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1 Introduction
An important class of Rayleigh systems is described by the following form:

&'(@t) +f(6,4(0) +g(t,x(0)) = e(?), (1.1)

where f,g: R x R— R and e: R — R are continuous functions. The dynamic behaviors of
system (1.1) have been an active research topic due to its extensive applications in physics,
mechanics, engineering technique, and other areas (see [1-4] and the references therein).
Such successful applications are greatly dependent on the existence of periodic solutions
for system (1.1). Hence, the periodicity analysis of system (1.1) has been a subject of intense
activities, and many results have been obtained, for example, see [5—-8] and the references
therein.
In [7], the authors investigated the following Rayleigh type equation:

&'(@t) +f (%' (1) + g(t,%()) = e(t), (1.2)
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where f : R — R is continuous, g : R — R is continuous and T-periodic with respect to
the first variable. Some criteria to guarantee the existence of periodic solutions of this
equation were presented in [7] by using Mawhin’s continuation theorem, Floquet theory,
Lyapunov stability theory, and some analysis techniques. In [6], the authors studied the
existence of periodic solutions of Rayleigh equations:

&'(@t) +f(64) +gx) = e(t), (1.3)

where f : R? — Ris continuous and T-periodic with respect to the first variable, g,e: R —
R are continuous, and e is T-periodic. They proved that the given equation possesses at
least one T-periodic solution under some conditions. In [5], by employing the continua-
tion theorem of coincidence degree theory, the authors studied a kind of Rayleigh equation
with a deviating argument as follows:

&' (@t) +f (5 (@) + g(x(t - T(2))) = p(2), (1.4)

where g,f : R — R are two continuous functions, 7(¢) and p(t) are continuous and T-
periodic functions, and established some new results on the existence of periodic solutions
for system (1.4).

With the popularity of coupled systems, so far, the existence and global stability of pe-
riodic solutions of coupled systems on neural networks have gained increasing research
[9-13], the existence of periodic solutions of coupled systems on the predator-prey sys-
tems [14, 15] has been widely studied, the existence of periodic solutions and stability
of equilibrium point for coupled systems on networks have been widely investigated, for
example, see [16—23] and the references therein.

In [21], the authors were concerned with the following coupled Rayleigh system:

*(0) + fie (6, x.(1)) + gi (8, %1 (2)) = ex (), (1.5)

where k = 1,2,...,n, n is a positive integer, fi,gx : R — R and ¢ : R — R are continuous
w-periodic functions in the first argument with period w > 0, fi (¢, x¢) is continuously dif-
ferentiable in xy.

In [21], by taking yx(£) = x,(£) + nxx(£), n > 0, system (1.5) was rewritten as

x.(8) = yi(8) — nx(2),

(1.6)
Vie(8) = =0xx (8) + yic(t) — fi(& ye(8) — nxe(2)) — gi(t,xi(2)) + e(2).

By adding — Zi:l aiy(yi(t) — yu(t)) into the second equation of system (1.6), in [21], the
authors established the following linear coupled Rayleigh system:

% (8) = yic(8) — naxre(2),
Vi (#) = =%, (8) + nyi(8) — fi (& yi(8) — nxac(2)) — gic(t, % (2)) + e(t) (1.7)
=Y am(®) - y(0),  keK,

where ay, (y;, — yx) represents the influence of vertex /1 on vertex k, ay, > 0, and ay;, = 0 ifand
only if there exists no arc from vertex / to vertex k in g, K, g are defined in Definition 2.1.
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In [21, 24-26], by combining graph theory with coincidence degree theory as well as
Lyapunov method, a sufficient criterion for the existence of periodic solutions for system
(1.7) was provided under these conditions (A1)—(4s).

However, the conditions in the results obtained in [21] on the existence of periodic so-
lutions for the coupled system (1.7) are too complicated and there are too many of them.
This motivates us to obtain more concise and easily verified new sufficient conditions for
system (1.7).

Up to now, the global existence of periodic solutions for differential systems has been
investigated mainly by employing the following five methods: (1) Fixed point theorem
methods [26]; (2) Combining continuation theorem of coincidence degree theory with
the a priori estimate of periodic solutions [9, 11, 13-15, 27-30]; (3) Combining continu-
ation theorem of coincidence degree theory with LMI [12]; (4) Combining continuation
theorem of coincidence degree theory with Lyapunov function method [16, 18-21, 31];
(5) The method of upper and lower functions. But, in the above-mentioned methods, (3)
and (4) are used in recent years to study the existence of periodic solutions for different
systems. In this paper, we apply (4) to study the existence of periodic solution for system
(1.7), but the concrete analysis techniques in our paper are different from those used in
[16, 18—-21]. In this paper, our purpose is, by combining graph theory with Mawhin’s con-
tinuation theorem of coincidence degree theory as well as Lyapunov functional method,
to improve the results on the existence of periodic solutions obtained in [21] for system
(1.7) by removing conditions (A4) and (As) in [21]. Consequently, the contribution of this
paper lies in the following two aspects: (1) Novel inequality techniques are cited to study
the existence of periodic solutions for different equations; (2) Novel sufficient conditions
are gained for system (1.7) by improving the results obtained in the existing papers.

This paper is organized as follows. Some preliminaries and lemmas are given in Sect. 2.
In Sect. 3, two sufficient conditions are derived for the existence of periodic solutions for
system (1.7). In Sect. 4, two illustrative examples are given to show the effectiveness of the
proposed theory. In Sect. 5, a conclusion is given.

2 Preliminaries
Let R and R” be the set of real numbers and an n-dimensional Euclidean space, respectively.
Let | -] and || - || respectively be norms of R and R".

We cite the notation as follows:

f = max {|f()|},

te[0,w]

where f(¢) is a continuous w-periodic function.
We make the assumptions as follows:
(Hp) There exist constants b > 0, d > 0 such that, for k € K,

|gk(t,%0)| < b|xi(6)] +d.

(H,) There exist constants 8§ <0, > 0, e > 0, and a with A = - — 8% + 0.5b + 0.5bd +
n% +0.5n7 + 0.5n|al + 0.5ne < 0 such that, for k € K,

xifi(t, %) > 8x7 + axy, W(t,xk)| <rlxg| +e.



Zhou et al. Advances in Difference Equations (2019) 2019:335 Page 4 of 21

(A7) There exist constants § and p; satisfying 28 — 1 > 1 - % such that, for k € K,
2 2 2
Xk (8, xk) > 8y, g (8 k) < iy

(Ay) Function fi(t, xx) satisfies, for k € K,

0

< 2(n+1) <ﬁ<(t»xk) <

2, #0.
2-7 Xk

(A3) The digraph (g, B) (B = (akn)nx:) is strongly connected.
(A4) There exists & > 0 such that, for k € K,

L o (t, ) dt
Mk(Xk):MES, Xk 7'/01
Xk
where my (%) € CH(R, R).
(As) ForkeK,

/w ex(t)dt =0.
0

For the sake of convenience, we introduce Gaines and Mawhin’s continuation theorem
about coincidence degree theory [24] and graph theory [25] as follows.

Lemma 2.1 ([24]) Assume that X and Z are two Banach spaces, L : D(L) CX — Z isa
Fredholm operator with index zero. Let 2 € X be an open bounded set and N : 2 — Z be
L-compact on 2. Assume that

(1) foreach A €(0,1), u € 32 NDomL, Lu # ANu;

(2) foreachu e 982 NKerL, QNu #0;

(3) deg{/QONu, 2 NKerL,0} #0, where deg denotes the Brouwer degree.
Then the operator equation Lu = Nu has at least one solution in 2 N DomL.

Definition 2.1 ([23]) A directed graph g = (U, K) containsaset U = {1,2,...,n} of vertices
and a set K of arcs (i, /) leading from initial vertex i to terminal vertex j. A subgraph I" of
g is said to be spanning if I" and g have the same vertex set. A directed graph g is weighed
if each arc (j, i) is assigned a positive weight b;. The weight W(I") of a subgraph H is the
product of the weights on all its arc. A directed path § in g is subgraph with distinct vertices
{i1,42,...,im} such that its set of arcs is {(i, ix+1) : K = 1,2,...,m—1}. For a weighted digraph
g with [ vertices, we define the weight matrix B = (b;),x, whose entry b; > 0 is equal to the
weight of arc (j, i) if it exists, and 0 otherwise. A digraph g is strongly connected if, for any
pair of distinct vertices, there exists a directed path from one to the other. The Laplacian
matrix of (g, B) is defined as L = (p;j)ix;, where p;; = —b;; for i #j and p;; = Zkﬁ by fori=j.

Lemma 2.2 ([24]) Suppose that | > 2 and ci denotes the cofactor of the kth diagonal
element of the Laplacian matrix of (g, B). Then Zi,hﬂ ckinGrn (X, %) = D _oeo W(Q) x
Z(k,h)e]((CQ) Guk(xp, xk), where Gy, (xx, xy,) is an arbitrary function, Q is the set of all span-
ning unicyclic graphs of (g, B), W(Q) is the weight of Q, Cq denotes the directed cycle of Q,
and K(Cyq) is the set of arcs in Cq. In particular, if (g, B) is strongly connected, then ci > 0
forl<k<l.
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Lemma 2.3 For any X € (0, 1), consider the following system:

% (8) = Myi(t) - nxi(9)],
V(8 = RL=12(8) + nye(®) = il yi() = mee () = gt i (D)) + ex(2) (2.1)
— Y @) = @), keK.

If the periodic solutions of system (2.1) exist, then they are bounded and the boundary is
independent of the choice of . under assumptions (H1), (H,), and (As). Namely, there exists

a positive constant H such that

[ (@, @) " [ = | (510 %20), ., 218, 10,320, 00) | < H,
the norm || - || is defined in the proof of Theorem 3.1.

Proof Suppose that (x(t), y(t))T = (x1(£),%2(2), ..., x:(£), y1(£), y2(8), ..., ()T is a periodic
solution of system (2.1) for some A € (0,1). Letting V(x,y) = 0.5 22:1 ck(x,% + y,z(), where
¢k denotes the cofactor of the kth diagonal element of Laplacian matrix of (g, (bx)ix1)-
According to assumption (A3) and Lemma 2.2, one has ¢; > 0, k € K. Making use of as-

sumptions (H;) and (H,), we have

av(x,y)
dt

!

=AY [—nxz(n = P2 E)yi(e) + Y () =y (8, 36(8) = nxi(©))
k=1

1
+ i (t) (% (8) — gk (8,2 (2)) ) + yic (e (£) - Z anyi(t) (yi () - J’h(t)):|

h=1
l

<A [ i (t) = 6 E)yi) + Y3 () = 8[3e(®) — nee ()] — alye(®) - nae(®)]
k=1

+yk(t) % ex(t) + x(O)yi(8) + 0.5y (8) + 0.5g¢ (&, k) — s ()i (£, yic(£) — e (£))

l 1
Y a0+ L Y auo +yz<z)]}
h=1 h=1

1
<) [ —n2(€) = % Oy (©) + ny2(0) - S[e(8) = e O] = alyi(®) = ne(8)]
k=1

+yk(ex + 0.577(8) + yr(t)ax(£) + O.S[bzxi(t) +d?+ 2bd|xk(t)|]

l
+ 0| @®[[rlye®)] + rn|x@)| + ] + % > aw[yi() —y/%(t)]}
h=1

!
<A Z ck{(—n —8n% +0.5b% + 0.5bd + n*r + 0.5n1 + 0.5n|al + O.Sne)x,%(t)
k=1
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+(n=8+0.5nr+0.5]al + 1)y() + (-n* + 208+ )xx (O)yx (£)

l

_ A
+0.5(()? + bd +d> + e+ laln + lal)} + 3 Z crainEnk Vi ) (2.2)
h=Lh

where Fy(yx, yi) = ¥;, — y3. By employing Lemma 2.2, we obtain
/
> cxamnFu i yn) =0,
k=1

from which, together with (2.2), it follows that

dvix,y)
dt

l
<A Z ck{[—n + (—8772 +0.5b% + 0.5bd + n*1 + 0.5n] + 0.5n|al| + O.Sne)]xi(t)
k=1
+(n—=358+0.5n+0.5]|al + l)y,%(t) + (—n2 +2n8 + 1)xk(t)yk(t)
+0.5((ex)* + bd + d* + ne + laln + |al) }. (2.3)

Since A <0, § <0, then (-n* + 298 + 1)*y2(2) — 4A(n — 8 + 0.57/ + 0.5]a| + 1)y;(z) > 0,
Vyi(£) # 0, x(¢) # 0. So the equation in x(2) : Axi(¢) + (7 — 8 + 0.5n + 0.5]al + 1)y;(¢) +
(=12 + 218 + Dax(£)yx(£) = 0 has two real roots x1, x5 () < xy) for fixed k and

-B-+B?-4AC -B++B*-4AC
X1 = Tyk(t): Xy = Z—Ayk(t)

Hence, when x; > x5, or x < x1, Axz(t) + (n = 8 + 0.5n] + 0.5]al + 1)y7(¢) + (—n* + 28 +
1)xx(£)y(t) < 0. Namely, when |x| > max{|x1], [x2|} = r* |yk|,Ax,2((t) +(n—56+0.5n]+0.5|al +
Dy (t) + (—n* + 208 + D)xic(£)yx(2) < 0. So when

|| (xry)T || = || (xl)xZ; e X Y1,Y25 000 ’yn)T ||

= Z[ max (|x(2)| + \yk(t)|)] >n(r* +1) |y,
o1 te[0,w]
2 2 2

Axi(t) + (77 -8+0.5nr +0.5|a| + l)yk(t) + (—n +2n8 + l)xk(t)yk(t) <0.
So there exists a positive constant r; such that, when ||(x,y)7|| > 1,

Ax,z((t) + (77 -§+0.5nr +0.5|a| + l)yi(t) + (—nz +2nd + l)xk(t)yk(t) <0.
Since Ax2(t) + (7 — 8 + 0.5n7 + 0.5|a| + 1)y3(¢) + (=n* + 218 + 1)x(£)y«(¢) is decreasing in xx
when x; > r|yk|, and is increasing in x when x; < —r*|yx|, hence there exists a positive H

such that, when ||(x, )7 || > H,

Ax,z((t) + qk(n -8 +0.5nr+0.5|a| + l)y,z((t) + (—7]2 +2n8 + l)xk(t)yk(t)

+ O.S((e_k)2 +bd +d*+ne+|aln + |a|) <0.

Page 6 of 21
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From (2.3), it follows that there exists a positive constant H, which is independent of A,
such that when

dV(x,y) <0

o |z 2

(2.4)

Recalling the fact that (x(¢),y(t))T is an w-periodic solution, we see that V(x(t),y(t)) is
an w-periodic solution. On the other hand, if ||(x(t),y(t))7|| > H, then J <0,
which is in contradiction to the fact V(x(£), y(¢)) is a continuous w-periodic solutlon. Thus
IGx(6), )1l < H. O

Remark 1 From the proof of Lemma 2.3, there exists a positive H such that when
ll(x, )7l > H, then

Axp () + qx(n = 8 +0.507 + 0.5]al + 1)y; (&) + (=0 + 208 + 1)xi(£)yx(£)
+0.5((x)* + bd + d* + ne + |aln + |al) < 0.
3 The existence of periodic solutions
In this section, we establish two sufficient conditions on the existence of periodic solu-

tions for system (1.7) by combining graph theory with Mawhin’s continuation theorem of
coincidence degree theory.

Theorem 3.1 Under assumptions (Hy), (H,), and assumption (As), system (1.7) has at

least an w-periodic solution.

Proof We will establish the existence of periodic solutions of system (1.7) by using
Lemma 2.1. Let

X=Z={z=(x(),5®)" = (x1(8),%:(8), ..., 51(8), 31 ®), 320), ..., yu(8))
(@0, y®)" € CHR,R¥), xi(t + @) = x,(8), (¢ + @) = yi(t)

(i=1,2,...,0),teR}.

Denote

I

| (xt),9(8)" Z[max boe(e)] + max |yk(t)|]

k=1

Then X and Z are Banach spaces with the norm || - ||. Set

Gk :yk(t) - ka(t),

Fi(t) = =0 xi(2) + nye(®) = fi (6 yx(®) = noee(2)) — gie (8,24 (2)) + ex(£)

!
- ane® - @), k=1,2,...,L
h=1

Lz=2 = (¥(),y0)" = (&0),50), ..., x)®),%,0),.... 7)),
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Nz = (G1 (), Go(2), ..., Gi(t), F1(¢), F5(2), ... ,Fl(t)),
Pz:é/owz(t)dt, zeX; Qz:é/owz(t)dt, z€eZ.

It is easy to show that Dim Ker L = Dim R* = 2/ = codim Im L. Hence, L is a Fredholm map-

ping of index zero. We can prove that
ImP=KerlL, ImL =KerQ=1Im( - Q).

Furthermore, the generalized inverse Kp of L is as follows: Kp : InL — KerP? N DomL

exists and

Kp(z)zfotz(s)d - %/Owﬁtz(s)dsdt.

Thus

QNz

1 [® 1 [ 1 [
= (—/ Gl(t)dt,—f Gz(t)dt,...,—/ G,(t)dt,
w Jo w Jo w Jo

1 ) 1 3] 1 ® T
—/ Fl(t)dt,—/ Fz(t)dt,—/ F,(t)dt
w Jo w Jo w Jo

and

Kp(I - Q)Nz

[y Gils)ds— L [ [S Gi(s)dsdt — (£ - 1) " Gi(p)dt
fo Ga(s)ds— L [ [0 Go(s)dsdt — (£ - 1) [ Ga(t)dt
Jo Gu(s)ds =L [¥ [0 Gu(s)dsdt — (£ - 1) [V G,(¢) dt
Jo Fis)ds— L [ [ Fy(s)dsdt— (£ - 1) [ Fi(t) dt

Jo Fa(s)ds— L [ [T Fy(s)dsdt — (£ - 1) [’ Fo(t) dt

Jy Ea(s)ds — L [ [T Eu(s)dsdt — (£ - 1) [ F,(t) dt

Clearly, QN and Kp(I — Q)N are continuous and QN(£2) is bounded, where $2 is an open
set in X. Then by Arzela—Ascoli theorem, we can prove that Kp(I — Q)N(£2) is compact.
Hence, N is L-compact on £2.

Corresponding to the operator equation Lx = ANXx, A € (0,1), we have system (2.1). By
Lemma 2.3, for every periodic solution (x(t),y(t))T = (x1(8), 22(2), ..., x1(2), 91 (2), . ... ,yl(t))T
of Lz = ANz, there is H > 0, which is independent of the choice of X, such that ||(x(¢),
YOIl < H.

We set 2 = {(x(2), y(£))T € X : ||(x,9)T|| < H + r}, where r > 0 is chosen so that the bound
is larger. Hence, for any A € (0,1), z € 92 N DomL, Lz # ANz. When z € 052 N Ker P, we
will show QNz # 0. When z € 322 N KerL, z € R* (namely z is a constant vector) with
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lzll = |(x,9) 7|l = H + . If z is a constant vector with ||z|| = H + r, QNz = 0, then it follows
that the constant vector z with | z|| = H + r satisfies, for k = 1,2,...,1,

1 [ 1 [
— / Gi(t)dt =0, — f F(t)dt=0.
w Jo w Jo

Hence, there exist t; (i = 1,2), & € [0,w] (k=1,2,...,[) such that

Gi(te) = 0, Fi(6c) = 0. (3.1)

From (3.1), we have

i
0= c(xkGrlte) + yeFr(&))- (3.2)
k=1

By using the same proof as those of (2.4) in Lemma 2.3, from (3.2), it follows that

l
0= ch(kak(tk) + iFe(&)
k=1

~

< ck{ [—n + (—87)2 +0.5b% + 0.5bd + n*r + 0.5n1 + 0.5n|al + O.Sne)]x,%

b

-1
+(n =8 +0.50r +0.5]al + 1)y + (—n* + 218 + 1)aeyx

+0.5((ex)* + bd + d* + ne + |aln + |al) }. (3.3)

It follows from Remark 1 that, since ||(x, )7 || > H,

M~

{[—n + (—5r]2 +0.5b% + 0.5bd + n*r + 0.5n1 + 0.57|a| + O.5ne)]x,2(

>~
Il

1

+(n=8+0.5nr+0.5]al + 1)y + (—=n* +2n8 + L)xyx

+0.5((§)2+bd+d2+n+ la|n + |a|)} <0, (3.4)
which contradicts with (3.3). Hence, for each z € d N Ker L, QNz # 0.

Finally, we show that deggz{JQN,$2 N KerL,(0,0,...,0)} # 0. We only show that
degz{JQNz, 2 N KerL,(0,0,...,0)} # 0, when z € 32 N KerL. To this end, we construct
the following mapping for k = 1,2,...,[:

L(x,y, 1)

=(l—u)<y1—nxbyz—nxz,...,yn—nxn,
2
-0+ ny1—filELy — ) — g€ x1) + en(§r) Zalh(yl i)

=172+ 1y2 = fo(E2,92 = n%2) — @252, %2) + €2(62) — Zﬂzh x (y2 = yn)s
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cey

!
=01+ myr =iy — 1) — @i x0) + en&) = Y an _)’h))
h=1

+ p(myxg + nmyi, myXxys + N3ya, ..., MiX| + Ny, U1X1 + Viy1, UaXxz + V22,

o WX + VD),

where p € [0,1] is a parameter, my, ng, ug, vk (k =1,2,...,1) are chosen constants. We
show that the mapping L(x, y, it) is a homotopic mapping. Namely, we show when (x,7)’ €

02 NKerL, u € [0,1], L(x,y, 1) #0. If when (x,y)7 € 822 NKerL, u € [0,1], L(x,y, 1) = 0,
then for k =1,2,...,1,

(1 — )k — nxx) + (g + my) = 0, (3.5)

(1-p) [_,ka + 0¥k —fie o vk — nxx) — g ) + ex(&x)

l

- Z axn (Vi —yh):| + w(uxe + viyk) = 0. (3.6)

h=1
From (3.5) and (3.6), it follows that

I

0= ZCk{xk[(l — W)k = o) + gl + mye) |
k=1

+ Yk [(1 - ) (—'IZxk — fi&ro i = n < xx) + g€ ) + ex(x)

I
= aml - yh)> + Xy + kak)j| }

h=1
I

> e { (1 = Wiy — naxg) + w* (mxy + mseyi) = (1= wn>xayi
k=1

IA

+ (1= wnyg + p x (Vg + urxayr)

+ (1 = ) [=8(yk — k) — alyx — k) + nrlael [yiel + n>rag + nela

I
YT+ 0.5|:bd +bd + @)’ =Y _am(yi — ;) + ne+ nlal + |a|:| }
o1

!
< ch{ [—r) + (—8772 +0.5b% + 0.5bd + n*r — nl + 0.5n|al + 0.5776)
k=1

w(my + 1 =n°r+8n* - 0.5ne — 0.5n7) Jx¢

+
+[-n* + 208 + L+ (b + ux — 1+ n* = 281) |y
+[

(n=8+0.5nr +0.5]al +1) + u(vi —n +8 — 1 -0.570)]y;
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+0.5((ex)* + bd + d* + ne + |aln + |al)

!
—-05(1-p) Z Ck Ak ()’1% —3’/%) ,
h=1k=1

from which it follows that, since ZZ:I,k:l ckain (s —y3) =0,

!
0< ch{[—n —8n% +0.5b% + 0.5bd + n*r — nl + 0.5n|al + 0.5ne
k=1

+ u(my +n—n’r+8n* - 0.5ne — 0.5nr) |3

+[-n% + 208 + 1+ p(me + wx — 1+ n* = 28n) Jowye
+[(n=8+0.50r +0.5]al + 1) + u(vi —n +8 — 1= 0.577) |z
+0.5((ex)* + bd + d* + ne + laln + |al) }.

Choose my, v, I, ux such that

my + 1 —n’r + 80> —0.5ne — 0.57r = 0,

n+up—1+n*-28n=0,
and
Vk—n+6—-1-0.5nr=0.

Substituting (3.9)-(3.11) into (3.8) gives

l
0=y [[—n + (=81 +0.5b + 0.5bd + n’r + 0.5nr + 0.5y |a| + 0.5n¢) |a}

k=1
+ (—n2 +2n6 + l)xkyk + (n —-8+0.5nr+0.5|al + l)yﬁ
+0.5((@E) + bd +d* + ne + |aln + |a|)}.
Since || (x,y)T|| > H, we have from Remark 1
!
> {[—n + (=8n% + 0.5b% + 0.5bd + n*r + 0.5n] + 0.51]al + 0.5n¢) ]
k=1

+x3 (=0 + 218 + 1)agyr + (n — 8 + 0.5nr + 0.5]al + 1)y}

+ 0.5((5)2 +bd+d®+ne+|aln+ |a|)} <0.
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(3.7)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Equation (3.13) contradicts with (3.12). Hence, L(x, y, 1t) is a homotopic mapping, by topo-

logical degree theory, we have

degz(JQN, 382 NKerL,(0,0,...,0))

= degz(L(x,7,0),082 NKerL, (0,0,...,0))
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= degg(L(x,,1),082 NKerL, (0,0,...,0))

= degB(m1x1 + 1’11_)/1,}’}’12962 + 1’12_)/2, e MX; + I’llyl, uix + Vl_)/l, e UX) + Vly[)
F
= sign , 3.14
g N (3.14)
where
E = diag(my, my, ..., my), F = diag(ny, na, ..., ny),

M = diag(uy, uy, ..., up), N = diag(vy,va,...,v)).

Since

)
= |EM - EN| = [ JOmieve - lws). (3.15)
k=1

E F
M N

Then substituting (3.15) into (3.14) gives

degz(JQN, 982 NKerL,(0,0,...,0))

l

= sign [ [(mmvic — meiue)
k=1

!
= signl_[((—n +0°r —8n* +0.5ne + 0.570) (1 — 8 + 1 + 0.5n7) — myusz).
k=1

Again choose ng, uy such that

iUy # (—n +n%r—68n%+0.5ne + O.Snr)(n -8+ 1+0.5nr).
Then

deg(JQN, 352 NKerL,(0,0,...,0)) #0.

By Lemma 2.1, system (1.7) has at least an w-periodic solution. This completes the proof
of Theorem 3.1. O

Remark 2 In the proof of Theorem 3.1, my, ny, ux, vi are chosen such that my +n —nr +
n*—0.5ne—05nr=0,m+ur—1+n>—=26n=0, vk —n+8—1—-05nr =0, mug #(—n +
n?r—8n% +0.5ne + 0.5nr)(n — 8 + 1 + 0.5n7). Such ny, uy indeed exist, for example, letting
8§=-1,7=0.5b=d=0.001, |[a| =0.003, r = 3, e = 0.003, then v} = 3.25, my = 1.25075, ny,
uy satisfy ng + uy = —0.25, mpuy # 3.25 x 1.25075. Thus by taking ny = —0.5, uy = 0.25, the
task can be fulfilled.

Remark 3 In our Theorem 3.1, conditions (A44) and (As5) in Theorem 1 in [21] are removed
and conditions (A7) and (A3) in Theorem 1 in [21] are replaced with conditions (H;) and
(H>). Hence, our result on the existence of periodic solutions for a coupled Rayleigh system
is different from that obtained in Theorem 1 in [21].
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Theorem 3.2 Under (A1)-(As), system (1.7) has at least one w-periodic solution.

Proof Define the same X, Z, Gy, Fx, L, N, P, and Q as those in the proof of Theorem 3.1,
where the norm of X is different from that of X in the proof of Theorem 3.1. Here, we
define the norm of X by ||x|| = (22:1 maxe(o) [|xx(£)* + |yk(t)|2])%,

Clearly, QN and Kp(I — Q)N are continuous and QN (£2) is bounded, where £2 is an open
set in X. Then by Arzela—Ascoli theorem, we can prove that Kp(I — Q)N(£2) is compact.
Hence, N is L-compact on £2.

Corresponding to the operator equation Lx = ANx, A € (0, 1), we have system (2.1), a.e.,
system (4) in Lemma 3 of [21]. By Lemma 3 in [21], for every periodic solution (x(t), y(t))T =
(1 (), 22(8), ..., x1(8), y1(8), ..., yi(E))T of Lz = ANZ, there is H > 0, which is independent of
the choice of A such that ||(x(z), y(£))T || < H. We set £2 = {(x(£), y(£))T € X : ||(x, )T || < H +
r}, where r > 0 is a chosen positive constant such that the bound of §2 is larger. Hence, for
any A € (0,1), z€ 92 NDomL, Lz # ANz. When z € 952 N Ker P, we will show QNz # 0.
When z € 32 NKerL, z € R? (namely z is a constant vector) with ||z|| = ||(x,9) 7| = H + r.
If z is a constant vector with ||z|| = H + r, QNz = 0, then it follows that the constant vector

z with ||z|| = H + r satisfies, for k = 1,2,...,1,

1 [ 1 [
—/ Gi(t)dt =0, —/ E(t)dt=0.
w Jo w Jo

Hence, there exist #; (i =1,2), & € [0,w] (k=1,2,...,]) such that

Gi(te) = 0, Fi(6) = 0. (3.16)

From (3.16), we have

MN

0= cx(xxGrlt) + ycFr(&x)). (3.17)

T
N

From the proof of page 4 in Lemma 3 of [21], it follows from (3.17) that

!
0= Z(kak(tk) + kuk(Ek))

: =0 (£) = 1P xx(Oya(E) + 0y (©) = ye@fic (8, 35 (0) — 1 (2))
!

+ () [k (8) — g (£, 21 (2)) | + i (Dex(t) - Zﬂkhyk(t) [yx(®) = yn(9)]
h=1

!
Yol T2 T @

< Ck —4xk—2yk+(ek) <0. (3.18)
k=1

This a contradiction. Hence, for each z € d N Ker L, QNz #0.

Page 13 of 21
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Finally, we show that degz{JQN,$2 N KerL,(0,0,...,0)} # 0. We only show that

degz{JQNz, 2 N KerL,(0,0,...,0)} # 0 when z € 32 N KerL. To this end, we construct
the following mapping for k = 1,2,...,[:

Ly(x,y,1%)

= (1 - /"L*) |:}’1 —NX1,Y2 —NX25 s Y — Ny,
2
— %1+ ny1 — iy — nxr) — g€ xn) + er(&r) Zﬂlh(yl =¥

=%y + 0y = foE2, 92 = 1%2) = @a(E2,%2) = ) a2 = yu) + €x(82), ..,
P

— P+ nye = filgn v = ) — @6 x) + en(r) - Zﬂlh(yl Vh }

+ W x (mixy + 1y, myxy + Wy, X+ YL UKL+ ViYL,

USKo + VaYs ..o Ul K] + V}kyl),

where u* € [0,1] is a parameter, mj, rf, uf, vi (k =1,2,...,1) are chosen constants. We
show that the mapping L;(x,y, 1*) is a homotopic mapping. Namely, we show when
(x,y) T €32 NKerL, u* € [0,1], L1 (x,y, u*) #0. If when (x,9)7 € 32 N KerL, u* € [0,1],
Li(x,y,u*) =0, thenfor k =1,2,...,],

(1= 1) i = ) + p* (miga + mgyx) = 0, (3.19)

(1-p%) [—HZxk + 0k — fi (€ vk — 1) — e i) + ex (&)

!
- Z ain (Vi _yh)] + W (uixi + viyi) = 0. (3.20)

h=1

From (3.19) and (3.20), it follows that

I

0=>_ ck[xk[(l — 1) O = maei) + w1 (g + i) ]

k=1

+ Yk [(1 - u¥) (—nzxk + Yk — fi o yi — nxi) — g (Ero k) + ex(Ex)

1
- anl —yh)) + 1 (i + Vlt)/k)j| } (3.21)

h=1
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Let fi(Ex, vk — nxx) = (vk — nxk) Bi(Ex, Yk — nxx), then from (A;) we can easily obtain that
0< 2’”,71 < Bi(&x> ¥k — nxx) < 2. By using (A1), (4,), we have from (3.21)

!
0=>" Ck{ (1= ") (o = masg) + (g + mgeye)
k-1

+(1-p*) (—772xk)’k +0Y% — Ve Bic(Eo Yk — o)

+ 0%k Br &k Yk — n%) + Vi[5 (8) — @& 20) | — iy + ex(Ex) X vk

- Zﬂkh = YnYk ) (g + V}:yz)]

IA

> { (1= ) (aye — mocg)

k=1
+ Wt (g + mgxgye) + (1 - %) (—nzxkyk + 093 = % % BrEro vk — 1)

+ 02y BrEro Yk — i) + Vi + 0.5 (£) —gk(Sk,JCk)]2 — XKk
1

+0.5 x ef(&) + 0.5 Zakh yk)) *(Upxyi + ViyR) },

h=1

from which it follows that noting 22:1 ckan(v; —y7) =0,

!
0< Z ] ) (Ryi — nocg) + w* (migxg + mgxeyi)
k=1

+ (1= ) (=nxiyi + nyi = v % BelE yic — nocie)
+ 0k B o Yk — nxx) + ¥2 + 0.5x7 — 8x3 + 0514147 — XYk + 0.5
x e;(8)) + W (wexeye + vior) |
!
= ch{( (Br(Ero i = ) = ) + W[+ n(n = BrlEro e = 1x0)) + ] ) ey
-1

+[05-8+0.5u1 — 0+ w*(mf +n—0.5+8—0.511) ]x7
+ (1 = Bl yic — nxe) + 1+ 1 (—nBi(Ee yic — i) = 1+ V() o

+0.5(ex)*}. (3.22)

Noting that

2
1 BeE yi — nxi) — ] 2,7(2(’77? —n) :n<n +2> .o,

2 - 2-7n

1| By — nxx) = 0]y < 0.5n[ Be(Ew vk — k) — n] (5% + ¥7)

Page 15 of 21



Zhou et al. Advances in Difference Equations (2019) 2019:335 Page 16 of 21

and
,u*{n}'; +up + 77[77 = BrEro yi — ﬂxk)] }xkyk
< 050 || + [u] + [ BiEro v = i) = n]} (i + %),

it follows from (3.22) that

l
0= af(05-8+05u1—n+0.50] Bl yx — 1) 1]
k=1

+ W[+ 0= 0.5+8 —0.5u1 +0.5(| k| + [uf]) +0.50[ B(Err yic — mxx) = n]])x%
+ (050 Be(E vk — nxk) = 0] + 1+ 1 = Bic(Ero v — %)

+ W [=nBE ik — i) = 1+ v+ 0.5(|mg| + |ug]) + n[ By — nx)]]) v
+0.5(ex)’}

l
k=1

= ch{ [—%(28 — w1 =1+ 0% +0[2 = Bl vk — 1%0)])

1
- iu*(—%ﬁ—‘ln +1-28+py +n* = || = |ug] +n[2 - BelEoyi - nxk)])}ci

1
+ [—5 (n2 + (2= 1By — nxi) =2 - 2n) + /L*( = nBE yk — ) — 1

+ Vi + 0.5( | + ) + n[ B i — maci) — n])]yﬁ + (@)2} (3.23)

2

! 2
1
< E ck{—%xz - %y,% + (ex)? - Eu*(—2m}§ —4n+1-28+p +7°
k=1

— |m| = ug) 1oy — %M*(z —2vf — || |ug| + 2n2)y§}. (3.24)
Choose v§, m, uf, n} such that
2vp =2 - || - |uf| + 20 (3.25)
and
2my=1—4n =28+ puy +n* - || - |u. (3.26)

Substituting (3.25) and (3.26) into (3.24) gives

n? n?

l
0< ch [—in - ?y,z( + (e_k)2:|. (3.27)
k=1

From the proof of Lemma 3 in [21], we have

l o, 0
ch [—in - 73/,2( + (e_k)z] <0. (3.28)
k=1
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The rest of the proof is similar to that of the corresponding part in Theorem 3.1, and it is
omitted. O

Remark4 In our Theorem 3.2, conditions (A4) and (A5) in Theorem 1 in [21] are removed,
the remaining conditions (4;)—(A3) are the same. Hence, our result improves Theorem 1
in [21].

Remark 5 By applying new inequality techniques, we establish new sufficient conditions
for the existence of periodic solutions of a coupled Rayleigh system. Our method can be
applied to studying the existence of periodic solutions for any second-order differential

system.

4 Numerical test
Example 1 Consider the following Rayleigh system:

%, (£) = yi(t) — o (2),
V(&) = =nx1(8) + yic(t) — filt yic(8) — nxie(2)) — g (8, x4 (8)) (4.1)
+en() = Y awl(®) - ()],

where k = 1,2,3,4, n = 0.4 and gi(t,xx(£)) = 0.05|xx(£)] + 0.05cosx(t) + 0.05sinxg,
(&, x(8)) = (0.5 + 0.6 sinxx (2))xx (£) + 0.003, ex(£) = 1 + cos ¢.

We can check that |gk(t,xx)| < 0.05|x(¢)| + 0.06, and we take b = 0.005, d = 0.06.
xific(t, xx) > —0.1x7 + 0.03x%, and § = —0.1, a = 0.03. Taking n = 0.4, we get A = —n — 1 +
0.5b% + 0.5bd + n* + 0.5n7 + 0.55|a| + 0.5ne < 0, thus conditions (H;), (H>) are satisfied.

Since gi(t, x) is not differential in x¢, thus condition (A4) in [21] cannot be satisfied; since
fol(l + cost)dt # 0, hence condition (As) in [21] cannot be satisfied, hence the existence

of periodic solutions of system (4.1) cannot be verified by these results in [21]. Assuming

that
0 2 06 1
03 O 3 04
B=(a = )
(@kn)axa 3 05 0 2
2 06 2 0
Figure 1 The phrase plan (x(t),y: (1)) 8r
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Figure 2 The phrase plan (xx(t), > (1))

Y2

Figure 3 The phrase plan (x3(t), y3(t))

20

Figure 4 The phrase plan (x4(t), ya(t))

Yy

R - T N I N I N )

we can check that condition (A3) holds. Now, all the conditions in Theorem 3.1 in our

paper are satisfied. The solution of system (4.1) is shown in Figs. 1-4, from which we can

clearly see that system (4.1) has at least one periodic solution.

Example 2 In system (4.1), we set gi(t,xx(t)) = (1 + 0.001]sinxy ()| + 0.001 sin £)xy(£),
Jie(t, x1(t)) = 020, (¢) sin 2¢, ex(2) = sint + 1. It is easy to verify that (A1), (42), and (A3) are
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Figure 5 The phrase plan (x; (t),y: (t)) 8r

Figure 6 The phrase plan (x; (1), y2(t)) 8r

satisfied assuming that

0 2 6 1
03 0 1 04

B = (aw)axs =
@ndea=1 30 05 o o
2 06 2 0

But (A4) is not satisfied since m1;(x;) contains | sinx(£)|, which is not differential. Hence,
the existence of periodic solutions of system (4.1) cannot be verified by the results in [21].
On the other hand, by our Theorem 3.1, system (4.1) has at least one w-periodic solution.

The solution of system (4.1) is shown in Figs. 5-8, from which we can clearly see that

system (4.1) has at least one periodic solution.

5 Conclusion

In the paper, we discuss the existence of periodic solutions for a class of coupled Rayleigh
systems by combining graph theory with continuation theorem as well as Lyapunov func-
tions. By the above study methods and by using novel inequality techniques, we obtain
new sufficient conditions to ensure the existence of periodic solutions for system (1.7).

Our results and method are completely new.
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Figure 7 The phrase plan (x3(t),y3(t))

Ys

Figure 8 The phrase plan (x4(t), ya(t))

15
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