9, %1 € X,
G(t,x), E(t,x0,%x1) are w-periodic in t. If the conditions

(H4') There exists a constant Ly > 0 such that

| E(t2, %0, 21) = F(t1, 50, 91)|| < L1 (1t2 = ta] + %0 = Yollee + %1 = 1 ]la)

forany t1,t, € R and xo,%1,50,1 € Xa,
(H5") G(t,0) =06 fort € R, there exists Ly such that

|AG(62, %) = AG(t1,9) || < La(16a = ta] + llx = ylla)

for each t1,t; € R and x,y € X,,, and (H6) hold, then Eq. (1.1) has an w-periodic
strong solution u.

Proof Let Q be the operator defined by (3.3) in the proof of Theorem 3.1. For a given r > 0,
let 2, C C,(R,X,) be defined by (3.2). By conditions (H4')—(H6'), one can use the same
argument as in the proof of Theorem 3.1 to obtain that (QS2,) C £2,.

For this r, consider the set

2={ueCR X Nullca <7,

M(tl)—u(tz)”a <L*|t2—t1|,t1,t2 ER} (43)
for some L* large enough. It is clear that £2 is a convex closed and nonempty set. We

shall prove that Q has a fixed point on £2. Obviously, from the proof of Theorem 3.1, it is
sufficient to show that, for any u € 2,

|(Qu)(&) - (Qu)(®)|, <L*lta-tl, Vo, eR. (4.4)
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In fact, by the definition of Q, conditions (H4'), (H5’), and (4.3), we have

|Qu(t>) — Qu(ty) ||a

ty

< H (I - T(a)))f1 / T(ty — s)F(s, u(s), u(s — t)) ds

th—-w

~(I- T(a)))_1 /tl T(t; — $)F (s, u(s), u(s — 7)) ds

t1—-w

o

+ || G(ta, ult, — €)) - G(t1, u(ts - £)) ||a

ty

(I-T()™ / T(t, - )AG(s, uls - £)) ds

tr—w

+

- (- T(w))_l /tl T(t1 - )AG(s,u(s - &)) ds

t1—w

o

=

(I- T(w))_1 /wA“ T(s)(F(t2 — s, ulty — 8), u(ty — s — 7))

0

—F(t1 - s,u(ty —s),u(ty —s—1))) ds

+ Cro |AG(t2, ults — £)) — AG(t1, u(ty — §) ||

+

(I-T()™ /0 " g T(s)(AG(t, — 5, ults — s - £))

—AG(t1 —s,u(ty —s— S))) ds

1-o

<CM, N aLl(l +2L") |ty — t1] + C1_o Lo (1 + L) |ty — 11

a)l—a
+CA40(1 L2(1 +L*)|t2—t1|
wl—a a)l—a
= (CMa 1 (L1 + Lz) + Cl_aL2 + <CMO[(2L1 + L2) 1 + Cl_aL2>L*> |t2 - t1|
- -

i= (Ko + K*L*) |t — ta],

where K; = CMJ‘i—?:(Ll + L) + C1_4Ly is a constant independent of L*, and K*
(CMy (2L + Ly)%— + Cy_qLy) < 1. Hence,

1
l-a

||Qu(t1) - Qu(tl)Ha < L*|t2 —t| forallt),t €R, (45)

K
whenever L* > =4

of Eq. (1.1).

By the above calculation, we see that, for this u(-), all the following functions:

g(t) = G(t, u(t - §)),

D(t)=(I- T(w))_1 /t T(t - s)F (s, u(s), u(s — 7)) ds,

()= (I- T(a)))_1 /t T(t - s)AG(s, u(x — §)) ds

> 1—g=- Therefore, Q has a fixed point u which is an w-periodic mild solution

Page 15 of 21
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are Lipschitz continuous, respectively. Since the u is Lipschitz continuous on R and the
space X, is reflexive by the assumption and Lemma 2.3, then a result of [27] asserts that

u(-) is a.e. differentiable on R and /(-) € L! (R, X,,). Furthermore, by a standard argument

loc
as Theorem 4.2.4 in [38], we can obtain that

()= (I-T(w)™" ((1 — T())F(t, ult), u(t - 7))
_ /t AT(t - s)F(s, u(s), u(s — r)) ds)
v - (I T(a)))_l((l— T () AG(t, u(t ~ £))

t
- / AT (t - s)AG(s, u(x — E)) ds).
t-w
Hence, for almost every ¢ € R,

u'(t)=2'(t)+g ) - ()

=(1- T(a)))_1 ((1 - T(w))F (¢, u(t), u(t - 7))
_ / t AT (¢ - $)F (s, 1(s), u(s — 7)) ds) + G (Lult-8))
—(I-T)™ ((1 - T())AG(t, ult - £))

- /t AT (t - s)AG(s, u(x — E)) ds)
= F(t,u(t),u(t — 7)) - AG(t,u(t - §)) + G' (¢, u(t - £))

-A ((1 - T(a)))f1 /t T(t - s)E(s, u(s), u(s — 1)) ds

t

—(I-T()™ /

t—w

T(t- s)AG(s, u(x — E)) ds)

= F(t,u(t),u(t— 7)) —AG(t,u(t - §)) + G (t, u(t - §))
—A(u(®) - G(t, u(t - €))),

which implies that
(u(t) - G(t,u(t - £))) + Au(t) = F(t, u(t), u(t - 7)), aeteR. (4.6)
This shows that « is a strong solution for Eq. (1.1) and the proof is completed. O

5 Application
In this section, we present one example, which indicates how our abstract results can be

applied to concrete problems.
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Consider the following parabolic boundary value problem with delays:

Dl )~ [y gy, t,uly,t - €))dy) — Lru(x,¢)
=flx, t,ulxt),ulxt—1)), x€[0,1,teR, (5.1)
u(0,t) = u(1,t) =0,

where g € C([0,1] x [0,1] x Rx R,R), f € C([0,1] x R x R x R,R), and f, g are w-periodic
in t, and &, t are positive constants which denote the time delays.

To treat this system in the abstract form (1.1), we choose the space X = L2([0,1],R),
endowed with the L2-norm | - ||;2. We remark that X is reflexive.

Define operator A : D(A) C X — X by

9%u

D(A) = {u e X|u",u' € X,u(0) = u(1) =0}, Au=—§3.
X

(5.2)
It is well know that —A generates an exponentially stable compact analytic semigroup 7'(¢)
(t = 0) in X. In addition, we note that 0 € p(A) and that fractional powers of A are well

272,neN,

defined. Moveover, A has a discrete spectrum with eigenvalues of the form »
and the associated normalized eigenfunctions are given by e, (x) = +/2sin(nx) for x €

[0,1], the associated semigroup T'(¢) (t > 0) is explicitly given by

o0
TOu=Y " “(uede, t>0uckX, (5.3)

n=1

where (-, -) is an inner product on X, and it is not difficult to verify that || T'(¢)|| < et for
all £ > 0. Hence, we take M =1, M% = F(%) and ||( - T(w)) || < —L5. The proof of the

le o’

following lemma can be found in [40].
Lemma5.1 Ifve D(A%), then v is absolutely continuous withv' € X and ||V'||;2 = |A 3 V2.

According to Lemma 5.1, we define the Banach space X% = (D(A%), Il - ||%), where

1
vl 1= |A2v| 2 forallve X 1. Under the above assumptions we discuss the existence and
regularity of mild solutions of time w-periodic solutions of the delays parabolic boundary

value problem (5.1).
Proposition 5.1 If the following conditions hold:
(F1) There are positive constants ay, a1, and K such that, for every
(x,t,v,w) €[0,1] x R x R x R,

If (. t, v, w)| < aolv] + as|w| + K;

(F2) g:[0,1] x [0,1] x R x R — R satisfies the following conditions:
(i) There is a positive function b: [0,1] x [0,1] x R — R* such that

|g(x;y; t) VZ) —g(%y, t, Vl)‘ =< b(x)y) t)|V2 - Vll
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forall x,y € [0,1], t € R and vy, v, € R; moreover, (x,y,t) — %b(x,y, t) is well
defined and measurable with

) 1 pl/ 92 2
[“:= —b(x,y,t) ) dyd ,
my ), [ (Gatenn) dranece

(i) g(0,5,8,v)=g(L,y,t,v)=0forallteR,ye[0,1] andveR;
1
(F3) —22 F(%)(ao +ay +1)+1< 1, then the neutral partial differential equation with

1—e‘”2“’

delays (5.1) has at least one time w-periodic mild solution.

ProofLetF:]RxX% XX%—>XandG:RxX%—>Xbedeﬁnedby

F(z, b, @)(x) :f(x’ L d)(x)r w(x)):
1

Gt $)) = /0 200 t,60)) dy

forteR, ¢,p € X% and x € [0,1]. Moreover, if #: R x [0,1] —> R, we define u: R — X
by u(t)(x) = u(x,t) for x € [0, 1], which implies that u(t — 7)(-) = u(-, £ — 7) and u(t - §)(-) =
u(-,t — &). Therefore, the partial differential equation with delays (5.1) can be rewritten
into the abstract evolution equation with delays (1.1).

From the definition of F and assumption (F1), we can get F : R x X% X X% — X isa
continuous function, and for each ¢, p € X ! and t e R,

1 3
IEG 6,02 = ( / (F t,¢(x),¢<x)))2dx)

1
2

1

< (/ (a0|¢>(x)| +a1|<p(x)| +I()2dx>
0

< aoll@ll2 + arllell2 + K

= 610||¢>||% +a1||<p||% +K,

thus, condition (H1’) in Sect. 3 holds.
By the definition of G and assumption (F2), we see that G: R x X% — X1(X;:=D(A)) is
continuous and

|4G(t,¢) - AG (5.0

1 1 82 2
- /0 /0 (—b(x,y,t>~|¢<y)—<o(y)|) dydx

0x2
1 1 82 2
< / / (ﬁb@c,y,t)) dyds - |6 - ol
o Jo X
<PIg -9l

foreacht e Rand ¢,¢ € X%. Thus, condition (H2) in Sect. 3 holds.

Finally, by (F3) and Corollary 3.2, it follows that the neutral partial differential equa-
tion with delays (5.1) has at least one time w-periodic mild solution. The proof is com-
pleted. d
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For showing the existence of classical and strong solutions, the following assumptions
are needed:
(F4) There exist constants /; and p; € (0,1] such that, for every ¢, v, w; e R (i = 1,2)
and x € [0, 1],

f (@, t2, v, wa) = f (%, 1, v, wi) | < L (16 = 6110 + vy = vi| + [wa = wi ),

(F5) g:[0,1] x [0,1] x R x R — R satisfies the following conditions:
(D) ey tv)—> % g(x,9,¢t,v) is well defined and measurable. Moreover, there are
constants /; > 0 and u, € (0, 1] such that, for every ¢, v, e R (i = 1,2),

1 82 1 82
)/ Wg(x,y,tz,Vz)dy—/ a—ng(x,y,tbvl)dy <bh(|t2-t]"* +|v2—n1),
0 0

(i) g(0,y,t,v)=g(1,y,t,v)=0forallteR,y€[0,1] and v e R,
T
(F6) 22T (D@L +h)+h<1.

l—e*”Z“’

Hence, for every £,£, € R and ¢1, 01,2, 03 € X%, we have

||F(52;¢2’¢’2) - F(t1r¢1;§01)HL2

1
2

1
i (/o (2 820 020 = o t1,¢1<x),<p1(x>))2dx>

1 2
< (/0 Pt = 1" + | (%) — d1(x)| + |@2(x) —wl(x)|)2dx)

<h(lta—al" + g2 — 1l 2 + g2 — @1l12)

<h(lts—tal" + H(¢2—¢1)||% + ||<P2—<P1||%)»

and

|AG (25, $2) — AG(t1, 1) 12

1/ rl g2 1 g .
) (/0 (/; ﬁg(x’y’tb%()’)) dy—/(; ﬁg(x’y’tl:Qsl(Y)) dy) dx)

. 1
< </ B(1ta -0l + |¢z(x)—(ln(x)l)zf’lx)7
0

<hL(lts—ta]" + |2 — P1l2)

<h(lta—tl" + ¢z —¢1||%),

which implies that conditions (H4) and (H5) for wq, s € (0,1) (or (H4') and (H5') for
11 = 2 = 1) hold. On the other hand, by condition (F6), we can easily prove that condition
(H6) holds in Sect. 4.

Consequently, all the conditions stated in Theorem 4.1 and Theorem 4.2 are satisfied,
and we obtain the following interesting results.

Proposition 5.2 If conditions (F4)—(F5) hold for w1, s € (0,1), then the neutral partial
differential equation with delays (5.1) has time w-periodic classical solutions.
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Proposition 5.3 If conditions (F4)—(F5) hold for u; = uy = 1, then the neutral partial dif-
ferential equation with delays (5.1) has time w-periodic strong solutions.
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